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Ïðè êâàäðàòè÷íèõ âiäõèëåííÿõ íà íåâiäîìi äåòåðìiíîâàíi äàííi äîñëiäæåíà çàäà÷à ãàðàí-
òîâàíîãî îöiíþâàííÿ çíà÷åíü ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ âiä ðîçâ'ÿçêiâ ñòàöiîíàðíîãî
ðiâíÿííÿ òåïëîïðîâiäíîñòi òà ãðàäi¹íòiâ öèõ ðîçâ'ÿçêiâ çà ¨õ îäíî÷àñíèìè çàøóìëåíèìè ñïî-
ñòåðåæåííÿìè. Îòðèìàíî ãàðàíòîâàíi îöiíêè ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ âiä ïðàâèõ
÷àñòèí öèõ ðiâíÿíü.

We investigate the problem of guaranteed estimation the values of linear continuous functi-
onals of stationary solutions of the thermal conductivity equation and gradients of solutions for
their simultaneous noisy observation for quadratic deviation with unknown deterministic data.
Guaranteed estimations for linear continuous functionals of the right hand sides of these equations
are obtained.

Âñòóï.
Â ðîáîòi [1] ïðè ñïåöiàëüíèõ îáìåæå-

ííÿõ íà íåâiäîìi äàíi äîñëiäæåíî çàäà÷i
ìiíiìàêñíîãî (àáî, ùî òåæ ñàìå, ãàðàíòî-
âàíîãî) ñåðåäíüîêâàäðàòè÷íîãî îöiíþâàííÿ
ðîçâ'ÿçêiâ còàöiîíàðíèõ êðàéîâèõ çàäà÷ òå-
ïëîïðîâiäíîñòi çà îäíî÷àñíèì ñïîñòåðåæå-
ííÿìè òåìïåðàòóðè òà òåïëîâîãî ïîòîêó ç
àäèòèâíèìè ïîõèáêàìè âèìiðþâàíÿ. À ñàìå,
îòðèìàíi òåîðåìè ïðî çàãàëüíèé âèãëÿä ãà-
ðàíòîâàíèõ îöiíîê ôóíêöiîíàëiâ âiä íåâiäî-
ìî¨ òåìïåðàòóðè òà òåïëîâîãî ïîòîêó.

Ïðàêòè÷íèé iíòåðåñ, íà íàø ïîãëÿä,
ïðåäñòàâëÿþòü òàêîæ çàäà÷i ãàðàíòîâàíî-
ãî îöiíþâàííÿ ôóíêöiîíàëiâ âiä íåâiäîìî¨
òåìïåðàòóðè i òåìïåðàòóðíîãî ãðàäi¹íòó çà
¨õ çàøóìëåíèìè ñïîñòåðåæåííÿìè, à òà-
êîæ ôóíêöiîíàëiâ âiä íåâiäîìîãî ðîçïîäiëó
ùiëüíîñòi òåïëîâèõ äæåðåë.

Â äàíié ñòàòòi îòðèìàíi

• òâåðäæåííÿ ïðî çâåäåííÿ çàäà÷ ãàðàí-
òîâàíîãî îöiíþâàííÿ ôóíêöiîíàëiâ âiä
ðîçâ'ÿçêiâ, òà ¨õ ãðàäi¹íòiâ äî ñïåöi-
àëüíèõ çàäà÷ îïòèìàëüíîãî êåðóâàí-
íÿ çìiøàíèìè âàðiàöiéíèìè ðiâíÿííÿ-
ìè ñïåöiàëüíîãî âèãëÿäó ç êâàäðàòè-
÷íèìè êðèòåðiÿìè ÿêîñòi;

• ñèñòåìè îäíîçíà÷íî ðîçâ'ÿçíèõ âàðià-
öiéíèõ ðiâíÿíü, ÷åðåç ðîçâ'ÿçêè ÿêèõ

âèðàæàþòüñÿ âiäïîâiäíi ãàðàíòîâàíi
îöiíêè;

• âèðàçè äëÿ ïîõèáîê ãàðàíòîâàíîãî ñå-
ðåäíüîêâàäðàòè÷íîãî îöiíþâàííÿ;

• ìåòîäè îöiíþâàííÿ íåâiäîìîãî ðîçïîäi-
ëó ùiëüíîñòi òåïëîâèõ äæåðåë, ÿê çà
ñïîñòåðåæåííÿìè òåìïåðàòóðè, òàê i çà
ñïîñòåðåæåííÿìè òåìïåðàòóðíîãî ãðà-
äi¹íòó.

Ïîñòàíîâêà çàäà÷i.
Ïåðøà ç çàäà÷ îöiíþâàííÿ, ùî ðîçãëÿäà-

¹òüñÿ â äàíié ðîáîòi, ïîëÿãà¹ â òîìó, ùîá çà
ñïîñòåðåæåííÿì âèïàäêîâèõ åëåìåíòiâ

y1 = C̄1gradφ+ η1, y2 = C2φ+ η2 (1)

îöiíèòè çíà÷åííÿ ëiíiéíîãî ôóíêöiîíàëó

l(gradφ, φ) :=
∫
D

(̄l1(x),gradφ(x))Rn dx+

+

∫
D

l2(x)φ(x) dx (2)

â êëàñi îöiíîê âèäó

̂l(gradφ, φ) := (y1, u1)H1 +(y2, u2)H2 + c, (3)

à äðóãà çàäà÷à � â òîìó, ùîá çà ñïîñòåðåæå-
ííÿìè (1) â êëàñi îöiíîê

l̂(f) := (y1, u1)H1 + (y2, u2)H2 + c, (4)
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îöiíèòè âèðàç

l(f) :=

∫
D

l0(x)f(x) dx (5)

ïðè óìîâàõ, ùî

f ∈ G0 :=
{
f̃ ∈ L2(D) :(

Q(f̃ − f0), f̃ − f0
)
L2(D)

≤ 1
}
, (6)

a ïîõèáêè η1 i η2 â ñïîñòåðåæåííÿõ (1) çàäî-
âîëüíÿþòü íåðiâíiñòü

(η1, η2) ∈ G1 := {η̃1 ∈ L2(Ω, H1),

η̃2 ∈ L2(Ω, H2) : Eη̃1 = 0,Eη̃2 = 0,

E(ξ1, u1)H1(ξ2, u2)H2 = 0

∀u1 ∈ H1, u2 ∈ H2, E(Q̃1η̃1, η̃1)H1 ≤ 1,

E(Q̃2η̃2, η̃2)H2 ≤ 1}. (7)

Òóò φ � íåâiäîìèé ðîçâ'ÿçîê çàäà÷i

div (Agradφ) = f â D, (8)

φ = 0 íà Γ, (9)

ÿêó, óâiâøè çìiííó j = Agradφ, ìîæíà çà-
ïèñàòè ó âèãëÿäi åêâiâàëåíòíî¨ ñèñòåìè ïåð-
øîãî ïîðÿäêó:1

A−1 j = gradφ â D, (12)

div j = f â D, φ = 0 íà Γ, (13)

äå A = A(x) = (aij(x)) ñèìåòðè÷íà n × n-
ìàòðèöÿ ç åëåìåíòàìè aij ∈ L∞(D), äëÿ
ÿêî¨ iñíóþòü òàêi äîäàòíi ÷èñëà µ1 i µ2,
ùî âèêîíó¹òüñÿ íåðiâíiñòü µ1

∑n
i=1 ξ

2
i ≤∑n

i,j=1 aij(x)ξiξj ≤ µ2

∑n
i=1 ξ

2
i ∀x ∈ D, ξ =

(ξ1, . . . , ξn) ∈ Rn, ÷åðåç A−1 ïîçíà÷åíà, îáåð-
íåíà äî A; H1 i H2 ñåïàðàáåëüíi ãiëüáåð-
òîâè ïðîñòîðè íàä R iç ñêàëÿðíèìè äîáó-
òêaìè (·, ·)H1 òà (·, ·)H2 i íîðìàìè ∥ · ∥H1 òà

1Ïiä óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (12)�(13) áóäåìî ðî-
çóìiòè ïàðó ôóíêöié (j, φ) ∈ H(div;D)×L2(Ω), ùî çàäîâîëü-
íÿ¹ ñïiââiäíîøåííÿì∫
D
(A−1(x)j(x),q(x))Rndx+

∫
D
φ(x)divq(x)dx = 0 (10)

∀q ∈ H(div;D)∫
D
v(x)divj(x)dx =

∫
D
f(x)v(x) dx ∀v ∈ L2(D). (11)

Ç ôiçè÷íî¨ òî÷êè çîðó, êðàéîâà çàäà÷à (12)�(13), àáî åêâiâà-
ëåíòà äî íå¨ çàäà÷à (8)�(9), ìîäåëþ¹ óñòàëåíèé ïðîöåññ ðîçïî-
âñþäæåííÿ òåïëà â îáëàñòi D, ïðè öüîìó ôóíêöi¨ φ(x), j(x),
A−1(x)j(x) i f(x) âiäïîâiäíî ìàþòü ñìèñë òåìïåðàòóðè, òå-
ïëîâîãî ïîòîêó, òåïëîâîãî ãðàäiåíòà òåìïåðàòóðè i îá'¹ìíî¨
ùiëüíîñòi òåïëîâèõ äæåðåë â òî÷öi x.

∥ ·∥H2 ; L
2(Ω, Hi) - ïðîñòið Áîõíåðà, ùî ñêëà-

äà¹òüñÿ ç âèïàäêîâèõ åëåìåíòiâ ξi = ξi(ω),
âèçíà÷åíèõ íà äåÿêîìó éìîâiðíiñíîìó ïðî-
ñòîði (Ω,B, P ) çi çíà÷åííÿìè â Hi òàêèõ, ùî
E∥ξi(ω)∥2Hi <∞, i = 1, 2, äå E -ñèìâîë ìàòå-
ìàòè÷íîãî ñïîäiâàííÿ; D-îáìåæåíà îáëàñòü
â Rn ç ëiïøèöåâîþ ãðàíèöåþ; H(div;D) :=
{v ∈ L2(D)n, divv ∈ L2(D)}; l̄1 i l2, l0 � çà-
äàíi åëåìåíòè iç L2(D)n i L2(D) âiäïîâiäíî;
u1 ∈ H1, u2 ∈ H2, c ∈ R; C̄1 ∈ L(L2(D)n, H1)
i C2 ∈ L(L2(D), H2) � ëiíiéíi íåïåðåðâíi îïå-
ðàòîðè; f0 ∈ L2(D) � çàäàíà ôóíêöiÿ; Q, Q̃1

i Q̃2 � çàäàíi â L2(D),H1 iH2 îáìåæåíi ñàìî-
ñïðÿæåíi äîäàòíüî âèçíà÷åíi îïåðàòîðè, ùî
ìàþòü îáìåæåíi îáåðíåíi.

Íåõàé u := (u1, u2) ∈ H := H1 ×H2.

Îçíà÷åííÿ 1. Îöiíêó âèãëÿäó

̂̂
l(gradφ, φ) = (y1, û1)H1 +(y2, û2)H2 + ĉ (14)

áóäåìî íàçèâàòè ìiíiìàêñíîþ (àáî ãàðàí-
òîâàíîþ)îöiíêîþ l(gradφ, φ) çà ñïîñòåðå-
æåííÿìè (1), ÿêùî åëåìåíòè û1 ∈ H1, û2 ∈
H2 i ÷èñëî ĉ âèçíà÷àþòüñÿ iç óìîâè

inf
u∈H, c∈R

σ(u, c) = σ(û, ĉ), (15)

äe

σ(u, c) := sup
f̃∈G0,(η̃1,η̃2)∈G1

E|l(grad φ̃, φ̃)−

− ̂l(grad φ̃, φ̃)|2,
a φ̃ çàäîâîëüíÿ¹ ñèñòåìi âàðiàöiéíèõ
ðiâíÿíü (10)�(11) ïðè f(x) = f̃(x),

̂l(grad φ̃, φ̃) := (ỹ1, u1)H1 +(ỹ2, u2)H2 + c, ỹ1 =
C̄1grad φ̃+ η̃1, ỹ2 = C2φ̃+ η̃2.

Âåëè÷èíó

σ := [σ(û, ĉ)]1/2 (16)

áóäåìî íàçèâàòè ïîõèáêîþ ìiíiìàêñíîãî
îöiíþâàííÿ âèðàçó l(gradφ, φ).

Îçíà÷åííÿ 2. Îöiíêó âèãëÿäó̂̂
l(f) = (y1, û1)H1 + (y2, û2)H2 + ĉ (17)

áóäåìî íàçèâàòè ìiíiìàêñíîþ (àáî ãàðàí-
òîâàíîþ) îöiíêîþ l(f) çà ñïîñòåðåæåííÿ-
ìè (1), ÿêùî åëåìåíòè û1 ∈ H1, û2 ∈ H2 i
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÷èñëî ĉ âèçíà÷àþòüñÿ iç óìîâè

inf
u∈H, c∈R

σ(u, c) = σ(û, ĉ), (18)

äe

σ(u, c) := sup
f̃∈G0,(η̃1,η̃2)∈G1

E|l(f̃)− l̂(f̃)|2,

l̂(f̃) := (ỹ1, u1)H1 + (ỹ2, u2)H2 + c, ỹ1 =
C̄1grad φ̃+ η̃1, ỹ2 = C2φ̃+ η̃2, a φ̃ çàäîâîëü-
íÿ¹ ñèñòåìi âàðiàöiéíèõ ðiâíÿíü (10)�(11)
ïðè f(x) = f̃(x).

Âåëè÷èíó

σ := [σ(û, ĉ)]1/2 (19)

áóäåìî íàçèâàòè ïîõèáêîþ ìiíiìàêñíîãî
îöiíþâàííÿ âèðàçó l(f).

Äëÿ îòðèìàííÿ ïðåäñòàâëåííÿ äëÿ ìiíi-
ìàêñíèõ îöiíîê i ïîõèáîê îöiíþâàííÿ ââåäå-
ìî äî ðîçãëÿäó ïðè ôiêñîâàíîìó u ∈ H ïà-
ðó ôóíêöié (z1(·;u), z2(·;u)) ∈ H(div;D) ×
L2(D), ÿê ¹äèíèé pîçâ'ÿçîê íàñòóïíî¨ âàði-
àöiéíî¨ çàäà÷i:∫

D

(A−1(x) z1(x;u),q(x))Rndx+

+

∫
D

z2(x;u)divq(x) dx

=

∫
D

(A−1l̄1 −A−1C̄t
1JH1u1(x),q(x))Rndx

∀q ∈ H(div, D), (20)∫
D

v(x)div z1(x;u) dx =

=

∫
D

(l2(x)− (Ct
2JH2u2)(x))v(x) dx (21)

∀v ∈ L2(D).

Îñíîâíi ðåçóëüòàòè.

Ëåìà 1. Çàäà÷à çíàõîäæåííÿ ìiíiìàêñíî¨
îöiíêè âèðàçó l(gradφ, φ) åêâiâàëåíòíà çà-
äà÷i îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ,
ùî îïèñó¹òüñÿ âàðiàöiéíîþ çàäà÷åþ (20) �
(21) ç ôóíêöi¹þ âàðòîñòi âèãëÿäó

I(u) = (Q−1z2(·;u), z2(·;u))L2(D)+

+(Q̃−11 u1, u1)H1 + (Q̃−12 u2, u2)H2→ inf
u∈H

. (22)

Äîâåäåííÿ. Âðàõîâóþ÷è îçíà÷åííÿ 1 i
òîé ôàêò, ùî j̃ = Agrad φ̃, ìà¹ìî ïðè u =
(u1, u2) ∈ H1 ×H2

l(grad φ̃, φ̃)− ̂l(grad φ̃, φ̃) =

= (̄l1,grad φ̃)L2(D)n + (l2, φ̃)L2(D)

−(y1, u1)H1 − (y2, u2)H2 − c =
= (̄l1,grad φ̃)L2(D)n + (l2, φ̃)L2(D)

−(u1, C̄1grad φ̃+η̃1)H1−(u2, C2φ̃+η̃2)H2−c =
= (̄l1,grad φ̃)L2(D)n + (l2, φ̃)L2(D)

− < JH1u1, C̄1grad φ̃ >H′
1×H1

−
− < JH2u2, C2φ̃ >H′

2×H2

−(u1, η̃1)H1 − (u2, η̃2)H2 − c =
= (̄l1,grad φ̃)L2(D)n + (l2, φ̃)L2(D)

−(C̄t
1JH1u1,grad φ̃)L2(D)n−(Ct

2JH2u2, φ̃)L2(D)−
−(u1, η̃1)H1 − (u2, η̃2)H2 − c

= (̄l1,A
−1Agrad φ̃)L2(D)n + (l2, φ̃)L2(D)

−(C̄t
1JH1u1,A

−1Agrad φ̃)L2(D)n−
−(Ct

2JH2u2, φ̃)L2(D)− (u1, η̃1)H1− (u2, η̃2)H2− c
= (A−1l̄1 −A−1C̄t

1JH1u1, j̃)L2(D)n+

+(l2 − Ct
2JH2u2, φ̃)L2(D)

−(u1, η̃1)H1 − (u2, η̃2)H2 − c. (23)

Ââîäÿ÷è ïîçíà÷åííÿ l1 = A−1l̄1 i C1 =
C̄1A

−1, (i, îòæå Ct
1 = A−1C̄t

1), i ç öüîãî ìi-
ñöÿ äîñëiâíî ïîâòîðþþ÷è äîâåäåííÿ ëåìè 1
ç [1], ïðèéäåìî äî ñïðàâåäëèâîñòi âèñíîâêó
äàíî¨ ëåìè.

Ç öi¹¨ ëåìè i ìiðêóâàíü, çà äîïîìîãîþ
ÿêèõ áóëè äîâåäåíi òåîðåìè 1 i 2 ç ðîáîòè [1],
âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Iñíó¹ ¹äèíà ìiíiìàêñía îöiíêà
̂̂

l(gradφ, φ) âèðàçó

l(gradφ, φ) :=
∫
D

(̄l1(x),gradφ(x))Rn dx+

+

∫
D

l2(x)φ(x) dx,

ÿêà ìà¹ âèãëÿä

̂̂
l(j, φ) = (y1, û1)H1+(y2, û2)H2+ĉ = l(ĝradφ, φ̂)

äå

ĉ =

∫
D

ẑ2(x)f0(x) dx,
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û1 = Q̃1C̄1A
−1p1, û2 = Q̃2C2p2,

ĝradφ(x) = A−1(x)̂j(x),

à ôóíêöi¨ ẑ1,p1 ∈ H(div, D) i ẑ2, p2 ∈ L2(D)

òà ĵ ∈ H(div, D) i φ̂ ∈ L2(D) çíàõîäÿòüñÿ ç
ðîçâ'ÿçêó íàñòóïíèõ îäíîçíà÷íî ðîçâ'ÿçíèõ
çàäà÷:∫

D

(A−1(x) ẑ1(x),q1(x))Rndx+

+

∫
D

ẑ2(x)divq1(x) dx

=

∫
D

(l1(x)− Ct
1JH1Q̃1C1p1(x),q1(x))Rn dx

∀q1 ∈ H(div, D), (24)∫
D

v1(x)div ẑ1(x) dx=
∫
D

(l2(x)−

−Ct
2JH2Q̃2C2p2(x))v1(x) dx ∀v1 ∈ L2(D),

(25)∫
D

(A−1(x)p1(x),q2(x))Rndx+

+

∫
D

p2(x)divq2(x) dx = 0 ∀q2 ∈ H(div, D),

(26)∫
D

v2(x)div p̂1(x) dx =

=

∫
D

v2(x)Q
−1ẑ2(x) dx ∀v2 ∈ L2(D). (27)

òà∫
D

(A−1(x) p̂1(x),q1(x))Rndx+

+

∫
D

p̂2(x)divq1(x) dx =

=

∫
D

(Ct
1JH1Q̃1(y1 − C1ĵ)(x),q1(x))Rndx

q1 ∈ H(div, D), (28)∫
D

v1(x)div p̂1(x) dx =

=

∫
D

Ct
2JH2Q̃2(y2 − C2φ̂)(x)v1(x) dx (29)

∀v1 ∈ L2(D),∫
D

(A−1(x) ĵ(x),q2(x))Rn dx+

+

∫
D

φ̂(x)divq2(x) dx = 0 (30)

∀q2 ∈ H(div, D),∫
D

v2(x)div ĵ(x) dx =

=

∫
D

v2(x)(Q
−1p̂2(x) + f0(x)) dx∀v2 ∈ L2(D),

(31)
âiäïîâiäíî, â ÿêèõ C1 = C̄1A

−1, Ct
1 = A−1C̄t

1,
à ó ôîðìóëàõ (28) i (29) ïiä y1 i y2 cëiä ðî-
çóìiòè ñïîñòåðåæåííÿ (1) .

Ïîõèáêà ìiíiìàêñíîãî îöiíþâàííÿ σ âè-
çíà÷à¹òüñÿ ôîðìóëîþ

σ = l(p1, p2)
1/2 =

(∫
D

(̄l1(x), p̄1(x))Rn dx+

+

∫
D

l2(x)p2(x) dx
)1/2

, (32)

äå p̄1(x) = A−1(x)p1(x).

Íàñëiäîê. Ôóíêöi¨ φ̂ i ĝradφ ìîæóòü áó-
òè âçÿòi çà îöiíêè ðîçâÿçêy φ çàäà÷i (10)�
(11) i éîãî ãðàäi¹íòó gradφ.

Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ íàñòóïíèé
ðåçóëüòàò ïðî ïðåäñòàâëåííÿ ìiíiìàêñíî¨
îöiíêè âèðàçó l(f) çà ñïîñòåðåæåííÿìè (1).

Òåîðåìà 2. Iñíó¹ ¹äèíà ìiíiìàêñía îöiíêà
çíà÷åííÿ l(f), ÿêà ìà¹ âèãëÿä̂̂
l(f) = (y1(j; η1), û1)H1 +(y2(φ; η2), û2)H2 + ĉ =

= l(f̂)

äå

ĉ =

∫
D

(l0(x) + ẑ2(x))f0(x) dx,

û1 = Q̃1C̄1A
−1p1, û2 = Q̃2C2p2,

f̂(x) = Q−1(x)p̂2(x) + f (0)(x), à ôóíêöi¨ p1 ∈
H(div, D) ẑ2, p2,∈ L2(D) òà p̂2 ∈ L2(D) çíà-
õîäÿòüñÿ ç ðîçâ'ÿçêó çàäà÷∫

D

(A−1(x) ẑ1(x),q1(x))Rndx+

+

∫
D

ẑ2(x)divq1(x) dx

= −
∫
D

(Ct
1JH1Q̃1C1p1(x),q1(x))Rn dx

∀q1 ∈ H(div, D), (33)∫
D

v1(x)div ẑ1(x) dx =
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= −
∫
D

(Ct
2JH2Q̃2C2p2(x)v1(x) dx (34)

∀v1 ∈ L2(D),∫
D

(A−1(x)p1(x),q2(x))Rndx+

+

∫
D

p2(x)divq2(x) dx = 0 (35)

∀q2 ∈ H(div, D),∫
D

v2(x)divp1(x) dx =

=

∫
D

v2(x)Q
−1(l0 + ẑ2(·))(x) dx (36)

∀v2 ∈ L2(D).

òà (28)�(31) âiäïîâiäíî, â ÿêèõ C1 = C̄1A
−1,

Ct
1 = A−1C̄t

1, à ó ôîðìóëàõ (28) i (29) ïiä y1
i y2 cëiä ðîçóìiòè ñïîñòåðåæåííÿ (1) .

Ïîõèáêà ìiíiìàêñíîãî îöiíþâàííÿ σ âè-
çíà÷à¹òüñÿ ôîðìóëîþ

σ = (l(Q−1(l0 + ẑ2)))
1/2. (37)

Íàñëiäîê. Ôóíêöiÿ f̂(x) = Q−1(x)p̂2(x)+
f (0)(x) ìîæå áóòè âçÿòà çà îöiíêó f(x) ó ïðà-
âié ÷àñòèíè ðiâíÿííÿ (11).
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