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ÏÐÎ ÏÎÁÓÄÎÂÓ ÀÑÈÌÏÒÎÒÈ×ÍÎÃÎ ÐÎÇÂ'ßÇÊÓ ËIÍIÉÍÎ�
ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÎ� ÇÀÄÀ×I ÎÏÒÈÌÀËÜÍÎÃÎ ÊÅÐÓÂÀÍÍß Ç

ÂÈÐÎÄÆÅÍÍßÌ Â ÊÐÈÒÅÐI� ßÊÎÑÒI

Îòðèìàíî ðåçóëüòàòè, ÿêi ñòîñóþòüñÿ ïîáóäîâè àñèìïòîòèêè ðîçâ'ÿçêó çàäà÷i îïòèìàëü-
íîãî êåðóâàííÿ ïðîöåñîì, ÿêèé îïèñó¹òüñÿ ëiíiéíîþ ñèíãóëÿðíî çáóðåíîþ ñèñòåìîþ äèôåðåí-
öiàëüíèõ ðiâíÿíü ç âèðîäæóâàíîþ ìàòðèöåþ ïðè ïîõiäíèõ, ó âèïàäêó ïðîñòèõ åëåìåíòàðíèõ
äiëüíèêiâ ãðàíè÷íî¨ â'ÿçêè ìàòðèöü. Äîñëiäæó¹òüñÿ âèïàäîê âèðîäæåíîñòi ãîëîâíî¨ ìàòðèöi
êðèòåðiÿ ÿêîñòi. Çàäà÷à çâîäèòüñÿ äî ðîçãëÿäó äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i, ÿêà îäåðæó¹òüñÿ
ïiñëÿ çàñòîñóâàííÿ ïðèíöèïó ìàêñèìóìó Ïîíòðÿãiíà. Ó õîäi äîñëiäæåííÿ âèêîðèñòàíî âiäî-
ìi ðåçóëüòàòè àñèìïòîòè÷íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðîäæåííÿìè.

We obtain some results concerning the investigation of built an asymptotic solution of optimal
control problem which is describing by a linear singularly perturbed system of di�erential equati-
ons with degenerate matrix of derivatives, in the case of simple elementary divisors. The case of
degenerations of main matrix of criterion quality is suggested. The problem is taken to considerati-
on of boundary-value problems, which turns out after the application of Pontryagin's maximum
principle. For this purpose, it was used results of asymptotic analysis of the general solution for a
linear singularly perturbed system of di�erential equations with degenerations.

Ó ðîáîòi âèâ÷à¹òüñÿ çàäà÷à ïðî çíàõî-
äæåííÿ êåðóâàííÿ u(t, ε), ïiä äi¹þ ÿêîãî ñè-
ñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü

εhB(t, ε)
dx

dt
= A(t, ε)x+ C(t, ε)u, (1)

ïåðåõîäèòü iç ñòàíó

x(0, ε) = x1(ε) (2)

â ñòàí
x(T, ε) = x2(ε) (3)

çà ôiêñîâàíèé ïðîìiæîê ÷àñó T , ìiíiìiçóþ-
÷è êâàäðàòè÷íèé ôóíêöiîíàë

J =
1

2εh

T∫
0

(D(t, ε)u, u) dt→ min
u
, (4)

äå x(t, ε), u(t, ε) � øóêàíi n-âèìiðíèé âå-
êòîð ñòàíó òà m-âèìiðíèé âåêòîð êåðóâàííÿ
âiäïîâiäíî, A(t, ε), B(t, ε) � äiéñíi êâàäðà-
òíi ìàòðèöi n-ãî ïîðÿäêó, C(t, ε) � (n×m)-
ìàòðèöÿ ç äiéñíèìè åëåìåíòàìè, D(t, ε) �
ñèìåòðè÷íà ìàòðèöÿ m-ãî ïîðÿäêó, ε ∈
(0, ε0] � ìàëèé ïàðàìåòð: ε0 ≪ 1; h ∈ N ,
t ∈ [0;T ].

Áóäåìî ââàæàòè, ùî âèêîíóþòüñÿ íàñòó-
ïíi óìîâè:

1◦ Ìàòðèöi A(t, ε), B(t, ε), C(t, ε) i D(t, ε)
äîïóñêàþòü íà âiäðiçêó [0;T ] ðiâíîìiðíi
àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ìà-
ëîãî ïàðàìåòðà:

A(t, ε) ∼
∑
k≥0

εkAk(t), B(t, ε) ∼
∑
k≥0

εkBk(t),

C(t, ε) ∼
∑
k≥0

εkCk(t), D(t, ε) ∼
∑
k≥0

εkDk(t).

(5)
2◦ Êîåôiöi¹íòè Ak(t), Bk(t), Ck(t), Dk(t),

k = 0, 1, . . ., ðîçâèíåíü (5) íåñêií÷åííî äè-
ôåðåíöiéîâíi íà [0;T ].

3◦ Âåêòîðè ïî÷àòêîâîãî i êiíöåâîãî ñòàíiâ
çîáðàæóþòüñÿ ó âèãëÿäi ðîçâèíåíü

x1(ε) ∼
∑
k≥0

εkx
(1)
k , x2(ε) ∼

∑
k≥0

εkx
(2)
k . (6)

4◦ detB0(t) ≡ 0, ∀t ∈ [0;T ].
5◦ Ãðàíè÷íà â'ÿçêà ìàòðèöü

A0(t)− λB0(t) (7)
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íà âiäðiçêó [0;T ] ìà¹ n− 1 ïðîñòèõ ñêií÷åí-
íèõ åëåìåíòàðíèõ äiëüíèêiâ λ − λi(t), i =
1, n, i îäèí � íåñêií÷åííèé.

6◦ Reλi(t) < 0, ∀t ∈ [0;T ].

7◦ λi(t) + λ̄j(t) ̸= 0, ∀t ∈ [0;T ], i, j =
1, n− 1.

8◦
(
B1(t)φ̃(t), ψ̃(t)

)
< 0, ∀t ∈ [0;T ], äå

φ̃(t) � âëàñíèé âåêòîð ìàòðèöi B0(t), ùî
âiäïîâiäà¹ ¨¨ íóëüîâîìó âëàñíîìó çíà÷åííþ,
ψ̃(t) � âiäïîâiäíèé âëàñíèé âåêòîð ñïðÿæå-
íî¨ ìàòðèöi B∗0(t).

9◦ Ìàòðèöÿ D(t, ε) äîäàòíî âèçíà÷åíà íà
[0;T ], ïðè÷îìó detD0(t) ≡ 0, rankD0(t) = r,
∀t ∈ [0;T ].

10◦ det (Q∗(t)D1(t)Q(t)) ̸= 0, ∀t ∈ [0;T ],
äå Q(t) = [q1(t), . . . , qm−r(t)], qi(t), i =
1,m− r, � áàçèñíi âåêòîðè íóëü-ïðîñòîðó
ìàòðèöi D0(t).

11◦ det (Q∗(t)D1(t)Q(t)) ̸= 0, ∀t ∈ [0;T ].

12◦ Îáëàñòü äîïóñòèìèõ çíà÷åíü äëÿ êå-
ðóâàííÿ u(t, ε) çáiãà¹òüñÿ ç óñiì çàäàíèì m�
âèìiðíèì ïðîñòîðîì.

Àíàëîãi÷íà çàäà÷à çà óìîâè âèðîäæóâà-
íîñòi êðèòåðiÿ ÿêîñòi ðîçãëÿäàëàñü ó [1], àëå
ó áiëüø ïðîñòîìó âèïàäêó, êîëè ìàòðèöÿ
ïðè ïîõiäíèõ ó ñèñòåìi ðiâíÿíü (1) îäèíè-
÷íà.

Íàÿâíiñòü ïðè ïîõiäíèõ ó ñèñòåìi ðiâíÿíü
(1) ìàòðèöi B(t, ε), ÿêà âèðîäæó¹òüñÿ ïðè
ε = 0, à òàêîæ âèðîäæåíiñòü ìàòðèöi D(t, ε)
â êðèòåði¨ ÿêîñòi âíîñèòü ñóòò¹âi òðóäíîùi â
ðîçâ'ÿçàííÿ äàíî¨ çàäà÷i, ÿêi âäà¹òüñÿ ïîäî-
ëàòè, âèêîðèñòîâóþ÷è ðåçóëüòàòè àñèìïòî-
òè÷íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó ñèíãó-
ëÿðíî çáóðåíèõ ñèñòåì ç âèðîäæåííÿìè äà-
íîãî òèïó, çäiéñíåíîãî â ðîáîòàõ [2], [3].

Çà äàíèõ óìîâ áóäåìî øóêàòè êåðóâàí-
íÿ u(t, ε) òà âiäïîâiäíó òðà¹êòîðiþ x(t, ε) ó
âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïà-
ðàìåòðà.

Íåçâàæàþ÷è íà âèðîäæåíiñòü ìàòðèöi
B(t, 0) = B0(t), ÿê ïîêàçàíî â [2] çà âèêî-
íàííÿ óìîâè 8◦ ìàòðèöÿ B(t, ε) íåîñîáëèâà
ïðè äîñèòü ìàëèõ ε > 0. Òîìó äî çàäà÷i (1),
(4) ìîæíà çàñòîñóâàòè ïðèíöèï ìàêñèìóìó
Ë.Ñ. Ïîíòðÿãiíà [4].

Ïîáóäó¹ìî ôóíêöiþ Ãàìiëüòîíà

H(t, x, p, u) = ε−h(A(t, ε)x, p)+

+ε−h((t, ε)u, p)− 1

2εh
(D(t, ε)u, u),

äå p � n-âèìiðíèé âåêòîð ñïðÿæåíèõ çìií-
íèõ.

Äëÿ ìiíiìiçàöi¨ êðèòåðiÿ (4) íåîáõiäíî,
ùîá

graduH = ε−hC∗(t, ε)p− ε−hD(t, ε)u = 0,

d

dt
(B∗(t, ε)p) = −gradxH = −ε−hA∗(t, ε)p.

Îäåðæèìî ñèñòåìó ðiâíÿíü

εhB(t, ε)
dx

dt
= A(t, ε)x+ C(t, ε)u,

εhB∗(t, ε)
dp

dt
= −

(
A∗(t, ε)+

+εh (B∗(t, ε))′
)
p,

0 = C∗(t, ε)p−D(t, ε)u.

(8)

Óâiâøè (2n+m)-âèìiðíèé âåêòîð

y(t, ε) = col(x(t, ε), p(t, ε), u(t, ε)), (9)

ñïiââiäíîøåííÿ (8) çàïèøåìî ó âèãëÿäi

εhB̃(t, ε)ẏ = Ã(t, ε)y, (10)

äå ìàòðèöi Ã(t, ε), B̃(t, ε) çîáðàæóþòüñÿ ó
âèãëÿäi àñèìïòîòè÷íèõ ðîçâèíåíü

Ã(t, ε) ∼
∞∑
k=0

εkÃk(t), B̃(t, ε) ∼
∞∑
k=0

εkB̃k(t),

(11)
â ÿêèõ

Ãk(t) =

=

 Ak(t) 0 Ck(t)
0 −A∗k(t)− (B∗k−h(t))

′ 0
0 C∗k(t) −Dk(t)

 ,

B̃k(t) =

 Bk(t) 0 0
0 B∗k(t) 0
0 0 0

 ,

(k = 0, 1, 2, . . .), � áëî÷íi ìàòðèöi, äå ñèì-
âîëîì 0 ïîçíà÷åíî íóëüîâi áëîêè âiäïîâiä-
íèõ ðîçìiðiâ. Êðàéîâi óìîâè (2), (3) ïîäàìî
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ó âèãëÿäi:

My(0, ε) +Ny(T, ε) =

=

(
x1(ε)
x2(ε)

)
= y0(ε),

(12)

M =

(
E 0 0
0 0 0

)
, N =

(
0 0 0
E 0 0

)
.

Òàêèì ÷èíîì, çàäà÷à îïòèìàëüíîãî êåðó-
âàííÿ (1)�(4) çâîäèòüñÿ äî äâîòî÷êîâî¨ êðà-
éîâî¨ çàäà÷i (10), (12).

Ó äàíîìó âèïàäêó ãðàíè÷íà â'ÿçêà
ìàòðèöü Ã0(t) − λB̃(t) ñèñòåìè ðiâ-
íÿíü (10) áóäå ñèíãóëÿðíîþ, îñêiëüêè

det
(
Ã0(t)− λB̃0(t)

)
= (−1)n+mdet

(
A0(t)−

−λB0(t)
)
det
(
A∗0(t) + λB∗0(t)

)
detD0(t) ≡ 0,

∀t ∈ [0;T ], λ ∈ C. Àëå ¨¨ ðåãóëÿðíå
"ÿäðî"ìiñòèòü 2(n − 1) ïðîñòèõ ñêií÷åí-
íèõ åëåìåíòàðíèõ äiëüíèêiâ λ − λi(t),
λ + λ̄j(t), i, j = 1, n− 1 òà r + 2 � ïðîñòèõ
íåñêií÷åííèõ. Êðiì òîãî, îñêiëüêè

degdet
(
Ã(t, ε)− λB̃(t, ε)

)
= 2n = rankB̃(t, ε),

òî ñèñòåìà (10) çàäîâîëüíÿ¹ óìîâó "ðàíã-
ñòåïiíü"[5]. Òîìó, ÿê ïîêàçàíî â [6], çàãàëü-
íèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè ÿâëÿ¹ ñîáîþ ëi-
íiéíó êîìáiíàöiþ ¨¨ 2n ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ. Çãiäíî ç [2] 2n− 2 ðîçâ'ÿçêè âiä-
ïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëü-
íèêàì i äâà ðîçâ'ÿçêè � äâîì íåñêií÷åííèì
åëåìåíòàðíèì äiëüíèêàì, ïîðîäæåíèõ â'ÿç-
êàìè A0 − λB0 i A∗0 + λB∗0 .

Çãiäíî ç [2] ðîçâ'ÿçêè, ùî âiäïîâiäàþòü
ïåðøié ãðóïi ñêií÷åííèõ åëåìåíòàðíèõ äiëü-
íèêiâ λ− λi(t), i = 1, n− 1, áóäóþòüñÿ ó âè-
ãëÿäi

y(t, ε) = vi(t, ε) exp

ε−h t∫
0

λi(τ, ε)dτ

 ,

i = 1, n− 1, (13)

äå vi(t, ε) � (2n + m)�âèìiðíi âåêòîðè,
λi(t, ε) � ñêàëÿðíi ôóíêöi¨, ÿêi çîáðàæóþòü-
ñÿ ôîðìàëüíèìè ðîçâèíåííÿìè çà ñòåïåíÿ-

ìè ε:

vi(t, ε) =
∞∑
k=0

εkvki(t),

λi(t, ε) = λi(t) +
∞∑
k=1

εkλ
(i)
k (t).

(14)

Ïîêëàâøè

vi(t, ε) = col
(
v
(1)
i (t, ε); v

(2)
i (t, ε); v

(3)
i (t, ε)

)
ó âiäïîâiäíîñòi çi ñòðóêòóðîþ ìàòðèöü
Ã(t, ε), B̃(t, ε),

v
(j)
i (t, ε) =

∞∑
k=0

εkv
(j)
ki (t), j = 1, 3, (15)

i ïiäñòàâèâøè (13) ó ñèñòåìó (10), îòðèìà¹ìî
ñèñòåìó òðüîõ âåêòîðíèõ ðiâíÿíü

A(t, ε)v
(1)
i (t, ε) + C(t, ε)v

(3)
i (t, ε) =

= λi(t, ε)B(t, ε)v
(1)
i (t, ε)+

+εhB(t, ε)
(
v
(1)
i (t, ε)

)′
;

(16)

[
A∗(t, ε) + λi(t, ε)B

∗(t, ε) + εh(B∗(t, ε))′+

+εhB∗
d

dt

]
v
(2)
i (t, ε) = 0; (17)

C∗(t, ε)v
(2)
i (t, ε)−D(t, ε)v

(3)
i (t, ε) = 0. (18)

Îñêiëüêè det (A∗0(t) + λi(t)B
∗
0(t)) ̸= 0, ∀t ∈

[0;T ], òî äðóãå ðiâíÿííÿ öi¹¨ ñèñòåìè çàäî-
âîëüíÿ¹ ëèøå íóëüîâèé âåêòîð. Òîäi ç òðå-
òüîãî ðiâíÿííÿ äiñòàíåìî, ùî é v(3)i (t, ε) = 0.
Îòæå,

vi(t, ε) = col
(
v
(1)
i (t, ε); 0; 0

)
, (19)

äå âåêòîð v(1)i (t, ε) çàäîâîëüíÿ¹ ðiâíÿííÿ

A(t, ε)v
(1)
i (t, ε) = λi(t, ε)B(t, ε)v

(1)
i (t, ε)+

εh
(
B(t, ε)v

(1)
i (t, ε)

)′
,

ùî çáiãà¹òüñÿ ç ðiâíÿííÿì, äîñëiäæåíèì ó
[2], ç ÿêîãî âèçíà÷àþòüñÿ êîåôiöi¹íòè ôîð-
ìàëüíèõ ðîçâèíåíü äëÿ ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè, ÿêà âiäïî-
âiäà¹ (1). Òîìó êîåôiöi¹íòè ðîçâèíåíü (15)
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äëÿ âåêòîðiâ v
(1)
i (t, ε) i (14) � äëÿ ôóíê-

öié λi(t, ε) âèçíà÷àþòüñÿ çà íàñòóïíèìè ðå-
êóðåíòíèìè ôîðìóëàìè, âèâåäåíèìè â [2, c.
92]:

λ
(i)
k (t) = −

(
g
(1)
ki (t), ψi(t)

)
; (20)

v
(1)
0i (t) = φi(t),

v
(1)
ki (t) = Hi(t)b

(1)
ki (t), k = 1, 2, . . . ;

(21)

b
(1)
ki (t) = λ

(i)
k (t)B0(t)φi(t) + g

(1)
ki (t); (22)

g
(1)
ki (t) =

k−1∑
j=1

k−j∑
s=0

λ
(i)
j (t)Bsv

(1)
k−s−j,i+

+λi

k∑
s=1

Bsv
(1)
k−s,i −

k∑
s=1

As(t)v
(1)
k−s,i+

k−h∑
s=0

Bs

(
v
(1)
k−h−s,i

)′
, k = 1, 2, . . . , (23)

äå φi(t), i = 1, n− 1, � âëàñíi âåêòîðè â'ÿçêè
A0(t) − λB0(t), ùî âiäïîâiäàþòü ¨¨ âëàñíèì
çíà÷åííÿì λi(t), ψi(t), i = 1, n− 1, � âëà-
ñíi âåêòîðè ñïðÿæåíî¨ â'ÿçêè A∗0(t)−λB∗0(t),
Hi(t) � ìàòðèöÿ, íàïiâîáåðíåíà äî ìàòðèöi
(A0(t)− λi(t)B0(t)).

Ùî æ ñòîñó¹òüñÿ ðîçâ'ÿçêiâ, ÿêi âiäïî-
âiäàþòü åëåìåíòàðíèì äiëüíèêàì λ + λ̄j(t),
j = 1, n, òî âîíè áóäóþòüñÿ ó âèãëÿäi

ỹi(t, ε) = ṽi(t, ε) exp

−ε−h T∫
t

λ̃i(τ, ε)dτ

 ,

i = 1, n, (24)

äå âåêòîðè ṽi(t, ε) i ôóíêöi¨ λ̃i(t, ε) çîáðàæó-
þòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè

ṽi(t, ε) =
∞∑
k=0

εkṽki(t), i = 1, n

λ̃i(t, ε) = −λ̄i(t) +
∞∑
k=1

εkλ̃
(i)
k (t).

(25)

Ó äàíîìó âèïàäêó ïðîöåäóðà âèçíà÷åííÿ
êîåôiöi¹íòiâ ðîçâèíåíü (25) äåùî óñêëàäíþ-
¹òüñÿ, ùî îáóìîâëåíî îñîáëèâiñòþ ìàòðèöi
D0(t).

Ïiäñòàâèâøè (24) ó ñèñòåìó (10), ââå-

äåìî ïîçíà÷åííÿ ṽi(t, ε) = col
(
ṽ
(1)
i (t, ε),

εṽ
(2)
i (t, ε), ṽ

(3)
i (t, ε)

)
, à âåêòîðè ṽ(j)i (t, ε), j =

1, 3, ïîäàìî ó âèãëÿäi ðîçâèíåíü

ṽ
(j)
i (t, ε) =

∞∑
k=0

εkṽ
(j)
ki (t), j = 1, 3. (26)

Òîäi îòðèìà¹ìî ðiâíÿííÿ

Ã(t, ε)ṽi(t, ε) =

= λ̃i(t, ε)B̃ṽi(t, ε) + εhB̃ṽ′i(t, ε),
(27)

ÿêå çàïèøåòüñÿ ó âèãëÿäi ñèñòåìè òðüîõ âå-
êòîðíèõ ðiâíÿíü

A(t, ε)ṽ
(1)
i (t, ε) + C(t, ε)ṽ

(3)
i (t, ε) =

= λ̃i(t, ε)B(t, ε)ṽ
(1)
i (t, ε)+

+εhB(t, ε)
(
ṽ
(1)
i (t, ε)

)′
;

(28)

−A∗(t, ε)ṽ(2)i (t, ε) = λ̃i(t, ε)B
∗(t, ε)ṽ

(2)
i (t, ε)+

+εhB∗(t, ε)
(
ṽ
(2)
i (t, ε)

)′
+

+εh (B∗(t, ε))′ ṽ
(2)
i (t, ε); (29)

C∗(t, ε)ṽ
(2)
i (t, ε)−D(t, ε)ṽ

(3)
i (t, ε) = 0. (30)

Ðiâíÿííÿ (29) çáiãà¹òüñÿ ç ðiâíÿííÿì,
ç ÿêîãî âèçíà÷àþòüñÿ êîåôiöi¹íòè ôîð-
ìàëüíèõ ðîçâèíåíü äëÿ ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ ñïðÿæåíî¨ ñèñòåìè

εh
d

dt
(B∗(t, ε)y) = −A∗(t, ε)y. (31)

Òîìó, ïðîâiâøè ìiðêóâàííÿ àíàëîãi÷íi äî
âèêëàäåíèõ ó [2. c. 93], âåêòîðè ṽ

(2)
ki , k =

0, 1, . . ., i ôóíêöi¨ λ̃(i)k , k = 1, 2, . . ., âèçíà÷èìî
çà ðåêóðåíòíèìè ôîðìóëàìè:

λ̃
(i)
k (t) = −λ̄(i)k (t), k = 1, 2, . . . ; (32)

ṽ
(2)
0i (t) = ψi(t),

ṽ
(2)
ki (t) = H∗i (t)b̃

(2)
ki (t), k = 1, 2, . . . ;

(33)
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b̃
(2)
ki (t)=λ̃

(i)
k (t)B∗0ψi+

k−1∑
j=1

k−j∑
j=0

λ̃
(i)
j B

∗
s ṽ

(2)
k−j−s,i+

+λ̃i

k∑
s=1

B∗s ṽ
(2)
k−s,i −

k∑
s=1

A∗s(t)ṽ
(2)
k−s,i−

−
k−h∑
s=0

B∗s

(
ṽ
(2)
k−s−h,i

)′
−

k−h∑
s=0

(B∗s )
′ ṽ

(2)
k−s−h,i;

(k = 1, 2, . . ., i = 1, n− 1).
Ïiäñòàâèâøè âiäïîâiäíi ðîçâèíåííÿ (øó-

êàíi � äëÿ âåêòîðiâ ṽ(1)i (t, ε), ṽ(3)i (t, ε) i çíà-
éäåíi � äëÿ âåêòîðà ṽ

(2)
i (t, ε) òà ôóíêöié

λ̃i(t, ε)) ó ðiâíÿííÿ (30), ïðèðiâíÿ¹ìî â íèõ
âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε. Äiñòàíåìî

D0(t)ṽ
(3)
0i = 0; (34)

D0(t)ṽ
(3)
ki = b̃

(3)
ki (t), k = 1, 2, . . . , (35)

äå

b̃
(3)
ki (t) =

k−1∑
s=0

C∗s (t)ṽ
(2)
k−s−1,i(t)−

k∑
s=1

Ds(t)ṽ
(3)
k−s,i(t),

k = 1, 2, . . . , (36)

çâiäêè
ṽ
(3)
0i = Q(t)α

(i)
0 (t); (37)

ṽ
(3)
ki = D−0 (t)b̃

(3)
ki (t) +Q(t)α

(i)
k (t), k = 1, 2, . . . ,

(38)
äå D−0 (t) � íàïiâîáåðíåíà ìàòðèöÿ äî ìà-

òðèöi D0, α
(i)
k (t) = col

(
α
(1)
ki (t), . . . , α

(m−r)
ki (t)

)
� (m− r)-âèìiðíi âåêòîðè, ÿêi âèçíà÷èìî ç
óìîâè ðîçâ'ÿçíîñòi ðiâíÿíü (35):

Q∗(t)b̃
(3)
ki (t) = 0, k = 1, 2, . . . . (39)

Çãiäíî ç (36), (37), (33) ïðè k = 1 öÿ óìîâà
íàáóâà¹ âèãëÿäó

Q∗D1Qα
(i)
0 −Q∗C∗0ψi = 0,

çâiäêè

α
(i)
0 (t) = (Q∗D1Q)

−1Q∗C∗0ψi (40)

i, îòæå,

ṽ
(3)
0i (t) = Q (Q∗D1Q)

−1Q∗C∗0ψi. (41)

Ïîêëàâøè â (39) k + 1 çàìiñòü k i ïiä-
ñòàâèâøè â îäåðæàíó ðiâíiñòü (37), (38), äi-
ñòàíåìî íåîáõiäíó ðåêóðåíòíó ôîðìóëó äëÿ
âèçíà÷åííÿ âåêòîðiâ α(i)

k (t):

α
(i)
k = (Q∗D1Q)

−1
[ k∑
s=0

Q∗C∗s ṽ
(2)
k−s,i−

−
k+1∑
s=2

Q∗Dsṽ
(3)
k+1−s,i −Q

∗D1D
−
0 b̃

(3)
ki

]
,

k = 1, 2, . . . . (42)

Àíàëîãi÷íî ç ðiâíÿííÿ (28) çíàéäåìî

ṽ
(1)
0i (t) = −R−1i C0ṽ

(3)
0i = −R−1i C0D

−1
0 C∗0ψi,

i = 1, n− 1; (43)

ṽ
(1)
ki (t) = R−1i b̃

(1)
ki , k = 1, 2, . . . ; (44)

b̃
(1)
ki (t) = −λ̄i

k∑
s=1

Bsṽ
(1)
k−s,i−

−
k∑
j=1

k−j∑
s=0

λ̄
(i)
j Bsṽ

(1)
k−j−s,i −

k∑
s=1

Asṽ
(1)
k−s,i−

−
k∑
s=0

Csṽ
(3)
k−s,i +

k−h∑
s=0

Bs

(
ṽ
(1)
k−h−s,i

)′
,

k = 1, 2, . . . , (45)

äå Ri(t) = A0(t) + λ̄i(t)B0(t), i = 1, n− 1.
Ðîçâ'ÿçêè, ùî âiäïîâiäàþòü äâîì íåñêií-

÷åííèì åëåìåíòàðíèì äiëüíèêàì ãðàíè÷íî¨
â'ÿçêè ìàòðèöü, ïðî ÿêi éøëà ìîâà âèùå,
øóêàòèìåìî ó âèãëÿäi

y1(t, ε) = w(t, ε) exp

ε−h t∫
0

ξ−1(τ, ε)dτ

 ,

(46)

y2(t, ε) = w̃(t, ε) exp

−ε−h T∫
t

ξ̃−1(τ, ε)dτ

 ,

(47)
äå w(t, ε), w̃(t, ε) � (2n+m)-âèìiðíi âåêòîðè,
ξ(t, ε), ξ̃(t, ε) � ñêàëÿðíi ôóíêöi¨, ÿêi çîáðà-
æóþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè

w(t, ε)=
∞∑
k=0

εkwk(t), ξ(t, ε)=
∞∑
k=1

εkξk(t); (48)
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w̃(t, ε)=
∞∑
k=0

εkw̃k(t), ξ̃(t, ε)=
∞∑
k=1

εkξ̃k(t). (49)

Ïåðøèé ðîçâ'ÿçîê ïîáóäó¹ìî, ïîêëàâøè

w(t, ε) = col
(
w(1)(t, ε); 0; 0

)
, (50)

äå w(1)(t, ε) � n-âèìiðíèé âåêòîð, ÿêèé çãi-
äíî ç (48) çîáðàæó¹òüñÿ ó âèãëÿäi ôîðìàëü-
íîãî ðÿäó

w(1)(t, ε) =
∞∑
k=0

εkw
(1)
k (t). (51)

Ïiäñòàâèâøè (46), (50) ó ñèñòåìó (10), îòðè-
ìà¹ìî ðiâíÿííÿ,äîñëiäæåíå â [2], äî ÿêîãî
çâîäèòüñÿ ïîáóäîâà âiäïîâiäíîãî ðîçâ'ÿçêó
îäíîðiäíî¨ ñèñòåìè ðiâíÿíü, ùî âiäïîâiäà¹
(1). Òîìó, êîåôiöi¹íòè ðîçâèíåíü (51), (48)
âèçíà÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè,
îòðèìàíèìè â [2, c. 92]:

w
(1)
0 (t) = φ̃(t); (52)

ξ1(t) =
(
B1(t)φ̃(t), ψ̃(t)

)
; (53)

ξk(t) = −
(
d
(1)
k (t), ψ̃(t)

)
, k = 2, 3, . . . ; (54)

w
(1)
k (t) = G(t)a

(1)
k (t), k = 1, 2, . . . ; (55)

äå

d
(1)
k (t) =

k−1∑
s=1

k−s∑
j=0

ξsAjw
(1)
k−s−j −

k∑
s=1

Bsw
(1)
k−s−

−
k−h∑
s=1

k−h−s∑
j=0

ξsBj

(
w

(1)
k−h−s−j

)′
; (56)

a
(1)
k (t) = ξkA0φ̃+ d

(1)
k (t), k = 1, 2, . . . , (57)

äå G(t) = B−0 (t).
Ïðè çíàõîäæåííi äðóãîãî ðîçâ'ÿçêó ïî-

êëàäåìî

w̃(t, ε) = col
(
w̃(1)(t, ε); εw̃(2)(t, ε); w̃(3)(t, ε)

)
,

(58)

w̃(j)(t, ε) =
∞∑
k=0

εkw̃
(j)
k (t), j = 1, 3. (59)

Ïiäñòàâèâøè (47), (58) ó (10), äiñòàíåìî

B(t, ε)w̃(1)(t, ε) = ξ̃(t, ε)A(t, ε)w̃(1)(t, ε)+

+ξ̃(t, ε)C(t, ε)w̃(3)(t, ε)−

−εhξ̃(t, ε)B(t, ε)
(
w̃(1)(t, ε)

)′
; (60)

B∗(t, ε)w̃(2)(t, ε) = −ξ̃(t, ε)A∗(t, ε)w̃(2)(t, ε)−
−εhξ̃(t, ε) (B∗(t, ε))′ w̃(2)(t, ε)−

−εhξ̃(t, ε)B∗(t, ε)
(
w̃(2)(t, ε)

)′
; (61)

D(t, ε)w̃(3)(t, ε) = εC∗(t, ε)w̃(2)(t, ε). (62)

Ðiâíÿííÿ (61) âèçíà÷à¹ ðîçâ'ÿçîê n-
âèìiðíî¨ ñïðÿæåíî¨ ñèñòåìè ðiâíÿíü (31),
ÿêèé âiäïîâiäà¹ ïðîñòîìó íåñêií÷åííîìó
åëåìåíòàðíîìó äiëüíèêó ¨¨ ãðàíè÷íî¨ â'ÿç-
êè ìàòðèöü. Òîìó àíàëîãi÷íî äî ïîïåðåäíiõ
ìiðêóâàíü êîåôiöi¹íòè ðîçâèíåíü (49) äëÿ
ôóíêöi¨ ξ̃(t, ε) i (59) � äëÿ âåêòîðà w̃(2)(t, ε)
âèçíà÷èìî çà ôîðìóëàìè

ξ̃k(t) = −ξ̄k(t), k = 1, 2, . . . ; (63)

w̃
(2)
0 (t) = ψ̃(t),

w̃
(2)
k (t) = G∗(t)ã

(2)
k (t), k = 1, 2, . . . ;

(64)

ã
(2)
k (t) = ξ̃kA

∗
0ψ̃ +

k−1∑
s=1

k−s∑
j=0

ξ̃sA
∗
j w̃

(2)
k−s−j+

+
k−h∑
s=1

k−h−s∑
j=0

ξ̃s
(
B∗j
)′
w̃

(2)
k−s−j−h+

+
k−h∑
s=1

k−h−s∑
j=0

ξ̃sB
∗
j

(
w̃

(2)
k−h−s−j

)′
−

k∑
j=1

B∗j w̃
(2)
k−j,

k = 1, 2, . . . . (65)

Ðîçâ'ÿçàâøè ðiâíÿííÿ (62) òàê ñàìî, ÿê
i (30), îòðèìà¹ìî ôîðìóëè, àíàëîãi÷íi (37),
(38), (42), äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ
ðîçâèíåííÿ äëÿ âåêòîðà w̃(3)(t, ε):

w̃
(3)
0 (t) = Q (Q∗D1Q)

−1Q∗C∗0 ψ̃; (66)

w̃
(3)
k = D−0 (t)b̃

(3)
k (t) +Q(t)αk(t); (67)

b̃
(3)
k (t) =

k−1∑
s=0

C∗s (t)w̃
(2)
k−s−1(t)−

k∑
s=1

Ds(t)w̃
(3)
k−s(t);

(68)

αk = (Q∗D1Q)
−1
[ k∑
s=0

Q∗C∗s w̃
(2)
k−s−

−
k+1∑
s=2

Q∗Dsw̃
(3)
k+1−s −Q

∗D1D
−
0 b̃

(3)
k

]
,
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k = 1, 2, . . . . (69)

Íàðåøòi, ïiäñòàâèâøè ðîçâèíåííÿ (59),
(49) ó ðiâíÿííÿ (60) i ïðèðiâíÿâøè âèðàçè
ïðè îäíàêîâèõ ñòåïåíÿõ ïàðàìåòðà òà âçÿ-
âøè äî óâàãè (63), ìàòèìåìî òàêó ñèñòåìó
ðiâíÿíü äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ âiäïî-
âiäíîãî ðîçâèíåííÿ äëÿ âåêòîðà w̃(1)(t, ε):

B0w̃
(1)
0 = 0; (70)

B0w̃
(1)
k = ã

(1)
k , k = 1, 2, . . . ; (71)

ã
(1)
k (t) = −

k∑
s=1

k−s∑
j=0

ξ̃sAjw̃
(1)
k−s−j−

−
k∑
s=1

k−s∑
j=0

ξ̃sCjw̃
(3)
k−s−j+

+
k−h∑
s=1

k−h−s∑
j=0

ξ̃sBj

(
w̃

(1)
k−s−j−h

)′
−

−
k∑
s=1

Bsw̃
(1)
k−s, k = 1, 2, . . . .

(72)

Öÿ ñèñòåìà áóäå ðîçâ'ÿçíîþ òîäi i òiëüêè
òîäi, êîëè âåêòîðè ã(1)k (t) áóäóòü îðòîãîíàëü-
íèìè äî âåêòîðà ψ̃(t):(

ã
(1)
k (t), ψ̃(t)

)
= 0, k = 1, 2, . . . . (73)

Çà âèêîíàííÿ öi¹¨ óìîâè âåêòîðè w̃(1)
k (t) âè-

çíà÷àòèìåìî çà ôîðìóëàìè

w̃
(1)
0 (t) = c0(t)φ̃(t); (74)

w̃
(1)
k (t) = G(t)ã

(1)
k (t) + ck(t)φ̃(t), k = 1, 2, . . . ,

(75)
äå cs(t), s = 0, 1, . . ., � ñêàëÿðíi ìíîæíè-
êè, çà ðàõóíîê ÿêèõ i çàäîâîëüíÿ¹òüñÿ óìî-
âà (73). Çãiäíî ç (72), (74), (66) ïðè k = 1
óìîâà (73) çàïèøåòüñÿ ó âèãëÿäi

c0

[
ξ̃1(A0φ̃, ψ̃) + (B1φ̃, ψ̃)

]
+

+ξ̃1

(
C0D

−1
0 C∗0 ψ̃, ψ̃

)
= 0.

(76)

Âðàõîâóþ÷è (53) òà óìîâó 8◦, çíàéäåìî

c0(t) = −
1

2

(
C0D

−1
0 C∗0 ψ̃, ψ̃

)
. (77)

ßêùî âñi cs(t) âæå âiäîìi ïðè s < k, òî
äëÿ çíàõîäæåííÿ ck(t) âèêîðèñòà¹ìî óìîâó
(73) íà (k+1)-ó êðîöi. Ïîêëàâøè â (73), (72)
k + 1 çàìiñòü k, îòðèìà¹ìî

ck(t) = −

(
d̃
(1)
k , ψ̃

)
2ξ1

, (78)

äå

d̃
(1)
k (t) =

k+1∑
s=2

k−s+1∑
j=0

ξ̃sAjw̃
(1)
k+1−s−j+

+ξ̄1

k∑
j=1

Ajw̃
(1)
k−j +

k+1∑
s=1

k+1−s∑
j=0

ξ̃sCjw̃
(3)
k+1−s−j−

−
k+1−h∑
s=1

k+1−h−s∑
j=0

ξ̃sBj

(
w̃

(1)
k+1−s−j−h

)′
+

+
k+1∑
s=2

Bsw̃
(1)
k+1−s + ξ̄1A0Gã

(1)
k +B1Gã

(1)
k (79)

� âæå âiäîìèé âåêòîð çãiäíî ç ïðèïóùåííÿì
iíäóêöi¨.

Ïiñëÿ öüîãî, âðàõîâóþ÷è (66)�(69), ç ðiâ-
íÿííÿ (60) çà ôîðìóëàìè (72), (74), (75),
(78), (79) çíàéäåìî êîåôiöi¹íòè w̃

(1)
k (t) âiä-

ïîâiäíîãî ðîçâèíåííÿ äëÿ âåêòîðà w̃(1)(t, ε).
Çîêðåìà,

w̃
(1)
0 (t) = −1

2

(
C0Q(Q

∗D1Q)
−1Q∗C∗0 ψ̃, ψ̃

)
φ̃.

(80)
Ïîáóäóâàâøè 2n ôîðìàëüíèõ ðîçâ'ÿçêiâ

ñèñòåìè (10), ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (10),
(12) áóäåìî øóêàòè ó âèãëÿäi ¨õ ëiíiéíî¨
êîìáiíàöi¨

y(t, ε) =

n−1∑
i=1

vi(t, ε)c
(i)(ε) exp

ε−h t∫
0

λi(τ, ε)dτ

+

+w(t, ε)(n)(ε) exp

ε−h t∫
0

ξ−1(τ, ε)dτ

+

+
n−1∑
i=1

ṽi(t, ε)c̃
(i)(ε) exp

ε−h T∫
t

λ̄i(τ, ε)dτ

+
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+w̃(t, ε)c̃(n)(ε) exp

ε−h T∫
t

ξ̄−1(τ, ε)dτ

 ,

(81)
äå c(i)(ε), c(j)(ε), i, j = 1, n, � ñêàëÿðíi ìíî-
æíèêè, ÿêi çîáðàæàþòüñÿ ðîçâèíåííÿìè

c(i)(t, ε) =
∞∑
k=0

c
(i)
k (t), c̃(i)(t, ε) =

∞∑
k=0

c̃
(i)
k (t),

êîåôiöi¹íòè ÿêèõ çíàéäåìî ç êðàéîâî¨ óìîâè
(12).

Ïiäñòàâèâøè (81) ó (12) i çíåõòóâàâ-
øè åêñïîíåíöiàëüíî ìàëèìè äîäàíêàìè,
îäåðæèìî ñèñòåìó ðiâíÿíü ó âåêòîðíî-
ìàòðè÷íié ôîðìi

V (1)(0, ε)c(ε) = x1(ε), (82)

Ṽ (1)(T, ε)c̃(ε) = x2(ε), (83)

äå

V (1)(t, ε) =

=
[
v
(1)
1 (t, ε), . . . , v

(1)
n−1(t, ε);w

(1)(t, ε)
]
=

=
∞∑
k=0

V
(1)
k (t)εk,

Ṽ (1)(t, ε) =

=
[
ṽ
(1)
1 (t, ε), . . . , ṽ

(1)
n−1(t, ε); w̃

(1)(t, ε)
]
=

=
∞∑
k=0

Ṽ
(1)
k (t)εk,

c(ε) = col
(
c(1)(ε), . . . , c(n)(ε)

)
=

∞∑
k=0

ckε
k,

c̃(ε) = col
(
c̃(1)(ε), . . . , c̃(n)(ε)

)
=
∞∑
k=0

c̃kε
k.

Îñêiëüêè ìàòðèöÿ

V
(1)
0 (t) = [φ1(t), φ2(t), . . . , φn−1(t); φ̃(t)]

íåîñîáëèâà ïðè âñiõ t ∈ [0;T ], òî âåêòîðè

ck = col
(
c
(1)
k , . . . , c

(n)
k

)
ç ðiâíÿííÿ (82) îäíî-

çíà÷íî âèçíà÷àþòüñÿ çà ôîðìóëàìè

c0 =
(
V

(1)
0 (0)

)−1
x
(1)
0 ; (84)

ck =
(
V

(1)
0 (0)

)−1(
x
(1)
k −

k∑
s=1

V (1)
s (0)ck−s

)
,

k = 1, 2, . . . . (85)

Çãiäíî (43), (74), (77)

Ṽ
(1)
0 (t) = −

[
R−11 K0ψ1, . . . , R

−1
n−1K0ψn−1,

1

2

(
K0ψ̃, ψ̃

)
φ̃
]
,

äå K0(t) = C0(t)D
−1
0 (t)C∗0(t).

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè(
K0(t)ψ̃(t), ψ̃(t)

)
̸= 0, ∀t ∈ [0;T ]; (86)

det
[
R−11 (T )K0(T )ψ1(T ), . . . ,

R−1n−1(T )K0(T )ψn−1(T ), φ̃(T )
]
̸= 0.

(87)

Òîäi detṼ (1)
0 (T ) ̸= 0, i, îòæå, ðiâíÿííÿ (83)

òàêîæ áóäå îäíîçíà÷íî ðîçâ'ÿçíèì. Âåêòîðè
c̃k, k = 0, 1, . . ., ç íüîãî âèçíà÷èìî çà ðåêó-
ðåíòíèìè ôîðìóëàìè

c̃0 =
(
Ṽ

(1)
0 (T )

)−1
x
(2)
0 ; (88)

c̃k =
(
Ṽ

(1)
0 (T )

)−1(
x
(2)
k −

k∑
s=1

Ṽ (1)
s (T )c̃k−s

)
,

k = 1, 2, . . . . (89)

Àñèìïòîòè÷íèé õàðàêòåð ïîáóäîâàíîãî
ðîçâ'ÿçêó äîâîäèòüñÿ çà òi¹þ æ ñõåìîþ, ùî é
ó âèïàäêó íîðìàëüíî¨ ñèñòåìè, ðîçãëÿíóòî¨
â [1]. Òîìó, íå ïðîâîäÿ÷è äåòàëüíèõ âèêëà-
äîê, çóïèíèìîñü íà îñîáëèâîñòÿõ ñèñòåìè
(1) òà ïîáóäîâàíîãî ôîðìàëüíîãî ðîçâ'ÿç-
êó âiäïîâiäíî¨ êðàéîâî¨ çàäà÷i (10), (12), ÿêi
âïëèâàþòü íà àñèìïòîòè÷íó îöiíêó.
l-íàáëèæåííÿ yl(t, ε), óòâîðåíå ç (81)

øëÿõîì îáðèâàííÿ âiäïîâiäíèõ ðîçâèíåíü
íà l-ìó ÷ëåíi, çàäîâîëüíÿ¹ ñèñòåìó (10) ç
òî÷íiñòþ äî O

(
εl
)
, à íå O

(
εl+1

)
ó çâ'ÿç-

êó ç ïðèñóòíiñòþ ìíîæíèêiâ
(∑l

k=1 ξkε
k
)−1

ó âèðàçi Ã(t, ε)yl(t, ε)− εhB̃(t, ε)dyl(t,ε)
dt

. Êðiì
òîãî, ÿê ïîêàçàíî â [3], detB(t, ε) =

ε
(
B1φ̃, ψ̃

)
+O (ε2), çâiäêè âèïëèâà¹, ùî ìà-

òðèöÿ B−1(t, ε) ìà¹ ïîëþñ ïåðøîãî ïîðÿä-
êó ïî ε ó òî÷öi ε = 0. Öi¹þ æ âëàñòèâiñòþ
âîëîäi¹ é ìàòðèöÿ D−1(t, ε). Âðàõîâóþ÷è öi
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îáñòàâèíè, ïðèõîäèìî äî òàêèõ îöiíîê äëÿ
øóêàíèõ âåêòîðà ñòàíó x(t, ε) òà êåðóâàííÿ
u(t, ε):

∥x(t, ε)− xl(t, ε)∥≤c1εl−2−h,

∥u(t, ε)− ul(t, ε)∥≤c2εl−3−h,

äå

xl(t, ε) =
n−1∑
i=1

l∑
k=0

εk
k∑
s=0

v
(1)
si c

(i)
k−s×

× exp

ε−h t∫
0

(
λi(τ) +

l∑
k=0

εkλ
(i)
k (τ)

)
dτ

+

+
l∑

k=0

εk
k∑
s=0

w(1)
s c

(n)
k−s×

× exp

ε−h t∫
0

(
l∑

k=1

εkξk(τ)

)−1
dτ

+

+
n−1∑
i=1

l∑
k=0

εk
k∑
s=0

ṽ
(1)
si c̃

(i)
k−s×

× exp

ε−h T∫
t

(
λ̄i(τ) +

l∑
k=0

εkλ̄
(i)
k (τ)

)
dτ

+

+
l∑

k=0

εk
k∑
s=0

w̃(1)
s c̃

(n)
k−s×

× exp

ε−h T∫
t

(
l∑

k=1

εkξ̄k(τ)

)−1
dτ

 , (90)

ul(t, ε) =
n−1∑
i=1

l∑
k=0

εk
k∑
s=0

ṽ
(3)
si c̃

(i)
k−s×

× exp

ε−h T∫
t

(
λ̄i(τ) +

l∑
k=0

εkλ̄
(i)
k (τ)

)
dτ

+

+
l∑

k=0

εk
k∑
s=0

w̃(3)
s c̃

(n)
k−s×

× exp

ε−h T∫
t

(
l∑

k=1

εkξ̄k(τ)

)−1
dτ

 . (91)

Ïiäñóìîâóþ÷è âèêëàäåíå, ïðèõîäèìî äî
íàñòóïíî¨ òåîðåìè.
Òåîðåìà. ßêùî âèêîíóþòüñÿ óìîâè 1◦�

12◦, (86), (87), òî iñíó¹ ¹äèíèé âåêòîð êå-
ðóâàííÿ u(t, ε), ÿêèé âèðàæà¹òüñÿ àñèìï-
òîòè÷íîþ ôîðìóëîþ

u(t, ε) = ul(t, ε) +O
(
εl−3−h

)
,

ùî ïåðåâîäèòü ñèñòåìó (1) iç ñòàíó x1(ε)
â ñòàí x2(ε), ìiíiìiçóþ÷è ôóíêöiîíàë (4),
äå ul(t, ε) çîáðàæó¹òüñÿ ó âèãëÿäi ðîçâèíå-
ííÿ (91), êîåôiöi¹íòè ÿêîãî çíàõîäÿòüñÿ çà
ôîðìóëàìè (36)�(38), (40), (42), (66)�(69).
Âiäïîâiäíà òðà¹êòîðiÿ, çà ÿêîþ çäiéñíþ¹-
òüñÿ öåé ïåðåõiä, âèðàæà¹òüñÿ àñèìïòî-
òè÷íîþ ôîðìóëîþ

x(t, ε) = xl(t, ε) +O
(
εl−2−h

)
,

äå âåêòîð xl(t, ε) çîáðàæó¹òüñÿ ðîçâèíåí-
íÿì (90), êîåôiöi¹íòè ÿêîãî çíàõîäÿòüñÿ çà
ôîðìóëàìè (20)�(23), (43)�(45), (52)�(57),
(74), (75), (77)�(79), (37), (38), (40), (42),
(66)�(69).
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