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IÍÒÅÃÐÀËÜÍI ÌÍÎÃÎÂÈÄÈ ÒÀ ÐÎÇÙÅÏËÅÍÍß ËIÍIÉÍÈÕ
IÌÏÓËÜÑÍÈÕ ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÈÕ ÑÈÑÒÅÌ IÇ ÇÀÏIÇÍÅÍÍßÌ

Ðîçãëÿäà¹òüñÿ ñèñòåìà ëiíiéíèõ iìïóëüñíèõ ñèíãóëÿðíî çáóðåíèõ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü. Äîâåäåíî iñíóâàííÿ iíòåãðàëüíèõ ìíîãîâèäiâ. Ïîêàçàíî, ùî âèõiäíó
ñèñòåìó çà äîïîìîãîþ ëiíiéíî¨ çàìiíè ìîæíà ðîçùåïèòè íà äâi íåçàëåæíi ïiäñèñòåìè.

We consider a system of linear impulsive singularly perturbed functional di�erential equations.
We prove the existence of integral manifolds. It is shown that the initial system can be decomposed
into two independent systems by linear substitution.

Äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëü-
ñíîþ äi¹þ ïèòàííÿ iñíóâàííÿ i ñòiéêîñòi ií-
òåãðàëüíèõ ìíîæèí ó êðèòè÷íîìó âèïàäêó
ðîçãëÿäàëèñÿ â ïðàöÿõ [1, 2], à äëÿ iìïóëü-
ñíèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâ-
íÿíü � â [3]. Ó öié ñòàòòi ðåçóëüòàòè, îäåð-
æàíi â [4, 5], óçàãàëüíþþòüñÿ íà âèïàäîê
ëiíiéíèõ iìïóëüñíèõ ñèíãóëÿðíî çáóðåíèõ
äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü.

Ðîçãëÿíåìî ñèñòåìó

dx

dt
= A(t)x(t) + F (t, yt),

ε
dy

dt
= D(t)x(t) +G(t, yt), t ̸= ti,

∆x|t=ti = Bix+ εHi(yti), (1)

∆y|t=ti = Cix+Ni(yti),

äå ε � ìàëèé äîäàòíèé ïàðàìåòð; x � m-
âèìiðíèé âåêòîð, y � p-âèìiðíèé âåêòîð, yt
� åëåìåíò ïðîñòîðó PC = PC[−ετ, 0], çàäà-
íèé ôóíêöi¹þ yt(θ) = y(t+ θ), −ετ ≤ θ ≤ 0 ;
PC[−ετ, 0] � ïðîñòið ôóíêöié φ(t), íåïåðåðâ-
íèõ íà âiäðiçêó [−ετ, 0] çà âèíÿòêîì ñêií÷åí-
íîãî ÷èñëà òî÷îê ðîçðèâó ïåðøîãî ðîäó, â
ÿêèõ φ(t) íåïåðåðâíà çëiâà; F (t, φ), G(t, φ),
Hi(φ), Ni(φ) � ëiíiéíi âiäíîñíî φ îïåðàòî-
ðè; ìàòðèöi A(t), D(t) i îïåðàòîðè F (t, φ),
G(t, φ) íåïåðåðâíi âiäíîñíî t; ìàòðèöi E+Bi

íåâèðîäæåíi; ÷åðåç ti , i ∈ Z, ïîçíà÷åíî ìî-
ìåíòè iìïóëüñíî¨ äi¨.

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:
1) iñíó¹ äîäàòíå ÷èñëî δ, ïðè ÿêîìó 0 <

δ < ti+1 − ti, i ∈ Z;

2) íîðìè ìàòðèöü A(t), D(t), Ci, (E +
Bi)
−1 òà îïåðàòîðiâ F (t, φ), G(t, φ), Hi(φ),

Ni(φ) ðiâíîìiðíî îáìåæåíi ïðè t ∈ R, i ∈ Z
äåÿêîþ äîäàòíîþ ñòàëîþ M > 1;

3) äëÿ îïåðàòîðà T (t, s) çñóâó çà ðîçâ'ÿç-
êàìè ñèñòåìè

ε
dy

dt
= G(t, yt), t ̸= ti,∆y|t=ti = Ni(yti)

âèêîíóþòüñÿ íåðiâíîñòi

|T (t, s)φ| ≤ K|φ| exp
[
− α

ε
(t− s)

]
,

|T (t, s)X0| ≤ K exp
[
− α

ε
(t− s)

]
,

äå K > 0, t ≥ s, α > 0, φ ∈ PC.
Ñèñòåìà (1) åêâiâàëåíòíà ñèñòåìi

dx

dt
= A(t)x(t) + F (t, yt), t ̸= ti,∆x|t=ti =

= Bix+ εHi(yti), yt = T (t, σ)yσ+

+
1

ε

t∫
σ

T (t, s)X0D(s)x(s)dx+ (2)

+
∑

σ<ti<t

T (t, ti)X0Cix(ti),

äå X0(θ) = 0, −ετ ≤ θ < 0, X0(0) = E.
Òåîðåìà 1. Íåõàé âiäíîñíî ñèñòåìè (1)

âèêîíóþòüñÿ óìîâè 1 � 3. Òîäi ìîæíà âêà-
çàòè òàêå ε0 > 0, ùî ïðè 0 < ε < ε0 iñíó¹
iíòåãðàëüíèé ìíîãîâèä ñèñòåìè (2), ÿêèé
ìîæíà çîáðàçèòè ó âèãëÿäi yt = P (t, ε)x, äå
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P (t, ε): Rm → PC � ðiâíîìiðíî îáìåæåíèé
ïðè t ∈ R îïåðàòîð.
Äîâåäåííÿ.
Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

x(t) = L(t, σ)−
σ∫

t

L(t, s)F (s, ys)ds−

−ε
∑

t<ti<σ

L(t, ti)Hi(yti),

yt =
1

ε

t∫
−∞

T (t, s)X0D(s)x(s)ds+ (3)

+
∑

−∞<ti<t

T (t, ti)X0Cix(ti),

äå L(t, s) � ôóíäàìåíòàëüíà ìàòðèöÿ ñèñòå-

ìè
dx

dt
= A(t)x, t ̸= ti, ∆x|t=ti = Bix.

Iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè (3) äîâåäå-
ìî çà äîïîìîãîþ ìåòîäó ïîñëiäîâíèõ íàáëè-
æåíü

y
(0)
t = 0, xn(t) = L(t, σ)−

σ∫
t

L(t, s)×

×F (s, y(n)s )ds− ε
∑

t<ti<σ

L(t, ti)Hi(y
(n)
ti ),

y
(n+1)
t =

1

ε

t∫
−∞

T (t, s)X0D(s)xn(s)ds+

+
∑

−∞<ti<t

T (t, ti)X0Cixn(ti), n = 0, 1, . . . .

Ñïðàâäæó¹òüñÿ íåðiâíiñòü

|L(t, s)| ≤ exp[γ(s− t)], γ =M +
lnM

δ
, t ≤ s.

Äîâåäåìî, ùî ïðàâèëüíà îöiíêà

|y(q)t − y
(q−1)
t | ≤ K1

2q
exp

[α + εγ

2ε
(σ − t)

]
, (4)

äå

q = 1, 2, . . . , K1 =
4KM

α
+

2KM

1− exp(−γδ)
,

ε < min
( α
2γ
,

1

2KM2
(

4
α
+ 1

1−exp(−γδ/2)

)).

Ïðè q = 1 íåðiâíiñòü (4) ïðàâèëüíà.
Íåõàé íåðiâíiñòü (4) ïðàâèëüíà ïðè q =

n. Òîäi îäåðæèìî

|xn(t)− xn−1(t)| ≤
(4εMK1

α2n
+

+
εMK1

2n(1− exp(−γδ/2))

)
exp

[α + εγ

2ε
(σ − t)

]
.

Çâiäñè çíàõîäèìî

|y(n+1)
t − y

(n)
t | ≤ 1

ε

t∫
−∞

K exp
[α
ε
(s− t)

]
M×

×|xn(s)− xn−1(s)|ds+
∑

−∞<ti<t

K exp
[α
ε
(ti−

−t)
]
M |xn(ti)− xn−1(ti)| ≤

εKK1M
2

2n

( 4
α
+

+
1

1− exp(−γδ/2)

)2
exp

[α+ εγ

2ε
(σ − t)

]
≤

≤ K1

2n+1
exp

[α + εγ

2ε
(σ − t)

]
.

Iç ïðàâèëüíîñòi íåðiâíîñòi (4) ïðè q = n
âèïëèâà¹ ¨¨ âèêîíàííÿ ïðè q = n + 1. Îò-
æå, íåðiâíiñòü ñïðàâäæó¹òüñÿ ïðè âñiõ íà-
òóðàëüíèõ q. Iç (4) âèïëèâà¹, ùî ïîñëiäîâ-
íiñòü (xn(t), y

(n)
t ) çáiãà¹òüñÿ äî äåÿêî¨ ôóí-

êöi¨ (x(t), yt), ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè (3).
Ââàæàþ÷è â (3) t = σ, îäåðæó¹ìî çîáðà-

æåííÿ iíòåãðàëüíîãî ìíîãîâèäó

P (σ, ε) = yσ =
1

ε

σ∫
−∞

T (σ, s)X0D(s)x(s)ds+

+
∑

−∞<ti<σ

T (σ, ti)X0Cix(ti).

ßêùî ïðîñóìóâàòè íåðiâíîñòi (4) ïî âñiõ q
i ââàæàòè t = σ, òî îäåðæèìî ðiâíîìiðíó
îöiíêó |P (σ, ε)| ≤ K1. Òåîðåìó 1 äîâåäåíî.
Òåîðåìà 2. Íåõàé âiäíîñíî ñèñòåìè (1)

âèêîíóþòüñÿ óìîâè 1 � 3. Òîäi ìîæíà âêà-
çàòè òàêå ε1 > 0, ùî ïðè 0 < ε < ε1 iñíó¹
iíòåãðàëüíèé ìíîãîâèä ñèñòåìè (2), ÿêèé
ìîæíà çîáðàçèòè ó âèãëÿäi x = Q(t, yt, ε),
äå Q(t, φ, ε) � ëiíiéíèé âiäíîñíî φ îïåðàòîð.
Ñïðàâäæó¹òüñÿ îöiíêà |Q(t, φ, ε)| ≤ εK1|φ|,
K1 > 0.
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Äîâåäåííÿ. Ðîçãëÿíåìî ñèñòåìó ðiâ-
íÿíü

x(t) = −
∞∫
t

L(t, s)F (s, ys)ds−ε
∑

t<ti<∞

L(t, ti)×

×Hi(yti), yt = T (t, σ)φ+
1

ε

t∫
σ

T (t, s)X0× (5)

×D(s)x(s)ds+
∑

σ<ti<t

T (t, ti)X0Cix(ti).

Iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè (5) äîâåäå-
ìî çà äîïîìîãîþ ìåòîäó ïîñëiäîâíèõ íàáëè-
æåíü

x0(t) = 0, xn+1(t) = −
∞∫
t

L(t, s)F (s, y(n)s )ds−

−ε
∑

t<ti<∞

L(t, ti)Hi(y
(n)
ti ), y

(n)
t =

= T (t, σ)φ+
1

ε

t∫
σ

T (t, s)X0D(s)xn(s)ds+

+
∑

σ<ti<t

T (t, ti)X0Cixn(ti).

Äîâåäåìî, ùî ñïðàâäæó¹òüñÿ îöiíêà

|xq(t)−xq−1(t)| ≤
εK1|φ|

2q
exp

[α + εγ

2ε
(σ−t)

]
,

(6)
äå

q = 1, 2, . . . , K1 =
4KM

α
+

2KM

1− exp(−γδ)
,

ε < min
( α
2γ
,

1

2KM2
(

4
α
+ 1

1−exp(−γδ/2)

)).
Ïðè q = 1 íåðiâíiñòü (6) ïðàâèëüíà.
Íåõàé íåðiâíiñòü (6) ïðàâèëüíà ïðè q =

n. Òîäi îäåðæèìî

|y(n)t − y
(n−1)
t | ≤

(4εKMK1|φ|
α2n

+

+
εKMK1|φ|

2n(1− exp(−γδ/2))

)
exp

[α + εγ

2ε
(σ − t)

]
.

Çâiäñè çíàõîäèìî

|xn+1(t)− xn(t)| ≤
∞∫
t

exp[γ(s− t)]M |y(n)s −

−y(n−1)s |ds+ ε
∑

t<ti<∞

exp[γ(ti − t)]M |y(n)ti −

−y(n−1)ti | ≤ ε2KM2K1|φ|
2n

(4
ε
+

+
1

1− exp(−γδ/2)

)2
exp

[α+ εγ

2ε
(σ − t)

]
≤

≤ εK1|φ|
2n+1

exp
[α + εγ

2ε
(σ − t)

]
.

Íåðiâíiñòü (6) ïðàâèëüíà ïðè q = n + 1,
îòæå, âîíà ïðàâèëüíà ïðè âñiõ íàòóðàëü-
íèõ q. Iç (6) âèïëèâà¹, ùî ïîñëiäîâíiñòü
(xn(t), y

(n)
t ) ðiâíîìiðíî çáiãà¹òüñÿ äî ôóíêöi¨

(x(t), yt), ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè (5).
Ââàæàþ÷è â (5) t = σ, îäåðæó¹ìî çîáðà-

æåííÿ iíòåãðàëüíîãî ìíîãîâèäó

Q(σ, φ, ε) = x(σ) = −
∞∫
σ

L(σ, s)F (s, ys)ds−

−ε
∑

σ<ti<∞

L(σ, ti)Hi(yti).

Äîäàþ÷è íåðiâíîñòi (6) i ââàæàþ÷è t = σ,
çíàõîäèìî |Q(σ, φ, ε)| ≤ εK1|φ|. Òåîðåìó 2
äîâåäåíî.

Ðîçãëÿíåìî ñèñòåìó

dv

dt
= A(t)v + F (t, P (t, ε)v), t ̸= ti,

∆v|t=ti = Biv + εHi(P (ti, ε)v),

wi = T (t, σ)wσ +
1

ε

t∫
σ

T (t, s)X0D(s)× (7)

×Q(s, ws, ε)ds+
∑

σ<ti<t

T (t, ti)X0CiQ(ti, wti , ε).

Ôóíêöi¨ Q(t, wt, ε), P (t, ε)v çàäîâîëüíÿ-
þòü ðiâíÿííÿ

dQ(t, wt, ε)v

dt
= A(t)Q(t, wt, ε)v + F (t, wt),

t ̸= ti, ∆Q(t, wt, ε)|t=ti = BiQ(ti, wti , ε)+
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+εHi(wti), P (t, ε)v(t) = T (t, σ)P (σ, ε)v(σ)+

+
1

ε

t∫
σ

T (t, s)X0D(s)v(s)ds+ (8)

+
∑

σ<ti<t

T (t, ti)X0Civ(ti).

Â ðåçóëüòàòi çàìiíè

x = v +Q(t, wt, ε), yt = wt + P (t, ε)v (9)

i äîäàâàííÿ ðiâíîñòåé (7), (8) îäåðæèìî ñè-
ñòåìó (2).

Îòæå, ïðàâèëüíå òàêå òâåðäæåííÿ.
Òåîðåìà 3. Çà äîïîìîãîþ çàìiíè (9) ñè-

ñòåìà (7) çâîäèòüñÿ äî âèãëÿäó (2).
Ïðè äîñèòü ìàëîìó ε ñèñòåìó (9) ìîæíà

ðîçâ'ÿçàòè âiäíîñíî v òà wt i âèçíà÷èòè çà-
ìiíó, ÿêà ðîçùåïëþ¹ ñèñòåìó (2) íà äâi íå-
çàëåæíi ïiäñèñòåìè (7).

Îöiíèìî ðîçâ'ÿçîê îñòàííüîãî ðiâíÿííÿ
ñèñòåìè (7), âèêîðèñòîâóþ÷è ìåòîä ïîñëi-
äîâíèõ íàáëèæåíü

w
(0)
t = 0, w

(n+1)
t = T (t, σ)φ+

+
1

ε

t∫
σ

T (t, s)X0D(s)Q(s, w(n)
s , ε)ds+

+
∑

σ<ti<t

T (t, ti)X0CiQ(ti, w
(n)
ti , ε),

äå φ = wσ, n = 0, 1, 2, . . . . Iíäóêöi¹þ ìîæíà
äîâåñòè, ùî ïðàâèëüíà íåðiâíiñòü

|w(n+1)
t − w

(n)
t | ≤ K|φ|

2n
exp

[(α
ε
− χ

)
(σ − t)

]
,

(10)
äå

t ≥ σ, χ = 2MKK1,

ε < min
(
ε0, ε1,

1− exp(−χδ)
4MKK1

)
.

ßêùî ïðîñóìóâàòè íåðiâíîñòi (10) çà n,
òî îäåðæèìî îöiíêó

|w(t)| ≤ 2K|φ| exp
[(α
ε
− χ

)
(σ − t)

]
.

Òîìó ñòiéêiñòü íóëüîâîãî ðîçâ'ÿçêó ñèñòå-
ìè (1) ïðè ε < α/χ ðiâíîñèëüíà ñòiéêîñòi

íóëüîâîãî ðîçâ'ÿçêó iìïóëüñíî¨ ñèñòåìè çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

dv

dt
= A(t)v + F (t, P (t, ε)v), t ̸= ti,

∆v|t=ti = Biv + εHi(P (ti, ε)v).

Çàóâàæåííÿ. Óìîâà 3 íàêëàäà¹ îáìåæå-
ííÿ íà êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ,

ùî âiäïîâiäà¹ ñèñòåìi ε
dy

dt
= G(t, yt).
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