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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÂËÀÑÒÈÂÎÑÒI ÐÎÇÂ'ßÇÊIÂ ÐIÂÍßÍÍß ÂÅÁÅÐÀ

Äîñëiäæåíî çðîñòàííÿ, áëèçüêiñòü äî îïóêëîñòi, îïóêëiñòü òà îáìåæåíiñòü l-iíäåêñó

ðîçâ'ÿçêiâ ðiâíÿííÿ Âåáåðà w′′ − ( z
2

4 − ν − 1
2 )w = 0 ïðè ν ̸= 1

2 .

Growth, convexity, close-to-convexity and the l-index boundedness of the solutions of Weber

equation w′′ − ( z
2

4 − ν − 1
2 )w = 0 if ν ̸= −1

2 are investigated.

1. Âñòóï. Íåõàé

f(z) =
∞∑
n=0

fnz
n (1)

� öiëà ôóíêöiÿ, à l � äîäàòíà íåïåðåðâíà
íà [0, +∞) ôóíêöiÿ. Ôóíêöiÿ f íàçèâà¹òü-
ñÿ ôóíêöi¹þ îáìåæåíîãî l-iíäåêñó [1], ÿêùî
iñíó¹ N ∈ Z+ òàêå, ùî äëÿ âñiõ n ∈ Z+ i
z ∈ C

|f (n)(z)|
n!ln(|z|)

≤ max

{
|f (k)(z)|
k!lk(|z|)

: 0 ≤ k ≤ N

}
.

(2)
Íàéìåíøå ç òàêèõ ÷èñåë N íàçèâà¹òüñÿ
l-iíäåêñîì ôóíêöi¨ f i ïîçíà÷à¹òüñÿ ÷åðåç
N(f, l).

Äëÿ G ⊆ C íåõàé N(f, l;G) � l-iíäåêñ
ôóíêöi¨ f âG, òîáòî íàéìåíøå ç òàêèõ ÷èñåë
N ∈ Z+, ùî (2) âèêîíó¹òüñÿ äëÿ âñiõ n ∈ Z+

i z ∈ G.
Àíàëiòè÷íà îäíîëèñòà â êðóçi D = {z :

|z| < 1} ôóíêöiÿ (1) íàçèâà¹òüñÿ îïóêëîþ,
ÿêùî f(D) � îïóêëà îáëàñòü. Óìîâà Re {1 +
+zf ′′(z)/f ′(z)} > 0 (z ∈ D) ¹ íåîáõiäíîþ i
äîñòàòíüîþ [2, c.203] äëÿ îïóêëîñòi f . Ôóíê-
öiÿ f íàçèâà¹òüñÿ [2, c.583] áëèçüêîþ äî îïó-
êëî¨ â D, ÿêùî iñíó¹ îïóêëà â D ôóíêöiÿ Φ
òàêà, ùî Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). Áëèçü-
êà äî îïóêëî¨ ôóíêöiÿ f õàðàêòåðèçó¹òüñÿ
òèì, ùî çîâíiøíiñòü G îáëàñòi f(D) ìîæíà
çàïîâíèòè ïðîìåíÿìè L, ùî âèõîäÿòü ç ∂G
i ïîâíiñòþ ëåæàòü â G. Êîæíà áëèçüêà äî
îïóêëî¨ ôóíêöiÿ ¹ îäíîëèñòîþ â D, i òîìó
f1 ̸= 0.

Ðiâíÿííÿì Âåáåðà íàçèâà¹òüñÿ äèôåðåí-

öiàëüíå ðiâíÿííÿ

w′′ −
(
z2

4
− ν − 1

2

)
w = 0. (3)

Ïðèïóñòèìî, ùî ν ̸= 1
2
i çíàéäåìî ðîçâ'ÿçîê

ðiâíÿííÿ (3) ó âèãëÿäi (1). Îñêiëüêè

∞∑
n=0

(n+ 1)(n+ 2)fn+2z
n − 1

4

∞∑
n=2

fn−2z
n+

+

(
ν +

1

2

) ∞∑
n=0

fnz
n = 0,

òî 2f2 + (ν + 1
2
)f0 = 0, 6f3 + (ν + 1

2
)f1 = 0 i

(n + 2)(n + 1)fn+2 = −(ν + 1
2
)fn +

1
4
fn−2 ïðè

n ≥ 2. Áà÷èìî, ùî âñi êîåôiöi¹íòè ç ïàðíè-
ìè iíäåêñàìè âèçíà÷àþòüñÿ ÷åðåç f0, à êîå-
ôiöi¹íòè ç íåïàðíèìè iíäåêñàìè � ÷åðåç f1.
Òîìó, ðîçâ'ÿçîê ðiâíÿííÿ (3) ìîæíà çàïèñà-
òè ó âèãëÿäi

w(z) = C1φ(z
2) + C2zψ(z

2).

Íåõàé w(z) = φ(z2). Òîäi

w′(z) = 2zφ′(z2), w′′(z) = 2φ′(z2)+4z2φ′′(z2),

i îòæå, ðiâíÿííÿ (3) ó öüîìó âèïàäêó ìà¹
âèãëÿä

4z2φ′′(z2)+2φ′(z2)−
(
z2

4
− ν − 1

2

)
φ(z2) = 0.

Ïiñëÿ çàìiíè z2 íà z îòðèìà¹ìî

4zφ′′(z)+2φ′(z)−
(
z

4
− ν − 1

2

)
φ(z) = 0. (4)
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ßêùî æ ïðèïóñòèìî, ùî w(z) = zψ(z2), òî
ïîäiáíî îòðèìà¹ìî

4zψ′′(z) + 6ψ′(z)−
(
z

4
− ν − 1

2

)
ψ(z) = 0.

(5)
Çíàéäåìî ðåêóðåíòíó ôîðìóëó äëÿ çíà-

õîäæåííÿ êîåôiöi¹íòiâ ôóíêöi¨ φ(z) =

=
∞∑
n=0

φnz
n, ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4).

Îñêiëüêè

4
∞∑
n=1

φn+1(n+ 1)nzn + 2
∞∑
n=0

φn+1(n+ 1)zn+

+

(
ν +

1

2

) ∞∑
n=0

φnz
n − 1

4

∞∑
n=1

φn−1z
n = 0,

òî ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ
ñòåïåíÿõ z, ìà¹ìî 2φ1+(ν+ 1

2
)φ0 = 0 i 2(n+

+1)(2n + 1)φn+1 + (ν + 1
2
)φn − 1

4
φn−1 = 0

ïðè n ≥ 1. Çàóâàæèìî, ùî ÿêùî φ0 = 0,
òî φ(z) ≡ 0. Òîìó ïîêëàäåìî φ0 = 1. Òîäi

φ1 = −
2ν + 1

4
, φn = − 2ν + 1

4n(2n− 1)
φn−1+

+
1

8n(2n− 1)
φn−2, (n ≥ 2). (6)

Ïîäiáíî äëÿ êîåôiöi¹íòiâ ôóíêöi¨ ψ(z) =

=
∞∑
n=0

ψnz
n, ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (5),

îòðèìó¹ìî 6ψ1+(ν+ 1
2
)ψ0 = 0 i 2(n+1)(2n+

+3)ψn+1 + (ν + 1
2
)ψn − 1

4
ψn−1 = 0 ïðè n ≥ 1.

ßêùî ïîêëàäåìî ψ0 = 1, òî

ψ1 = −
2ν + 1

12
, ψn = − 2ν + 1

4n(2n+ 1)
ψn−1+

+
1

8n(2n+ 1)
ψn−2, (n ≥ 2). (7)

Ïîçíà÷èìî äëÿ çðó÷íîñòi a = |2ν + 1|.

2. Îáìåæåíiñòü l-iíäåêñó. Äîñëiäèìî
îáìåæåíiñòü l-iíäåêñó ôóíêöié φ(z) òà ψ(z).
Äëÿ öüîãî ñêîðèñòà¹ìîñÿ òàêîþ ëåìîþ, äî-
âåäåíîþ â [3].
Ëåìà 1. ßêùî ôóíêöiÿ (1) àíàëiòè÷íà â
DR = {z : |z| ≤ R}, f0 = 1 i

∞∑
n=1

|fn|Rn ≤ a(R) < 1, (8)

òî N(f, l; DR) ≤ 1 ç

l(|z|) = 1 + a(R)

(1− a(R))(R− |z|)
.

ßêùî z ∈ DR/2, òî R − |z| ≥ R/2 i ç
ëåìè 1 âèïëèâà¹, ùî N(f, l; DR/2) ≤ 1 ç

l(|z|) ≡ 2(1 + a(R))

R(1− a(R))
, áî ÿêùî N(f, l∗, G) ≤

≤ N i l∗(r) ≤ l∗(r), òî íåâàæêî äîâåñòè
[1, c. 23], ùî N(f, l∗, G) ≤ N . Òîìó ïðàâèëü-
íà íàñòóïíà ëåìà.
Ëåìà 2. ßêùî ôóíêöiÿ (1) öiëà i f0 = 1,
òî äëÿ êîæíîãî R ∈ (0, +∞) çà óìîâè (8)
ïðàâèëüíà íåðiâíiñòü N(f, l; DR/2) ≤ 1 ç

l(|z|) ≡ 2(1 + a(R))

R(1− a(R))
.

Âèêîðèñòîâóþ÷è (6), ìà¹ìî

∞∑
k=1

|φk|Rk ≤ |φ1|R+

+
∞∑
k=2

(
a|φk−1|

4k(2k − 1)
+

|φk−2|
8k(2k − 1)

)
Rk =

=
aR

4
+
R2

48
+
∞∑
k=1

aR

4(k + 1)(2k + 1)
|φk|Rk+

+
∞∑
k=1

R2

8(k + 2)(2k + 3)
|φk|Rk,

òîáòî

∞∑
k=1

(
1− aR

4(k + 1)(2k + 1)
−

− R2

8(k + 2)(2k + 3)

)
|φk|Rk ≤ aR

4
+
R2

48
.

(9)

Îñêiëüêè

aR

4(k + 1)(2k + 1)
+

R2

8(k + 2)(2k + 3)
≤

≤ aR

24
+
R2

120
,

òî çà óìîâè

aR

24
+
R2

120
< 1 (10)
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ç (9) ìà¹ìî

∞∑
k=1

|φk|Rk ≤ (aR/4) + (R2/48)

1− (aR/24)− (R2/120)
.

Òîìó, ùîá çàñòîñóâàòè ëåìó 2, ïîòðiáíî, ùîá
âèêîíóâàëàñü óìîâà

aR

4
+
R2

48
+
aR

24
+
R2

120
=

7R(10a+R)

240
< 1,

iç âèêîíàííÿ ÿêî¨ âèïëèâà¹ i âèêîíàííÿ óìî-
âè (10).

Íåõàé a ≥ 14

10
. Ïîêëàäåìî, íàïðèêëàä,

R = R1 =
15

10a+ 1
≤ 1. Òîäi R2

1 ≤ R1

i a(R1) =
60a+ 5

150a+ 14
< 1, à l1(|z|) =

=
2(1 + a(R1))

R1(1− a(R1))
=

2(210a+ 19)

135
=

28

9
a +

+
38

135
. Òîáòî, N(φ, l1; DR1/2) ≤ 1 ç l1(|z|) ≡

≡ 28

9
a+

38

135
.

ßêùî a <
14

10
, òî ïîêëàäåìî R = R2 = 1.

Òîäi a(R2) =
60a+ 5

238− 10a
<

89

224
< 1, à

2(1 + a(R2))

R2(1− a(R2))
=

2(50a+ 243)

233− 70a
<

<
100a+ 486

135
= l2(|z|). Òîáòî,

N(φ, l2; DR2/2) ≤ 1 ç l2(|z|) ≡
100a+ 486

135
.

Äîñëiäèìî òåïåð îáìåæåíiñòü l-iíäåêñó
ôóíêöi¨ φ(z) â C \ DR/2. Äëÿ öüîãî ñêîðè-
ñòà¹ìîñü òèì, ùî φ(z) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
(4). Òîìó, ÿêùî |z| ≥ R/2, òî

|φ′′(z)| ≤ 1

2|z|
|φ′(z)|+

(
1

16
+

a

8|z|

)
|φ(z)| ≤

≤ 1

R
|φ′(z)|+

(
1

16
+

a

4R

)
|φ(z)|

i äëÿ äåÿêîãî l > 0

|φ′′(z)|
2!l2

≤ 1

2Rl

|φ′(z)|
1!l

+

(
1

16
+

a

4R

)
|φ(z)|
2l2

≤

≤ max

{
|φ′(z)|
1!l

, |φ(z)|
}
, (11)

ÿêùî

1

2Rl
+

(
1

16
+

a

4R

)
1

2l2
≤ 1. (12)

Ïðîäèôåðåíöiþ¹ìî (4) n ≥ 1 ðàç. Îòðè-
ìà¹ìî

4zφ(n+2)(z) + (4n+ 2)φ(n+1)(z)−

−(z
4
− ν − 1

2
)φ(n)(z)− n

4
φ(n−1)(z) = 0.

Çâiäêè çà óìîâè |z| ≥ R/2 âèïëèâà¹, ùî

|φ(n+2)(z)| ≤ 4n+ 2

4|z|
|φ(n+1)(z)|+

+

(
1

16
+

a

8|z|

)
|φ(z)|+ n

16|z|
|φ(n−1)(z)| ≤

≤ 4n+ 2

2R
|φ(n+1)(z)|+

(
1

16
+

a

4R

)
|φ(z)|+

+
n

8R
|φ(n−1)(z)|

i

|φ(n+2)(z)|
(n+ 2)!ln+2

≤ 4n+ 2

2(n+ 2)Rl

|φ(n+1)(z)|
(n+ 1)!ln+1

+

+

(
1

16
+

a

4R

)
1

(n+ 2)(n+ 1)l2
|φ(n)(z)|
n!ln

+

+
1

8R(n+ 2)(n+ 1)l3
|φ(n−1)(z)|
(n− 1)!ln−1

≤

≤ max

{
|φ(n+1)(z)|
(n+ 1)!ln+1

,
|φ(n)(z)|
n!ln

,
|φ(n−1)(z)|
(n− 1)!ln−1

}
,

(13)

ÿêùî

4n+ 2

2(n+ 2)Rl
+

(
1

16
+

a

4R

)
1

(n+ 2)(n+ 1)l2
+

+
1

8R(n+ 2)(n+ 1)l3
≤ 1.

Îñòàííÿ íåðiâíiñòü i íåðiâíiñòü (12) âèêîíó-
þòüñÿ, ÿêùî

S(a,R, l) =
2

Rl
+

(
1

16
+

a

4R

)
1

2l2
+

1

16Rl3
≤ 1.

ßêùî a ≥ 14

10
, òî l1R1 =

2(210a+ 19)

135
×

× 15

10a+ 1
>

19(10a+ 1)2

9(10a+ 1)
=

38

9
> 4, à

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 2�3. 225



l1 ≥
(21 · 14 + 19)2

135
> 4. Îòæå,

2

R1l1
<

1

2
,

1

32l21
≤ 1

512
,

a

8R1l21
≤ a

8 · 4l1
≤ 135a

64 · 210a
<

1

64

i
1

16R1l31
<

1

1024
. À òîìó, S(a,R1, l1) < 1 i

âèêîíóþòüñÿ íåðiâíîñòi (11) òà (13), ç ÿêèõ
âèïëèâà¹, ùî äëÿ âñiõ n ∈ Z+ i z ∈ C \DR1/2

ïðè l = l1 âèêîíó¹òüñÿ

|φ(n)(z)|
n!ln

≤ max

{
|φ′(z)|
1!l

, |φ(z)|
}
, (14)

òîáòî, N(φ, l1; C\DR1/2) ≤ 1 ç l1(|z|) ≡
28

9
a+

+
38

135
. Îòæå, ÿêùî a ≥ 14

10
, òî N(φ, l1) ≤ 1 ç

l1(|z|) ≡
28

9
a+

38

135
.

ßêùî æ a <
14

10
, òî l2R2 = l2 =

=
100a+ 486

135
≥ 486

135
> 3. Îòæå,

2

R2l2
<

2

3
,

1

32l2
<

1

32 · 9
,

a

8R2l22
<

135a

24(100a+ 486)
<

<
135

2400
,

1

16R2l32
<

1

16 · 27
i S(a,R2, l2) < 1.

Òîìó, çíîâó âèêîíóþòüñÿ (11) òà (13), ç ÿêèõ
âèïëèâà¹, ùî äëÿ âñiõ n ∈ Z+ i z ∈ C\DR2/2

ïðè l = l2 âèêîíó¹òüñÿ (14), òîáòî,

N(φ, l2; C \DR2/2) ≤ 1 ç l2(|z|) ≡
100a+ 486

135
,

òîáòî, ÿêùî a <
14

10
, òî N(φ, l2) ≤ 1 ç

l2(|z|) ≡
100a+ 486

135
.

Òîìó ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. ßêùî a = |2ν + 1| ≥ 14

10
,

òî N(φ, l1) ≤ 1 ç l1(|z|) ≡
28

9
a +

38

135
. ßêùî

æ a = |2ν + 1| < 14

10
, òî N(φ, l2) ≤ 1 ç

l2(|z|) ≡
100a+ 486

135
.

Çâiäñè ç îãëÿäó íà íàâåäåíå âèùå çàóâà-
æåííÿ âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 1. N(φ, l) ≤ 1 ç l(|z|) ≡ 28

9
a+

18

5
.

Äîñëiäèìî òåïåð îáìåæåíiñòü l-iíäåêñó

ôóíêöi¨ ψ(z). Âèêîðèñòîâóþ÷è (7), ìà¹ìî
∞∑
k=1

|ψk|Rk ≤ |ψ1|R +
∞∑
k=2

(
a|ψk−1|

4k(2k + 1)
+

+
|ψk−2|

8k(2k + 1)

)
Rk =

aR

12
+
R2

80
+

+
∞∑
k=1

aR

4(k + 1)(2k + 3)
|ψk|Rk+

+
∞∑
k=1

R2

8(k + 2)(2k + 5)
|ψk|Rk.

Òîìó
∞∑
k=1

|ψk|Rk

(
1− aR

4(k + 1)(2k + 3)
−

− R2

8(k + 2)(2k + 5)

)
≤ aR

12
+
R2

80
. (15)

Îñêiëüêè

aR

4(k + 1)(2k + 3)
+

R2

8(k + 2)(2k + 5)
≤

≤ aR

40
+
R2

168
,

òî çà óìîâè

aR

40
+
R2

168
< 1 (16)

ç (15) îòðèìó¹ìî
∞∑
k=1

|ψk|Rk ≤ (aR/12) + (R2/80)

1− (aR/40)− (R2/168)
.

Òîìó, ùîá çàñòîñóâàòè ëåìó 2, ïîòðiáíî, ùîá

aR

12
+
R2

80
+
aR

40
+
R2

168
< 1,

iç âèêîíàííÿ ÿêî¨ âèïëèâà¹ i âèêîíàííÿ óìî-
âè (16).

Íåõàé a ≥ 809

182
. Ïîêëàäåìî, íàïðèêëàä,

R = R1 =
840

182a+ 31
≤ 1. Òîäi R2

1 ≤ R1

i a(R1) =
140a+ 21

322a+ 52
< 1, à l1(|z|) =

2(1 + a(R1))

R1(1− a(R1))
=

462a+ 73

420
=

11

10
a+

73

420
, òî-

áòî, N(ψ, l1; DR1/2) ≤ 1 ç l1(|z|) ≡
11

10
a+

73

420
.
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ßêùî a <
809

182
, òî ïîêëàäåìî R = R2 = 1.

Òîäi a(R2) =
7(20a+ 3)

2(835− 21a)
< 1,

à
2(1 + a(R2))

R2(1− a(R2))
=

98a+ 1691

1649− 182a
<

<
98a+ 1691

840
=

7

60
a +

1691

840
<

11

10
(a + 2) =

= l2(|z|). Îòæå, N(ψ, l2; DR2/2) ≤ 1 ç

l2(|z|) ≡
11

10
(a+ 2).

Äëÿ äîñëiäæåííÿ îáìåæåíîñòi l-iíäåêñó
ôóíêöi¨ ψ(z) â C \ DR/2, ÿê i ðàíiøå, ñêîðè-
ñòà¹ìîñü òèì, ùî ψ(z) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
(5). À òîìó, ïðè |z| ≥ R/2,

|ψ′′(z)| ≤ 3

2|z|
|ψ′(z)|+

(
1

16
+

a

8|z|

)
|ψ(z)| ≤

≤ 3

R
|ψ′(z)|+

(
1

16
+

a

4R

)
|ψ(z)|

i
|ψ′′(z)|
2!l2

≤ 3

2Rl

|ψ′(z)|
1!l

+

(
1

16
+

a

4R

)
|ψ(z)|
2l2

≤

≤ max

{
|ψ′(z)|
1!l

, |ψ(z)|
}
, (17)

ÿêùî

3

2Rl
+

(
1

16
+

a

4R

)
1

2l2
≤ 1. (18)

Ïðîäèôåðåíöiþ¹ìî (5) n ≥ 1 ðàç. Îòðè-
ìà¹ìî

4zψ(n+2)(z) + (4n+ 6)ψ(n+1)(z)−

−(z
4
− ν − 1

2
)ψ(n)(z)− n

4
ψ(n−1)(z) = 0.

ßê i ðàíiøå, çà óìîâè |z| ≥ R/2, ìà¹ìî

|ψ(n+2)(z)| ≤ 4n+ 6

4|z|
|ψ(n+1)(z)|+

+

(
1

16
+

a

8|z|

)
|ψ(z)|+ n

16|z|
|ψ(n−1)(z)| ≤

≤ 4n+ 6

2R
|ψ(n+1)(z)|+

+

(
1

16
+

a

4R

)
|ψ(z)|+ n

8R
|ψ(n−1)(z)|

i

|ψ(n+2)(z)|
(n+ 2)!ln+2

≤ 4n+ 6

2(n+ 2)Rl

|ψ(n+1)(z)|
(n+ 1)!ln+1

+

+

(
1

16
+

a

4R

)
1

(n+ 2)(n+ 1)l2
|ψ(n)(z)|
n!ln

+

+
1

8R(n+ 2)(n+ 1)l3
|ψ(n−1)(z)|
(n− 1)!ln−1

≤

≤ max

{
|ψ(n+1)(z)|
(n+ 1)!ln+1

,
|ψ(n)(z)|
n!ln

,
|ψ(n−1)(z)|
(n− 1)!ln−1

}
,

(19)

ÿêùî

4n+ 6

2(n+ 2)Rl
+

(
1

16
+

a

4R

)
1

(n+ 2)(n+ 1)l2
+

+
1

8R(n+ 2)(n+ 1)l3
≤ 1,

à öÿ íåðiâíiñòü i íåðiâíiñòü (18) âèêîíóþ-
òüñÿ, ÿêùî

S(a,R, l) =
2

Rl
+

(
1

16
+

a

4R

)
1

2l2
+

1

16Rl3
≤ 1.

Çàóâàæèìî òåïåð, ùî çà óìîâè a ≥ 809

182

ìà¹ìî l1R1 =
462a+ 73

420

840

182a+ 31
>

>
2(182a+ 31)840

420(182a+ 31)
= 4, à l1 ≥

≥ 462 · (809/182) + 73

420
> 5. Îòæå,

2

R1l1
<

1

2
,

1

32l21
≤ 1

800
,

a

8R1l21
≤ a

8 · 4l1
≤ 420a

32 · 462a
<

1

32

i
1

16R1l31
<

1

1600
. Òîìó, S(a,R1, l1) < 1 i

âèêîíóþòüñÿ íåðiâíîñòi (17) òà (19), ç ÿêèõ
âèïëèâà¹, ùî äëÿ âñiõ n ∈ Z+ i z ∈ C \DR1/2

ïðè l = l1 âèêîíó¹òüñÿ

|ψ(n)(z)|
n!ln

≤ max

{
|ψ′(z)|
1!l

, |ψ(z)|
}
, (20)

òîáòî, N(ψ, l1; C\DR1/2) ≤ 1 ç l1(|z|) ≡
11

10
a+

+
73

420
, i îòæå, ÿêùî a ≥ 809

182
, òî N(ψ, l1) ≤ 1

ç l1(|z|) ≡
11

10
a+

73

420
.

ßêùî a <
809

182
, òî l2R2 = l2 = 1, 1(a+2) ≥

≥ 2, 2. Îòæå,
2

R2l2
≤ 10

11
,

1

32l2
<

1

128
,

a

8R2l22
<

a

1, 1(a+ 2)16
<

1

16
,

1

16R2l32
<

1

128
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i S(a,R2, l2) <
1390

1408
< 1. Òîìó, çíîâó âèêî-

íóþòüñÿ (17) òà (19), ç ÿêèõ âèïëèâà¹, ùî
äëÿ âñiõ n ∈ Z+ i z ∈ C \DR2/2 ïðè l = l2 âè-
êîíó¹òüñÿ (20), òîáòî, N(ψ, l2; C\DR2/2) ≤ 1

ç l2(|z|) ≡
11

10
(a + 2). Îòæå, ÿêùî a <

809

182
,

òî N(ψ, l2) ≤ 1 ç l2(|z|) ≡
11

10
(a+ 2).

Òîìó ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. ßêùî a = |2ν + 1| ≥ 809

182
,

òî N(ψ, l1) ≤ 1 ç l1(|z|) ≡
11

10
a +

73

420
. ßêùî

æ a = |2ν + 1| < 809

182
, òî N(ψ, l2) ≤ 1 ç

l2(|z|) ≡
11

10
(a+ 2).

Íàñëiäîê 2. N(ψ, l) ≤ 1 ç l(|z|) ≡ 1, 1(a+2).

3. Ãåîìåòðè÷íi âëàñòèâîñòi. Äëÿ äî-
ñëiäæåííÿ îïóêëîñòi òà áëèçüêîñòi äî îïó-
êëîñòi ñêîðèñòà¹ìîñü íàñòóïíîþ ëåìîþ [4].

Ëåìà 3. ßêùî
+∞∑
n=2

n|fn| ≤ |f1|, òî ôóíê-

öiÿ (1) ¹ áëèçüêîþ äî îïóêëî¨ â D. ßêùî æ
+∞∑
n=2

n2|fn| ≤ |f1|, òî âîíà ¹ îïóêëîþ â D.

Âèêîðèñòîâóþ÷è ðåêóðåíòíi ôîðìóëè (6)
ìà¹ìî
+∞∑
n=2

n|φn| ≤
+∞∑
n=3

(
a|φn−1|
4(2n− 1)

+
|φn−2|

8(2n− 1)

)
+

+2|φ2| ≤
a2

48
+

1

24
+

+∞∑
n=2

a|φn|
4(2n+ 1)

+

+
|φ1|
40

+
+∞∑
n=2

|φn|
8(2n+ 3)

=
a2

48
+

1

24
+
|φ1|
40

+

+
+∞∑
n=2

(
a

4n(2n+ 1)
+

1

8n(2n+ 3)

)
n|φn|,

òîáòî
+∞∑
n=2

(
1− a

4n(2n+ 1)
− 1

8n(2n+ 3)

)
n|φn| ≤

≤ a2

48
+

1

24
+

a

160
. (21)

Îñêiëüêè

1− a

4n(2n+ 1)
− 1

8n(2n+ 3)
≥ 1− a

40
− 1

112
,

òî çà óìîâè

a

40
+

1

112
< 1 (22)

ç (21) ìà¹ìî

+∞∑
n=2

n|φn| ≤
(a2/48) + (a/160) + (1/24)

1− (a/40)− (1/112)
≤ a

4
,

ÿêùî 182a2−1623a+280 ≤ 0. Îñòàííÿ óìîâà
ðiâíîñèëüíà

1623−
√
2430289

364
≤ a ≤ 1623 +

√
2430289

364
,

(23)
i ç íå¨ òàêîæ âèïëèâà¹ âèêîíàííÿ óìîâè (22).

Ïîäiáíî

+∞∑
n=2

n2|φn| ≤
+∞∑
n=3

(
an|φn−1|
4(2n− 1)

+
n|φn−2|
8(2n− 1)

)
+

+4|φ2| ≤
a2

24
+

1

12
+

+∞∑
n=2

a(n+ 1)|φn|
4(2n+ 1)

+

+
3|φ1|
40

+
+∞∑
n=2

(n+ 2)|φn|
8(2n+ 3)

=
a2

24
+

1

12
+

3a

160
+

+
+∞∑
n=2

(
a(n+ 1)

4n2(2n+ 1)
+

n+ 2

8n2(2n+ 3)

)
n2|φn|,

òîáòî

+∞∑
n=2

(
1− a(n+ 1)

4n2(2n+ 1)
− n+ 2

8n2(2n+ 3)

)
n2|φn| ≤

≤ a2

24
+

1

12
+

3a

160
.

Îñêiëüêè

1− a(n+ 1)

4n2(2n+ 1)
− n+ 2

8n2(2n+ 3)
≥ 1− 3a

80
− 1

56
,

òî, çà óìîâè

762−
√
388564

343
≤ a ≤ 762 +

√
388564

343
, (24)

+∞∑
n=2

n2|φn| ≤
(a2/24) + (3a/160) + (1/12)

1− (3a/80)− (1/56)
≤ a

4
.

Îòæå, ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.
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Òâåðäæåííÿ 3. Çà óìîâè (23) ôóíêöiÿ
φ(z) ¹ áëèçüêîþ äî îïóêëî¨, à çà óìîâè (24) �
îïóêëîþ â D.

Çàñòîñîâóþ÷è ïîäiáíi ìiðêóâàííÿ äî
ôóíêöi¨ ψ(z) îòðèìà¹ìî

+∞∑
n=2

n|ψn| ≤
+∞∑
n=3

(
a|ψn−1|
4(2n+ 1)

+
|ψn−2|

8(2n+ 1)

)
+

+2|ψ2| ≤
a2

240
+

1

40
+

a

672
+

+
+∞∑
n=2

(
a

4n(2n+ 3)
+

1

8n(2n+ 5)

)
n|ψn|.

Îñêiëüêè

1− a

4n(2n+ 3)
− 1

8n(2n+ 5)
≥ 1− a

56
− 1

144
,

òî, çà óìîâè

4915−
√
22088809

684
≤ a ≤ 4915 +

√
22088809

684
,

(25)
+∞∑
n=2

n|ψn| ≤
(a2/240) + (a/672) + (1/40)

1− (a/56)− (1/144)
≤ a

12
.

Äëÿ äîñëiäæåííÿ îïóêëîñòi ψ(z) îöiíèìî

+∞∑
n=2

n2|ψn| ≤
+∞∑
n=3

(
an|ψn−1|
4(2n+ 1)

+
n|ψn−2|
8(2n+ 1)

)
+

+4|ψ2| ≤
a2

120
+

1

20
+

a

224
+

+
+∞∑
n=2

(
a(n+ 1)

4n2(2n+ 3)
+

n+ 2

8n2(2n+ 5)

)
n2|ψn|.

Îñêiëüêè

1− a(n+ 1)

4n2(2n+ 3)
− n+ 2

8n2(2n+ 5)
≥ 1− 3a

112
− 1

72
,

òî, çà óìîâè

2350−
√
3590164

639
≤ a ≤ 2350 +

√
3590164

639
,

(26)
+∞∑
n=2

n2|ψn| ≤
(a2/120) + (a/224) + (1/20)

1− (3a/112)− (1/72)
≤ a

12
.

Òâåðäæåííÿ 4. Çà óìîâè (25) ôóíêöiÿ
ψ(z) ¹ áëèçüêîþ äî îïóêëî¨, à çà óìîâè (26) �
îïóêëîþ â D.

ßêùî ν < −1/2, òî φn > 0 i ψn > 0. Òîìó
ðåçóëüòàò òâåðäæåíü 4 òà 5 ìîæíà óòî÷íèòè.
Ñêîðèñòà¹ìîñü äëÿ öüîãî òàêîþ ëåìîþ [5].
Ëåìà 4. ßêùî

f1 ≥ 2f2 ≥ · · · ≥ nfn ≥ (n+ 1)fn+1 ≥ · · · > 0,

òî ôóíêöiÿ (1) ¹ áëèçüêîþ äî îïóêëî¨ â D.

Äëÿ ôóíêöi¨ φ(z) ìà¹ìî 2φ2 =
a2

48
+

1

24
≤

≤ a

4
= φ1, ÿêùî 6 −

√
34 ≤ a ≤ 6 +

√
34.

Âèêîðèñòîâóþ÷è óìîâó 2φ2 ≤ φ1, îòðèìà-

¹ìî 3φ3 = 3
( a

120
2φ2 +

φ1

120

)
≤ a2

160
+

a

160
≤

≤ a2

48
+

1

24
= 2φ2, áî 7a2 − 3a+ 20 > 0. Äàëi,

äëÿ n ≥ 3, ÿêùî φ1 ≥ 2φ2 ≥ 3φ3 ≥ · · · ≥
≥ (n− 2)φn−2 ≥ (n− 1)φn−1 ≥ nφn, òî

(n+ 1)φn+1 − nφn =

=
aφn

4(2n+ 1)
+

φn−1
8(2n+ 1)

−

− aφn−1
4(2n− 1)

− φn−2
8(2n− 1)

=

=
a

4n(2n+ 1)
nφn +

(n− 1)φn−1
8(n− 1)(2n+ 1)

−

− a(n− 1)φn−1
4(n− 1)(2n− 1)

− (n− 2)φn−2
8(n− 2)(2n− 1)

≤

≤
(

a

4n(2n+ 1)
− a

4(n− 1)(2n− 1)

)
×

×(n− 1)φn−1 +

(
1

8(n− 1)(2n+ 1)
−

− 1

8(n− 2)(2n− 1)

)
(n− 2)φn−2 < 0.

Òîìó, ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.
Òâåðäæåííÿ 5. ßêùî

−7−
√
34

2
≤ ν ≤ −7 +

√
34

2
,

òî ôóíêöiÿ φ(z) ¹ áëèçüêîþ äî îïóêëî¨.

Ïîäiáíî, äëÿ ψ(z) ìà¹ìî 2ψ2 =
a2

240
+

1

40
≤

≤ a

12
= ψ1, ÿêùî 10−

√
94 ≤ a ≤ 10 +

√
94.

Äëÿ òàêèõ a ëåãêî áà÷èòè, ùî 3ψ3 =

= 3

(
a

168
2ψ2 +

ψ1

168

)
≤ a2

672
+

a

672
≤ a2

240
+
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+
1

40
= 2ψ2. ßê i äëÿ φ(z), ïåðåêîíó¹ìîñü,

ùî äëÿ n ≥ 3

(n+ 1)ψn+1 − nψn ≤

≤
(

a

4n(2n+ 3)
− a

4(n− 1)(2n+ 1)

)
×

×(n− 1)ψn−1 +

(
1

8(n− 1)(2n+ 3)
−

− 1

8(n− 2)(2n+ 1)

)
(n− 2)ψn−2 < 0.

Îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.
Òâåðäæåííÿ 6. ßêùî

−11−
√
94

2
≤ ν ≤ −11 +

√
94

2
,

òî ôóíêöiÿ ψ(z) ¹ áëèçüêîþ äî îïóêëî¨.

4. Çðîñòàííÿ. Âèêîðèñòîâóþ÷è ìåòîä
Âiìàíà-Âàëiðîíà, ìîæíà äîâåñòè íàñòóïíå
òâåðäæåííÿ.
Òâåðäæåííÿ 7. ßêùî ν ̸= 1

2
, òî lnMφ(r) =

= (1 + o(1))
r

4
i lnMψ(r) = (1 + o(1))

r

4
ïðè

r →∞, äå Mf (r) = max{|f(z)| : |z| = r}.

5. Îñíîâíà òåîðåìà. Ç íàñëiäêiâ 1-2 òà
òâåðäæåíü 3-7 âèïëèâà¹ òàêà òåîðåìà.
Òåîðåìà. ßêùî ν ̸= −1

2
, òî çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ (3) ìîæíà çàïèñàòè ó
âèãëÿäi w(z) = C1φ(z

2) + C2zψ(z
2), à ôóíê-

öi¨ φ(z) òà ψ(z) ìàþòü òàêi âëàñòèâîñòi:

1) N(φ, l) ≤ 1 ç l(|z|) ≡ 28

9
|2ν + 1| + 18

5
i

N(ψ, l) ≤ 1 ç l(|z|) ≡ 11

10
(|2ν + 1|+ 2);

2) ÿêùî (762−
√
388564)/343 ≤ |2ν+1| ≤

≤ (762 +
√
388564)/343, òî φ(z) � îïóêëà,

à ÿêùî (2350−
√
3590164)/639 ≤ |2ν + 1| ≤

≤ (2350 +
√
3590164)/639 òî ψ(z) � îïóêëà;

3) ÿêùî (1623−
√
2430289)/364 ≤

≤ |2ν + 1| ≤ (1623 +
√
2430289)/364, òî

φ(z) � áëèçüêà äî îïóêëî¨ â D, à ÿêùî
(4915−

√
22088809)/684 ≤ |2ν + 1| ≤

≤ (4915 +
√
22088809)/684, òî ψ(z) �

áëèçüêà äî îïóêëî¨ â D;
4) ÿêùî ν ∈ R, òî ïðè (−7−

√
34)/2 ≤

≤ ν ≤ (−7 +
√
34)/2 ôóíêöiÿ φ(z) ¹ áëèçü-

êîþ äî îïóêëî¨ â D, à ïðè (−11−
√
94)/2 ≤

≤ ν ≤ (−11 +
√
94)/2 ôóíêöiÿ ψ(z) ¹ áëèçü-

êîþ äî îïóêëî¨ â D;
5) lnMφ(r) = (1+o(1))

r

4
i lnMψ(r) = (1+

+o(1))
r

4
ïðè r →∞, äå Mf (r) = max{|f(z)| :

|z| = r}.
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