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ÏÐÎ ÐÎÇÂ'ßÇÍIÑÒÜ ÄÅßÊÈÕ IÍÒÅÃÐÀËÜÍÈÕ ÐIÂÍßÍÜ, ßÊI
ÂÈÍÈÊÀÞÒÜ Ó ÒÅÎÐI� ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÇI

ÇÐÎÑÒÀÞ×ÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ

Ðîçãëÿäàþòüñÿ iíòåãðàëüíi ðiâíÿííÿ òèïó Âîëüòåððè-Ôðåäãîëüìà äðóãîãî ðîäó ç êâàçiðå-
ãóëÿðíèìè ÿäðàìè. Òàêi ðiâíÿííÿ âèíèêàþòü ïðè ïîáóäîâi òà äîñëiäæåííi ôóíäàìåíòàëüíèõ
ðîçâ'ÿçêiâ äåÿêèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çðîñòàþ÷èìè êîåôiöi¹íòàìè. Äëÿ öèõ iíòåãðàëüíèõ
ðiâíÿíü çíàõîäÿòüñÿ ðåçîëüâåíòè òà îäåðæóþòüñÿ ¨õ îöiíêè. Îöiíêè ¹ ðiçíèìè äëÿ âèïàäêiâ
iíòåãðàëüíèõ ðiâíÿíü, ùî âiäïîâiäàþòü ïàðàáîëi÷íèì ðiâíÿííÿì äðóãîãî òà äîâiëüíîãî ïîðÿä-
êiâ. Ó ïåðøîìó âèïàäêó ðåçîëüâåíòà îöiíþ¹òüñÿ ÷åðåç åêñïîíåíòó çi ñòàëèì òèïîì ñïàäàííÿ
íà íåñêií÷åííîñòi, à â äðóãîìó � ÷åðåç ñóìó ðÿäó, ÷ëåíè ÿêîãî ìiñòÿòü åêñïîíåíòè ç òèïàìè
ñïàäàííÿ, ùî ïðÿìóþòü äî íóëÿ.

Integral equations of Volterra-Fredholm type of the second kind with quasi-regular kernels are
considered. Such equations arise in the process of construction and study fundamental solutions
for some parabolic equations with increasing coe�cients. Resolvents for these integral equations
are found and estimates of ones are obtained. Estimates are di�erent for the cases of integral
equations according to parabolic equations of the second and arbitrary orders. In the �rst case the
resolvent is estimated as exponent with constant type of decreasing at in�nity. In the second case
the resolvent's estimate have the form of a series the terms of which contain exponents with types
of decreasing becoming vanishingly small.

Âñòóï
Ó òåîði¨ âèïàäêîâèõ ïðîöåñiâ, ñòàòèñòè-

÷íié ðàäiîòåõíiöi òà ií. âèíèêàþòü ïàðà-
áîëi÷íi ðiâíÿííÿ çi çðîñòàþ÷èìè êîåôiöi-
¹íòàìè. Òàê, äëÿ íîðìàëüíèõ ìàðêîâñüêèõ
ïðîöåñiâ ðiâíÿííÿìè Ôîêêåðà � Ïëàíêà �
Êîëìîãîðîâà ¹ ïàðàáîëi÷íi ðiâíÿííÿ äðóãî-
ãî ïîðÿäêó, â ÿêèõ êîåôiöi¹íòè ïðè ïîõiäíèõ
ïåðøîãî ïîðÿäêó çà ïðîñòîðîâèìè çìiííèìè
¹ ëiíiéíèìè ôóíêöiÿìè öèõ çìiííèõ, à iíøi
êîåôiöi¹íòè îáìåæåíi [1, ñ. 177�179]. Ñåðåä
òàêèõ ðiâíÿíü, çîêðåìà, ¹ ðiâíÿííÿ(

∂t −
n∑

j,l=1

ajl∂xj
∂xl

+
n∑

j=1

aj∂xj
+

+a0 + Sa

)
u = f, (1)

â ÿêîìó n ∈ N, ajl, aj i a0 � äiéñíi ñòàëi, ìà-
òðèöÿ, ñêëàäåíà ç êîåôiöi¹íòiâ ajl, äîäàòíî

âèçíà÷åíà, Sau := a
n∑

j=1

∂xj
(xju) � äèôåðåí-

öiàëüíèé âèðàç (îïåðàòîð) çi çðîñòàþ÷èìè
íà íåñêií÷åííîñòi êîåôiöi¹íòàìè, a ∈ R.

Äëÿ ðiâíÿííÿ (1) ó ñòàòòi [2] çíàéäåíî ÿâ-
íó ôîðìóëó äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿç-
êó çàäà÷i Êîøi (ÔÐÇÊ) i äîñëiäæåíî éîãî
âëàñòèâîñòi, ÿêi çàñòîñîâàíî äî âñòàíîâëåí-
íÿ òî÷íèõ ðåçóëüòàòiâ ïðî êîðåêòíó ðîçâ'ÿ-
çíiñòü òà iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ
çàäà÷i Êîøi. Ó ñòàòòi [3] äëÿ ïàðàáîëi÷íîãî
ðiâíÿííÿ äîâiëüíîãî ïîðÿäêó 2b âèãëÿäó∂t − ∑

|k|≤2b

ak(t)∂
k
x − Sa

u = f (2)

ïîáóäîâàíî ÔÐÇÊ i äàíî éîãî ïîâíå àíàëi-
òè÷íå îïèñàííÿ. Óêàçàíi ðåçóëüòàòè äëÿ ðiâ-
íÿíü (1) i (2) ç a ̸= 0 ïîäiáíi äî âiäïîâiä-
íèõ ðåçóëüòàòiâ äëÿ öèõ ðiâíÿíü ó âèïàä-
êó a = 0, òîáòî êîëè âiäñóòíi ÷ëåíè çi çðî-
ñòàþ÷èìè êîåôiöi¹íòàìè. Ùîá îäåðæàòè öi
ðåçóëüòàòè, òðåáà áóëî ìîäèôiêóâàòè ìåòî-
äèêó, ðîçðîáëåíó äëÿ ïàðàáîëi÷íèõ ðiâíÿíü
ç îáìåæåíèìè êîåôiöi¹íòàìè (äèâ., íàïðè-
êëàä, ìîíîãðàôiþ [4]).

Ïîáóäîâà òà äîñëiäæåííÿ ÔÐÇÊ äëÿ ðiâ-
íÿíü (1) i (2) iç çàëåæíèìè âiä óñiõ çìiííèõ
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êîåôiöi¹íòàìè ïîòðåáó¹ äàëüøîãî âäîñêîíà-
ëåííÿ ìåòîäiâ iç [4]. Çîêðåìà, öå ñòîñó¹òüñÿ
ìåòîäó ïàðàìåòðèêñó Ëåâi, ïðè çàñòîñóâàííi
ÿêîãî âèíèêàþòü iíòåãðàëüíi ðiâíÿííÿ âîëü-
òåððiâñüêîãî òèïó. Ïèòàííþ ðîçâ'ÿçíîñòi òà
îöiíîê ðåçîëüâåíò òàêîãî òèïó iíòåãðàëüíèõ
ðiâíÿíü, ïîðîäæåíèõ ðiâíÿííÿìè (1) i (2),
ïðèñâÿ÷åíà öÿ ñòàòòÿ.

Çãiäíî ç ìåòîäîì ïàðàìåòðèêñó Ëåâi
ÔÐÇÊ øóêà¹òüñÿ ó âèãëÿäi ñóìè ãîëîâíî-
ãî ÷ëåíà � ïàðàìåòðèêñà Z0 i äîäàíêà ó âè-
ãëÿäi iíòåãðàëà ç ÿäðîì Z0 i íåâiäîìîþ ãó-
ñòèíîþ Q, ÿêà âèçíà÷à¹òüñÿ ç âiäïîâiäíîãî
iíòåãðàëüíîãî ðiâíÿííÿ.

Ìàþ÷è íàìið çàñòîñóâàòè ìåòîä Ëåâi äî
ïîáóäîâè òà âèâ÷åííÿ ÔÐÇÊ äëÿ ðiâíÿíü
(1) i (2), êîåôiöi¹íòè ÿêèõ çàëåæàòü âiä óñiõ
çìiííèõ, ìåòó äàíî¨ ñòàòòi ôîðìóëþ¹ìî òàê:
îïèñàòè âiäïîâiäíi êëàñè iíòåãðàëüíèõ ðiâ-
íÿíü äëÿ ãóñòèíè Q, çíàéòè äëÿ öèõ ðiâíÿíü
ðåçîëüâåíòè òà îäåðæàòè ¨õ îöiíêè.

1. Ïîçíà÷åííÿ òà äîïîìiæíi
òâåðäæåííÿ

Êîðèñòóâàòèìåìîñü òàêèìè ïîçíà÷åííÿ-
ìè: a, b, n i T � çàäàíi ÷èñëà, äå b i n �
íàòóðàëüíi, a i T � äiéñíi, ïðè÷îìó T > 0;
m := 2b, m′ := m/(m − 1); ΠH := H × Rn,
H ⊂ [0, T ]; X(t) := eatx, ÿêùî t ∈ R i x ∈ Rn;

qm(t) :=

{
1

ma

(
emat − 1

)
, a ̸= 0,

t, a = 0,
t ≥ 0; (3)

ρm(t, x) := (qm(t))
−1/(m−1)|x|m′

,

E(m)
c (t, x) := exp{−cρm(t, x)},

t > 0, x ∈ Rn, c > 0. (4)

Ïðîòîòèïîì ðiâíÿíü (1) i (2) ¹ ìîäåëüíå
ðiâíÿííÿ(

∂t − γ2
n∑

j=1

∂2xj
− Sa

)
u = f, γ > 0. (5)

Ó ïðàöÿõ [2, 3] âñòàíîâëåíî, ùî ÔÐÇÊ äëÿ
ðiâíÿííÿ (5) ìà¹ âèãëÿä

G2(t, x, ξ) =
(
4πγ2q2(t)

)−n/2
enat×

×E(2)

1/(4γ2) (t,X(t)− ξ) ,

t > 0, {x, ξ} ⊂ Rn, (6)

à ÔÐÇÊ äëÿ ðiâíÿííÿ (2) âîëîäi¹ îöiíêîþ

|G2b(t, x; τ, ξ)| ≤ C(q2b(t− τ))−n/(2b)ena(t−τ)×

×E(2b)
c (t− τ,X(t− τ)− ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Çàóâàæèìî, ùî ñåðåä âëàñòèâîñòåé ôóí-
êöi¨ G2 ¹ ôîðìóëà çãîðòêè∫

Rn

G2(t− β, x, y)G2(β − τ, y, ξ)dy =

= G2(t−τ, x, ξ), τ < β < t, {x, ξ} ⊂ Rn. (7)

Íàâåäåìî ïîòðiáíi íàì âëàñòèâîñòi ôóí-
êöié (3) i (4).
Ëåìà 1. Ïðàâèëüíi òàêi òâåðäæåííÿ:

äëÿ a < 0

qm(t−τ) ≤ qm(t−β)+qm(β−τ) ≤ 2qm(t−τ),

τ ≤ β ≤ t <∞, (8)

à ÿêùî a > 0, òî äëÿ áóäü-ÿêîãî T > 0 iñíó¹
òàêà ñòàëà cT > 0, ùî

cT qm(t−τ) ≤ qm(t−β)+qm(β−τ) ≤ qm(t−τ),

0 ≤ τ ≤ β ≤ t ≤ T. (9)

Äîâåäåííÿ. Ïðè ôiêñîâàíèõ τ < t ðîçãëÿ-
íåìî ôóíêöiþ p(β) := qm(t− β) + qm(β − τ),
β ∈ [τ, t]. Îñêiëüêè p(τ) = p(t) = q(t − τ),
p′(β) = 0 ïðè β = β0 := (t + τ)/2, p′′(β0) > 0
ïðè a > 0 i p′′(β0) < 0 ïðè a < 0, òî äëÿ
áóäü-ÿêîãî β ∈ [τ, t] ìà¹ìî

qm(t− τ) ≤ p(β) ≤ p(β0), a < 0;

p(β0) ≤ p(β) ≤ qm(t− τ), a > 0. (10)

Âðàõîâóþ÷è òå, ùî p(β0) =
2qm ((t− τ)/2) i ôóíêöiÿ qm ìîíîòîííî
çðîñòà¹, ó âèïàäêó a < 0 îäåðæó¹ìî
p(β0) ≤ 2qm(t − τ), çâiäêè íà ïiäñòàâi (10)
âèïëèâàþòü îöiíêè (8). ßêùî a > 0, òî p(β0)
òðåáà îöiíèòè çíèçó, òîáòî îöiíèòè çíèçó
qm ((t− τ)/2) ÷åðåç qm(t − τ). Äëÿ öüîãî
ðîçãëÿíåìî ôóíêöiþ r(s) := qm(s/2)/qm(s),
s > 0. Îñêiëüêè r(s) → 1/2 ïðè s → 0,
r(s) → 0 ïðè s → ∞ i r′(s) < 0, s > 0, ïðè
a > 0, òî ôóíêöiÿ r ñïàäà¹ âiä 1/2 äî 0, ÿêùî
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¨¨ àðãóìåíò çìiíþ¹òüñÿ âiä 0 äî ∞. Òîìó
äëÿ çàäàíîãî T > 0 iñíó¹ ñòàëà cT > 0 òàêà,
ùî r(s) ≥ cT/2, s ∈ [0, T ]. Çâiäñè âèïëèâà¹
íåðiâíiñòü qm ((t− τ)/2) ≥ (cT/2)qm(t − τ),
ÿêùî 0 ≤ t − τ ≤ T , ç ÿêî¨ çà äîïîìîãîþ
(10) îäåðæó¹ìî îöiíêè (9). ◃
Ëåìà 2. Äëÿ äîâiëüíèõ 0 ≤ τ < β <

t ≤ T i {x, y, ξ} ⊂ Rn ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

A0 := ρm(t− β,X(t− β)− y)+

+ρm (β − τ, Y (β − τ)− ξ) ≥

≥ δ0ρm (t− τ,X (t− τ)− ξ) , (11)

äå δ0 ∈ (0, 1] � ñòàëà, ÿêà çàëåæèòü ëèøå
âiä m, a i T , ïðè÷îìó δ0 = 1 òiëüêè ïðè
a = 0.
Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî òàêó íå-

ðiâíiñòü:

A1 := ρm (t− β, u− z) + ρm (β − τ, z − ξ) ≥

≥ δ1ρm (t− τ, u− ξ) ,

τ < β < t, {u, z, ξ} ⊂ Rn. (12)

Íåõàé τ , t, u i ξ äîâiëüíî ôiêñîâàíi i íåõàé
r := |u− z| , s := |u− ξ|. Âèêîðèñòîâóþ÷è
òå, ùî m′ > 1 i |z − ξ| ≥ |s − r|, z ∈ Rn,
ìà¹ìî

A1 ≥
[
(qm (t− β))−1/mr

]m′

+

+
[
(qm (β − τ))−1/m |s− r|

]m′

=: fβ (r) .

Äîâåäåìî, ùî äëÿ äîâiëüíèõ β ∈ (τ, t) i r ≥ 0
ñïðàâäæó¹òüñÿ îöiíêà

fβ (r) ≥ δ1gτ (s) , gτ (s) :=

:=
[
(qm (t− τ))−1/ms

]m′

. (13)

ßêùî r ≥ s, òî äëÿ β ∈ (τ, t)

fβ (r) ≥ gβ (s) ≥ gτ (s) . (14)

Çíàéäåìî min
r∈[0,s]

fβ (r) . Ëåãêî ïåðåêîíó¹-

ìîñü, ùî ¹äèíîþ ñòàöiîíàðíîþ òî÷êîþ ôóí-
êöi¨ fβ íà ïðîìiæêó (0, s) ¹ òî÷êà r = r0 :=

qm (t− β) (qm (t− β) + qm (β − τ))−1s i ùî

fβ (r0) =
[
(qm (t− β) + qm (β − τ))−1/ms

]m′

.

Îñêiëüêè çà äîïîìîãîþ ïðàâèõ íåðiâíîñòåé
ç (8) i (9) fβ (r0) ≥ δ1gτ (s), äå

δ1 :=

{
1, a ≥ 0,
2−1/(m−1), a < 0,

i fβ(0) =
[
(qm(β − τ))−1/m s

]m′

≥ gτ (s),

fβ(s) =
[
(qm (t− β))−1/ms

]m′

≥ gτ (s) ,

òî min
r∈[0,s]

fβ (r) ≥ δ1gτ (s). Çâiäñè òà ç (14) âè-

ïëèâà¹ (13) i, îòæå, (12).
Ùîá îòðèìàòè íåðiâíiñòü (11), çàïèøå-

ìî ðiâíiñòü X (t− β) − y = e−a(β−τ)×
× (X (t− τ)− Y (β − τ)) i ñêîðèñòà¹ìîñü íå-
ðiâíiñòþ (12) äëÿ u = X (t− τ), z =
Y (β − τ). Òîäi, âðàõóâàâøè, ùî

e−a(β−τ) ≥ δ2 :=

{
e−aT , a ≥ 0,
1, a < 0,

äiñòàíåìî A0 = e−a(β−τ)A1 ≥ δ2A1 ≥
δ0ρm (t− τ,X (t− τ)− ξ), äå δ0 := δ1δ2.◃
Ëåìà 3. Äëÿ áóäü-ÿêèõ äîäàòíèõ ÷èñåë

ν i µ ñïðàâäæóþòüñÿ îöiíêè

Iνµ (t, τ) :=

t∫
τ

(qm (t− β))ν−1×

×(qm (β − τ))µ−1dβ ≤ Aν(t− τ)B(ν, µ)×
×(qm (t− τ))ν+µ−1 ≤ em|a|νTB (ν, µ)×
×(qm (t− τ))ν+µ−1, 0 ≤ τ < t ≤ T, (15)

äå Aν (t) :=

{
1, a ≥ 0,
em|a|νt, a < 0,

B � áåòà-

ôóíêöiÿ Åéëåðà.
Äîâåäåííÿ. Â iíòåãðàëi ç (15) çðî-

áèìî çàìiíó çìiííî¨ iíòåãðóâàííÿ β
çà ôîðìóëîþ qm (β − τ) = qm (t− τ) γ,
ó ðåçóëüòàòi ÿêî¨ ema(β−τ)qm (t− β) =
qm (t− τ) (1− γ), ema(β−τ)dβ = qm (t− τ) dγ i
Iνµ (t, τ) ≤ max

β∈[τ,t]
e−maν(β−τ)(qm (t− τ))ν+µ−1×

×
1∫

0

(1− γ)ν−1γµ−1dγ = Aν (t− τ)B (ν, µ)×
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×(qm (t− τ))ν+µ−1 ≤ em|a|νTB (ν, µ)×
×(qm (t− τ))ν+µ−1. ◃
Ëåìà 4. Íåõàé c > 0 � äåÿêà ñòàëà, δ0 ∈

(0, 1) � ñòàëà ç îöiíêè (11) i

J (m)
c :=

∫
Rn

E(m)
c (t− β,X (t− β)− y)×

×E(m)
c (β − τ, Y (β − τ)− ξ)×

×(qm (t− β) qm (β − τ))−n/mdy. (16)

Äëÿ äîâiëüíî âçÿòèõ ε ∈ (0, 1) i T > 0 iñíó¹
òàêà ñòàëà CεT > 0, ùî âèêîíó¹òüñÿ íåðiâ-
íiñòü

J (m)
c ≤ CεT (qm (t− τ))−n/m×

×E(m)
c(1−ε)δ0 (t− τ,X (t− τ)− ξ) ,

0 ≤ τ < β < t ≤ T, {x, ξ} ⊂ Rn. (17)

Äîâåäåííÿ. Çàïèñóþ÷è c ó âèãëÿäi c =
= c (1− ε) + cε i âèêîðèñòîâóþ÷è íåðiâíiñòü
(11), îòðèìó¹ìî

J (m)
c ≤ E

(m)
c(1−ε)δ0 (t− τ,X (t− τ)− ξ)×

×J (m)
cε . (18)

Îöiíèìî J (m)
cε . Äëÿ öüîãî ðîçãëÿíåìî ìî-

æëèâi âèïàäêè 1) qm (β − τ) ≤ qm (t− τ) /2 i
2) qm (t− τ) /2 < qm (β − τ) ≤ qm (t− τ) .

Ó âèïàäêó 1) ìà¹ìî

qm (t− β) = e−ma(β−τ) (qm (t− τ)−

−qm (β − τ)) ≥ e−ma(β−τ)qm (t− τ) /2 ≥
≥
(
e−m|a|T/2

)
qm (t− τ) ,

i, îòæå,

J (m)
cε ≤ 2n/men|a|T (qm (t− τ))−n/m×

×
∫
Rn

E(m)
cε (β − τ, Y (β − τ)− ξ)×

×(qm (β − τ))−n/mdy.

ßêùî â îñòàííüîìó iíòåãðàëi çðîáèòè çàìiíó
ea(β−τ)y − ξ = (qm (β − τ))1/mz, äå z � íîâà
çìiííà iíòåãðóâàííÿ, òî äiñòàíåìî îöiíêó

J (m)
cε ≤ C ′εT (qm (t− τ))−n/m. (19)

Ó âèïàäêó 2) îäåðæó¹ìî

J (m)
cε ≤ 2n/m(qm (t− τ))−n/m×

×
∫
Rn

E(m)
cε (t− β,X (t− β)− y)×

×(qm (t− β))−n/mdy

i çàìiíà X (t− β) − y = (qm (t− β))1/mz â
îñòàííüîìó iíòåãðàëi ïðèâîäèòü äî îöiíêè

J (m)
cε ≤ C ′′ε(qm (t− τ))−n/m. (20)

Ç íåðiâíîñòåé (18) � (20) âèïëèâà¹ îöiíêà
(17).◃
Ëåìà 5. ßêùî m = 2, òî äëÿ iíòåãðàëà

(16) ñïðàâäæó¹òüñÿ ðiâíiñòü

J (2)
c =

( c
π

)n/2
(q2 (t− τ))−n/2×

×E(2)
c (t− τ,X (t− τ)− ξ) ,

τ < β < t, {x, ξ} ⊂ Rn. (21)

Äîâåäåííÿ. Çãiäíî ç ôîðìóëîþ (6) ôóí-

êöiÿ
( c
π

)n/2
(q2 (t))

−n/2enatE(2)
c (t,X (t)− ξ),

t > 0, {x, ξ} ⊂ Rn, ¹ ÔÐÇÊ äëÿ ðiâíÿííÿ
(5) ç γ2 = 1/ (4c). Çàñòîñóâàâøè äëÿ íüîãî
ôîðìóëó (7), îòðèìà¹ìî ðiâíiñòü (21). ◃
2. Îñíîâíi ðåçóëüòàòè
Íåõàé t0 i T � çàäàíi ÷èñëà, ïðè÷îìó

0 ≤ t0 < T , i P δ
[t0,T ] :=

{
(t, x; τ, ξ) ∈(

Π[t0,T ] × Π[t0,T ]

)
| t− τ > δ

}
, δ ≥ 0. Ïðè ïî-

áóäîâi ÔÐÇÊ äëÿ ðiâíÿíü (1) i (2) ç êîåôiöi-
¹íòàìè, çàëåæíèìè âiä óñiõ çìiííèõ, âèíè-
êàþòü iíòåãðàëüíi ðiâíÿííÿ âîëüòåððiâñüêî-
ôðåäãîëüìîâîãî òèïó âèãëÿäó

u (t, x) = f (t, x) +

t∫
t0

dτ

∫
Rn

K (t, x; τ, ξ)×

×u (τ, ξ) dξ, (t, x) ∈ Π[t0,T ], (22)

ÿäðà K ÿêèõ âèçíà÷åíi â îáëàñòi P 0
[t0,T ] i ¹

êâàçiðåãóëÿðíèìè. ßêðàç íåâiäîìà ãóñòèíà
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Q iç ìåòîäó Ëåâi ¹ ðåçîëüâåíòîþ R ðiâíÿííÿ
(22), ÿêà ¹ ñóìîþ ðÿäó

R (t, x; τ, ξ) :=
∞∑
s=1

Ks (t, x; τ, ξ),

(t, x; τ, ξ) ∈ P 0
[t0,T ], (23)

äå K1 := K, à Ks, s > 1, � ïîâòîðíi ÿäðà, ùî
âèçíà÷àþòüñÿ iç ðåêóðåíòíîãî ñïiââiäíîøå-
ííÿ

Ks (t, x; τ, ξ) =

t∫
τ

dβ

∫
Rn

K (t, x; β, y)×

×Ks−1 (β, y; τ, ξ) dy, (t, x; τ, ξ) ∈ P 0
[t0,T ].

Îñíîâíi ðåçóëüòàòè ñòàòòi ìiñòÿòüñÿ â íà-
ñòóïíié òåîðåìi.
Òåîðåìà 1. ßêùî ÿäðî K iíòåãðàëüíîãî

ðiâíÿííÿ (22) â îáëàñòi P 0
[t0,T ] íåïåðåðâíå òà

çàäîâîëüíÿ¹ óìîâó

|K (t, x; τ, ξ)| ≤ C0(qm (t− τ))−n/m+χ−1×

×E(m)
c0

(t− τ,X (t− τ)− ξ) ,

(t, x; τ, ξ) ∈ P 0
[t0,T ], (24)

ç äåÿêèìè ñòàëèìè C0 > 0, c0 > 0 i χ ∈
(0, 1), òî iñíó¹ ðåçîëüâåíòà (23), ÿêà ¹ íå-
ïåðåðâíîþ ôóíêöi¹þ i äëÿ ÿêî¨ ñïðàâäæó¹-
òüñÿ îöiíêà

|R (t, x; τ, ξ)| ≤ C(qm (t− τ))−n/m+χ−1×

×
∞∑
j=0

[C1Γ (χ) (qm (t− τ))χ]
j
(Γ (jχ+ 1))−1×

×E(m)

cδj0
(t− τ,X (t− τ)− ξ) ,

(t, x; τ, ξ) ∈ P 0
[t0,T ]. (25)

Òóò C, C1 i c � äåÿêi äîäàòíi ñòàëi, c <
c0, Γ � ãàììà-ôóíêöiÿ Åéëåðà, δ0 � ñòàëà ç
ëåìè 2.
Òåîðåìà 2. Íåõàé äëÿ ÿäðà K âèêîíóþ-

òüñÿ óìîâè òåîðåìè 1 ç m = 2, òîäi äëÿ

ðåçîëüâåíòè R ñïðàâäæó¹òüñÿ îöiíêà

|R (t, x; τ, ξ)| ≤ C(q2 (t− τ))−n/2+χ−1×

×E(2)
c0

(t− τ,X (t− τ)− ξ) ,

(t, x; τ, ξ) ∈ P 0
[t0,T ], (26)

äå C � äåÿêà äîäàòíà ñòàëà, à ñòàëà c0 òà-
êà ñàìà, ÿê ó (24).

Äîâåäåííÿ òåîðåì 1 i 2 ïðîâîäèòüñÿ çà
ñõåìîþ äîâåäåíü ëåì 1.8 � 1.10 ç [4], ïðè öüî-
ìó âèêîðèñòîâóþòüñÿ íàâåäåíi âèùå ëåìè 1
� 5. Öi ëåìè âiäîáðàæàþòü çìiíè â ïðîâåäå-
íèõ ó [4] ìiðêóâàííÿõ, âèêëèêàíi íàÿâíiñòþ
ó ðiâíÿííÿõ (1) i (2) ÷ëåíà Sau. Óìîâè íà
ÿäðî K ó òåîðåìàõ 1 i 2 çàáåçïå÷óþòü àáñî-
ëþòíó òà ðiâíîìiðíó çáiæíiñòü ðÿäó (23) â
P δ
[t0,T ] äëÿ äîâiëüíîãî δ ∈ (0, T − t0) .
3. Âèñíîâêè
Ïðîâåäåíi â ñòàòòi äîñëiäæåííÿ ñâiä÷àòü

ïðî òå, ùî çà íàÿâíîñòi â ðiâíÿííÿõ ÷ëå-
íiâ çi çðîñòàþ÷èìè êîåôiöi¹íòàìè ðåçóëüòà-
òè iñòîòíî ðiçíi äëÿ ðiâíÿíü âèùîãî i äðóãî-
ãî ïîðÿäêiâ, ÷îãî íå ñïîñòåðiãà¹òüñÿ ó âèïàä-
êó ðiâíÿíü ç îáìåæåíèìè êîåôiöi¹íòàìè. Ðå-
çóëüòàòè ñòàòòi áóäóòü âèêîðèñòàíi äëÿ ïî-
áóäîâè òà äîñëiäæåííÿ ÔÐÇÊ äëÿ ïàðàáîëi-
÷íèõ ðiâíÿíü çi çðîñòàþ÷èìè êîåôiöi¹íòàìè.
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