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Âñòàíîâëåíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi òà äâîòî÷êîâî¨ çàäà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü ç
îïåðàòîðàìè óçàãàëüíåíîãî äèôåðåíöiþâàííÿ ó ïðîñòîðàõ òèïó S òà S′.

We prove the solvability of the Cauchy and the two-point problems for evolution equations
with generalized di�erential operators in spaces of S and S′-type.

Ó òåîði¨ àíàëiòè÷íèõ ó êðóçi ôóíêöié
âèâ÷à¹òüñÿ ïèòàííÿ ïðî çîáðàæåííÿ ëiíié-
íèõ íåïåðåðâíèõ âiäîáðàæåíü ó âèãëÿäi îïå-
ðàòîðiâ óçàãàëüíåíîãî äèôåðåíöiþâàííÿ òà
iíòåãðóâàííÿ ñêií÷åííîãî òà íåñêií÷åííîãî
ïîðÿäêiâ. Öèìè ïèòàííÿìè çàéìàëèñÿ Æ.
Äåëüñàðò, Æ.-Ë. Ëiîíñ, Þ.Ô. Êîðîáåéíèê,
Ì.I. Íàãíèáiäà, Â.Â. Íàïàëêîâ, Â.Ï. Ïîäïî-
ðií, Ñ.Ñ. Ëií÷óê, Â.À. Òêà÷åíêî, I.I Ðàé÷è-
íîâ, Ì.Þ.Öàðüêîâ òà iíøi ìàòåìàòèêè.

Âàæëèâèé êëàñ îïåðàòîðiâ óçàãàëüíåíî-
ãî äèôåðåíöiþâàííÿ óòâîðþþòü îïåðàòîðè
Ãåëüôîíäà-Ëåîíòü¹âà [1], ââåäåíi â ñåðåäè-
íi XX ñòîði÷÷ÿ ïðè âèâ÷åííi ðîçêëàäiâ öi-
ëèõ ôóíêöié â óçàãàëüíåíi ðÿäè Ôóð'¹. Öi
îïåðàòîðè ïîçíà÷àþòüñÿ òàêèìè ñèìâîëàìè
Dn(F, ·), n ∈ N. Âëàñòèâîñòi òàêèõ îïåðà-
òîðiâ äîñëiäæóâàëè i ïðîäîâæóþòü äîñëi-
äæóâàòè ìàòåìàòèêè â ïðîñòîði A∞ îäíî-
çíà÷íèõ i öiëèõ â C ôóíêöié ç òîïîëîãi¹þ
êîìïàêòíî¨ çáiæíîñòi (A∞ íå ¹ íîðìîâàíèì
ïðîñòîðîì, àëå â òîé æå ÷àñ A∞ � ïðîñòið
Ôðåøå). Ïðèêëàäàìè iíøèõ ïðîñòîðiâ, åëå-
ìåíòàìè ÿêèõ ¹ öiëi ôóíêöi¨ i ÿêi âèêîðè-
ñòîâóþòüñÿ ïðè äîñëiäæåííi ïðîáëåìè ïðî
êëàñè ¹äèíîñòi òà êëàñè êîðåêòíîñòi çàäà÷i
Êîøi äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
çi ñòàëèìè (àáî çàëåæíèìè ëèøå âiä t) êîå-
ôiöi¹íòàìè, ¹ ïðîñòîðè Sβα, α > 0, 0 < β < 1,
ââåäåíi â [2].

Ôóíêöi¨ ç òàêèõ ïðîñòîðiâ íà äiéñíié îñi
ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè ïðè |x| → ∞
ñïàäàþòü øâèäøå, íiæ exp{−a|x|}, a > 0,
x ∈ R. Òîïîëîãiÿ ïðîñòîðiâ Sβα âiäðiçíÿ¹òüñÿ

âiä òîïîëîãi¨ ïðîñòîðó A∞.

ßêùî F (z) = ez, n = 1, òî D1(ez, ·) çái-
ãà¹òüñÿ iç çâè÷àéíèì îïåðàòîðîì äèôåðåí-
öiþâàííÿ. Ó ïðàöÿõ Ãîðáà÷óêà Ì.Ë., Ãîð-
áà÷óê Â.I. [3], Ãîðîäåöüêîãî Â.Â. [4] òà ií-
øèõ ìàòåìàòèêiâ âñòàíîâëåíî, ùî ïðîñòîðè
Sβα òà (Sβα)

′ � ïðîñòîðè, òîïîëîãi÷íî ñïðÿ-
æåíi ç íèìè, � ¹ ïðèðîäíèìè ìíîæèíàìè
ïî÷àòêîâèõ äàííèõ çàäà÷i Êîøi äëÿ øèðî-
êèõ êëàñiâ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
ñêií÷åííîãî òà íåñêií÷åííîãî ïîðÿäêiâ, ïðè
ÿêèõ ðîçâ'ÿçêè ¹ öiëèìè ôóíêöiÿìè çà ïðî-
ñòîðîâèìè çìiííèìè.

Ó çâ'ÿçêó ç öèì àêòóàëüíèì ¹ ïèòàí-
íÿ ïðî äîñëiäæåííÿ çàäà÷i Êîøi òà áà-
ãàòîòî÷êîâèõ çà ÷àñîì çàäà÷ ó ïðîñòî-
ðàõ, ÿêi ¹ óçàãëüíåííÿìè ïðîñòîðiâ Sβα, à
òàêîæ ïðîñòîðàõ, òîïîëîãi÷íî ñïðÿæåíèõ
ç íèìè, äëÿ åâîëþöiéíèõ ðiâíÿíü ç îïå-
ðàòîðàìè óçàãàëüíåíîãî äèôåðåíöiþâàííÿ
Ãåëüôîíäà-Ëåîíòü¹âà ÿê ñêií÷åííîãî, òàê
i íåñêií÷åííîãî ïîðÿäêiâ ó âèïàäêó, êîëè
F (z) ̸= ez.

1. Ïðîñòîðè Smnlk
òà Smnlk

(C). Ïðè äî-
ñëiäæåííi çàäà÷i Êîøi òà íåëîêàëüíèõ áà-
ãàòîòî÷êîâèõ çà ÷àñîì çàäà÷ äëÿ åâîëþöié-
íèõ ðiâíÿíü ç îïåðàòîðîì óçàãàëüíåíîãî äè-
ôåðåíöiþâàííÿ âèíèêàþòü ïðîñòîðè, ùî ¹
óçàãàëüíåííÿìè ïðîñòîðiâ òèïó S, à ñàìå
ïðîñòîðè Smnlk

. Öi ïðîñòîðè òàêîæ ââåäåíi
Ãåëüôàíäîì Ã.�. i Øèëîâèì I.Ì., àëå âî-
íè íà âiäìiíó âiä ïðîñòîðiâ Sβα ìàéæå íå
äîñëiäæåíi. Íàéáiëüø äåòàëüíî âèâ÷åíî âè-
ïàäîê, êîëè mn = nnβ, lk = kkα, β > 0,
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α > 0, {n, k} ⊂ Z. Òîìó ïåðåäóñiì âàðòî
çóïèíèòèñÿ íà òèõ îáìåæåííÿõ, ÿêi ìè íà-
êëàäà¹ìî íà ïîñëiäîâíîñòi {mn, n ∈ Z+} òà
{lk, k ∈ Z+}, íà òîïîëîãi÷íié ñòðóêòóði âiä-
ïîâiäíèõ ïðîñòîðiâ Smnlk

òà íà îñíîâíèõ âëà-
ñòèâîñòÿõ ôóíêöié ç öèõ ïðîñòîðiâ.

Ðîçãëÿíåìî ïîñëiäîâíiñòü {mn, n ∈ Z+}
äîäàòíèõ ÷èñåë, ÿêà ìà¹ òàêi âëàñòèâîñòi:

1) ∀n ∈ Z+: mn ≤ mn+1, m0 = 1;
2) ∀α > 0 ∃cα > 0 ∀n ∈ Z+: mn ≥ cα · αn;
3) ∃M > 0 ∃h > 0 ∀n ∈ Z+: mn+1 ≤

Mhnmn;
4) ∃γ > 0 ∀n ∈ N: m2

n ≤ γmn−1 ·mn+1;
5) ∃A > 0 ∃L > 0 ∀{n, l} ⊂ Z+: mn ·ml ≤

ALn+lmn+l.
Ïðèêëàäàìè òàêèõ ïîñëiäîâíîñòåé ¹ ïî-

ñëiäîâíîñòi Æåâðå âèãëÿäó mn = (n!)β,
mn = nnβ, n ∈ Z+, β > 0 � ôiêñîâàíèé ïàðà-
ìåòð [3].

Ðàçîì ç íèìè ðîçãëÿíåìî ùå îäíó ïîñëi-
äîâíiñòü {lk, k ∈ Z+}, ÿêà òàêîæ ìà¹ âëàñòè-
âîñòi 1) � 5).

Ñèìâîëîì Smnlk
ïîçíà÷èìî ñóêóïíiñòü óñiõ

ôóíêöié φ ∈ C∞(R), ÿêi çàäîâîëüíÿþòü
óìîâó:

∃c > 0 ∃A > 0 ∃B > 0 ∀{k, n} ⊂ Z+ ∀x ∈ R :

|xkφ(n)(x)| ≤ cAkBnlkmn (1)

(ñòàëi c, A, B > 0 çàëåæàòü âiä ôóíêöi¨ φ).
Òîïîëîãi÷íà ñòðóêòóðà â Smnlk

âèçíà÷à¹-

òüñÿ òàê. Ñèìâîëîì Smn,Blk,A
ïîçíà÷èìî ñóêó-

ïíiñòü óñiõ ôóíêöié φ ∈ Smnlk
, òàêèõ, ùî

∀A > A ∀B > B ∀x ∈ R :

|xkφ(n)(x)| ≤ cA
k
B
n
lkmn, {k, n} ⊂ Z+.

Iíàêøå, Smn,Blk,A
ñêëàäà¹òüñÿ ç òèõ ôóíêöié

φ ∈ Smnlk
, ÿêi ïðè äîâiëüíèõ δ > 0, ρ > 0

çàäîâîëüíÿþòü íåðiâíîñòi

|xkφ(n)(x)| ≤ cδρ(A+ δ)k(B + ρ)nlkmn,

{k, n} ⊂ Z+, x ∈ R.
Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé

çëi÷åííî íîðìîâàíèé ïðîñòið, ÿêùî íîðìè
â íié ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

∥φ∥δρ = sup
x,k,n

|xkφ(n)(x)|
(A+ δ)k(B + ρ)nlkmn

,

{δ, ρ} ⊂
{
1,

1

2
,
1

3
, . . .

}
. (2)

ßêùî A1 < A, B1 < B2, òî S
mn,B1

lk,A1
íåïå-

ðåðâíî âêëàäà¹òüñÿ â Smn,B2

lk,A2
i

Smnlk
= lim

A→∞
B→∞

indSmn,Blk,A
.

Çáiæíiñòü ïîñëiäîâíîñòi {φν , ν ≥ 1} ⊂ Smnlk
äî íóëÿ â ïðîñòîði Smnlk

� öå çáiæíiñòü çà òî-

ïîëîãi¹þ îäíîãî ç ïðîñòîðiâ Smn,Blk,A
, äî ÿêîãî

íàëåæàòü âñi ôóíêöi¨ φν . Iíøèìè ñëîâàìè,
φν → 0 ïðè ν →∞ ó ïðîñòîði Smnlk

òîäi é ëè-
øå òîäi, êîëè ôóíêöiîíàëüíà ïîñëiäîâíiñòü
{φ(n)

ν , n ≥ 1} ïðè êîæíîìó n ∈ Z+ ðiâíîìið-
íî çáiãà¹òüñÿ äî íóëÿ íà äîâiëüíîìó âiäðiçêó
[a, b] ⊂ R i äëÿ äåÿêèõ c, A, B > 0, íå çàëå-
æíèõ âiä ν, ñïðàâäæóþòüñÿ íåðiâíîñòi

|xkφ(n)
ν (x)| ≤ cAkBnlkmn, x ∈ R, {k, n} ⊂ Z+.

Ó ââåäåíèõ ïðîñòîðàõ âèçíà÷åíi é îáìå-
æåíi (à îòæå, i íåïåðåðâíi) [2] ëiíiéíi îïåðà-
òîðè, âàæëèâi äëÿ àíàëiçó; â ïåðøó ÷åðãó öå
îïåðàòîðè ìíîæåííÿ íà x, íà âñi ìíîãî÷ëå-
íè, íà íåñêií÷åííî äèôåðåíöiéîâíi ôóíêöi¨,
ÿêi çàäîâîëüíÿþòü ïåâíi óìîâè (çîêðåìà, íà
ôóíêöi¨ iç âêàçàíèõ ïðîñòîðiâ), îïåðàòîðè
äèôåðåíöiþâàííÿ, çñóâó àðãóìåíòó òà ðîç-
òÿãó.

Ðîçãëÿíåìî ïîñëiäîâíîñòi {mn, n ∈ Z+},
{lk, k ∈ Z+} ñïåöiàëüíîãî âèãëÿäó, à ñàìå,
mn = n!ρn, lk = k!dk, äå {ρn, n ∈ Z+},
ρ0 = 1, � ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë, ÿêà
çàäîâîëüíÿ¹ óìîâè: à) ïîñëiäîâíiñòü {ρn, n ∈
Z+} ìîíîòîííî ñïàäíà; á) lim

n→∞
n
√
ρn = 0. Ïî-

ñëiäîâíiñòü {dk, k ∈ Z+} ìà¹, çà ïðèïóùå-
ííÿì, âëàñòèâîñòi, àíàëîãi÷íi âëàñòèâîñòÿì
à), á). Çàçíà÷èìî, ùî ïîñëiäîâíîñòi {n!ρn},
{k!dk} çàäîâîëüíÿþòü óìîâè 1) � 5) [5].

Ïîêëàäåìî

γ(x) =

{
1, |x| < 1,
inf
k∈Z+

(k!dk/|x|k), |x| ≥ 1;

ρ(y) =

{
1, |y| < 1,
sup
n∈Z+

(|y|n/(n!ρn)), |y| ≥ 1.

Çàçíà÷èìî, ùî ρ � íåïåðåðâíî äèôåðåíöi-
éîâíà, ïàðíà íà R ôóíêöiÿ, ÿêà ìîíîòîííî
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çðîñòà¹ íà ïðîìiæêó [1,+∞),

∃c0 > 0 ∃c > 0 ∀x ∈ R\(−1, 1) : ρ(x) ≥ c0e
c|x|.

Ôóíêöiÿ γ � íåâiä'¹ìíà, íåïåðåðâíî äè-
ôåðåíöiéîâíà, ïàðíà íà R ôóíêöiÿ, ÿêà ìî-
íîòîííî ñïàäà¹ íà ïðîìiæêó [1,+∞), êðiì
òîãî

∃c′0 > 0 ∃c′ > 0 ∀x ∈ R \ (−1, 1) :

γ(x) ≤ c′0e
−c′|x|.

Íàïðèêëàä, ÿêùî lk = kk(1−α) = kkdk, dk =
k−kα, 0 < α < 1, òî γ çàäîâîëüíÿ¹ íåðiâíiñòü
[1]:

exp
{
− (1− α)

e
|x|1/(1−α)

}
≤ γ(x) ≤

≤ C exp
{
− (1− α)

e
|x|1/(1−α)

}
, C = e(1−α)e/2.

Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ [5]:
Òåîðåìà 1. Ôóíêöiÿ φ ∈ C∞(R) íàëå-

æèòü äî ïðîñòîðó Smnlk
òîäi é ëèøå òî-

äi, êîëè âîíà àíàëiòè÷íî ïðîäîâæó¹òüñÿ â
êîìïëåêñíó ïëîùèíó äî öiëî¨ ôóíêöi¨ φ(z),
z ∈ C, ÿêà çàäîâîëüíÿ¹ óìîâó

∃a, b, b > 0 ∀z = x+ iy ∈ C :

|φ(z)| ≤ cγ(ax)ρ(by).

Ñóêóïíiñòü ôóíêöié, ÿêi ¹ ïðîäîâæåííÿ-
ìè ôóíêöié φ ç ïðîñòîðó Smnlk

â C, ïîçíà÷è-
ìî ñèìâîëîì Smnlk

(C). Iç òåîðåìè 1 âèïëè-
âà¹, ùî ïðîñòið Smnlk

(C) ìîæíà ïîäàòè ÿê
îá'¹äíàííÿ çëi÷åííî íîðìîâàíèõ ïðîñòîðiâ

Smn,blk,a
(C) çà âñiìà iíäåêñàìè a ∈

{ 1
n
, n ≥ 1

}
,

b ∈ N, äå Smn,blk,A
(C) ñêëàäà¹òüñÿ ç òèõ ôóí-

êöié φ ∈ Smnlk
(C), äëÿ ÿêèõ ñïðàâäæó¹òüñÿ

íåðiâíiñòü

|φ(x+ iy)| ≤ cγ(ax)ρ(by), z = x+ iy ∈ C,

äå a � äîâiëüíà äîäàòíà ñòàëà, ìåíøà çà a,
b � äîâiëüíà ñòàëà, áiëüøà çà b. ßêùî äëÿ
φ ∈ Smn,blk,a

(C) ïîêëàñòè

∥φ∥pω = sup
z∈C

|φ(z)|

γ
(
a
(
1− 1

p

)
x
)
ρ((b+ ω)y)

,

p ∈ {2, 3, . . . }, ω ∈ N,

òî öi íîðìè, âíàñëiäîê òåîðåìè 1, åêâiâàëåí-
òíi íîðìàì (2). Îòæå, ïîñëiäîâíiñòü ôóí-
êöié {φν(x), ν ≥ 1} ⊂ Smnlk

çáiãà¹òüñÿ äî íóëÿ
òîäi é ëèøå òîäi, êîëè ïîñëiäîâíiñòü ôóí-
êöié {φν(z), ν ≥ 1}, z ∈ C, ðiâíîìiðíî çái-
ãà¹òüñÿ äî íóëÿ â êîæíié îáìåæåíié îáëàñòi
êîìïëåêñíî¨ ïëîùèíè C, ïðè öüîìó ìàþòü
ìiñöå íåðiâíîñòi

|φν(z)| ≤ cγ(ax)ρ(by), z = x+ iy ∈ C,

çi ñòàëèìè c, a, b > 0, íå çàëåæíèìè âiä ν.
Ìóëüòèïëiêàòîðîì ó ïðîñòîði Smnlk

¹ ôóí-
êöiÿ f ∈ C∞(R), ÿêà äîïóñêà¹ àíàëiòè÷íå
ïðîäîâæåííÿ ó âñþ êîìïëåêñíó ïëîùèíó i
çàäîâîëüíÿ¹ óìîâó:

∀ε > 0 ∃cε > 0 : |f(z)| ≤ cε(γ(εx))
−1ρ(εy),

z = x+ iy ∈ C.
2. Ïðîñòið óçàãàëüíåíèõ ôóíêöié

(Smnlk
)′

Ñèìâîëîì (Smnlk
)′ ïîçíà÷àòèìåìî ïðîñòið

óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íàä
âiäïîâiäíèì ïðîñòîðîì îñíîâíèõ ôóíêöié çi
ñëàáêîþ çáiæíiñòþ, à éîãî åëåìåíòè íàçèâà-
òèìåìî óçàãàëüíåíèìè ôóíêöiÿìè. Ðåãóëÿð-
íèìè óçàãàëüíåíèìè ôóíêöiÿìè àáî ðåãó-
ëÿðíèìè ôóíêöiîíàëàìè íàçèâàòèìåìî ëi-
íiéíi íåïåðåðâíi ôóíêöiîíàëè, äiÿ ÿêèõ íà
îñíîâíi ôóíêöi¨ φ ∈ Smnlk

âèçíà÷à¹òüñÿ ôîð-
ìóëîþ

⟨f, φ⟩ =
∫
R

f(x)φ(x)dx.

Êîæíà ëîêàëüíî iíòåãðîâíà íà Rôóíêöiÿ
f , ÿêà çàäîâîëüíÿ¹ óìîâó

∀ε > 0 ∃cε > 0 ∀x ∈ R :

|f(x)| ≤ cε(γ(εx))
−1, (3)

ïîðîäæó¹ ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ
Ff ∈ (Smnlk

)′:

⟨Ff , φ⟩ =
∫
R

f(x)φ(x)dx, ∀φ ∈ Smnlk

(òóò γ � ôóíêöiÿ, ïîâ'ÿçàíà ç ïðîñòîðîì
Smnlk

).
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Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ:
ÿêùî ëîêàëüíî iíòåãðîâíi íà R ôóíêöi¨ f ,
g, ÿêi çàäîâîëüíÿþòü óìîâó (3), íå çáiãà-
þòüñÿ íà ìíîæèíi äîäàòíî¨ ìiðè Ëåáå-
ãà, òî iñíó¹ ôóíêöiÿ φ0 ∈ Smnlk

òàêà, ùî
⟨f, φ0⟩ ̸= ⟨g, φ0⟩, òîáòî Ff ̸= Fg. Íàâïàêè,
ÿêùî Ff ̸= Fg, òî ôóíêöi¨ f , g íå çáiãàþ-
òüñÿ íà ìíîæèíi äîäàòíî¨ ìiðè Ëåáåãà.

Äîâåäåííÿ öi¹¨ òåîðåìè àíàëîãi÷íå äîâå-
äåííþ âiäïîâiäíî¨ òåîðåìè ç [6].

Ñôîðìóëüîâàíå òâåðäæåííÿ äîçâîëÿ¹
îòîòîæíþâàòè ëîêàëüíî iíòåãðîâíi ôóíêöi¨,
ùî çàäîâîëüíÿþòü óìîâó (3), ç ïîðîäæóâà-
íèìè íèìè óçàãàëüíåíèìè ôóíêöiÿìè Ff ç
ïðîñòîðó (Smnlk

)′. Iç âëàñòèâîñòåé iíòåãðàëà
Ëåáåãà âèïëèâà¹, ùî âêëàäåííÿ

Smnlk
∋ f → Ff ∈ (Smnlk

)′

¹ íåïåðåðâíèì.
ßêùî f ∈ (Smnlk

)′, òî äî öüîãî æ ïðîñòîðó
íàëåæèòü òàêîæ êîæíà ïîõiäíà f (p), p ∈ N
(òîáòî åëåìåíòè ïðîñòîðó (Smnlk

)′ ¹ íåñêií-
÷åííî äèôåðåíöiéîâíèìè), çñóâ f(ay + b),
a ̸= 0, äîáóòîê αf , äå α � ìóëüòèïëiêàòîð
ó ïðîñòîði îñíîâíèõ ôóíêöié.

Îñêiëüêè â îñíîâíîìó ïðîñòîði Smnlk
âèçíà÷åíà îïåðàöiÿ çñóâó àðãóìåíòó Tx:
φ(ξ) → φ(ξ + x), òî çãîðòêó óçàãàëüíåíî¨
ôóíêöi¨ f ∈ (Smnlk

)′ ç îñíîâíîþ çàäàìî ôîð-
ìóëîþ

(f ∗ φ)(x) = ⟨fξ, T−xφ̌(ξ)⟩ ≡ ⟨fξ, φ(x− ξ)⟩

(iíäåêñ ξ ó fξ îçíà÷à¹, ùî ôóíêöiîíàë f
äi¹ íà φ ÿê ôóíêöiþ àðãóìåíòó ξ, φ̌(ξ) =
φ(−ξ)).

Iç çàãàëüíî¨ òåîði¨ äîñêîíàëèõ ïðîñòîðiâ
ç íåïåðåðâíèìè îïåðàöiÿìè çñóâó òà äèôå-
ðåíöiþâàííÿ âèïëèâà¹ (äèâ. [2]), ùî ãðàíè-
÷íå ñïiââiäíîøåííÿ

φ(x+∆x)− φ(x)
∆x

→ φ′(x), ∆x→ 0,

äëÿ êîæíî¨ îñíîâíî¨ ôóíêöi¨ φ âèêîíó¹òüñÿ
â ñåíñi çáiæíîñòi â ïðîñòîði Smnlk

. Îòæå, (f ∗
φ)(x) = ⟨fξ, φ(x−ξ)⟩ ¹ íå ëèøå íåïåðåðâíîþ,
àëå é íåñêií÷åííî äèôåðåíöiéîâíîþ ôóíêöi-
¹þ [2].

3. Îïåðàòîðè óçàãàëüíåíîãî äèôå-
ðåíöiþâàííÿ Ãåëüôîíäà-Ëåîíòü¹âà ó
ïðîñòîðàõ òèïó S

Âàæëèâèé êëàñ îïåðàòîðiâ óçàãàëüíåíî-
ãî äèôåðåíöiþâàííÿ óòâîðþþòü îïåðàòîðè
Ãåëüôîíäà-Ëåîíòü¹âà, ââåäåíi â ñåðåäèíi 20
ñòîði÷÷ÿ ïðè âèâ÷åííi ðîçêëàäiâ öiëèõ ôóí-
êöié â óçàãàëüíåíi ðÿäè Ôóð'¹. Âëàñòèâîñòi
òàêèõ îïåðàòîðiâ äîñëiäæóâàëè i ïðîäîâæó-
þòü äîñëiäæóâàòè ó äàíèé ÷àñ áàãàòî ìàòå-
ìàòèêiâ ó ïðîñòîði AR, 0 < R ≤ ∞. Íàãà-
äà¹ìî, ùî ñèìâîëîì AR ïîçíà÷à¹òüñÿ ëiíié-
íèé ïðîñòið âñiõ îäíîçíà÷íèõ i àíàëiòè÷íèõ
ó êðóçi KR = {z : |z| < R} ôóíêöié. Ç êóðñó
òåîði¨ ôóíêöié êîìïëåêñíî¨ çìiííî¨ âiäîìî,
ùî áóäü-ÿêó ôóíêöiþ F (z) ç AR ìîæíà ¹äè-
íèì ñïîñîáîì ðîçâèíóòè â ñòåïåíåâèé ðÿä

F (z) =
∞∑
k=0

akz
k, (4)

ÿêèé çáiãà¹òüñÿ ðiâíîìiðíî íà êîæíié êîìïà-
êòíié ïiäìíîæèíi òî÷îê êðóãà KR; ïðè öüî-
ìó êîåôiöi¹íòè ak çàäîâîëüíÿþòü óìîâó

lim
k→∞

k
√
|ak| ≤

1

R
. (5)

Íàâïàêè, ÿêùî ïîñëiäîâíiñòü êîìïëå-
êñíèõ ÷èñåë {ak, k ∈ Z+} çàäîâîëüíÿ¹ óìîâó
(5) i R1 � ðàäióñ çáiæíîñòi ñòåïåíåâîãî ðÿäó
∞∑
k=0

akz
k, òî, ÿê âèïëèâà¹ ç âiäîìî¨ ôîðìó-

ëè Êîøi-Àäàìàðà, R1 ≥ R. Îòæå, ôîðìó-
ëà (4) âèçíà÷à¹ ôóíêöiþ ç ïðîñòîðó AR. Òà-
êèì ÷èíîì, ïðîñòið AR ñêëàäà¹òüñÿ ç òèõ é
ëèøå òèõ ôóíêöié F (z), ÿêi çîáðàæàþòüñÿ
ó âèãëÿäi (4), à âiäïîâiäíi ¨ì ïîñëiäîâíîñòi
{ak, k ∈ Z+} çàäîâîëüíÿþòü óìîâó (5).

Òîïîëîãiÿ öüîãî ïðîñòîðó çàäà¹òüñÿ ñè-
ñòåìîþ íîðì {∥ · ∥r, 0 < r < R}, äå ∥F∥r =
max
|z|≤r
|F (z)|, à ïîñëiäîâíiñòü {gm(z),m ≥ 1}

ôóíêöié ç AR çáiãà¹òüñÿ äî ôóíêöi¨ g(z) ∈
AR òîäi é ëèøå òîäi, êîëè

∀r < R : lim
m→∞

∥gm − g∥r = 0. (6)

Îñêiëüêè óìîâà (6) ðiâíîñèëüíà, î÷åâèäíî,
òîìó, ùî ïîñëiäîâíiñòü ôóíêöié {gm(z),m ≥
1} çáiãà¹òüñÿ äî g(z) íà êîæíié êîìïàêòíié
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ïiäìíîæèíi êðóãà KR ðiâíîìiðíî, òî òàê
ââåäåíó â AR òîïîëîãiþ íàçèâàþòü ùå òîïî-
ëîãi¹þ êîìïàêòíî¨ çáiæíîñòi. Ïðîñòið AR iç
ââåäåíîþ òîïîëîãi¹þ íå ¹ íîðìîâàíèì, àëå
â òîé æå ÷àñ AR � ìåòðèçîâíèé ïîâíèé ëî-
êàëüíî îïóêëèé ïðîñòið, òîáòî ïðîñòið Ôðå-
øå [7].

Îïåðàòîðîì Ãåëüôîíäà-Ëîíòü¹âà íàçèâà-
¹òüñÿ îïåðàòîð, ïîáóäîâàíèé çà äîïîìîãîþ
ïîñëiäîâíîñòi {ak, k ∈ Z+}, äëÿ ÿêî¨

lim
k→∞

(k1/ρ|ak|1/k) = (σeρ)1/ρ, 0 < σ, ρ < +∞,
(7)

òîáòî ak, k ∈ Z+, � êîåôiöi¹íòè Òåéëîðà äå-
ÿêî¨ ñïåöiàëüíî¨ öiëî¨ ôóíêöi¨ F ïîðÿäêó ρ
i òèïó σ. Òàêèé îïåðàòîð ïîçíà÷à¹òüñÿ ñèì-
âîëîì Dn(F, ·), n ∈ N, i âèçíà÷à¹òüñÿ òàê.

Íåõàé φ(z) =
∞∑
k=0

bkz
k � äîâiëüíà ôóíêöiÿ ç

ïðîñòîðó AR (0 < R ≤ ∞); òîäi, çà îçíà÷åí-
íÿì [1],

Dn(F, φ)(z) :=
∞∑
k=n

bk
ak−n
ak

zk−n. (8)

Âíàñëiäîê óìîâè (7) iñíó¹ ãðàíèöÿ

lim
k→∞

k−n

√∣∣∣ak−n
ak

∣∣∣ = 1, òîìó ðÿä (8) çáiãà¹òüñÿ

â êðóçi |z| < R, òîáòî ôóíêöiÿ Dn(F, φ)
ðåãóëÿðíà â òîìó æ êðóçi, ùî i ôóíêöiÿ φ.
Âiäçíà÷èìî âiäîìi âëàñòèâîñòi îïåðàòîðà
Dn(F, φ) ≡ Dnφ [1]:

1) Dn(φ1 + φ2) = Dnφ1 +Dnφ2;
2) ÿêùî c � ñòàëà, òî Dn(cφ) = cDnφ;
3) Dm(Dnφ) = Dm+nφ;
4) ÿêùî F (z) = ez, òî Dnφ = Dn(ez, φ) =

dn

dzn
φ.

Öi âëàñòèâîñòi ïîêàçóþòü, ùî Dn(F, φ)
ñïðàâäi ìîæíà ðîçóìiòè ÿê óçàãàëüíåíó ïî-
õiäíó ïîðÿäêó n âiä ôóíêöi¨ φ, ÿêà ïîðî-
äæåíà ôóíêöi¹þ F (z) (çàìiñòü ôóíêöi¨ ez).
ßêùî n = 1, òî D1(F, ·) � îïåðàòîð óçàãàëü-
íåíîãî äèôåðåíöiþâàííÿ, ÿêèé äi¹ â ïðî-
ñòîði AR i áóäó¹òüñÿ çà ïîñëiäîâíiñòþ α =
{ak, k ∈ Z+} òàê: íà åëåìåíòàõ ñòåïåíåâîãî
áàçèñó {zk, k ∈ Z+}

Dα1 = 0, Dαz
k =

ak−1
ak

zk−1, k ≥ 1.

Îïåðàòîð D çâè÷àéíîãî äèôåðåíöiþâàííÿ â

AR ¹ ÷àñòêîâèì âèïàäêîì Dα ïðè ak =
1

k!
,

k ∈ Z+.
Äîñëiäèìî âëàñòèâîñòi îïåðàòîðà óçà-

ãàëüíåíîãî äèôåðåíöiþâàííÿ Ãåëüôîíäà-
Ëåîíòü¹âà ó ïðîñòîðàõ òèïó S. Íàäàëi ââà-
æàòèìåìî, ùî ïîñëiäîâíiñòü {ak, k ∈ Z+} êî-
åôiöi¹íòiâ Òåéëîðà ôóíêöi¨ F , çà ÿêîþ áó-
äóþòüñÿ îïåðàòîðè Dn(F, ·), çàìiñòü óìîâè

lim
k→+∞

k−n

√∣∣∣ak−n
ak

∣∣∣ = 1 çàäîâîëüíÿ¹ óìîâó:

∃α > 0 ∃L > 1 ∀k ≥ n :∣∣∣ ak
ak+n

∣∣∣ ≤ αLk+n (n ∈ N � ôiêñîâàíå).

(9)
Îïåðàòîðè óçàãàëüíåíîãî äèôåðåíöiþâà-

ííÿ ðîçãëÿäàòèìåìî â ïðîñòîðàõ Smnmk
. ßê

âèïëèâà¹ ç òåîðåìè 1, ôóíêöiÿ φ ¹ åëåìåí-
òîì ïðîñòîðó Smnmk

òîäi é ëèøå òîäi, êîëè âè-
êîíó¹òüñÿ óìîâà:

∃a > 0 ∃b > 0 ∃c > 0 ∀z = x+ iy ∈ C :

|φ(z)| ≤ cγ(ax)ρ(by), γ = 1/ρ. (10)

Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 2. Îïåðàòîð óçàãàëüíåíîãî

äèôåðåíöiþâàííÿ Ãåëüôîíäà-Ëåîíòü¹âà
Dm(F, ·) âèçíà÷åíèé êîðåêòíî íà Smnmk

äëÿ
äîâiëüíî ôiêñîâàíîãî m ∈ N i íåïåðåðâíî
âiäîáðàæà¹ öåé ïðîñòið â ñåáå.
Äîâåäåííÿ. Âiçüìåìî äîâiëüíó ôóí-

êöiþ φ ∈ Smnmk
, ÿêà äîïóñêà¹ àíàëiòè÷íå ïðî-

äîâæåííÿ â êîìïëåêñíó ïëîùèíó, i íåõàé
∞∑
k=0

b̃kz
k � ¨¨ ñòåïåíåâèé ðÿä. Ïîêëàäåìî, çà

îçíà÷åííÿì,

ψm(z) ≡ Dm(F, φ)(z) :=
∞∑
k=m

b̃k
ak−m
ak

zk−m =

=
∞∑
k=0

b̃k+m
ak
ak+m

zk, z ∈ C.

Äîâåäåìî, ùî ψm(x) ∈ Smnmk
ïðè êîæíîìó

m ∈ N. Äëÿ öüîãî çãiäíî ç òåîðåìîþ 1 äî-
ñèòü äîâåñòè, ùî ψm(z) ∈ Smnmk

(C). Ïåðåä-
óñiì çàçíà÷èìî, ùî ψm òàêîæ ¹ öiëîþ ôóí-
êöi¹þ. Ñïðàâäi, ç óìîâè (9) âèïëèâà¹, ùî
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lim
k→∞

k

√∣∣∣ ak
ak+m

∣∣∣ <∞. Îòæå, ðàäióñè çáiæíîñòi

âêàçàíèõ ñòåïåíåâèõ ðÿäiâ çáiãàþòüñÿ:

1

lim
k→∞

k

√
|b̃k|

=
1

lim
k→∞

k

√
|b̃k+m| ·

∣∣∣ ak
ak+m

∣∣∣ =∞.
Ôóíêöiÿ φ öiëà, òîìó âiçüìåìî äîâiëü-

íî ôiêñîâàíó òî÷êó z0 = x0 + iy0, y0 > 0,
i ïîäàìî φ ó âèãëÿäi çáiæíîãî â C ðÿäó:

φ(z) =
∞∑
k=0

bk(z − z0)k àáî

φ(z + z0) =
∞∑
k=0

bkz
k, z ∈ C, (11)

ïðè öüîìó êîåôiöi¹íòè bk, k ∈ Z, ôóíêöi¨ φ
îá÷èñëþþòüñÿ çà ôîðìóëîþ Êîøi:

bk =
1

2πi

∫
ΓR

φ(ξ)

(ξ − z0)k+z
dξ, k ∈ Z+,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi
z0. Ç óðàõóâàííÿì (10) òà âëàñòèâîñòåé ôóí-
êöié γ, ρ çíàéäåìî, ùî

|bk| ≤ R−kmax
ξ∈ΓR
|φ(ξ)| ≤ cR−kγ(ax̃0)ρ(b(y0+R)),

äå x̃0 � òî÷êà ìàêñèìóìó ôóíêöi¨ γ(ax), x̃0 ∈
[x0 −R, x0 +R].

Ïðè äîâåäåííi òåîðåìè 1 âñòàíîâëåíî, ùî
γ(ax̃0) ≤ c̃γ(ax0), äå c̃ = max{c, 1, ca,R}. Êðiì
òîãî, îñêiëüêè ôóíêöiÿ ρ ìîíîòîííî çðîñòà¹
íà ïðîìiæêó [1,+∞), òî äëÿ y0 ≥ b ñïðàâ-
äæó¹òüñÿ íåðiâíiñòü b(y0 + R) ≤ (b + R)y0.
Îòæå, ρ(b(y0 + R)) ≤ ρ((b + R)y0), y0 ≥ b.
Òîäi äëÿ y0 > 0 ñïðàâäæó¹òüñÿ íåðiâíiñòü

ρ(b(y0 +R)) ≤ cRρ((b+R)y0), cR > 1.

Òàêèì ÷èíîì,

|bk| ≤ c̃R−kγ(ax0)ρ((b+R)y0) =

= c̃
((b+R)y0)

k

Rk
inf
η>0

ρ(η)

ηk
γ(ax0) ≤

≤ c̃
(
1 +

b

R

)k
yk0ρkγ(ax0), c̃ = ccR.

Àíàëîãi÷íî ðîçãëÿäà¹òüñÿ âèïàäîê y0 < 0.
ßêùî y0 = 0 (òîáòî z0 = x0 ∈ R), òî äëÿ

êîåôiöi¹íòiâ bk, k ∈ Z+, ñïðàâäæóþòüñÿ íå-
ðiâíîñòi:

|bk| ≤ R−kmax
ξ∈ΓR
|φ(ξ)| ≤ cR−kρ(bR)γ(ax0) ≤

≤ c inf
R

ρ(R)

Rk
γ(ax0) = cbk inf

R

ρ(bR)

(bR)k
γ(ax0) =

= cbk inf
η>0

ρ(η)

ηk
γ(ax0) = cbkρkγ(ax0).

Îòæå, äëÿ êîåôiöi¹íòiâ Òåéëîðà bk, k ∈ Z,
ôóíêöi¨ φ ïðàâèëüíi îöiíêè:

|bk| ≤ c̃bk|y0|kρkγ(ax0) =

= c̃βk|y0|k
( 1

νk

)k
ρ(νk)γ(ax0),

x0 ̸= 0, y0 ̸= 0,

äå β = 1 +
b

R
(ÿêùî ïîêëàñòè R = b, òî β =

2), ρk = ν−kk ρ(νk), νk � ðîçâ'ÿçîê ðiâíÿííÿ
ξµ(ξ) = k, k ∈ N, µ(ξ) = ρ′(ξ)/ρ(ξ); çà óìîâè
µ(2) > 1 ìà¹ìî νk < k + 1, k ∈ N.

Îöiíèìî ρ(νk). Îñêiëüêè ρ(νk) =

exp
( νk∫

0

µ(ξ)dξ
)
, òî, âíàñëiäîê òåîðåìè

ïðî ñåðåäí¹ çíà÷åííÿ,

∀k ≥ 1 ∃yk ∈ (0, νk) : ρ(νk) = exp(νkµ(yk)).

Ôóíêöiÿ µ çðîñòàþ÷à i íåïåðåðâíà íà [0,∞),
òîìó ρ(νk) < exp(νkµ(νk)) = ek+1. Îòæå,

|bk| ≤ c̃1(βe)
k|y0|k

( 1

νk

)k
γ(ax0), k ∈ Z+. (12)

Ó ñïiââiäíîøåííi (11) ïîêëàäåìî z = z0; â

ðåçóëüòàòi äiñòàíåìî, ùî φ(2z0) =
∞∑
k=0

bkz
k
0 .

Îñêiëüêè z0 ∈ C � äîâiëüíå, òî ìà¹ìî

ðîçêëàä φ(2z) =
∞∑
k=0

bkz
k. Ç iíøîãî áîêó,

φ(2z) =
∞∑
k=0

2kb̃kz
k. Îòæå, b̃k = 2−kbk, k ∈ Z+.

Äàëi çäiéñíèìî ïîòî÷êîâó îöiíêó ψm(z)
ïðè äîâiëüíî ôiêñîâàíîìó m ∈ N. Óðàõó-
âàâøè óìîâó (9), ÿêó çàäîâîëüíÿ¹ ïîñëiäîâ-
íiñòü {ak, k ∈ Z+}, à òàêîæ (12), ïðèéäåìî
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äî íåðiâíîñòi

|ψm(z)| ≤ c̃1

∞∑
k=0

(βeL
2

)k+m( 1

νk+m

)k+m
×

(13)
×|y|k+m|z|kγ(ax), z = x+ iy ∈ C.

Îñêiëüêè νk+m ≥ νk, νk+m ≥ νm, òî( 1

νk+m

)k+m
≤
( 1

νk

)k( 1

νm

)m
.

Ïðèïóñòèìî, ùî |x| ≥ ∆1, |y| ≥ ∆2, äå

∆! > 1, ∆2 > 1 òàêi, ùî
1

∆1

+
1

∆2

≤ 1. Òîäi

1

|x|k
+

1

|y|k
≤ 1

|x|
+

1

|y|
≤ 1

∆1

+
1

∆2

≤ 1, k ∈ N,

òîáòî |x|k + |y|k ≤ |x|k|y|k. Âðàõóâàâøè
îñòàííþ íåðiâíiñòü, çíàéäåìî, ùî

|y|k+m|z|k ≤ (
√
2)k|y|k+m(|x|k + |y|k) ≤

≤ (
√
2)k|y|k+m|x|k|y|k =

= (
√
2)k|x|k|y|2k+m ≤ (

√
2)k|x|k|y|2(k+m).

Êðiì òîãî,

m2(k+m) = (2(k +m))!ρ2(k+m) ≤

≤ 2k+m(k +m)!ρ2k+m = 2k+m(k +m)!×

×
( 1

ν2k+m

)k+m
ρ2(νk+m) ≤ 2k+me2(k+m)(k+m)!×

×
( 1

ν2k+m

)k+m
= (2e2)k+m(k +m)k+m×

×
√

2π(k +m)e−(k+m)eθ/12(k+m)
( 1

ν2k+m

)k+m
≤

≤
√
2πe(4e)k+m

(k +m

ν2k+m

)k+m
, 0 < θ < 1.

Íåõàé ïîñëiäîâíiñòü {p/ν2p , p ∈ N} ìîíîòîí-
íî ïðÿìó¹ äî íóëÿ ïðè p→∞, òîäi(k +m

ν2k+m

)k+m
≤
(k + 1

ν2k+1

)k+1

≤

≤ k + 1

ν2k

(k + 1

ν2k+1

)k
≤ 2k

ν2k

k∑
l=0

C l
kk

l

ν2kk
≤

≤ 2k

ν2k

2k · kk

ν2kk
≤ 4k

ν21

( k
ν2k

)k
, ∀m ∈ N, (14)

|y|2(k+m) =
|y|2(k+m)

m2(k +m)
·m2(k+m). (15)

Âðàõóâàâøè (13), (14), (15), ïðèéäåìî äî
ëàíöþæêà íåðiâíîñòåé:

|ψm(z)| ≤ c̃1(2βe
2L)m

( 1

νm

)m ∞∑
k=0

(2
√
2βe2L)k×

×
( 1

νk

)3k
kk|x|k |y|

2(k+m)

m2(k+m)

γ(ax) ≤ ω0c̃1(2βe
2L)m×

×
( 1

νm

)m ∞∑
k=0

( 1

νk

)3k
kk×

×
(
sup

(B|y|)2(k+m)

m2(k+m)

)
|x|kγ(ax) =

= ωnB
m
1

( 1

νm

)m
ρ(By)

∞∑
k=0

( 1

νk

)3k
kk|x|kγ(ax),

äå B =
√
2
√
2Lβe, B1 = 2βe2L. Äàëi ñêî-

ðèñòà¹ìîñÿ ñïiââiäíîøåííÿìè γ = 1/ρ =
eln γ = e− ln ρ. Iç íåðiâíîñòi [5]

ρ(y1)ρ(y2) ≤ ρ(y1 + y2),∀{y1, y2} ⊂ (0;∞),
(16)

âèïëèâà¹, ùî ôóíêöiÿ ln ρ çàäîâîëüíÿ¹ íà-
ñòóïíó íåðiâíiñòü (íåðiâíiñòü îïóêëîñòi):

ln ρ(y1) + ln ρ(y2) ≤ ln ρ(y1 + y2),

∀{y1, y2} ⊂ [0,∞).

Òîäi

γ(ax) = e− ln ρ(ax) ≤ e− ln ρ
(
a
2
x
)
e− ln ρ

(
a
2
x
)
=

= γ
(a
2
x
)
γ
(a
2
x
)
, x ≥ 0.

Çà äîïîìîãîþ ìåòîäiâ äèôåðåíöiàëüíîãî ÷è-
ñëåííÿ çíàõîäèìî, ùî

sup
x≥0

xkγ
(a
2
x
)
=
(2
a

)k
sup
x≥0

(a
2
x
)k
γ
(a
2
x
)
=

=
(2
a

)k
sup
y≥0

(ykγ(y)) =
(2
a

)k
νkkγ(νk) ≤

≤
(2
a

)k
νkk , k ∈ Z+ (17)

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 2�3. 47



(òóò γ(νk) ≤ 1, k ∈ Z+). Ç (17) âèïëèâà¹
íåðiâíiñòü( 1

νk

)3k
kk|x|kγ(ax) ≤

(2
a

)k( 1

νk

)2k
kkγ
(a
2
x
)
.

Çâiäñè, çà äîïîìîãîþ îçíàêè Êîøi çái-
æíîñòi çíàêîäîäàòíèõ ðÿäiâ, ðîáèìî âèñíî-
âîê ïðî çáiæíiñòü ðÿäó

∞∑
k=0

( 1

νk

)3k
kk sup

x≥0
xkγ
(a
2
x
)
.

Îòæå, ôóíêöiÿ ψm çàäîâîëüíÿ¹ íåðiâíiñòü

|ψm(z)| ≤ ω2K(m)γ
(a
2
x
)
ρ(bny), γ = 1/ρ,

z = x+ iy, |x| ≥ ∆1, |y| ≥ ∆2,

äå b1 = B, K(m) = Bm
1

( 1

νm

)m
, ñòàëi ω2, a,

b1, B1 > 0 íå çàëåæàòü âiä m ∈ N. Àíàëî-
ãi÷íó íåðiâíiñòü ψm çàäîâîëüíÿ¹ i â òî÷öi
z = x + iy, äå |x| ≤ ∆1, |y| ≤ ∆2. Çâiäñè
âæå âèïëèâà¹, ùî ψm(z) ¹ åëåìåíòîì ïðî-
ñòîðó Smnmk

(C), à, îòæå, ψm(x) ∈ Smnmk
. Òàêèì

÷èíîì, îïåðàòîð Dm(F, ·) âèçíà÷åíèé êîðå-
êòíî íà Smnmk

i âiäîáðàæà¹ öåé ïðîñòið â ñåáå.
Àíàëîãi÷íî äîâîäèìî, ùî êîæíó îáìåæå-

íó ìíîæèíó ç Smnmk
îïåðàòîð Dm(F, ·) âiä-

îáðàæà¹ â îáìåæåíó ìíîæèíó öüîãî æ ïðî-
ñòîðó. Òåîðåìà äîâåäåíà.

ßê ïðèêëàä îïåðàòîðà Dn(F, ·) ðîçãëÿíå-
ìî îïåðàòîð, ÿêèé áóäó¹òüñÿ çà ôóíêöi¹þ

F (x) =
∞∑
k=0

akx
k =

= 1 +
∞∑
k=1

xk

Q(1)Q(2) . . . Q(k)
, (18)

äå Q(x) � ïîëiíîì: Q(x) = apx
p + · · · + a1x,

ïðè÷îìó Q(k) ̸= 0, k ∈ {1, 2, . . . }. Ïðè âå-

ëèêèõ k êîåôiöi¹íò ak ∼
1

akp(k!)
p
i, ÿê ïîêà-

çàíî â [1, ñ. 75], F � öiëà ôóíêöiÿ ïîðÿäêó
1/p i òèïó σ = p/ p

√
|ap|. ßêùî Q(x) = x, òî

F (x) = ex.
Ó âèïàäêó (18) ìà¹ìî (äèâ. [1, c. 75]), ùî

Dn(F, φ) =

np∑
k=n

∆
(n)
k

k!
xk−nφ(k)(x), (19)

äå êîåôiöi¹íòè ∆
(n)
k çíàõîäÿòüñÿ ç ðîçêëàäó

ψn(x) = Q(x)Q(x− 1) . . . Q(x− n+ 1) =

=

np∑
k=n

∆
(n)
k

k!
x(x− 1) . . . (x− k + 1), (20)

òîáòî ìàþòü âèãëÿä

∆
(n)
k = ψn)(k)−C1

kψn(k−1)+C2
kψn(k−2)−· · ·+

+(−1)kψn(0), k ∈ {0, 1, . . . , np}.
Çàóâàæèìî, ùî îñêiëüêè ψn(0) = ψn(1) =

· · · = ψn(n− 1) = 0 (áî Q(0) = 0), òî ∆
(n)
0 =

∆
(n)
1 = · · · = ∆

(n)
n−1 = 0.

Ôîðìóëà (20) ìà¹ ìiñöå äëÿ äîâiëüíî¨
ôóíêöi¨ φ ∈ Smnmk

. Ñïðàâäi, ÿêùî φ(x) =
∞∑
m=0

bmx
m, òî ïðè k ≥ n

xk−nφ(k)(x) =
∞∑
m=k

m(m−1) . . . (m−k+1)bmx
m−n =

=
∞∑
m=n

m(m− 1) . . . (m− k + 1)bmx
m−n.

Ïîçíà÷èìî ÷åðåç A ïðàâó ÷àñòèíó ñïiâ-
âiäíîøåííÿ (20); òîäi

A =

np∑
k=n

∆
(n)
k

k!

( ∞∑
m=n

m(m−1) . . . (m−k+1)bmx
m−n

)
=

=
∞∑
m=n

bm

( np∑
k=n

∆
(n)
k

k!
m(m−1) . . . (m−k+1)xm−n

)
.

Çãiäíî ç (20) ìà¹ìî, ùî A =
∞∑
m=n

bmψn(m)xm−n. Àëå

ψn(m) = Q(m)Q(m−1) . . . Q(m−n+1) =
am−n
am

,

òîáòî

A =
∞∑
m=n

bm
am−n
am

xm−n = Dn(F, φ).

Çàçíà÷èìî, ùî êîåôiöi¹íòè

ak =
1

Q)(1)Q(2) . . . Q(k)
, k ≥ 1,
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ôóíêöi¨ F çàäîâîëüíÿþòü óìîâó (9). Ñïðàâ-
äi,

ak
ak+m

= Q(k + 1)Q(k + 2) . . . Q(k +m),

ïðè÷îìó

|Q(k)| ≤ kp(|ap|+|ap−1|+· · ·+|a1|) = p max
1≤i≤p

|ai|·kp =

= p · a0kp.
Òîäi

|Q(k + 1)| ≤ a0p(k + 1)p, |Q(k + 2)| ≤

≤ a0p(k + 2)p, . . . , |Q(k +m)| ≤ a0p(k +m)p.

Îòæå,∣∣∣ ak
ak+m

∣∣∣ = |Q(k + 1)| . . . |Q(k +m)| ≤

≤ ap0p
m(k +m)pm.

Ââàæà¹ìî, ùî k ≥ m. Òîäi∣∣∣ ak
ak+m

∣∣∣ ≤ am0 p
m2mpkpm.

Âiäîìî, ùî lim
x→+∞

lnx

xε
= 0 (ε > 0 � äîâiëü-

íî ôiêñîâàíå). Çâiäñè âèïëèâà¹, ùî çíàéäå-
òüñÿ ñòàëà c0 > 0 òàêà, ùî äëÿ âñiõ k ≥ 1
ñïðàâäæó¹òüñÿ íåðiâíiñòü ln k ≤ c0k

ε àáî
ln kpm ≤ c0k

εpm. Ïîêëàäåìî ε = 1/(pm). Òîäi
ln kpm ≤ c0k. Îòæå,

kpm = eln k
pm ≤ ec0k ≤ ec0(k+m) = Lk+m0 ,

äå L0 = ec0 > 1. Òàêèì ÷èíîì,∣∣∣ ak
ak+m

∣∣∣ ≤ γm · kpm ≤ γm+kLm+k
0 = Lm+k,

äå γ = max{1, a0p · 2p}, L = γL0 > 1, ùî é
ïîòðiáíî áóëî äîâåñòè.

Ó ïðàöi [8] íàâåäåíî ïðèêëàä ïîñëiäîâíî-
ñòi (αn)∞n=0, ïðè ÿêié îïåðàòîð óçàãàëüíåíî-
ãî äèôåðåíöiþâàííÿ çáiãà¹òüñÿ ç ïîõiäíîþ

Äæåêñîíà: Dα = Dq, ÿêùî αn =
1

[n]q!
, äå

[n]q =
qn−1

q − 1
, [n]q! = [1]q[2]q . . . [n]q ïðè n ≥ 1

i α0 = 1.
Ïðàâèëüíèì ¹ òàêîæ òàêå òâåðäæåííÿ.

Òåîðåìà 3. Ïðè âèêîíàííi óìîâè
ρ′

ρ
≤

γ̃′

γ̃
, γ̃ = 1/γ, îïåðàòîð óçàãàëüíåíîãî äèôå-

ðåíöiþâàííÿ Dn(F, ·) âèçíà÷åíèé êîðåêòíî
íà Smnlk

äëÿ äîâiëüíî ôiêñîâàíîãî n ∈ N i íå-
ïåðåðâíî âiäîáðàæà¹ öåé ïðîñòið â ñåáå.
4. Îïåðàòîðè óçàãàëüíåíîãî äèôå-

ðåíöiþâàííÿ íåñêií÷åííîãî ïîðÿäêó

Íåõàé g(z) =
∞∑
m=0

cmz
m, z ∈ C,

� äåÿêà öiëà ôóíêöiÿ. Ãîâîðèòèìå-
ìî, ùî â ïðîñòîði Smnmk

çàäàíî îïåðà-
òîð óçàãàëüíåíîãî äèôåðåíöiþâàííÿ
Ãåëüôîíäà-Ëåîíòü¹âà íåñêií÷åííîãî ïî-

ðÿäêó g(D(F, ·)) ≡
∞∑
m=0

cmD
m(F, ·), ÿêùî äëÿ

äîâiëüíî¨ îñíîâíî¨ ôóíêöi¨ φ ∈ Smnmk
ðÿä

g(D(F, φ))(x) :=
∞∑
m=0

cmD
m(F, φ)(x), x ∈ R,

çîáðàæà¹ äåÿêó ôóíêöiþ ç ïðîñòîðó Smnmk

àáî, iíàêøå, ðÿä
∞∑
m=0

cmD
m(F, φ)(z), z ∈

C, çîáðàæà¹ ôóíêöiþ ç ïðîñòîðó Smnmk
(C),

ÿêà ¹ àíàëiòè÷íèì ïðîäîâæåííÿì ôóíêöi¨
g(D(F, φ))(x) ó êîìïëåêñíó ïëîùèíó C.
Òåîðåìà 4. ßêùî öiëà ôóíêöiÿ g çàäî-

âîëüíÿ¹ óìîâó

∃a > 0 ∃b > 0 ∃c > 0 ∀z = x+ iy ∈ C :

|g(z)| ≤ Cρ(ax)ρ(by), (21)

òî â ïðîñòîði Smnmk
âèçíà÷åíèé îïåðàòîð

Ag := g(D(F, ·))), ÿêèé íåïåðåðâíî âiäîáðà-
æà¹ Smnmk

â Smnmk
.

Äîâåäåííÿ. Íåõàé ψ(x) :=
g(D(F, φ))(x), φ ∈ Smnmk

. Îñêiëüêè

(ψ(x) ∈ Smnmk
)⇔ (ψ(z) ∈ Smnmk

(C)),

òî äîâåäåìî, ùî ψ(z) ∈ Smnmk
(C). Ïðè

äîâåäåííi òåîðåìè 2 âñòàíîâëåíî, ùî
Dm(F, φ)(x) ¹ åëåìåíòîì ïðîñòîðó
Smn,Bmk,A

⊂ Smnmk
(äëÿ äîâiëüíîãî m ∈ N),

äå ñòàëi A, B > 0 íå çàëåæàòü âiä m; ïðè
öüîìó ñïðàâäæó¹òüñÿ íåðiâíiñòü

|Dm(F, φ)(z)| ≤ c0β
m
1

( 1

νm

)m
γ(a1x)ρ(b1y),
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γ = 1/ρ, z = x+ iy ∈ C, (22)

äå ñòàëi c0, β1 > 0, a1, b1 > 0 íå çàëåæàòü âiä
m. Êîåôiöi¹íòè Òåéëîðà cm, m ∈ Z+, ôóí-
êöi¨ g îá÷èñëþþòüñÿ çà ôîðìóëîþ Êîøi

cm =
1

2πi

∫
ΓR

g(z)

zm+1
dz, m ∈ Z+,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi
z0 = 0. Íåõàé ã = max{a, b}. Çâiäñè òà (21)
âèïëèâà¹, ùî

|cm| ≤ c inf
R>0

(R−mρ2(ãR)) ≤ c inf
R>0

(R−mρ(2ãR)) =

= c(2ã)m inf
R>0

(R−mρ(R))

(òóò ìè ñêîðèñòàëèñÿ íåðiâíiñòþ (16) äëÿ
ôóíêöi¨ ρ, ç ÿêî¨ âèïëèâà¹ íåðiâíiñòü
ρ2(ãR) ≤ ρ(2ãR)). Ìiðêóþ÷è àíàëîãi÷íî òî-
ìó, ÿê öå áóëî çðîáëåíî ïðè äîâåäåííi òåî-
ðåìè 2, çíàõîäèìî, ùî

|cm| ≤ c(2ãe)m
( 1

νm

)m
, m ∈ Z+.

Óðàõóâàâøè (22) çíàéäåìî, ùî

|ψ(z)| ≤ c
∞∑
m=0

(2ãeβ1
ν2m

)m
γ(a1x)ρ(b1y),

z = x+ iy ∈ C.
Îñêiëüêè νm → +∞ ïðè m → +∞, òî çãi-
äíî ç îçíàêîþ Êîøi çáiæíîñòi çíàêîäîäà-

òíèõ ÷èñëîâèõ ðÿäiâ ðÿä
∞∑
m=0

(2ãeβ1
ν2m

)m
çái-

æíèé. Òàêèì ÷èíîì,

|ψ(z)| ≤ c̃γ(a1x)ρ(b1y), γ = 1/ρ, z ∈ C.
(23)

Ç (23) òà òåîðåìè 1 âèïëèâà¹, ùî ψ(x) ¹ åëå-
ìåíòîì ïðîñòîðó Smnmk

. Iç íàâåäåíèõ ìiðêó-
âàíü âèïëèâà¹ òàêîæ, ùî îïåðàòîð Ag âiä-
îáðàæà¹ êîæíó îáìåæåíó ìíîæèíó ïðîñòî-
ðó Smnmk

â îáìåæåíó ìíîæèíó ïðîñòîðó Smnmk
,

òîáòî îïåðàòîð Ag íåïåðåðâíèé.
Òåîðåìà äîâåäåíà.
Íàïðèêëàä, ôóíêöiÿ g(z) = eαz, x ∈ C, äå

α > 0 � ôiêñîâàíèé ïàðàìåòð, çàäîâîëüíÿ¹
óìîâó (21). Ñïðàâäi,

∀z = x+iy ∈ C : |eαz| = |eα(x+iy)| = eαx ≤ eα|x|.

Äëÿ äîâiëüíî¨ îïóêëî¨ ôóíêöi¨ M ïðè äî-
âiëüíîìó ε > 0 ïðàâèëüíîþ ¹ íåðiâíiñòü

|x| ≤M(εx) +M(εy) + d, d = d(ε) > 0.

Îñêiëüêè ln ρ � îïóêëà íà [0,∞) i ïàðíà íà
R ôóíêöiÿ, òî äëÿ α ∈ (0, 1)

|eαz| ≤ e|x| ≤ celn ρ(εx)+ln ρ(εy) = cρ(εx)ρ(εy),

z = x+ iy ∈ C.

ßêùî α ≥ 1, òî äëÿ äîâiëüíî¨ îïóêëî¨ íà
ïðîìiæêó [0,∞) ôóíêöi¨ M ñïðàâäæó¹òüñÿ
íåðiâíiñòü αM(x) ≤ M(αx), x ∈ [0,∞). Îò-
æå,

|eαz| ≤ eα|x| ≤ ceα ln ρ(εx)+α ln ρ(εy) ≤

≤ celn ρ(αεx)+ln ρ(αεy) =

= cρ(αεx)ρ(αεy), z = x+ y ∈ C.

Çâiäñè âæå âèïëèâà¹, ùî äëÿ eαz ñïðàâ-
äæó¹òüñÿ óìîâà (21) (íàïðèêëàä, ïðè ε = 1),
òîáòî â Smnmk

âèçíà÷åíèé i ¹ íåïåðåðâíèì îïå-
ðàòîð

eαD(F,·) =
∞∑
m=0

αmDm(F, ·)
m!

,

ÿêèé âiäîáðàæà¹ Smnmk
â ñåáå.

ßêùî B := Dp(D, ·), äå p ≥ 2 ôiêñîâàíå,
òî ìiðêóþ÷è àíàëîãi÷íî ïîïåðåäíüîìó äî-
âîäèìî, ùî â ïðîñòîði Smnmk

âèçíà÷åíèé i ¹

íåïåðåðâíèì îïåðàòîð eαB =
∞∑
m=0

αmBm/m!,

ÿêèé âiäîáðàæà¹ öåé ïðîñòið â ñåáå (òóò âðà-
õîâàíî, ùî (Dp(F, ·))m = Dm+p(F, ·)).

Íåõàé P (z) =

p0∑
k=1

αkz
k, z ∈ C,

α0 = max
1≤k≤p0

|αk|, P (A) =

p0∑
k=1

αkD
k(F, ·) ≡

p0∑
k=1

αkA
k, Ak := Dk(F, ·). Îñêiëüêè

|(Akφ)(z)| ≤ c0

(a0
νk

)k
γ(a1x)ρ(b1y),

γ = 1/ρ, z = x+ iy ∈ C,
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äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ Smnmk
(C), äå ñòàëi

c0, a0 > 0 íå çàëåæàòü âiä k, òî

|(Ajφ)(z)| ≤ c0ω
k
0γ(a1x)ρ(b1y),

ω0 = max
{
1,
a0
ν1

}
, ∀j : 1 ≤ j ≤ k.

Òîäi

|P (A)φ(z)| ≤ c̃0ω
p0
0 γ(a1x)ρ(b1y), z ∈ C. (24)

Ç (24) âèïëèâà¹, ùî äëÿ äîâiëüíîãî ôiêñîâà-
íîãî n ∈ N ïðàâèëüíîþ ¹ íåðiâíiñòü

|P n(A)φ(z)| ≤ c̃n0ω
p0n
0 γ(a1x)ρ(b1y), z ∈ C.

(25)
Óðàõóâàâøè (25), (21) òà çàñòîñóâàâøè ìå-
òîäèêó äîâåäåííÿ òåîðåìè 4 âñòàíîâëþ¹-
ìî, ùî â ïðîñòîði Smnmk

âèçíà÷åíèé îïåðàòîð
etP (A) (t > 0 � ôiêñîâàíèé ïàðàìåòð), òîáòî
äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ Smnmk

ðÿä

∞∑
n=0

tn

n!
P n(A)φ(x) := etP (A)φ(x) (26)

çîáðàæà¹ ôóíêöiþ ψ = etP (A)φ, ÿêà ïðè êî-
æíîìó t > 0 ¹ åëåìåíòîì ïðîñòîðó Smnmk

;
ïðè öüîìó îïåðàòîð etP (A): Smnmk

→ Smnmk
¹

íåïåðåðâíèì. Çâiäñè òà ç (25) âèïëèâà¹, ùî
åëåìåíòîì ïðîñòîðó Smnmk

¹ òàêîæ ôóíêöiÿ
P (A)etAφ, φ ∈ Smnmk

.
Íåõàé Sk,t,φ ïîçíà÷à¹ ÷àñòèííó ñóìó ðÿäó

(26). Òîäi Sk,t,φ → etP (A)φ ïðè k → ∞ çà
òîïîëîãi¹þ ïðîñòîðó Smnmk

. Îòæå,

P (A)etP (A)φ = P (A) lim
k→∞

Sk,t,φ =

= lim
k→∞

P (A)Sk,t,φ =

= lim
k→∞

k∑
n=0

tn

n!
P n+1(A)φ =

∞∑
n=0

tn

n!
P n+1(A)φ.

(27)
5. Çàäà÷à Êîøi
Ó ïðîñòîði Smnmk

ðîçãëÿíåìî çàäà÷ó Êîøi

∂u

∂t
= P (A)u, (t, x) ∈ [0, T ]×R ≡ Ω, T <∞,

(28)

äå P (A) =
p0∑
k=1

αkD
k(F, ·),

u(t, ·)|t=0 = φ0, φ0 ∈ Smnmk
. (29)

Ïiä ðîçâ'ÿçêîì çàäà÷i (28), (29) ðîçóìi-
òèìåìî ôóíêöiþ u(t, x), äèôåðåíöiéîâíó ïî
t, ÿêà ïðè êîæíîìó t ∈ [0, T ] ¹ åëåìåíòîì
ïðîñòîðó Smnmk

, çàäîâîëüíÿ¹ ðiâíÿííÿ (28) i
ïî÷àòêîâó óìîâó (29) â òîìó ðîçóìiííi, ùî
u(t, ·) → φ0 ïðè t → +0 çà òîïîëîãi¹þ ïðî-
ñòîðó Smnmk

; ïðè öüîìó u íåïåðåðâíî çàëå-
æèòü âiä φ0.
Òåîðåìà 5. Çàäà÷à Êîøi (28), (29)

ðîçâ'ÿçíà â ïðîñòîði Smnmk
(ó âêàçàíîìó ðî-

çóìiííi); ðîçâ'ÿçîê öi¹¨ çàäà÷i äà¹òüñÿ ôîð-
ìóëîþ

u(t, x) = etP (A)φ0(x) ≡
∞∑
n=0

tn

n!
P n(A)φ0(x).

Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ
Q(t, A)φ0 := etP (A)φ,

Φt,∆t(x) :=

=
1

∆t
[Q(t+∆t, A)φ0(x)−Q(t, A)φ0(x)] =

=
∞∑
n=0

1

∆t

[(t+∆t)n − tn

n!

]
P n(A)φ0(x).

Äîâåäåìî, ùî ôóíêöiÿ [0, T ] ∋ t →
Q(t, A)φ0 ∈ Smnmk

, ÿê àáñòðàêòíà ôóíêöiÿ ïà-
ðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði Smnmk

, äè-
ôåðåíöiéîâíà ïî t ó êîæíié òî÷öi t ∈ [0, T ].
Çàôiêñó¹ìî äîâiëüíî t0 ∈ [0, T ] i äîâåäå-
ìî, ùî iñíó¹ åëåìåíò ψ ∈ Smnmk

òàêèé, ùî
Φt0,∆t → ψ ïðè ∆t → 0 ó ïðîñòîði Smnmk

, àáî,
ùî Ψt0,∆t := Φt0,∆t − ψ → 0 ïðè ∆t → 0 ó
ïðîñòîði Smnmk

(C). Öå îçíà÷à¹, ùî ñiì'ÿ ôóí-
êöié {Ψt0,∆t(z)} ðiâíîìiðíî (ïî z) çáiãà¹òüñÿ
äî íóëÿ ïðè ∆t → 0 â áóäü-ÿêié îáìåæåíié
îáëàñòi K ⊂ C i ïðè öüîìó ñïðàâäæó¹òüñÿ
îöiíêà

|Ψt0,∆t(z)| ≤ c̃γ(ãx)ρ(b̃y), γ = 1ρ, z = x+iy ∈ C,
(30)

çi ñòàëèìè ã, b̃, c̃ > 0, íå çàëåæíèìè âiä ∆t.
Äîâåäåìî, ùî

ψ = P (A)et0Aφ0 ≡ Q(t0, A)φ0 =

=
∞∑
n=0

tn

n!
P n+1(A)φ0.
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Êîðèñòóþ÷èñü òåîðåìîþ Ëàãðàíæà ïðî
ñêií÷åííi ïðèðîñòè çíàéäåìî, ùî

Ψt0,∆t(z) =
∞∑
n=1

(t0 + θ∆t)n−1

(n− 1)!
P n(A)φ0(z)−

−
∞∑
n=0

tn0
n!
P n+1(A)φ0(z) =

∞∑
n=0

(t0 + θ∆t)n

n!
×

×P n+1(A)φ0(z)−
∞∑
n=0

tn0
n!
P n+1(A)φ0(z) =

=
∞∑
n=0

(t0 + θ∆t)n − tn0
n!

P n+1(A)φ0(z), (31)

0 < θ < 1.

Çâiäñè òà ç (27) âèïëèâà¹, ùî Ψt0,∆t ∈
Smnmk

(C) ïðè êîæíîìó ∆t. ßêùî ââàæàòè, ùî
t0 + ∆t ≤ T , òî âíàñëiäîê äîâåäåíîãî ðàíi-
øå ñòâåðäæó¹ìî, ùî íåðiâíiñòü (30) âèêîíó-
¹òüñÿ çi ñòàëèìè

c̃ = 2
∞∑
n=0

L̃n

n!
≡ 2eL̃, L̃ = c̃0ω

p0
0 T, ã = a1, b̃ = b1.

ßêùî z ∈ K ⊂ C, äå K � îáìåæåíà
îáëàñòü â C, òî âíàñëiäîê (25) ïðàâèëüíèìè
¹ íåðiâíîñòi |P n(A)φ0(z)| ≤ cc̃0ω

p0n
0 , n ∈ Z+,

äå c = c(K) > 0. Êðiì òîãî, äëÿ äîñèòü ìà-
ëèõ çíà÷åíü |∆t|

(t0 + θ∆t)n − tn0 =
n∑
k=1

Ck
n(θ∆t)

ktn−k0 ≤

≤
n∑
k=1

Ck
n|∆t|kT n−k ≤ T̃ n2n|∆t|,

T̃ = max{1, T}.
Îòæå, |Ψt0,∆t(z)| ≤ C|∆t|, z ∈ K, äå C =

c
∞∑
n=0

Mn

n!
≡ ceM , M = 2c̃0ω

p0
0 T̃ . Çâiäñè âè-

ïëèâà¹, ùî Ψt0,∆t → 0 ïðè ∆t→ 0 ðiâíîìið-
íî ïî z ∈ K ⊂ C.

Öèì äîâåäåíî, ùî

∂

∂t
etP (A)φ0(x) = P (A)etP (A)φ0(x) =

=
∞∑
n=0

tn

n!
P n+1(A)φ0(x), x ∈ R.

Îòæå, ôóíêöiÿ u(t, x) = etP (A)φ0(x) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (28).

Ôóíêöiÿ etP (A)φ0, ÿê àáñòðàêòíà ôóíêöiÿ
ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði Smnmk

,
äèôåðåíöiéîâíà ïî t, à, îòæå, i íåïåðåðâíà
ïî t ó êîæíié òî÷öi t0 ∈ [0, T ], òîáòî

etP (A)φ0 → et0P (A)φ0, t→ t0,

çà òîïîëîãi¹þ ïðîñòîðó Smnmn . Çîêðåìà,
etP (A)φ0 → φ0 ïðè t → +0 ó ïðîñòîði Smnmk

,
ùî é ïîòðiáíî áóëî âñòàíîâèòè.

ßêùî {φn, n ≥ 1} ⊂ Smnmk
i φn → φ0 ïðè

n→∞ ó ïðîñòîði Smnmk
, òî ç âëàñòèâîñòi íå-

ïåðåðâíîñòi îïåðàòîðà etP (A) ó öüîìó ïðîñòî-
ði (ïðè ôiêñîâàíîìó t > 0) âèïëèâà¹ ñïiââiä-
íîøåííÿ

un = etP (A)φn → etP (A)φ0 = u, n→∞,

ùî é îçíà÷à¹ íåïåðåðâíó çàëåæíiñòü u âiä
φ0.

Òåîðåìà äîâåäåíà.

Çàóâàæåííÿ 1. Àíàëîãi÷íèé ðåçóëüòàò
ìà¹ ìiñöå ó âèïàäêó, êîëè â ðiâíÿííi (28)
(t, x) ∈ [t0, T ] × R, äå t0 ≥ 0, à ïî÷àòêî-
âà óìîâà ìà¹ âèãëÿä u(t, ·)|t=t0 = φ0 ∈ Smnmk

.
Ðîçâ'ÿçîê òàêî¨ çàäà÷i Êîøi äà¹òüñÿ ôîð-
ìóëîþ

u(t, x) = e(t−t0)P (A)φ0(x), (t, x) ∈ [t0, T ]×R.

6. Íåëîêàëüíà äâîòî÷êîâà çà ÷àñîì
çàäà÷à äëÿ åâîëþöiéíîãî ðiâíÿííÿ ç
îïåðàòîðîì óçàãàëüíåíîãî äèôåðåíöi-
þâàííÿ

Ñèìâîëîì A ïîçíà÷èìî îïåðàòîð óçà-
ãàëüíåíîãî äèôåðåíöiþâàííÿ Ãåëüôîíäà-
Ëåîíòü¹âà Dp(F, ·), p ≥ 1 � ôiêñîâàíå. Äëÿ
åâîëþöiéíîãî ðiâíÿííÿ

∂u

∂t
= Au, (t, x) ∈ [0, T ]× R ≡ Ω, (32)

ðîçãëÿíåìî íåëîêàëüíó äâîòî÷êîâó çà ÷àñîì
çàäà÷ó

µ1u(t, ·)|t=0−µ2u(t, ·)|t=T = φ, φ ∈ Smnmk
, (33)

äå T ∈ (0,∞), {µ1, µ2} ⊂ (0,∞) � ôiêñîâàíi
÷èñëà, µ1 > µ2.

Ïiä ðîçâ'ÿçêîì çàäà÷i (32), (33) ðîçóìiòè-
ìåìî ôóíêöiþ u(t, x), äèôåðåíöiéîâíó ïî t,
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ÿêà ïðè êîæíîìó t ∈ [0, T ] ¹ åëåìåíòîì ïðî-
ñòîðó Smnmk

, çàäîâîëüíÿ¹ ðiâíÿííÿ (32) i óìî-
âó (33) â òîìó ðîçóìiííi, ùî µ1 lim

t→+0
u(t, ·)−

µ2 lim
t→T−0

u(t, ·) = φ, äå ãðàíèöi ðîçãëÿäàþ-

òüñÿ â ïðîñòîði Smnmk
; ïðè öüîìó u íåïåðåðâíî

çàëåæèòü âiä φ.
Òåîðåìà 6. Äâîòî÷êîâà çàäà÷à (32), (33)

ðîçâ'ÿçíà â ïðîñòîði Smnmk
; ðîçâ'ÿçîê öi¹¨ çà-

äà÷i äà¹òüñÿ ôîðìóëîþ

u(t, x) = µ−12

∞∑
n=0

µ−(n+1)e(t+nT )Aφ(x) =

= µ−12 etA
( ∞∑
n=0

µ−(n+1)enTAφ(x)
)
,

µ = µ1/µ2 > 1.

Äîâåäåííÿ. Ïåðåäóñiì äîâåäåìî, ùî
ôóíêöiÿ, ÿêà ôîðìàëüíî çîáðàæà¹òüñÿ ðÿ-

äîì
∞∑
n=0

µ−nenTAφ := ψ, ¹ åëåìåíòîì ïðîñòî-

ðó Smnmk
. Iç ðåçóëüòàòiâ, îòðèìàíèõ ó ïóíêòi

4 âèïëèâà¹, ùî enTAφ ∈ Smnmk
ïðè êîæíîìó

ôiêñîâàíîìó n ∈ Z+; ïðè öüîìó ñïðàâäæó-
þòüñÿ íåðiâíîñòi

|enTAφ(z)| ≤
∞∑
k=0

(nT )k

k!
|(Akφ)(z)| =

=
∞∑
k=0

(nT )k

k!
|Dk+p(F, φ)(z)| ≤

≤ c0

∞∑
k=0

(nT )k

k!

( β1
νk+p

)k+p
γ(a1x)ρ(b1y) ≤

≤ c̃0

∞∑
k=0

(nT )k

k!

(β1
νk

)k
γ(a1x)ρ(b1y),

z = x+ iy ∈ C,

äå ñòàëi a1, b1, β1 > 0 íå çàëåæàòü âiä k,

p, c̃0 = c0

(β1
νp

)p
, ïîñëiäîâíiñòü {νk, k ∈ Z+}

ìîíîòîííî çðîñòà¹:

∞∑
k=0

(nT )k

k!

(β1
νk

)k
≤

∞∑
k=0

(nα)k

k!
= enα =

= (eα)n, α =
β1T

ν1
.

Òàêèì ÷èíîì,

|enTAφ(z)| ≤ c̃0(e
α)nγ(a1x)ρ(b1y).

Òîäi

|ψ(z)| ≤
∞∑
n=0

|enTAφ(z)|
µn

≤

≤ c̃0

∞∑
n=0

(eα
µ

)n
γ(a1x)ρ(b1y).

Çà óìîâè µ > eα ïðàâèëüíîþ ¹ íåðiâíiñòü

|ψ(z)| ≤ c1γ(a1x)ρ(b1y),

c1 = c̃0

∞∑
n=0

(eα
µ

)n
<∞.

Çâiäñè âæå äiñòà¹ìî, ùî ψ(z) ∈ Smnmk
(C).

Îòæå, ψ(x) ¹ åëåìåíòîì ïðîñòîðó Smnmk
.

Iç ðåçóëüòàòiâ, îòðèìàíèõ ó ïóíêòi 5 âè-
ïëèâà¹, ùî ôóíêöiÿ

u(t, x) = µ−12

∞∑
n=0

µ−(n+1)e(t+nT )Aφ(x) =

= µ−12 µ−1etAψ(x) = µ−11 etAψ(x)

çàäîâîëüíÿ¹ ðiâíÿííÿ (32). Äîâåäåìî, ùî öÿ
ôóíêöiÿ çàäîâîëüíÿ¹ òàêîæ ãðàíè÷íó óìîâó
(33) ó âêàçàíîìó ðîçóìiííi.

Ïðè äîâåäåííi òåîðåìè 5 âñòàíîâëåíî, ùî
ôóíêöiÿ [0, T ] ∋ t → etAψ, ψ ∈ Smnmk

, ÿê àá-
ñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿ-
ìè â ïðîñòîði Smnmk

äèôåðåíöiéîâíà, à, îòæå,
i íåïåðåðâíà â êîæíié òî÷öi t ∈ [0, T ]. Îò-
æå, ãðàíè÷íi ñïiââiäíîøåííÿ lim

t→+0
etAψ = ψ,

lim
t→T−0

etAψ = eTAψ ñïðàâäæóþòüñÿ â ïðîñòî-

ði Smnmk
. Òîäi

µ1 lim
t→+0

µ−11 etAψ−µ2 lim
t→T−0

µ−11 etAψ = ψ−µ2

µ1

eTAψ =

=
∞∑
n=0

µ−nenTAφ−
∞∑
n=0

µ−(n+1)e(T+nT )Aφ =

= (φ+ µ−1eTAφ+ µ−2e2TAφ+ . . . )−
−(µ−1eTAφ+ µ−2e2TAφ+ . . . ) = φ.

Öèì äîâåäåíî, ùî ôóíêöiÿ u(t, x) =
µ−11 e−tAψ(x) çàäîâîëüíÿ¹ óìîâó (33) ó âêà-
çàíîìó ðîçóìiííi.
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Çàóâàæåííÿ 2. Óðàõóâàâøè îöiíêó (25)
ìîæíà äîâåñòè, ùî òâåðäæåííÿ, àíàëîãi-
÷íå òåîðåìi 6 ìà¹ ìiñöå ó âèïàäêó äâîòî-
÷êîâî¨ çàäà÷i äëÿ åâîëþöiéíîãî ðiâíÿííÿ

∂u

∂t
= P (A)u, (t, x) ∈ Ω, (34)

äå P (λ) � ïîëiíîì, ðîçãëÿíóòèé â ïóíêòi
4. Äâîòî÷êîâà çàäà÷à ç ãðàíè÷íîþ óìîâîþ
âèãëÿäó (33) äëÿ ðiâíÿííÿ (34) ðîçâ'ÿçíà â
ïðîñòîði Smnmk

. Ðîçâ'ÿçîê òàêî¨ çàäà÷i äà¹-
òüñÿ ôîðìóëîþ

u(t, x) = µ−11 etP (A)ψ(x), ψ(x) =

∞∑
n=0

µ−nenTP (A)φ(x), {φ, ψ} ⊂ Smnmk
.

7. Îïåðàòîð, ñïðÿæåíèé ç îïåðàòî-
ðîì óçàãàëüíåíîãî äèôåðåíöiþâàííÿ
Ãåëüôîíäà-Ëåîíòü¹âà

Íåõàé An := Dn(F, ·), n ∈ N � ôiêñîâàíå.
Ñèìâîëîì (An)∗ ïîçíà÷èìî îïåðàòîð, ñïðÿ-
æåíèé ç îïåðàòîðîì óçàãàëüíåíîãî äèôå-
ðåíöiþâàííÿ An. Îñêiëüêè An: Smnmk

→ Smnmk
,

òî (An)∗: (Smnmk
)′ → (Smnmk

)′.
Êîæíié ôóíêöi¨ φ ∈ Smnmk

çiñòàâèìî ó âiä-
ïîâiäíiñòü ïîñëiäîâíiñòü ¨¨ êîåôiöi¹íòiâ Òåé-
ëîðà bφ = {bk(φ), k ∈ Z+} ∈ C0, äå C0 � ïðî-
ñòið çáiæíèõ äî íóëÿ ïîñëiäîâíîñòåé. Ïðè
öüîìó ðiçíèì ôóíêöiÿì ç ïðîñòîðó Smnmk

âiä-
ïîâiäàþòü ðiçíi ïîñëiäîâíîñòi ç C0. Ñïðàâ-
äi, ÿêùî {φ1, φ2} ⊂ Smnmk

, φ1 ̸= φ2, òî iñíó¹
k ∈ Z+ òàêå, ùî bk(φ1) ̸= bk(φ2), áî iíà-
êøå, äëÿ êîæíîãî k ∈ Z+ ìàòèìåìî, ùî
φ
(k)
1 (0) = φ

(k)
2 (0), òîáòî

φ1(x) =
∞∑
k=0

φ
(k)
1 (0)

k!
xk =

∞∑
k=0

φ
(k)
2 (0)

k!
xk =

= φ2(x), x ∈ R.

Îòæå, âiäîáðàæåííÿ

B : Smnmk
∋ φ→ bφ = {bk(φ), k ∈ Z+} ∈ C0

¹ ií'¹êöi¹þ. Âiäîáðàæåííÿ B ÿê îïåðàòîð ¹,
î÷åâèäíî, ëiíiéíèì, ÿêèé ìà¹ îáåðíåíèé, áî
KerB = {0}.

Âiäîáðàæåííÿ B çiñòàâëÿ¹ ôóíêöi¨ ψn :=
Dn(F, φ) ≡ Anφ ∈ Smnmk

ïîñëiäîâíiñòü

bψn =
{
bn
a0
an
, bn+1

a1
an+1

, bn+2
a2
an+2

, . . .
}
∈ C0.

Ðîçãëÿíåìî îïåðàòîð Ãn: C0 → C0, ÿêèé
êîæíié ïîñëiäîâíîñòi bφ = Bφ ∈ C0, φ ∈
Smnmk

, ñòàâèòü ó âiäïîâiäíiñòü ïîñëiäîâíiñòü
Bψn, òîáòî ÃnBφ = bψn = BAnφ, φ ∈ Smnmk

.
Iç îñòàííüîãî ñïiââiäíîøåííÿ âèïëèâà¹, ùî

(ÃnB)∗ = (BAn)∗, (An)∗B∗ = B∗(Ãn)∗.

Îòæå, îïåðàòîð, ñïðÿæåíèé äî îïåðàòî-
ðà An ìîæíà ïîäàòè ó âèãëÿäi: (An)∗ =
B∗(Ãn)∗(B∗)−1, ïðè öüîìó

(Ãn)∗ : C ′0 → C ′0, B
∗ : C ′0 → (Smnmk

)′,

(B∗)−1 : (Smnmk
)′ → C ′0,

(Ãn)∗(B∗)−1 : (Smnmk
)′ → C ′0.

Âiçüìåìî äîâiëüíèé ôóíêöiîíàë g ∈ C ′0.
Âiäîìî, ùî C ′0 ∼= l1, äå l1 � ïðîñòið àáñîëþ-
òíî ñóìîâíèõ ïîñëiäîâíîñòåé g = {gk, k ∈
Z+}. Äiÿ ôóíêöiîíàëó g ∈ C ′0

∼= l1 íà åëå-
ìåíò bφ = {bk(φ), k ∈ Z+} ∈ C0 ïîäà¹òüñÿ çà
äîïîìîãîþ ôîðìóëè

⟨g, bφ⟩ =
∞∑
k=0

bk(φ)gk.

Îòæå, äëÿ äîâiëüíîãî g ∈ C ′0 ìà¹ìî, ùî

⟨g,BAnφ⟩ = ⟨g, ÃnBφ⟩ = ⟨(Ãn)∗g,Bφ⟩ =

= ⟨(Ãn)∗g, bφ⟩;

⟨g, ÃnBφ⟩ = ⟨g, Ãnbφ⟩ =

= ⟨g, bψn⟩ = bn
a0
an
g0 + bn+1

a1
an+1

g1+

+bn+2
a2
an+2

g2+ · · · = bn
a0
an
g0+bn+1

a1
an+1

g1+ . . .

(35)
Íåõàé

(Ãn)∗g := g∗ = {g∗0, g∗1, . . . } ∈ C ′0 ∼= l1;

ç (35) âèïëèâà¹, ùî

⟨(Ãn)∗g, bφ⟩ = b0g∗0 + · · ·+ bn−1g∗n−1 + bng∗n+
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+bn+1g∗n+1 + · · · = bn
a0
an
g0 + bn+1

a1
an+1

g1 + . . .

Îòæå,

g∗ =
{
0, . . . , 0,

a0
an
g0,

a1
an+1

g1, . . .
}
. (36)

Ó ïðîñòîði (Smnmk
)′ ðîçãëÿíåìî ðiâíÿííÿ

du(t)

dt
= (An)∗u(t), t ∈ [0, T ], T <∞, (37)

ïiä ðîçâ'ÿçêîì ÿêîãî ðîçóìiòèìåìî àáñòðà-
êòíó ôóíêöiþ ïàðàìåòðà t iç çíà÷åííÿìè â
ïðîñòîði (Smnmk

)′, ÿêà çàäîâîëüíÿ¹ öå ðiâíÿí-
íÿ.

ßêùî äëÿ ðiâíÿííÿ (37) çàäàíî óìîâó

µ1u|t=0 − µ2u|t=T = ψ, ψ ∈ (Smnmk
)′, (38)

(µ1, µ2 > 0, µ1 ̸= µ2 � ôiêñîâàíi ïàðà-
ìåòðè), òî ïiä ðîçâ'ÿçêîì äâîòî÷êîâî¨ çà-
äà÷i (37), (38) ðîçóìiòèìåìî ðîçâ'ÿçîê ðiâ-
íÿííÿ (37), ÿêèé çàäîâîëüíÿ¹ óìîâó (38) â
ñëàáêîìó ðîçóìiííi, òîáòî µ1 lim

t→+0
⟨u(t), φ⟩ −

µ2 lim
t→T−0

⟨u(t), φ⟩ = ⟨ψ, φ⟩ äëÿ äîâiëüíî¨ ôóí-
êöi¨ φ ∈ Smnmk

.
Îñêiëüêè (An)∗ = B∗(Ãn)∗(B∗)−1, òî ðiâ-

íÿííÿ (37) ìà¹ âèãëÿä

du(t)

dt
= B∗(Ãn)∗(B∗)−1u(t) (39)

Ïiä äi¹þ âiäîáðàæåííÿ (B∗)−1 ðiâíÿííÿ (39)
ïåðåéäå â ðiâíÿííÿ

(B∗)−1
du(t)

dt
= (Ãn)∗(B∗)−1u(t), (40)

ïðè öüîìó

µ1(B
∗)−1u|t=0−µ2(B

∗)−1u|t=T = (B∗)−1ψ ∈ C ′0.
(41)

Ââåäåìî ïîçíà÷åííÿ: (B∗)−1u(t) := g(t) ∈
C ′0. Îñêiëüêè C ′0

∼= l1, òî g(t) =
{g0(t), g1(t), . . . }. Ñêîðèñòàâøèñü ôîðìóëîþ
(35) çíàéäåìî, ùî

(Ãn)∗(B∗)−1u(t) = (Ãn)∗g(t) := g∗(t) =

=
{
0, . . . , 0︸ ︷︷ ︸
n−1

,
a0
an
g0(t),

an
an+1

g1(t), . . .
}
. (42)

g(t), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç
çíà÷åííÿìè â ïðîñòîði C ′0, äèôåðåíöiéîâíà
ïî t. Ñïðàâäi,

dg(t)

dt
= lim

∆t→0

g(t+∆t)− g(t)
∆t

=

= lim
∆t→0

(B∗)−1
[u(t+∆t)− u(t)

∆t

]
=

= (B∗)−1
[
lim
∆t→0

u(t+∆t)− u(t)
∆t

]
= (B∗)−1

du

dt

(òóò ìè ñêîðèñòàëèñÿ òèì, ùî
∆u

∆t
→ du

dt
ïðè

∆t → 0 â ïðîñòîði (Smnmk
)′ âíàñëiäîê äèôå-

ðåíöiéîâíîñòi u(t), t ∈ [0, T ], ÿê àáñòðàêòíî¨
ôóíêöi¨ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòî-
ði (Smnmk

)′). Îòæå,

(B∗)−1
du(t)

dt
=

d

dt
((B∗)−1u(t)) =

= {g′0(t), g′1(t), . . . }, t ∈ [0, T ]. (43)

Iç ñïiââiäíîøåíü (42), (43) òà ðiâíÿííÿ (40)
âèïëèâà¹, ùî

g′0(t) = 0, g′1(t) = 0, . . . , g′n−1(t) = 0, t ∈ [0, T ],

òîáòî

g0(t) = c0, g1(t) = c1, . . . , gn−1(t) = cn−1, t ∈ [0, T ],

äå ci = const, i ∈ {0, 1, . . . , n− 1}. Òîäi

g′n(t) =
a0
an
g0(t) =

a0
an
c0,

g′n+1(t) =
an
an+1

g1(t) =
a1
an+1

c1,

. . . . . . . . . . . . . . . . . . . . .

g′2n−1(t) =
an−1
a2n−1

gn−1(t) =
an−1
a2n−1

cn−1.

Çâiäñè äiñòà¹ìî, ùî

gn(t) =
a0
an
c0t+ cn,

gn+1(t) =
a1
an+1

c1t+ cn+1,

. . . . . . . . . . . . . . . . . . . . .

g2n−1(t) =
an−1
a2n−1

cn−1t+ c2n−1.
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Íåõàé (B∗)−1ψ = {ψ0, ψ1, . . . } ∈ C ′0
∼= l1.

Âðàõóâàâøè óìîâó (41), à òàêîæ íåïåðåðâ-
íiñòü g(t) ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà
t iç çíà÷åííÿìè â ïðîñòîði C ′0 çíàéäåìî, ùî

µ1g(t)|t=0 − µ2g(t)|t=T =

= µ1 lim
t→+0
{g0(t), g1(t), . . . }−

−µ2 lim
t→T−0

{g0(t), g1(t), . . . } =

= µ1{g0(0), g1(0), . . . }−
−µ2{g0(T ), g1(T ), . . . }.

Îòæå,

µ1gi(0)− µ2gi(T ) = ψi, i ∈ {0, 1, 2, . . . }. (44)

ßêùî l ∈ {0, 1, . . . , n − 1}, òî, âíàñëi-
äîê îòðèìàíèõ ðàíiøå ñïiââiäíîøåíü, (44)
íàáóâà¹ âèãëÿäó µ1cl − µ2cl = ψl, òîáòî

cl =
ψl

µ1 − µ2

, l ∈ {0, 1, . . . , n − 1}. ßêùî

i ∈ {n, n+ 1, . . . , 2n− 1}, òî

µ1ci − µ2

(al
ai
clT + ci

)
= ψi,

l ∈ {0, 1, . . . , n− 1}, i ∈ {n, n+1, . . . , 2n− 1},
àáî

ci(µ1 − µ2) =
alcl
ai
µ2T + ψi, ci =

=
ψi

µ1 − µ2

+
al
ai

µ2Tψl
(µ1 − µ2)2

.

Íàïðèêëàä,

cn =
ψn

µ1 − µ2

+
a0
an

µ2Tψ0

(µ1 − µ2)2
,

cn+1 =
ψn+1

µ1 − µ2

+
a1
an+1

µ2Tψ1

(µ1 − µ2)2
, . . .

Îòæå,

gn(t) =
a0
an

ψ0

µ1 − µ2

t+
ψn

µ1 − µ2

+
a0
an

µ2Tψ0

(µ1 − µ2)2
=

=
a0
an

ψ0

µ1 − µ2

[
t+

µ2

µ1 − µ2

T
]
+

ψn
µ1 − µ2

,

. . . . . . . . . . . . . . . . . . . . .

g2n−1(t) =
an−1
a2n−1

ψn−1
µ1 − µ2

[
t+

µ2

µ1 − µ2

T
]
+

+
ψ2n−1

µ1 − µ2

.

Äàëi çíàõîäèìî, ùî

g′2n(t) =
an
a2n

gn(t) =
a0
a2n

ψ0

µ1 − µ2

[
t+

µ2

µ1 − µ2

T
]
+

+
an
a2n

ψn
µ1 − µ2

,

òîáòî

g2n(t) =
a0
a2n

ψ0

µ1 − µ2

[t2
2
+

µ2T

µ1 − µ2

t
]
+

=
an
a2n

ψn
µ1 − µ2

t+ c2n.

Ç óðàõóâàííÿì (44) ìà¹ìî ñïiââiäíîøåí-
íÿ

µ1g2n(0)− µ2g2n(T ) = ψ2n,

ÿêå ðiâíîñèëüíå ñïiââiäíîøåííþ

µ1c2n − µ2

[ a0
a2n

ψ0

µ1 − µ2

(T 2

2
+

µ2T
2

µ1 − µ2

)
+

+
an
a2n

ψn
µ1 − µ2

T + c2n

]
= ψ2n,

ç ÿêîãî çíàõîäèìî c2n, à, îòæå, i g2n(t). Ïðî-
äîâæóþ÷è öåé ïðîöåñ, çíàéäåìî âñi êîîðäè-
íàòè gi(t), i ∈ Z+.

Îòæå, ôîðìàëüíî ðîçâ'ÿçîê äâîòî÷êîâî¨
çàäà÷i (37), (38) ïîäà¹òüñÿ ó âèãëÿäi

u(t) = B∗g(t) ≡ B∗{g0(t), g1(t), . . . } ⊂ (Smnmk
)′.

Îñêiëüêè u(t) çàäîâîëüíÿ¹ ðiâíÿííÿ (37) â
ñëàáêîìó ðîçóìiííi (â ñåíñi óçàãàëüíåíèõ
ôóíêöié), òî ç'ÿñó¹ìî, ÿê äi¹ ôóíêöiîíàë
u(t) íà äîâiëüíó ôóíêöiþ φ ∈ Smnmk

. Ìà¹ìî,
ùî

⟨u(t), φ⟩ = ⟨B∗g(t), φ⟩ = ⟨g(t), Bφ⟩,

Bφ = {bk(φ), k ∈ Z+}, äå bk(φ), k ∈ Z+, � êî-
åôiöi¹íòè Òåéëîðà ôóíêöi¨ φ, g(t) ∈ C ′0 ∼= l1
ïðè êîæíîìó t ∈ [0, T ]. Îòæå, ôóíêöiîíàë
g(t) ∈ C ′0 äi¹ íà åëåìåíò Bφ ∈ C0 çà ïðàâè-
ëîì:

⟨u(t), φ⟩ = ⟨g(t), Bφ⟩ =
∞∑
k=0

bkgk(t) =
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∞∑
k=0

φ(k)(0)

k!
gk(t), t ∈ [0, T ] (45)

gk(t), k ∈ Z+, îá÷èñëþþòüñÿ çà âiäïîâiäíèìè
ôîðìóëàìè. Ôîðìóëà (45) çàäà¹ ôóíêöiîíàë
u(t) íà Smnmk

ïðè êîæíîìó t ∈ [0, T ]; u(t) çàäî-
âîëüíÿ¹ ðiâíÿííÿ (37) i óìîâó (38), îñêiëüêè

µ1 lim
t→+0
⟨u(t), φ⟩ − µ2 lim

t→T−0
⟨u(t), φ⟩ =

= µ1 lim
t→+0
⟨g(t), Bφ⟩ − µ2 lim

t→T−0
⟨g(t), Bφ⟩ =

= µ1⟨g(0), Bφ⟩−µ2⟨g(T ), Bφ⟩ = µ1

∞∑
k=0

bkgk(0)−

−µ2

∞∑
k=0

bkgk(T ) =
∞∑
k=0

bk(µ1gk(0)−µ2gk(T )) =

=
∞∑
k=0

bkψk = ⟨ψ, φ⟩.

Îñòàííi ñïiââiäíîøåííÿ âèïëèâàþòü ç òîãî,
ùî ãðàíè÷íà óìîâà (38) åêâiâàëåíòíà óìîâi
(41), (B∗)−1u(t) = g(t), ÿê àáñòðàêòíà ôóí-
êöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði
C ′0, íåïåðåðâíà ïî t ∈ [0, T ], òîìó g(t)→ g(0)
ïðè t→ +0, g(t)→ g(T ) ïðè t→ T − 0 â C ′0.

Òàêèì ÷èíîì, äîâåäåíî íàñòóïíå òâåð-
äæåííÿ.
Òåîðåìà 7. Äâîòî÷êîâà çàäà÷à (37),

(38) ðîçâ'ÿçíà â ïðîñòîði (Smnmk
)′, ïðè öüî-

ìó

⟨u(t), φ⟩ =
∞∑
k=0

φ(k)(0)

k!
gk(t), t ∈ [0, T ], φ ∈ Smnmk

,

g(t) = {g0(t), g1(t), . . . , } ∈ l1 ∼= C ′0

ïðè êîæíîìó t ∈ [0, T ].

Çàóâàæåííÿ 3. ßêùî u(t) ïðè êîæíîìó
t ∈ [0, T ] � ðåãóëÿðíà óçàãàëüíåíà ôóíêöiÿ
ç ïðîñòîðó (Smnmk

)′, òî

⟨u(t), φ⟩ =
∫
R

u(t)φ(t)dt, ∀φ ∈ Smnmk
.

Î÷åâèäíî, ùî ôîðìóëà (45) ¹ áiëüø ïðèäà-
òíîþ äëÿ çàñòîñóâàíü.

Çàóâàæåííÿ 4. ßêùî µ2 = 0, µ1 = 1, òî
óìîâà (38) âèðîäæó¹òüñÿ â ïî÷àòêîâó óìî-
âó äëÿ ðiâíÿííÿ (37). Îòæå, â öüîìó âèïàä-
êó çàäà÷à (37), (38) � çàäà÷à Êîøi.

ßê ïðèêëàä, ðîçãëÿíåìî çàäà÷ó (36), (37)
ç ãðàíè÷íèì åëåìåíòîì ψ = δ ∈ (Smnmk

)′,
äå δ � äåëüòà-ôóíêöiÿ Äiðàêà. Îñêiëüêè
⟨δ, φ⟩ = φ(0), òî äëÿ äîâiëüíî¨ ôóíêöi¨

φ(x) =
∞∑
k=0

bkx
k ∈ Smnmk

ìà¹ìî φ(0) = b0. Çâiä-

ñè òà ç ôîðìóëè
∞∑
k=0

bkψ̃k = ⟨δ, φ⟩ = ⟨(B∗)−1δ, Bφ⟩ = φ(0) = b0

çíàõîäèìî åëåìåíò (B∗)−1δ ∈ C ′0
∼=

l1: (B∗)−1δ = {1, 0, 0, . . . }. Óðàõóâàâøè
ñïiââiäíîøåííÿ, ÿêi âèçíà÷àþòü g(t) =
(B∗)−1u(t) = {g0(t), g1(t), . . . } ∈ C ′0 ∼= l1, çíà-
éäåìî, ùî

g(t) =

{
1

µ1 − µ2

, 0, . . . , 0︸ ︷︷ ︸
n−1

,
a0

an(µ1 − µ2)
×

×
(
t+

µ2T

µ1 − µ2

)
, 0, . . . , 0,

a0
a2n

1

µ1 − µ2

(t2
2
+

µ2Tt

µ1 − µ2

)
+

a0
a2n

µ2T
2

(µ1 − µ2)2
×

×
(1
2
+

µ2

µ1 − µ2

)
, 0, . . .

}
.

Çàóâàæèìî, ùî ó âèïàäêó çàäà÷i Êîøi (µ1 =
1, µ2 = 0)

g(t) =
{
1, 0, . . . , 0,

a0
an
t, 0, . . . , 0,

a0
2a2n

t2, . . .
}
.

Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ φ(x) =
∞∑
k=0

bkx
k ∈

Smnmk

⟨u(t), φ⟩ = b0
µ1 − µ2

+
a0bn

an(µ1 − µ2)

(
t+

µ2T

µ1 − µ2

)
+. . .

Äëÿ òîãî, ùîá áåçïîñåðåäíüî ïåðåâiðèòè,
ùî u(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (36), ïåðåêî-
íà¹ìîñÿ ó òîìó, ùî u(t) çàäîâîëüíÿ¹ ñïiâ-

âiäíîøåííÿ (B∗)−1
du

dt
= (Ãn)∗(B∗)−1u(t) ïðè
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êîæíîìó t ∈ [0, T ]. Îñêiëüêè

(B∗)−1
du

dt
=

d

dt
((B∗)−1u(t)) = g′(t) =

= {g′0(t), g′1(t), . . . } ∈ l1,
òî

g′(t) =
{
0, . . . , 0︸ ︷︷ ︸
n−1

,
a0

an(µ1 − µ2)
, 0, . . . , 0,

a0
a2n(µ1 − µ2)

(
t+

µ2T

µ1 − µ2

)
, 0, . . .

}
.

Ç iíøîãî áîêó,

(Ãn)∗(B∗)−1u(t) = (Ãn)∗g(t) ≡ g∗(t) =

=
{
0, . . . , 0︸ ︷︷ ︸
n−1

,
a0
an
g0(t),

a1
an+1

g1(t), . . .
}
∈ l1.

Ç'ÿñó¹ìî, ÷è ñïðàâäæó¹òüñÿ ðiâíiñòü g′(t) =
g∗(t), t ∈ [0, T ]. Î÷åâèäíî, ùî ïåðøi n − 1
êîîðäèíàò âêàçàíèõ åëåìåíòiâ ñïiâïàäàþòü.
Îñêiëüêè g0(t) = (µ1 − µ2)

−1, òî

g∗n(t) =
a0
an
g0(t) =

a0
an

1

µ1 − µ2

= g′n(t), t ∈ [0, T ],

g∗n+1(t) =
a1
an+1

g1(t) = 0 = g′n+1(t), t ∈ [0, 1],

áî gn+1(t) = 0 i ò.ä. Íàïðèêëàä,

g′2n(t) =
a0
an

1

µ1 − µ2

(
1 +

µ2T

µ1 − µ2

)
,

g∗2n(t) =
an
a2n

gn(t) =
an
a2n

a0
an

1

µ1 − µ2

×

×
(
t+

µ2T

µ1 − µ2

)
= g′2n(t).

Ïðîäîâæóþ÷è öåé ïðîöåñ, çíàéäåìî, ùî
g′n(t) = g∗n(t), ∀n ∈ Z+, òîáòî g′(t) = g∗(t)
ó êîæíié òî÷öi t ∈ [0, T ], ùî é ïîòðiáíî äî-
âåñòè. Àáñòðàêòíà ôóíêöiÿ u(t) çàäîâîëüíÿ¹
òàêîæ óìîâó (37). Äëÿ ïåðåâiðêè öüîãî äî-
ñèòü âñòàíîâèòè, ùî êîîðäèíàòè åëåìåíòà
g(t) = (B∗)−1u(t), t ∈ [0, T ], çàäîâîëüíÿþòü
ñïiââiäíîøåííÿ (44). Ïðè i = 0 ìà¹ìî:

µ1g0(0)−µ2g0(T ) =
µ1

µ1 − µ2

− µ2

µ1 − µ2

= 1 = ψ0,

µ1gi(0)− µ2gi(T ) = 0 = ψi, 2 ≤ i ≤ n− 1.

Âiçüìåìî n-òó êîîðäèíàòó g(t):

µ1gn(0)− µ2gn(T ) = µ1
a0µ2T

an(µ1 − µ2)2
−

−µ2
a0

an(µ1 − µ2)

(
T +

µ2T

µ1 − µ2

)
=

=
a0µ1µ2T

an(µ1 − µ2)2
− a0µ

2
2T

an(µ1 − µ2)2
− a0µ2T

an(µ1 − µ2)
=

=
a0µ2T (µ1 − µ2)

an(µ1 − µ2)2
− a0µ2T

an(µ1 − µ2)
= 0 = ψn

i ò.ä. Çâiäñè âèïëèâà¹ ñïiââiäíîøåííÿ
µ1 lim

t→+0
u(t) − µ2 lim

t→T−0
u(t) = ψ, ÿêå ñïðàâ-

äæó¹òüñÿ â ïðîñòîði (Smnmk
)′. Ó âèïàäêó çà-

äà÷i Êîøi lim
t→+0

u(t) = δ.
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