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Äîñëiäæåíî òîïîëîãî-ìåòðè÷íi òà ôðàêòàëüíi âëàñòèâîñòi ìíîæèíè E íåïîâíèõ ñóì çái-
æíîãî çíàêîäîäàòíîãî ðÿäó a1 + a2 + ... + an + an+1 + ... = a1 + a2 + ... + an + rn, äëÿ ÿêîãî
âèêîíó¹òüñÿ óìîâà îäíîðiäíîñòi (ïî n) rn = anan−1...an−k+1, ∀n ≥ k, äå 2 ≤ k � ôiêñîâàíå
íàòóðàëüíå ÷èñëî. Äîâåäåíî, ùî àðèôìåòè÷íà ñóìà E ⊕...⊕︸ ︷︷ ︸

s ðàçiâ

E ñêií÷åííî¨ êiëüêîñòi ìíîæèí

E íåïîâíèõ ñóì ¹ àíîìàëüíî ôðàêòàëüíîþ ìíîæèíîþ.

The article is devoted to the investigation of metric, topological and fractal properties of the
set of subsums of a numerical series a1 + a2 + ...+ an + an+1 + ... = a1 + a2 + ...+ an + rn, which
satisfy the following condition of homogeneity: rn = anan−1...an−k+1, n ≥ k, where k is a �xed
integer number, k ≥ 2. It is proved that the arithmetic sum E ⊕...⊕︸ ︷︷ ︸

s times

E of an arbitrary number of

the sets E of subsums is an anomalously fractal.

1. Âñòóï. Ðîçãëÿäà¹òüñÿ çáiæíèé çíàêî-
äîäàòíèé ðÿä

r0 =
∞∑
n=1

an = a1 + a2 + ...+ an + rn. (1)

ÍåõàéM � ïiäìíîæèíà ìíîæèíè N íàòó-
ðàëüíèõ ÷èñåë, âèðàç

∑
n∈M⊂N

an íàçèâà¹òüñÿ

ïiäðÿäîì ðÿäó (1), à éîãî ñóìà x = x(M) �
íåïîâíîþ ñóìîþ (ïiäñóìîþ) ðÿäó (1). Î÷å-
âèäíî, ùî

x(M) =
∞∑
n=1

anεn, äå εn =

{
1, ÿêùî n ∈M ;
0, ÿêùî n /∈M.

Ìíîæèíó âñiõ íåïîâíèõ ñóì ðÿäó (1) ïî-
çíà÷àòèìåìî ÷åðåç E{an}, òîáòî

E{an} ≡

{
x : x =

∑
n∈M

an, M ∈ 2N

}
.

Óñi ÷àñòèííi ñóìè Sn =
∑n

i=1 ai i çàëè-
øêè rn äàíîãî ðÿäó ¹ éîãî íåïîâíèìè ñóìà-
ìè. Î÷åâèäíî, ùî E{an} ⊆ [0, r0].

Òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèí
íåïîâíèõ ñóì ðÿäiâ ñóòò¹âî çàëåæàòü âiä
¨õ øâèäêîñòi çáiæíîñòi. Íàñòóïíi òðè ôà-
êòè ïðî ìíîæèíó E{an} íåïîâíèõ ñóì ðÿäó

(1), ó ÿêîãî an ≥ an+1 äëÿ âñiõ n, âñòàíî-
âèëè Ñ.Êàêåÿ [4] â 1914 ðîöi (i íåçàëåæíî
Ã.Ãîðíè÷ [3] â 1941):

1) E{an} ¹ äîñêîíàëîþ ìíîæèíîþ.
2) E{an} ¹ ñêií÷åííèì îá'¹äíàííÿì âiä-

ðiçêiâ òîäi é ëèøå òîäi, êîëè an ≤ rn äëÿ
äîñòàòíüî âåëèêèõ n. (E{an} � âiäðiçîê òîäi
é ëèøå òîäi, êîëè an ≤ rn äëÿ âñiõ n.)

3) ßêùî an > rn äëÿ äîñòàòíüî âåëèêèõ
n, òî E{an} ¹ ãîìåîìîðôíîþ êëàñè÷íié ìíî-
æèíi Êàíòîðà.

Ó òié æå ðîáîòi [4] Ñ.Êàêåÿ âèñóíóâ ïðè-
ïóùåííÿ, ùî ïðè âèêîíàííi óìîâè an >
rn äëÿ íåñêií÷åííî¨ êiëüêîñòi n, ìíîæèíà
E{an} áóäå íiäå íå ùiëüíîþ (à, îòæå, ãîìåî-
ìîðôíîþ ìíîæèíi Êàíòîðà). Ïåðøèé êîí-
òðïðèêëàä íàâåëè â 1980 ð. (áåç äîâåäåííÿ)
À.Ä. Âàéíøòåéí i Á.Ç. Øàïiðî [7]. Íåçàëå-
æíî, Ôåðåíñ [1] íàâiâ â 1984 ð. iíøèé ïðè-
êëàä (ç äîâåäåííÿì). Ïðîñòiøèé ïðèêëàä
ïðåäñòàâèëè Äæ. �óòði i Äæ. Íüþìàí [2]:
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Äëÿ öüîãî ðÿäó, ÿê i ó ïðèêëàäàõ iç âè-
ùå íàâåäåíèõ ðîáiò, íåðiâíîñòi an > rn i
an ≤ rn âèêîíóþòüñÿ íåñêií÷åííó êiëüêiñòü
ðàçiâ. Ìíîæèíà íåïîâíèõ ñóì ðÿäó (2) ìi-
ñòèòü âiäðiçîê [3

4
, 1], àëå íå ¹ ñêií÷åííèì îá'-
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¹äíàííÿì âiäðiçêiâ. Â öié æå ðîáîòi [2], àâ-
òîðè ñôîðìóëþâàëè òåîðåìó, îñòàòî÷íî äî-
âåíó â [5]:
Òåîðåìà 1. Ìíîæèíà E{an} íåïîâíèõ

ñóì çáiæíîãî çíàêîäîäàòíîãî ðÿäó (1) ¹
îäíi¹þ ç íàñòóïíèõ:

1) ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ;
2) ãîìåîìîðôíîþ ìíîæèíi Êàíòîðà;
3) ãîìåîìîðôíîþ ìíîæèíi T íåïîâíèõ

ñóì ðÿäó (2).
Íàéáiëüø çàãàäêîâèì ¹ âèïàäîê, êîëè íå-

ðiâíîñòi an ≤ rn i an > rn âèêîíóþòüñÿ äëÿ
íåñêií÷åííî¨ êiëüêîñòi n. Ó òàêîìó ðàçi ìíî-
æèíà íåïîâíèõ ñóì ðÿäó ìîæå áóòè ÿê íiäå
íå ùiëüíîþ, òàê i ìîæå ìiñòèòè öiëi âiäðiçêè.
Ïðî öå ñâiä÷àòü ïðèêëàäè ðÿäó (2) i ðÿäó
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Ìíîæèíà íåïîâíèõ ñóì ðÿäó (3) ¹ íiäå
íå ùiëüíîþ íóëü-ìíîæèíîþ Ëåáå à, ðîçìið-
íiñòü Ãàóñäîðôà-Áåçèêîâè÷à ÿêî¨ äîðiâíþ¹

log4 (2 +
√
2) ≈ 0, 8858.

(ðåçóëüòàò, âñòàíîâëåíèé àâòîðàìè).
Íà ñüîãîäíi àâòîðàì íåâiäîìi íåîáõiäíi

i äîñòàòíi óìîâè íóëü-ìiðíîñòi (ó ðîçóìií-
íi ìiðè Ëåáåãà), à òàêîæ íiäå íå ùiëüíîñòi
ìíîæèíè íåïîâíèõ ñóì ðÿäó (1). Ìåíø äî-
ñëiäæåíèìè ¹ ôðàêòàëüíi âëàñòèâîñòi ìíî-
æèíè E{an}, õî÷à äëÿ äåÿêèõ êëàñiâ ðÿ-
äiâ öå óñïiøíî çðîáëåíî â [6], [8]-[14]. Çà-
äà÷à îá÷èñëåííÿ ìiðè Ëåáå à òà ðîçìiðíî-
ñòi Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíè íåïîâ-
íèõ ñóì ðÿäó â çàãàëüíié ïîñòàíîâöi ïîêè
ùî íå ïiääà¹òüñÿ ðîçâ'ÿçàííþ, òîìó äîñëi-
äíèêè ¨¨ ðîçâ'çóþòü äëÿ ïåâíèõ êëàñiâ.

ó äàíié ðîáîòi ìè öiêàâèìîñü òîïîëîãî-
ìåòðè÷íèìè òà ôðàêòàëüíèìè âëàñòèâî-
ñòÿìè ìíîæèíè íåïîâíèõ ñóì ðÿäó (1), ÿêèé
âîëîäi¹ âëàñòèâiñòþ îäíîðiäíîñòi

rn = anan−1...an−k+1, ∀n ≥ k, (4)

äå k � ôiêñîâàíå íàòóðàëüíå ÷èñëî, k ≥ 2.
Éîãî ìíîæèíó íåïîâíèõ ñóì ïîçíà÷àòèìåìî
÷åðåç E.
2. Àíàëiç óìîâè îäíîðiäíîñòi. Áó-

äåìî êàçàòè, ùî ðÿä (1) âîëîäi¹ âëàñòèâi-
ñòþ îäíîðiäíîñòi (ïî n), ÿêùî iñíó¹ öiëå

íåâiä'¹ìíå ÷èñëî g i ôóíêöiÿ f òàêi, ùî
rn∨f(an, an−1, an−2, ..., an−g+1) äëÿ âñiõ íàòó-
ðàëüíèõ n ≥ g, äå ñèìâîë ≪∨≫ îçíà÷à¹ îäèí
iç çíàêiâ: ≪>≫, ≪<≫, ≪≤≫, ≪≥≫, ≪=≫.
Ëåìà 1. ßêùî a1, a2, ..., ak � äîäàòíi

äiéñíi ÷èñëà, òî k-ïàðàìåòðè÷íà ïîñëiäîâ-
íiñòü

an+k =
an+k−1an+k−2...an
1 + an+k−1...an+1

, n = 1, 2, 3... (5)

¹ íåñêií÷åííî ìàëîþ, à âiäïîâiäíèé ¨é ðÿä∑∞
n=1 an � çáiæíèì.
Äîâåäåííÿ. Ç ðiâíîñòi (5) ìà¹ìî

qn ≡
an+k
an

=
an+k−1an+k−2...an+1

1 + an+k−1an+k−2...an+1

< 1.

Òîìó ïîñëiäîâíîñòi (akn−p)
∞
n=1, äå p ∈

{0, 1, ..., k − 1}, ¹ ñïàäíèìè. Áiëüøå òîãî,
îñêiëüêè an > an+k äëÿ âñiõ n ∈ N, òî

an+k−1...an+1

1 + an+k−1...an+1

− an+2k−1...an+k+1

1 + an+2k−1...an+k+1

=

=
an+k−1...an+1 − an+2k−1...an+k−1

(1 + an+k−1...an+1)(1 + an+2k−1...an+k+1)
=

= qn − qn+k > 0,

òîáòî, ñïàäíèìè ¹ i ïîñëiäîâíîñòi (qkn−p)∞n=1.
Òîäi

ak(n+1)−p = ak−p

n∏
i=1

qki−p.

I òîìó

akn−p ≤ ak−pq
n−1
k−p → 0 (n→∞).

Îòæå, ïîñëiäîâíîñòi (akn−p)∞n=1 ¹ íåñêií-
÷åííî ìàëèìè i òàêîþ ¹ âñÿ ïîñëiäîâíiñòü
(an). Òàêèì ÷èíîì, íåîáõiäíà óìîâà çáiæ-
íîñòi ðÿäó âèêîíó¹òüñÿ. Îñêiëüêè

∞∑
n=1

akn−p ≤ ak−p

∞∑
n=1

qn−1k−p =

=
ak−p(1 + ak−p+1ak−p+2...a2k−p−1)

ak−p+1ak−p+2...a2k−p−1
,

òî äàíèé ðÿä çáiãà¹òüñÿ.
Òåîðåìà 1. Äëÿ òîãî, ùîá ðÿä (1) çàäî-

âîëüíÿâ óìîâó îäíîðiäíîñòi (4), íåîáõiäíî i
äîñòàòíüî, ùîá äëÿ éîãî ÷ëåíiâ âèêîíóâà-
ëàñü ðiâíiñòü (5).
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Äîâåäåííÿ. Íåîáõiäíiñòü. ßêùî ðÿä
çáiæíèé i çàäîâîëüíÿ¹ óìîâó îäíîðiäíîñòi
(4), òî äëÿ âñiõ n ∈ N ìà¹ ìiñöå ñèñòåìà{
an+k−1...an = rn+k−1 = an+k + an+k+1 + ... ,
an+k...an+1 = rn+k = an+k+1 + an+k+2 + ... .

Âiäíÿâøè âiä ïåðøî¨ ðiâíîñòi äðóãó, îòðè-
ìà¹ìî:

an+k−1...an − an+k...an+1 = an+k, (6)

çâiäêè i âèïëèâà¹ ðiâíiñòü (5).
Äîñòàòíiñòü. Ïîêàæåìî òåïåð, ùî ç

óìîâè (5) âèïëèâà¹ óìîâà (4). Îñêiëüêè äà-
íèé ðÿä çáiæíèé (äèâ. ëåìó 1), òî ç ðiâíî-
ñòi (5) ìà¹ìî ðiâíiñòü (6). Âðàõóâàâøè, ùî
an+k = rn+k−1 − rn+k, îòðèìà¹ìî

rn+k−1 − rn+k = an+k−1...an − an+k...an+1,

ùî ðiâíîñèëüíî

rn+k−1 − an+k−1an+k−2...an =

rn+k − an+k...an+1, n = 1, 2, 3, ... ,

çâiäêè

rn+k−1 − an+k−1...an+1 =

rn+k−1+l − an+k−1+lan+k−1+l = const

äëÿ âñiõ íàòóðàëüíèõ n i l. Îñêiëüêè

lim
n→∞

(rn+k−1 − an+k−1an+k−2...an) =

= lim
n→∞

rn+k−1 − lim
n→∞

an+k−1an+k−2...an = 0,

òî
rn − anan−1...an−k+1 = 0

àáî

rn = anan−1...an−k+1, ∀n ≥ k.

Äîñòàòíiñòü i âñÿ òåîðåìà äîâåäåíi.
Ëåìà 2. Ðÿä (1), ùî çàäîâîëüíÿ¹ óìîâó

îäíîðiäíîñòi (4), ìà¹ ñóìó

r0 = a1 + a2 + ...ak + a1a2...ak. (7)

Äîâåäåííÿ. Ç ðiâíîñòi (4) ìà¹ìî ðiâ-
íiñòü

a1a2...ak = ak+1 + ak+2 + ak+3 + ... .

Äîäàâøè äî îáîõ ¨¨ ÷àñòèí a1 + a2 + ...+ ak,
îòðèìà¹ìî (7).
Ëåìà 3. Äëÿ ÷ëåíiâ ðÿäó (1), ùî çàäî-

âîëüíÿ¹ óìîâó îäíîðiäíîñòi (4), ìàþòü ìi-
ñöå ðiâíîñòi

lim
n→∞

an+1

an
= 0, (8)

lim
n→∞

an
qn

= 0, (9)

lim
n→∞

ann! = 0, (10)

äå q � äîâiëüíå äiéñíå ÷èñëî ç (0, 1).
Äîâåäåííÿ. Âðàõóâàâøè çáiæíiñòü äà-

íîãî ðÿäó òà ðiâíiñòü (4), ìà¹ìî

an−k+1 =
rn

anan−1...an−k+2

=

=
an+1 + an+2 + an+3 + ...

anan−1...an−k+2

=
∞∑
m=1

an+m
anan−1...an−k+2

.

Îñòàííié ðÿä çáiãà¹òüñÿ ïðè êîæíîìó n ∈
N, à éîãî ñóìà ðàçîì ç an−k+1 ïðÿìó¹ äî íóëÿ
ïðè n→∞, òîáòî

lim
n→∞

an−k+1 = lim
n→∞

(
an+1

anan−1...an−k+2

+

+
an+2

anan−1...an−k+2

+...+
an+m

anan−1...an−k+2

+...) = 0,

òîìó i

lim
n→∞

an+m
anan−1...an−k+2

= 0, m = 1, 2, 3, ...,

òàêèì ÷èíîì, ðiâíiñòü (8) äîâåäåíî.
Îñêiëüêè ñïðàâåäëèâà ðiâíiñòü (8), òî

iñíóþòü n0 ∈ N òà ε > 0 òàêi, ùî äëÿ âñiõ
n > n0 âèêîíó¹òüñÿ íåðiâíiñòü an+1

an
< ε

àáî an+1 < εan. Íåõàé am+s < 1 äëÿ âñiõ
s = 0, 1, 2, .... Ìà¹ìî íåðiâíîñòi

am+s < εam+s−1 < ε2am+s−2 < ... < εsam < εs.

Îòæå, am+s < εs àáî an < εn−m = 1
εm
εn =

cεn, äå s = n −m, c = const. Âçÿâøè ε < q,
îòðèìà¹ìî ðiâíiñòü (9).

Äîâåäåííÿ ðiâíîñòi (10) ïðîâåäåìî äëÿ
âèïàäêó, êîëè â ðiâíîñòi (4) k = 2. Ç ðiâíî-
ñòi (8) âèïëèâà¹ iñíóâàííÿ òàêîãî íîìåðó m,
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ùî äëÿ âñiõ n ≥ m ìà¹ ìiñöå an+1 < an < 1.
Îöiíèìî ÷ëåíè ðÿäó:

am+2 =
am+1am
1 + am+1

< amam+1 < a2m,

am+3 =
am+2am+1

1 + am+2

< am+2am+1 < a3m,

am+4 =
am+3am+2

1 + am+3

< am+3am+2 < a3ma
2
m = a5m,

am+5 =
am+4am+3

1 + am+4

< am+4am+3 < a8m, ... .

Íåñêëàäíî ïîáà÷èòè, ùî ïîêàçíèêè ñòå-
ïåíiâ uj+1 ÷ëåíiâ a

uj+1
m , ÿêèìè îáìåæåíi ÷ëå-

íè am+j, óòâîðþþòü êëàñè÷íó ïîñëiäîâíiñòü
Ôiáîíà÷÷i iç çàãàëüíèì ÷ëåíîì

uj =
1√
5

(
φj − ψj

)
=

=
1√
5

(
1− (

ψ

φ
)j
)
· φj → 1√

5
φj (j →∞),

äå φ = 1+
√
5

2
, ψ = 1−

√
5

2
.

Îòæå, ìà¹ìî

an = am+j < aφ
n−m+1

n = pφ
n

,

äå p = aφ
1−m
m � äåÿêå ÷èñëî ç (0, 1).

Äëÿ äîâåäåííÿ ðiâíîñòi (10) äîñòàòíüî
ïîêàçàòè, ùî lim

n→∞
(pφ

n · n!) = 0. À öå âèïëè-

âà¹ ç òîãî, ùî n! < nn ïðè êîæíîìó n > 2 i
òîãî, ùî lim

n→∞
(pφ

n · nn) = 0 (áiëüøå òîãî, ðÿä

ç ÷ëåíîì bn = pφ
n · nn ¹ çáiæíèì).

Äëÿ äîâåäåííÿ òâåðäæåííÿ ó çàãàëüíî-
ìó âèïàäêó (k > 2 â ðiâíîñòi (4)) ìîæ-
íà ïiòè òèì ñàìèì øëÿõîì. Äëÿ ÷ëåíiâ an
äàíîãî ðÿäó ç äåÿêîãî íîìåðó m âèêîíó-
¹òüñÿ íåðiâíiñòü an < a

vj
m , äå j = n − m,

(vj)
∞
j=1 � ðåêóðåíòíà ïîñëiäîâíiñòü, êîæíèé

÷ëåí ÿêî¨ äîðiâíþ¹ ñóìi k ïîïåðåäíiõ, òîáòî
vj = vj−1+vj−2+...+vj−k äëÿ âñiõ j ≤ k. Äëÿ
÷ëåíiâ òàêî¨ ïîñëiäîâíîñòi ìà¹ ìiñöå àñèì-
ïòîòè÷íà ôîðìóëà âèäó

vj ∼ c · θn,

äå c, φ � ñòàëi, c > 0, θ > φ.
Íàñëiäîê 1. Äëÿ äîâiëüíîãî q ∈ (0, 1)

iñíó¹ íîìåð n0 òàêèé, ùî äëÿ âñiõ n > n0

âèêîíó¹òüñÿ íåðiâíiñòü an < qn.

3. Âëàñòèâîñòi ìíîæèíè E. Ïðè âè-
â÷åííi âëàñòèâîñòåé ìíîæèíè E{an} íåïîâ-
íèõ ñóì ðÿäó (1) êîðèñíèìè ¹ ïîíÿòòÿ öè-
ëiíäðà òà öèëiíäðè÷íîãî âiäðiçêà.
Îçíà÷åííÿ 1. Íåõàé (c1, c2, ..., cm) � ôi-

êñîâàíèé âïîðÿäêîâàíèé íàáið íóëiâ òà îäè-
íèöü. Öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2...cm
(ci ∈ {0, 1}) íàçèâà¹òüñÿ ìíîæèíà ∆′c1...cm ,
ÿêà ìiñòèòü âñi íåïîâíi ñóìè ðÿäó (1) âèäó

m∑
n=1

cnan +
∞∑

n=m+1

εnan, äå εn ∈ {0, 1}.

Öèëiíäðè÷íèì âiäðiçêîì ðàíãó m ç îñíî-
âîþ c1c2...cm íàçèâà¹òüñÿ âiäðiçîê

∆c1...cm = [inf ∆′c1...cm , sup∆
′
c1...cm

] =

=

[
m∑
n=1

cnan, rm +
m∑
n=1

cnan

]
.

Ç îçíà÷åíü âèïëèâàþòü íàñòóïíi âëàñòè-
âîñòi öèëiíäðè÷íèõ ìíîæèí.

1) ∆′c1...cm ⊂ ∆c1...cm , inf ∆c1...cm =

= inf ∆′c1...cm , sup∆c1...cm = sup∆′c1...cm .

2) ∆′c1...cm = ∆′c1...cm0 ∪∆′c1...cm1.
3) Äiàìåòð öèëiíäðà íå çàëåæèòü âiä éîãî

îñíîâè, à ëèøå âiä ðàíãó:

d(∆′c1...cm) = |∆c1...cm| = rm → 0 (m→∞).

4) Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (cm) íóëiâ
òà îäèíèöü ìà¹ ìiñöå

∞∩
m=1

∆c1...cm =
∞∩
m=1

∆′c1...cm ≡ ∆c1...cm... =

=
∞∑
n=1

cnan = x ∈ E{an} ⊆ [0, r0].

5) Äëÿ êîæíîãî íàòóðàëüíîãî m ìà¹ ìi-
ñöå âêëþ÷åííÿ

E{an} ⊂ Gm+1 ⊂ Gm, äåGm =
∪

(c1...cm)

∆c1...cm .

6) E{an} = lim
m→∞

Gm =
∞∩
m=1

∪
(c1...cm)

∆c1...cm .
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Íàãàäà¹ìî îçíà÷åííÿ α−ìiðè Ãàóñäîðôà i
ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à ìíîæè-
íè F ⊂ R1, ÿêi áiëüø òîíêî õàðàêòåðèçóþòü
≪ìàñèâíiñòü≫ ìíîæèí ó âèïàäêó ¨õ íóëü-
ìiðíîñòi (ó ðîçóìiííi ìiðè Ëåáå à).
Îçíà÷åííÿ 2. Íåõàé 0 < α � ôiêñîâà-

íå äiéñíå ÷èñëî, α�ìiðíîþ ìiðîþ (α�ìiðîþ)
Ãàóñäîðôà ìíîæèíè F íàçèâà¹òüñÿ çíà÷åí-
íÿ ôóíêöi¨ ìíîæèíè, âèçíà÷åí¨ ðiâíiñòþ

Hα(F ) = lim
ε→0

mα
ε (F ) = sup

ε>0
mα
ε (F ), äå

mα
ε (F ) = inf

|Fj |≤ε

{∑
j

|Fj|α
}

i òî÷íà íèæíÿ ãðàíü âèçíà÷à¹òüñÿ çà âñåìî-
æëèâèìè íå áiëüø íiæ ç÷èñëåííèìè ïîêðè-
òòÿìè ìíîæèíè F âiäðiçêàìè Fi, äiàìåòðè
|Fi| ÿêèõ íå ïåðåâèùóþòü ε.

Íåâiä'¹ìíå ÷èñëî

α0(F ) = sup {α : Hα(F ) = +∞} =

= inf {α : Hα(F ) = 0}
íàçèâà¹òüñÿ ðîçìiðíiñòþ Ãàóñäîðôà-
Áåçèêîâè÷à ìíîæèíè F .

Ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ìà¹
âëàñòèâîñòi :

1) ßêùî F1 ⊂ F2, òî α0(F1) ≤ α0(F2);

2) α0

(∪
i

Fi

)
= sup

i
α0(Fi).

Òåîðåìà 2. Ìíîæèíà E íåïîâíèõ ñóì
ðÿäó (1), ùî çàäîâîëüíÿ¹ óìîâó îäíîðiäíî-
ñòi (4), ¹ íiäå íå ùiëüíîþ ìíîæèíîþ íó-
ëüîâî¨ ìiðè Ëåáå à i íóëüîâî¨ ðîçìiðíiñòi
Ãàóñäîðôà-Áåçèêîâè÷à.
Äîâåäåííÿ. Ðîçãëÿíåìî ðiâíiñòü (4).

Îñêiëüêè an → 0 (n → ∞), òî iñíó¹ íîìåð
n0 ∈ N òàêèé, ùî äëÿ âñiõ n > n0 âèêîíóþ-
òüñÿ íåðiâíîñòi:

an−1 < 1, an−2 < 1, ..., an−k < 1,

à ðàçîì ç íèìè i íåðiâíîñòi

an−1an−2...an−k < 1 òà an > rn.

Òîìó, çãiäíî [4], ìíîæèíàE � íiäå íå ùiëüíà.
Çãiäíî âëàñòèâîñòåé 3 i 5 öèëiíäðè÷íèõ

ìíîæèí, ìíîæèíà E íàëåæèòü îá'¹äíàííþ

2n öèëiíäðè÷íèõ âiäðiçêiâ ðàíãó n äiàìåòðà
rn. Òîìó, âðàõîâóþ÷è âëàñòèâiñòü 6, ¨¨ ìiðà
Ëåáå à

λ(E) ≤ lim
n→∞

2nrn = lim
n→∞

2nanan−1...an−k.

Çà íàñëiäêîì 1

λ(E) ≤ lim
n→∞

2nqnqn−1...qn−k+1 =

= q−
k(k−1)

2 lim
n→∞

(2qk)n = 0,

äå q � äîñòàòíüî ìàëå ÷èñëî, äëÿ ÿêîãî 2qk <
1, îòæå, λ(E) = 0.

Äëÿ çíàõîäæåííÿ ðîçìiðíîñòi
Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíè E ðîç-
ãëÿíåìî ¨¨ ε-ïîêðèòòÿ öèëiíäðè÷íèìè
âiäðiçêàìè ðàíãó n, äå ε = |∆c1...cn | = rn.
Òîäi

mα
ε (E) ≤ 2n(rn)

α = 2n(anan−1...an−k+1)
α <

< 2n(qnqn−1...qn−k+1)α = q−
αk(k−1)

2 (2qkα)n.

Îñêiëüêè q ¹ ÷èñëîì ÿê çàâãîäíî ìàëèì,
òî 2qkα < 1 i q−

αk(k−1)
2 (2qkα)n → 0 (n → ∞),

òîìó
Hα(E) = lim

ε→0
mα
ε (E) = 0

äëÿ äîâiëüíîãî α > 0. Îòæå, α0(E) = 0.
Òåîðåìó äîâåäåíî.
Êîíòèíóàëüíi ìíîæèíè, ÿêi ìàþòü íóëüî-

âó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à íàçè-
âàþòü àíîìàëüíî ôðàêòàëüíèìè.
4. Àðèôìåòèíi (âåêòîðíi) ñóìè ìíî-

æèí E íåïîâíèõ ñóì.
Îçíà÷åííÿ 3. Àðèôìåòè÷íîþ (âåêòîð-

íîþ) ñóìîþ ìíîæèí A i B íàçèâà¹òüñÿ ìíî-
æèíà

C = A⊕B = {x : x = a+ b, a ∈ A, b ∈ B}.

Äîáðå âiäîìèì ¹ òîé ôàêò, ùî àðèôìåòè-
÷íà ñóìà äâîõ êëàñè÷íèõ ìíîæèí Êàíòîðà
C ¹ âiäðiçêîì [0, 2], òîáòî C ⊕ C = [0, 2].

Ç'ÿñó¹ìî, ÿêîþ ìíîæèíîþ áóäå àðèôìå-
òè÷íà ñóìà äâîõ òà äîâiëüíî¨ ñêi÷åííî¨ êiëü-
êîñòi ìíîæèí E íåïîâíèõ ñóì ðÿäó (1), ÿêèé
âîëîäi¹ âëàñòèâiñòþ îäíîðiäíîñòi (4).

Íåõàé (E(j))sj=1 � ïîñëiäîâíiñòü, ÿêà ñêëà-
äà¹òüñÿ ç s ≥ 2 îäíàêîâèõ ìíîæèí E, òîáòî

(E,E, ..., E) ≡ (E(j))sj=1.
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Ðîçãëÿíåìî àðèôìåòè÷íó ñóìó:

Es =
s⊕
j=1

E(j).

Ëåìà 4. Ìíîæèíà Es ìà¹ âèãëÿä

Es =

{
x : x =

∞∑
n=1

ηnan, ηn ∈ {0, 1, ..., s}

}
.

Äîâåäåííÿ. Ìíîæèíà E(j) ìiñòèòü âñi
ñóìè âèäó

∞∑
n=1

ε(j)n an,

äå ε(j)n ∈ {0, 1}, à ìíîæèíà Es ìiñòèòü âñi
ñóìè âèäó

∞∑
n=1

s∑
j=1

ε(j)n an =
∞∑
n=1

ηnan,

äå ηn =
∑s

j=1 ε
(j)
n ∈ {0, 1, ..., s} ≡ As.

Äëÿ ìíîæèíè Es öèëiíäðîì ðàíãó n ç
îñíîâîþ d1d2...dn íàçèâàòèìåìî ìíîæèíó
∆′d1d2...dm , ÿêà ìiñòèòü âñi ñóìè âèäó

m∑
i=1

diai +
∞∑

i=m+1

ξiai, äå ξi ∈ As

i (d1d2...dm) � ôiêñîâàíèé âïîðÿäêîâàíèé íà-
áið ÷èñåë ç ìíîæèíè As.

Öèëiíäðè÷íèì âiäðiçêîì ðàíãó n ç îñíî-
âîþ d1, d2, ..., dn íàçâåìî âiäðiçîê

∆d1d2...dm = [inf ∆′d1d2...dm , sup∆
′
d1d2...dm

] =

=

[
m∑
n=1

dnan, srm +
m∑
n=1

dnan

]
.

Ëåãêî áà÷èòè, ùî

∆′d1d2...dm = ∆′d1d2...dm0 ∪ ... ∪∆′d1d2...dms. (11)

Ñïðàâåäëèâèìè òàêîæ ¹ âêëþ÷åííÿ

Es ⊂ Um+1 ⊂ Um (∀m ∈ N)

i ðiâíiñòü

Es = lim
m→∞

∞∩
m=1

Um, (12)

äå Um =
∪

(d1...dm)

∆d1...dm .

Òåîðåìà 3. Ìíîæèíà Es ¹ àíîìàëüíî
ôðàêòàëüíîþ ìíîæèíîþ.
Äîâåäåííÿ. Çãiäíî ðiâíîñòåé (11) òà

(12), ìíîæèíà Es íàëåæèòü îá'¹äíàííþ (s+
1)n içîìåòðè÷íèõ öèëiíäðè÷íèõ âiäðiçêiâ
ðàíãó n äiàìåòðà srn i ¨ ¨ ìiðà Ëåáåãà

λ(Es) ≤ lim
n→∞

(s(s+ 1)nrn) =

= s lim
n→∞

((s+ 1)nanan−1...an−k+1).

Çà íàñëiäêîì 1

λ(Es) ≤ s lim
n→∞

(s+ 1)nqnqn−1...qn−k+1 =

= sq−
k(k−1)

2 lim
n→∞

(
(s+ 1)qk

)n
= 0,

îñêiëüêè (s + 1)qk < 1, q � äîñòàòíüî ìàëå.
Îòæå, λ(Es) = 0.

Çðîçóìiëî, ùî êîíòèíóàëüíà ìíîæèíà Es
íóëüîâî¨ ìiðè Ëåáåãà ¹ íiäå íå ùiëüíîþ.

Äëÿ çíàõîäæåííÿ ðîçìiðíîñòi
Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíè Es ðîç-
ãëÿíåìî ¨¨ ε-ïîêðèòòÿ öèëiíäðè÷íèìè
âiäðiçêàìè ðàíãó n, äå ε = srn → 0 ïðè
n → ∞. Äëÿ äîâiëüíîãî α > 0 i äîâiëüíîãî
n ìà¹ìî

mα
ε (Es) = (s+ 1)n(sanan−1...an−k+1)

α ≤

≤ (s+ 1)n(sqn...qn−k+1)α =

=
(
sq

k(1−k)
2

)α
·
(
(s+ 1)qkα

)n → 0 (n→∞).

Îòæå,

Hα(Es) = lim
ε→0

mα
ε (Es) = 0

äëÿ äîâiëüíîãî α > 0. Òîìó α0(Es) = 0 i
àíîìàëüíó ôðàêòàëüíiñòü ìíîæèíè Es äî-
âåäåíî.
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