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Çðîáëåíî êîíñòðóêòèâíå ïðîñòå é åëåìåíòàðíå äîâåäåííÿ äâîïîðîäæåííîñòi ìåòàçíàêîçìií-
íî¨ ãðóïè An1 ≀ An2 . . . ≀ Anm (ni ≥ 5, m > 2). Çíàéäåíî òâiðíi òà âèçíà÷àëüíi ñïiââiäíîøåííÿ
äëÿ âiíöåâîãî ñòåïåíÿ çíàêîçìiííèõ ãðóï An ≀An . . . ≀An︸ ︷︷ ︸

m

(m > 2).

An elementary and constructive proof of the existence of an 2-element generator system for
metaalternating group An1 ≀ An2 . . . ≀ Anm , (ni ≥ 5, m > 2) is given. We �nd generators and
de�ning relations for wreath products of alternating groups An ≀An . . . ≀An︸ ︷︷ ︸

m

(m > 2).

1. Âñòóï. Çíàêîçìiííà ãðóïà An ç'ÿâëÿ-
¹òüñÿ ó áàãàòüîõ äîñëiäæåííÿõ [1 � 4]. �¨ êî-
çîáðàæåííÿ i âëàñòèâîñòi äîñëiäæóâàâ Êàð-
ìàéêë [4]. Ïèòàííÿ ïðî êîçîáðàæåííÿ âií-
öåâîãî äîáóòêó ãðóï An ≀ An i An ≀ An ≀ An

âèíèêàëî ùå ïðè ïîáóäîâi ãðàôiâ Êåëi [3] òà
ó äîñëiäæåííi ñèñòåì òâiðíèõ öèõ ãðóï [4].
Äëÿ ðiçíèõ ñèñòåì òâiðíèõ i âiäïîâiäíèõ ¨ì
ñïiââiäíîøåíü öi ãðàôè ìàþòü ìàëî ñïiëüíî-
ãî îêðiì òîãî, ùî âîíè ìàþòü îäíàêîâó êiëü-
êiñòü âåðøèí i îäíàêîâi ðåãóëÿðíîñòi. Ãðàôè
Êåëi öi¹¨ ãðóïè ìîæóòü áóòè íå içîìîðôíi,
îêðiì ÿê â ñåíñi ñïåöiàëüíîãî òîïîëîãi÷íîãî
lips-içîìîðôiçìó [5]. Òàêîæ öiêàâèì ¹ âèâ÷å-
ííÿ âëàñòèâîñòåé iíøèõ ãðàôiâ ïîâ'ÿçàíèõ
ç öèìè ãðóïàìè. Ó ñòàòòi [1] íåêîíñòðóêòèâ-
íèìè ìåòîäàìè áóëà äîâåäåíà äâîïîðîäæå-
íiñòü íåñêií÷åííî iòåðîâàíèõ âiíöåâèõ äîáó-
òêiâ

An1 ≀ An2 ≀ . . . , ni ≥ 5.

Ïiçíiøå (äèâ. [6, 7]), äàíèé ðåçóëüòàò áóëî
óçàãàëüíåíî íà íåñêií÷åííî iòåðîâàíi âiíöåâi
äîáóòêè äîâiëüíèõ íåàáåëåâèõ ïðîñòèõ ãðóï.
Ó ñòàòòÿõ [10, 11] áóëè ïîáóäîâàíi òîïîëî-
ãi÷íà r-åëåìåíòíà òà äâîåëåìåíòíà ñèñòåìè
òâiðíèõ äëÿ ìåòàçíàêîçìiííèõ ãðóï íåñêií-
÷åííîãî i ñêií÷åííîãî ðàíãó âiäïîâiäíî. Íà-
âåäåíi íàìè äîâåäåííÿ i ðåçóëüòàòè ¹ äåùî
ïðîñòiøèìè i çàãàëüíiøèìè íiæ ïîïåðåäíi.
2. Îñíîâíi ïîíÿòòÿ i ðåçóëüòàòè. Íå-

õàé (G,X) i (H, Y ) äâi ãðóïè ïiäñòàíîâîê, äå
(G,X) ≀ H � âiíöåâèé äîáóòîê ãðóïè (G,X)
ïiäñòàíîâîê ç àáñòðàêòíîþ ãðóïîþ H. Âè-
çíà÷èìî äiþ ãðóïè (G,X) ≀ H íà ìíîæè-
íi X × Y , ïîêëàâøè äëÿ äîâiëüíî¨ ïàðè
(u, v) ∈ X × Y i äëÿ äîâiëüíîãî åëåìåíòà
[g, h(x)] ∈ (G,X) ≀H

(u, v)[g,h(x)] = (ug, vh(u)). (1)

Ïðè öüîìó îäèíè÷íà òàáëèöÿ âèçíà÷à¹ òðè-
âiàëüíó äiþ. Îòæå, òàê çàäàíà äiÿ âèçíà÷à¹
ãðóïó ïiäñòàíîâîê íà ìíîæèíi X × Y .

Îçíà÷åííÿ 1. Ãðóïà ïiäñòàíîâîê
(G ≀ H,X ×Y ) ç äi¹þ (1), íàçèâà¹òüñÿ âií-
öåâèì äîáóòêîì ãðóï ïiäñòàíîâîê (G,X) i
(H,Y ).

Çíàêîçìiííà ãðóïà An ¹ ïiäãðóïîþ ãðóïè
ïiäñòàíîâîê Sn iíäåêñà 2, ¨¨ òâiðíèìè ìîæíà
ïðè n > 3 âçÿòè öèêëè

t = (1, 2, 3), s = (3, 4, ..., n)

äëÿ n ≡ 1 (mod 2) òà

t = (1, 2, 3), s = (1, 2)(3, 4, ..., n)

ó âèïàäêó n ≡ 0 (mod 2).
Êîçîáðàæåííÿ An äëÿ öi¹¨ ñèñòåìè òâið-

íèõ çíàéäåíå ùå Êàðìàéêëîì [3]:

t3 = sn−2 = (st)n = (ts−ktsk)2,
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ÿêùî 1 ≤ k ≤ n− 3

2
òà n ≡ 1 (mod 2) i

t3 = sn−2 = (st)n−1 = (t(−1)
k

s−ktsk)2 = e,

ÿêùî 1 ≤ k ≤ n− 2

2
òà n ≡ 0 (mod 2).

Çíàéäåìî êîçîáðàæåííÿ äëÿ ãðóïè

An ≀ An = ⟨s0, s1, . . . , sn, t0, t1, . . . , tn⟩

ïðè n ≡ 1 (mod 2), òà

s0 = [(3, 4, . . . , n), e, . . . , e],

s1 = [e, (3, 4, . . . , n), e, . . . , e],

. . . ,

si = [e, . . . , e, (3, 4, . . . , n), e, . . . , e],

. . . ,

sn = [e, . . . , e, (3, 4, . . . , n)];

t0 = [(1, 2, 3), e, . . . , e],

t1 = [e, (1, 2, 3), e, . . . , e], . . . ,

tn = [e, . . . , e, (1, 2, 3)].

Ñïî÷àòêó ðîçãëÿíåìî âiíöåâèé äîáóòîê
E ≀ An. Çðîçóìiëî, ùî

E ≀ An = ⟨s1, s2, . . . , sn, t1, t2, . . . , tn⟩

ôàêòè÷íî ìà¹ êîíñòðóêöiþ ïðÿìîãî äîáóòêó
ãðóï An × . . .× An.

Íàãàäà¹ìî äåÿêi äîáðå âiäîìi ôàêòè.
Òåîðåìà 1. ßêùî Gi = ⟨Xi|Ri⟩, i ∈ I,

ïðè÷îìó Xi

∩
Xj = ∅, i ̸= j, òîäi ìà¹ìî∏

i∈I

Gi = ⟨∪Xi| ∪Ri, xixj = xjxi,

xi ∈ Xi, xj ∈ Xj⟩.

Îñêiëüêè ≀ki=1Ani
▹ ≀ki=1Sni

, òî ðîçãëÿíå-
ìî áóäîâó ïiäãðóï ó ≀ki=1Sni

. Íåõàé G <
≀ki=1Sni

, òîäi G äîïóñêà¹ òàêå ïðåäñòàâëåí-

íÿ: G =
p⊔

i=0

[ai, Hi], äå âñi ai ðiçíi, çîêðå-

ìà ai ∈ ≀k−1i=1 Sni
, a0 = e, Hi ⊂

n1n2...nk−1∏
i=1

Sni
,

H0 = H.

Ëåìà 1. Íåõàé G▹ ≀ki=1Sni
, òîäi

G =

p⊔
i=0

[ai, Hi] : Hi = H0bi, bi ∈ Hi.

Äîâåäåííÿ.Íåõàé [ai, Hi] ⊂ G. Âðàõîâó-
þ÷è, ùî G▹ ≀ki=1Sni

, äëÿ äîâiëüíîãî [ai, e] ∈
≀ki=1Sni

, ìà¹ìî

[ai, e][ai, Hi][ai, e]
−1 = [ai, H

ai
i ] ⊂ G,

òîìó Hai
i = Hi. Íåõàé |ai| = m, òîäi

[ai, Hi]
m=[e,Hm

i ],

à çâiäñè Hm
i ⊂ H. Îñêiëüêè G � ãðóïà, òî

[e,H][ai, Hi] = [ai, HHi].

Îòæå, H ·Hm
i ⊂ Hi. Ìà¹ìî ëàíöþã ïîòóæíî-

ñòåé:

|Hi| ≤ |Hm
i | ≤ |HHi| ≤ |Hi|.

Çâiäñè HHi = Hi, òîìó Hbi = Hi, bi ∈ Hi. �
ÍåõàéD � äîâiëüíà äâîïîðîäæåíà äîñêî-

íàëà ãðóïà.
Ëåìà 2. Íåõàé tD i sD � öå òâiðíi ãðó-

ïè D. Òîäi íàñòóïíi åëåìåíòè óòâîðþþòü
ñèñòåìó òâiðíèõ äëÿ An ≀D, n ≥ 4:{

[t, e, . . . , e], [e, e, e, tD, . . . , e],

[sn, e, e, e, . . . , e], [e, e, e, sD, e, . . . , e],
(2)

äå ñèìâîëîì e ïîçíà÷åíî ÿê òîòîæíó ïiä-
ñòàíîâêó, òàê i ôóíêöiþ âiä k çìiííèõ (1 ≤
k ≤ n− 1), âñi çíà÷åííÿ ÿêî¨ ¹ òîòîæíèìè
ïiäñòàíîâêàìè.
Äîâåäåííÿ. Îñêiëüêè An äi¹ òî÷íî i

òðàíçèòèâíî, òî çãiäíî ç [10] ñèñòåìîþ òâið-
íèõ äëÿ ãðóïè An ≀D ¹ íàñòóïíà ñèñòåìà:

s0 = [(3, 4, . . . , n), e, . . . , e],

s1 = [e, sD, e, . . . , e], . . . ,

si = [e, . . . , e, sD, e, . . . , e], . . . ,

sn = [e, . . . , e, sD];

t0 = [(1, 2, 3), e, . . . , e],

t1 = [e, tD, e, . . . , e], . . . ,

ti = [e, e, . . . , e, tD, e, . . . , e], . . . ,

tn = [e, . . . , e, tD].

(3)
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Äîâåäåìî ìîæëèâiñòü âèðàçèòè òâiðíi ç
(3) ÷åðåç (2). Ñïðàâäi, øëÿõîì ñïðÿæåííÿ
òâiðíèõ ç (2) ìîæíà îòðèìàòè âñi åëåìåíòè
ç (3), íàïðèêëàä:

s0t3s
−1
0 =

= [s, e, e, ..., e][e, e, e, t, e, ..., e][s−1, e, e, ..., e] =

= [e, e, e, e, t, e, ..., e] = t4,

s0tis
−1
0 =

= [s, e, e, ..., e][e, e, ..., e, t, e, ..., e]·

·[s−1, e, e, ..., e] = [e, e, e, ..., e, t, e, ..., e] = ti+1,

sj0tis
−j
0 = ti+j, i+ j ≤ n,

tj0tit
−j
0 = ti+j, i+ j ≤ 3.

Ëåìà 3. Íåõàé A,D � ñêií÷åííi, äîñêî-
íàëi ãðóïè, òîäi A ≀D òåæ äîñêîíàëà.
Äîâåäåííÿ. Ìà¹ìî ñèñòåìó òâiðíèõ

âèäó (3) i çàôiêñó¹ìî äîâiëüíèé x ∈ X i
BX = {[e, ..., e, bx, e, ..., e]|bx ∈ D} � áàçà
âiíöåâîãî äîáóòêó. Ç îäíîãî áîêó êîìó-
òàíò (A ≀ D)′ ìiñòèòü îêðiì iíøèõ i óñi
åëåìåíòè âèäó (3), òîáòî [a, e, ..., e] òà
[e, ..., e, bx, ..., e]. Íàïðèêëàä, [a, e, ..., e] =
k∏

i=1

([vi, e, ..., e] · [ui, e, ..., e] · [v−1i , e, ..., e]·

[u−1i , e, ..., e]) i â ñèëó äîñêîíàëîñòi òàêi
u, v ∈ A iñíóþòü. Àíàëîãi÷íî ç òâiðíèìè
âèäó [e, ..., e, bx, ..., e]. Òîáòî (A ≀D)′ ⊇ (A ≀D).
Íàâïàêè, ãðóïà çàâæäè ìiñòèòü ñâié êîìó-
òàíò, òîìó (A ≀D)′ ⊆ (A ≀D). �
Çàóâàæåííÿ 1. Âiíöåâèé äîáóòîê

≀ki=1Di äîñêîíàëèõ ãðóï (Di, Xi), |Xi| < +∞,
1 ≤ i ≤ k, òåæ äîñêîíàëà ãðóïà.

Äîâåäåííÿ çäiéñíþ¹òüñÿ ìåòîäîì ìàòå-
ìàòè÷íî¨ iíäóêöi¨ ïî i. Áàçà iíäóêöi¨ ïåðå-
âiðåíà ó ëåìi 3.
Çàóâàæåííÿ 2. Âiíöåâèé äîáóòîê

≀ki=1Di ñêií÷åííî ïîðîäæåíèõ äîñêîíàëèõ
íå îáîâ'ÿçêîâî ñêií÷åííèõ ãðóï (Di, Xi), äå
êîæíà Di, 1 ≤ i ≤ k, ìà¹ ñêií÷åííó øèðè-
íó ïî êîìóòàíòó [9], òåæ ¹ äîñêîíàëîþ
ãðóïîþ.
Äîâåäåííÿ. Îñêiëüêè êîæåí åëåìåíò êî-

ìóòàíòà D′ = D ó öüîìó âèïàäêó âèðàæà-
¹òüñÿ ÷åðåç ñêií÷åííó êiëüêiñòü êîìóòàòî-
ðiâ [ui, vi] , ui, vi ∈ D, òî êîæåí ôiêñîâàíèé

òâiðíèé âèäó [ai, e, ..., e] i [e, ..., e, bx, ..., e] âè-
ðàçèòüñÿ ÷åðåç ñêií÷åííó êiëüêiñòü åëåìåí-
òiâ êîìóòàíòà. �
Ëåìà 4. Íåõàé ìà¹ìî äîñêîíàëó ãðóïó

D ≃ ⟨tD, sD⟩. Òîäi åëåìåíòè

g = [t, e, e, tD, e, . . . , e]

òà
f = [sn, e, e, sD, e, . . . , e]

óòâîðþþòü ñèñòåìó òâiðíèõ äëÿ An ≀ D,
n ≥ 4.
Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî âèïà-

äîê êîëè n � íåïàðíå. Òîäi sn = (3, 4, . . . , n).
Ìàþ÷è åëåìåíòè

g3 = [e, s, s, s, e, ..., e],

fn−2 = [e, e, e, tD, tD, ..., tD],

ùî îòðèìàíi ç òâiðíèõ, ïîðîäæó¹ìî íèìè
ïiäãðóïó H = ⟨g3, fn−2⟩. Ïîìiòèìî, ùî ¨¨
òðåòÿ êîîðäèíàòà ìiñòèòü âñþ ìíîæèíó åëå-
ìåíòiâ ç D, òîáòî [H]3 ≃ D, îñêiëüêè D =
=< tD, sD >. Çíàõîäèìî ¨¨ êîìóòàíò K =
[H,H]. Çðîçóìiëî, ùî êîæåí åëåìåíò iç K
ìà¹ âèãëÿä [e, e, e, g′, e, ..., e], äå g′ äîâiëüíèé
åëåìåíò ç D. Òîáòî [K]3 ≃ D. Òàêèì ÷èíîì,
åëåìåíòè [e, e, e, tD, e, ..., e] i [e, e, e, sD, e, ..., e]
ç (2) ìiñòÿòüñÿ â K i òîìó ìîæóòü áóòè âè-
ðàæåíi ç g i f . Ïîêàæåìî, ùî ç âêàçàíèõ
òâiðíèõ ìîæíà âèðàçèòè (2). Ñïðàâäi, ïî-
ìíîæèìî òâiðíèé g = [t, e, e, tD, e, . . . , e] íà
åëåìåíò ω = [e, e, e, t−1D , e, e, ..., e] ∈ K çëiâà,
ìàòèìåìî [t, e, e, . . . , e]. Àíàëîãi÷íî îòðèìó-
¹ìî [s, e, e, ..., e]. Îòæå, îòðèìó¹ìî ñèñòåìó
òâiðíèõ (2).

Òåïåð ðîçãëÿíåìî âèïàäîê, êîëè n � ïàð-
íå. Òîäi

sn = (1, 2)(3, ..., n)

i

fn−1 = [sn−1n , e, sD, ..., sD] = [e, e, sD, ..., sD].

Äàëi ïîðîäæó¹ìî ãðóïó H = ⟨g3, fn−1⟩, à ïî-
òiì áåðåìî ¨¨ êîìóòàíò. Îòðèìà¹ìî òàêó ãðó-
ïó:

K = {[e, e, b, e, ..., e] | b ∈ D}.
Äàëi öiëêîì àíàëîãi÷íî âèðàæà¹òüñÿ ñèñòå-
ìà òâiðíèõ (2). Îòæå, f, g � òâiðíi äëÿ An ≀
D,n ≥ 4.
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Íàñëiäîê 1. Íåõàé An0 = ⟨t, sn0⟩, D �
äåÿêà äîñêîíàëà äâîïîðîäæåíà ãðóïà. Òîäi
ãðóïà ≀nk−1

i=0 Ani
≀D, äå

n0 ≥ 4, ni ≥ 5, k − 1 ≥ i ≥ 1

ìà¹ äâîåëåìåíòíó ñèñòåìó òâiðíèõ

f1 = [t, e, e, f, e, ..., e], g1 = [sn0 , e, e, g, e, ..., e].

Äîâåäåííÿ. Ñêîðèñòà¹ìîñÿ ìåòîäîì ìà-
òåìàòè÷íî¨ iíäóêöi¨. Áàçà iíäóêöi¨ ïåðåâiðå-
íà â ëåìi 4. Ïîêàæåìî ïðàâèëüíiñòü ïðè-
ïóùåííÿ iíäóêöi¨ äëÿ k + 1 ñïiâìíîæíèêiâ.
Íåõàé äîâåäåíî äâîïîðîäæåíiñòü äëÿ k ìíî-
æíèêiâ

D2 ≃ ≀nk−1

i=1 Ani
≀D = ⟨f, g⟩,

òîäi âðàõóâàâùè àñîöiàòèâíiñòü âiíöåâîãî
äîáóòêó ãðóï ïiäñòàíîâîê ìà¹ìî

≀nk−1

i=0 Ani
≀D ≃ An0 ≀ (≀

nk−1

i=1 Ani
≀D) ≃ An0 ≀D2

(òóò äî îñòàííüî¨ ãðóïè çàñòîñîâíà ëåìà 4).
Íàñëiäîê 2. Ìåòàçíàêîçìiííà ãðóïà

ðàíãó (k1, . . . , ks), äå âñi ki ≥ 5, i > 1 äëÿ
i = 1, k1 ≥ 4 ¹ äâîïîðîäæåíîþ.
Äîâåäåííÿ âèïëèâà¹ ç ëåìè 4.
Òåîðåìà 4. Íåõàé ïðè n ≡ 1 (mod 2)

ãðóïà G ìà¹ íàñòóïíå êîçîáðàæåííÿ:

⟨t0, ..., tn, s0, ..., sn|t3 = sn−3 = (st)n =

= (ts−ktsk)2, 0 ≤ k ≤ (n− 3)

2
, 1 ≤ i, j ≤ n;

sjsi = sisj, tjti = titj, 0 ≤ i, j ≤ n, n > 3;

R2, s0si = sis0, i = 1, 2⟩,
äå R2 � ñïiââiäíîøåííÿ ç ñèñòåìè (2), òîäi
G ≃ An ≀ An.
Äîâåäåííÿ. Äîâåäåìî, ùî G içîìîðôíà

An ≀ An. Ñïðàâäi, âñi çàçíà÷åíi ñïiââiäíîøå-
ííÿ ç G âèêîíóþòüñÿ â An ≀An, àëå â An ≀An

ìîæóòü áóòè ùå ÿêiñü ñïiââiäíîøåííÿ, ùî
íåâèâiäíi ç âèùå âêàçàíèõ. ßêùî á òàêi áó-
ëè, òî ïîðÿäîê ãðóïè An ≀An áóâ áè ìåíøèì
çà ïîðÿäîê ãðóïè G. Äîâåäåìî, ùî ïîðÿäêè
öèõ ãðóï ñïiâïàäàþòü. Äëÿ öüîãî äîâåäåìî,
ùî êîæíå ñëîâî ω ∈ G ìîæíà çâåñòè äî êà-
íîíi÷íîãî âèäó:

ω = ωnωn−1 . . . ω1ω0,

äå ωi � öå êîìáiíàöiÿ çi ñòåïåíiâ si, ti. Ïðè
çâåäåííi äî òàêîãî âèäó âðàõó¹ìî, ùî

sisj = sjsi, tisj = sjti, titj = tjti,

äëÿ 1 ≤ i, j ≤ n.
Äàëi íàâåäåìî ïðîöåñ çâåäåííÿ ω äî êà-

íîíi÷íî¨ ôîðìè, äå s0, t0 ñòîÿòü â ïðàâîìó
êiíöi ñëîâà, òîáòî ïðîöåñ ¾ïåðåêèäóâàííÿ¿
s0, t0 â êiíåöü ñëîâà.

a) Ðîçãëÿíåìî ñëîâî s0ωnωn−1 . . . ω1. Ìà¹-
ìî êiëüêà âèïàäêiâ:

1à) s0ω1 =

{
s0t

k
1

s0s
k
1

=

{
tk1s0,
sk1s0;

2à) s0ω2 =

{
s0t

k
2

s0s
k
2

=

{
tk2s0,
sk2s0;

3à) s0ω3 =

{
s0t

k
3

s0s
k
3

=

{
tkns0,
skns0;

4à) s0ωn =

{
s0t

k
n

s0s
k
n

=

{
tkn−1s0,
skn−1s0,

n > 3.

á) Çíàõîäèìî ïîäiáíi ñïiââiäíîøåííÿ äëÿ
t0. Îòæå, ìà¹ìî:

1á) t0ω1 =

{
t0t

k
1

t0s
k
1

=

{
tk3t0,

sk3t0;

2á) t0ω2 =

{
t0t

k
2

t0s
k
2

=

{
tk1t0,

sk1t0;

3á) t0ω3 =

{
t0t

k
3

t0s
k
3

=

{
tk2t0,

sk2t0;

4á) t0ωn =

{
t0t

k
n

t0s
k
n

=

{
tknt0,

sknt0,
n > 3.

Îòæå, êîæíå ñëîâî ω ∈ G ìà¹ êàíîíi÷íèé
âèãëÿä ω = ωnωn−1 . . . ω1ω0, ïðè÷îìó äëÿ êî-

æíîãî i ≥ 0: |ωi| = |An| =
n!

2
, òîäi

| G |=| An ≀ An |=
(
n!

2

)n+1

.

Òåîðåìó äîâåäåíî. �
Çíàéäåìî òåïåð êîçîáðàæåííÿ äëÿ ãðóïè

An ≀ An = ⟨s0, s1, . . . , sn, t0, t1, . . . , tn⟩

ïðè n ≡ 0 (mod 2), äå ¨¨ òâiðíi åëåìåíòè çà-
äàþòüñÿ òàáëèöÿìè:

s0 = [(12)(3, 4, . . . , n), e, . . . , e],

s1 = [e, (12)(3, 4, . . . , n), e, . . . , e], . . . ,

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 4. 77



sn = [e, . . . , e, (12)(3, 4, . . . , n)],

t0 = [(1, 2, 3), e, . . . , e],

t1 = [e, (1, 2, 3), e, . . . , e], . . . ,

tn = [e, e, . . . , e, (1, 2, 3)].

Àíàëîãi÷íî, ÿê i â ïîïåðåäíüîìó âèïàäêó,
ñêîðèñòàâøèñü òåîðåìîþ 1, çíàõîäèìî êîçî-
áðàæåííÿ äëÿ E ≀ An, à ñàìå:

E ≀ An = ⟨s1, s2, . . . , sn, t1, t2, . . . , tn|sn−2i =

= t3i = (siti)
n = (tis

−k
i tis

k
i )

2 = e, titj =

= tjti, sisj = sjsi, tisj = sjti, 1 ≤ i, j ≤ n⟩.
Íàâåäåìî ïðàâèëà ìíîæåííÿ â An ≀ An.

Îòæå, ìà¹ìî íàñòóïíó ñèñòåìó ñïiââiäíî-
øåíü:

sjsi = sisj, tjti = titj, 1 ≤ i, j ≤ n;
s0ti = ti−1s0, s0si = si−1s0, i > 3;
s0s3 = sns0, s0t3 = tns0,
s0t1 = t2s0, s0s1 = s2s0,
s0t2 = t1s0, s0s2 = s1s0,
t0ti = tit0, t0si = sit0, i > 3;
t0t1 = t3t0, t0s1 = s3t0,
t0ti = ti−1t0, t0si = si−1t0, i = 2, 3.

(4)

Òàêèì ÷èíîì, ó ñïiââiäíîøåííÿõ (4) çíà-
éäåíî ïðàâèëà ìíîæåííÿ åëåìåíòiâ t0, s0 íà
ðåøòó åëåìåíòiâ ç An ≀ An.
Òåîðåìà 5. Íåõàé n ≡ 0 (mod 2) i ãðóïà

G çàäà¹òüñÿ íàñòóïíèì êîçîáðàæåííÿì:

G = ⟨s0, s1, s2, . . . , sn, t0, t1, t2, . . . , tn|sn−2i =

= t3i = (siti)
n−1 = (t

(−1)k
i s−ki tis

k
i )

2 = e,

0 ≤ i, j ≤ n, 1 ≤ k ≤ n− 2

2
, n > 3;

sjsi = sisj, tjti = titj, 1 ≤ i, j ≤ n,R3⟩,
äå R3 öå ñïiââiäíîøåííÿ iç ñèñòåìè (3). Òîäi
G içîìîðôíà An ≀ An.
Äîâåäåííÿ. Ïîìiòèìî, ùî âñi ïðàâèëà

ìíîæåííÿ ç ãðóïè G âèêîíóþòüñÿ â An ≀An.
Çàëèøèëîñÿ äîâåñòè, ùî â An ≀ An íåìà¹ ií-
øèõ íåâèâiäíèõ ñïiââiäíîøåíü. ßêáè âîíè
iñíóâàëè, òî ïîðÿäîê An ≀An áóâ áè ìåíøèì
íiæ |G|, òîìó ïîêàæåìî ðiâíiñòü öèõ ïîðÿä-
êiâ. Äëÿ öüîãî äîâåäåìî, ùî êîæíå ñëîâî
ω ∈ G ìîæíà çâåñòè äî êàíîíi÷íîãî âèäó:

ω = ωnωn−1 . . . ω1ω0,

äå ωi � öå êîìáiíàöiÿ çi ñòåïåíiâ si, ti. Ïðè
çâåäåííi äî òàêîãî âèäó âðàõó¹ìî, ùî

sisj = sjsi, tisj = sjti, titj = tjti,

äëÿ 1 ≤ i, j ≤ n.
Äàëi íàâåäåìî ïðîöåñ çâåäåííÿ ñëîâà ω

äî êàíîíi÷íîãî âèäó, äå s0, t0 çíàõîäèòüñÿ â
ïðàâîìó êiíöi ñëîâà, òîáòî ïðîöåñ ¾ïåðåêè-
äóâàííÿ¿ s0, t0 â êiíåöü ñëîâà.

a) Ðîçãëÿíåìî ñëîâî s0ωnωn−1 . . . ω1. Ìà¹-
ìî êiëüêà âèïàäêiâ:

1à) s0ω1 =

{
s0t

k
1

s0s
k
1

=

{
sk2s0,

sk2s0;

2à) s0ω2 =

{
s0t

k
2

s0s
k
2

=

{
sk1s0,

sk1s0;

3à) s0ω3 =

{
s0t

k
3

s0s
k
3

=

{
tkns0,

skns0;
i ò.ä.

á) Àíàëîãi÷íî ðîçãëÿíåìî âèïàäêè iç t0,
âðàõîâóþ÷è ïðè öüîìó, ùî t0 êîìóòó¹ ç si,
òà ti ïðè i > 3.

1á) t0ω1 =

{
s0t

k
1

s0s
k
1

=

{
tk1s3,

sk1s3;

2á) t0ω2 =

{
s0t

k
2

s0s
k
2

=

{
tk1s0,

sk1s0;

3á) t0ω3 =

{
t0t

k
3

t0s
k
3

=

{
tk2t0,

sk2t0;
i ò.ä.

Îòæå, êîæíå ñëîâî ω ∈ G ìà¹ êàíîíi÷íèé
âèãëÿä ω = ωnωn−1 . . . ω1ω0, ïðè öüîìó äëÿ

êîæíîãî i ≥ 0: |ωi| = |An| =
n!

2
, òîäi

| G |=| An ≀ An |=
(
n!

2

)n+1

,

ùî i òðåáà áóëî äîâåñòè. �
Íåõàé W2 = An ≀An äi¹ ïiäñòàíîâêàìè íà

ìíîæèíiX2 ç n2 åëåìåíòiâ i An íà ìíîæèíi ç
n åëåìåíòiâ. Òîäi ìîæíà iíäóêòèâíî âèçíà-
÷èòè W3 = (W2, X

2) ≀ An. Ïîçíà÷èìî ÷åðåç
X∗ âiëüíèé ìîíî¨ä ïîðîäæåíèé ìíîæèíîþ
X. Òîäi ìíîæèíà X∗ ñêií÷åííèõ ïîñëiäîâíî-
ñòåé íàä X ìà¹ ñòðóêòóðó ðåãóëÿðíîãî äå-
ðåâà [8].

Âiäîìî [6], ùî äëÿ ñôåðè÷íî îäíîðiäíîãî
êîðåíåâîãî äåðåâà âèñîòè m ìà¹ìî içîìîð-
ôiçì

AutXm ≃ Sn ≀ Sn ≀ . . . ≀ Sn,
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òîìó ãðóïà ≀mi=1An çàíóðþ¹òüñÿ â öþ ãðóïó.
Îçíà÷åííÿ 2. Ðiâíåì Lk íàçâåìî ìíî-

æèíó âåðøèí V , ùî ëåæàòü íà âiäñòàíi
d(v, v0) = k − 1 âiä êîðåíÿ v0.

Ïîçíà÷èìî ÷åðåç t001 � 1-èé òâiðíèé åëå-
ìåíò ç L3, ùî ìiñòèòü ïiäñòàíîâêó t =
(1, 2, 3) íà ïåðøié ïîçèöi¨ ïàñèâíî¨ ÷àñòèíè.
Àíàëîãi÷íî çíàõîäèìî

t002 = [[e, . . . , e], e, (1, 2, 3), e, . . . , e].

Çãiäíî ç êîíñòðóêöi¹þ iòåðîâàíîãî âiíöåâîãî
äîáóòêó i-èé ïàñèâíèé åëåìåíò 1-î¨ òàáëèöi
äi¹ íà åëåìåíòàõ, ùî ìàþòü ïîçèöi¨ ç íîìå-
ðàìè (i − 1)n + 1, . . . , ni íàñòóïíî¨ (äðóãî¨)
òàáëèöi ïðè ìíîæåííi, â ÿêó òåæ âêëàäåíà
ìåíøà òàáëèöÿ â ÿêîñòi àêòèâíîãî åëåìåíòà.
Îçíà÷åííÿ 3. Íàçâåìî òâiðíèìè 3-

ãî ðiâíÿ åëåìåíòè, ÿêi óòâîðþþòüñÿ ïðè
ñïðÿæåííi òâiðíèõ t001, s001 òâiðíèìè ç
An ≀ An, òîáòî ç ãðóïè, ÿêà óòâîðèëàñü
íà ïîïåðåäíié iòåðàöi¨, íàïðèêëàä, òàêèì ¹
t01t001t

−1
01 = t003.

Çðîçóìiëî, ùî äîâiëüíèé òâiðíèé ç L3

ìîæíà îòðèìàòè ñïðÿæåííÿìè åëåìåíòàìè
t001, s001, çîêðåìà,

t00i = sj01t01t001t
−1
01 s
−j
01 ,

3 ≤ i ≤ n 1 ≤ j ≤ n− 3,

äå j çàëåæèòü âiä i. Äëÿ ðiâíÿ L2 ìà¹ìî

t0n = s0t0t01t
−1
0 s−10 ,

t0(n−i+1) = si0t0t01t
−1
0 s−i0 , 0 < i < n− 3.

Çíàéäåìî òåïåð êîçîáðàæåííÿ äëÿ ãðóïè
An ≀An ≀An, ùî ïîðîäæåíà òâiðíèìè s0, s01,
..., s0n, s001, ..., s00n, t0, t01, ..., t0n, t001, ..., t00n
ïðè n ≡ 1 (mod 2), äå

s0 = [[(3, 4, . . . , n), e, . . . , e]e, . . . , e],

s01 = [[e, (3, 4, . . . , n), e, . . . , e]e, . . . , e], ...,

s0i = [[e, . . . , e, (3, 4, . . . , n), e, . . . , e], e, . . . , e],

s0n = [[e, . . . , e, (3, 4, . . . , n)], e, . . . , e];

s001 = [[e, . . . , e](3, 4, . . . , n), e, . . . , e, ], ...,

s00n2 = [[e, . . . , e], e, . . . , e, (3, 4, . . . , n)];

t0 = [[(1, 2, 3), e, . . . , e], e, . . . , e],

t01 = [[e, (1, 2, 3), e, . . . , e], e, . . . , e], ...,

t0n = [[e, . . . , e, (1, 2, 3)], e, . . . , e],

t001 = [[e, . . . , e], (1, 2, 3), e, . . . , e], ...,

t00n2 = [[e, . . . , e], e, . . . , e, (1, 2, 3)].

Äîñëiäèìî ïðàâèëà ìíîæåííÿ â An ≀ An≀
≀An. Ïðè ìíîæåííi â An ≀An ≀An òåæ âèêîðè-
ñòîâó¹òüñÿ ïðàâà ðåãóëÿðíà äiÿ, òîìó ñïiâ-
âiäíîøåííÿ ìiæ åëåìåíòàìè ñóñiäíiõ ðiâíiâ,
ÿêi íàëåæàòü îäíîìó ïiääåðåâó, òîáòî ìàþòü
îäíàêîâi ïåðøi k − 1, 1 ≤ k ≤ 3 iíäåêñiâ, ¹
ïî ñóòi òàêi æ ÿê ó An ≀An. Òî÷íiøå äëÿ åëå-
ìåíòiâ ç L2, L3 ïðè n ≡ 1 (mod 2) ìà¹ìî:

s0jt00i = t00i−1s0j,
s0js00i = s00i−1s0j,
(j − 1)n+ 3 ≤ i ≤ jn;
s0jt00i = t00is0j,
s01s00i = s00is01,
(j − 1)n+ 1 ≤ i ≤ (j − 1)n+ 2;
s0is00(i−1)n+3 = s00ins0i,
s0it00(i−1)n+3 = t00ins0i,
s0it00(i−1)n+r0 = t00(i−1)n+r0s0i,
s0is00(i−1)n+r0 = s00(i−1)n+r0s0i,
r0 ∈ {1, 2};
t0it00(i−1)n+r = t00(i−1)n+rt0i, r > 3;
t0is00(i−1)n+r = s00(i−1)n+rt0i, r > 3;
t0it00(i−1)n+1 = t00(i−1)n+3t0i,
t0is00(i−1)n+1 = s00(i−1)n+3t0i,

(5)

äå 0 ≤ j ≤ n−1, à äëÿ åëåìåíòiâ ç L1, L2 âè-
êîíóþòüñÿ ðiâíîñòi (2) i (4), ïðè öüîìó ïåðå-
ïîçíà÷à¹ìî â íîâèõ òâiðíèõ s0i = si, t0i = ti,
n ≥ i ≥ 1. Äëÿ âèïàäêó n ≡ 1 (mod 2) ìî-
æíà çàïèñàòè àíàëîãi÷íi ñïiââiäíîøåííÿ.

Äëÿ åëåìåíòiâ ç ðiçíèõ ïiääåðåâ, òîáòî
äëÿ t0i, t0jl, i − 1 ̸= j, 1 ≤ j ≤ n, 1 ≤ r ≤ n
âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

t0it00jn+r = t00jn+rt0i,
t0is00jn+r = s00jn+rt0i,
s0it00jn+r = t00jn+rs0i,
s0it00jn+r = t00jn+rs0i,

(6)

áî ¨ì âiäïîâiäàþòü àâòîìîðôiçìè, ùî äiþòü
íà ðiçíèõ ìíîæèíàõ ñëiâ.

Çàëèøèëîñÿ äîñëiäèòè ïðàâèëà ìíîæåí-
íÿ åëåìåíòiâ t0, s0 íà ðåøòó åëåìåíòiâ ç L3.
Äëÿ öüîãî ïîçíà÷èìî

t00i = ti, s00i = si, 1 ≤ i ≤ n2.
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Äëÿ åëåìåíòiâ ç 0-ãî i 3-ãî ðiâíiâ, ó âèïàäêó
n ≡ 1 (mod 2), ìà¹ìî íàñòóïíi ñïiââiäíîøå-
ííÿ, ÿêi òàêîæ ¹ ó ãðóïi G, à ñàìå:

s0ti = tis0, s0si = sis0, 1 < i < 3n;
t0tn = t3ntn, tns1 = s3ntn,
s0ti = ti−ns0, s0si = si−ns0,
4n < i ≤ n2;
s0ti = tn2−ks0, s0si = sn2−ks0,
k = n− 1− (i− 3n) = 4n− i− 1,
3n ≤ i ≤ 4n;
t0ti = tit0, t0si = sit0, i > 3n;
t0ti = ti−nt0, t0si = si−nt0,
n < i ≤ 3n;
t0ti = t2n+it0, t0si = s2n+it0,
1 ≤ i ≤ n.

(7)

Äîâåäåìî äåòàëüíî ëèøå êiëüêà ñïiâ-
âiäíîøåíü, áî âñi iíøi ïðàâèëà ìíîæåííÿ
ïåðåâiðÿþòüñÿ àíàëîãi÷íî áåçïîñåðåäíiì
ìíîæåííÿì. Íåõàé i < 3n. Òîäi

s0ti = [[(3, 4, . . . , n), e, . . . , e], e, . . . , e]·

·[[e, . . . , e], e, (1, 2, 3), e, . . . , e] =

= [[e, . . . , e], e, (1, 2, 3), e, . . . , e]·

·[[(3, 4, . . . , n), e, . . . , e], e, . . . , e] = tis0.

Äëÿ i = 2n+ 1 ìà¹ìî

t0ti = [[(1, 2, 3), e, . . . , e], e, . . . , e]·

·[[e, . . . , e], e, . . . , (1, 2, 3), e, . . . , e] =

= [[e, . . . , e], (1, 2, 3), e, . . . , e]·

·[[(1, 2, 3), e, . . . , e], e, . . . , e] = tn+1t0.

Îòæå, ñïiââiäíîøåííÿ t0t2n+1 = tn+1t0 âèêî-
íó¹òüñÿ.

Íåõàé n � ïàðíå. Òîäi ìà¹ìî íàñòóïíó
ñèñòåìó ñïiââiäíîøåíü:

1 ≤ i ≤ n, s0ti = tn+is0, s0si = sn+is0,
s0ti = ti−n(mod 2n)s0, s0si = si−n(mod 2n)s0;
s0ti = ti−ns0, s0si = si−ns0, n < i ≤ 2n;
s0ti = ti−ns0, s0si = si−ns0, 4n < i ≤ n2;
s0ti = tn2−ks0, s0si = sn2−ks0,
k = 4n− i− 1, 3n ≤ i ≤ 4n;
t0ti = tit0, t0si = sit0, i > 3n;
t0ti = ti−nt0, t0si = si−nt0, n < i ≤ 3n;
t0ti = t2n+it0, t0si = s2n+it0, 1 ≤ i ≤ n.

Ïåðåâiðèìî ñïiââiäíîøåííÿ s0ti = tn+is0,
ïðè i = 2 òà n > 2:

s0t2 = [[(1, 2)(3, 4, . . . , n), e, . . . , e], e, . . . , e]·

·[[e, . . . , e], e, (1, 2, 3), e, . . . , e] =
= [[e, . . . , e], e, . . . , e, (1, 2, 3), e, . . . , e]·

·[[(1, 2)(3, 4, . . . , n), e, . . . , e], e, . . . , e] = tn+2s0.

Îòæå, ïîòðiáíå ñïiââiäíîøåííÿ âèêîíó¹-
òüñÿ.

Îá ðóíòó¹ìî ôîðìóëó äëÿ âåëè÷èíè çñó-
âó k âiäíîñíî n2 ó ôîðìóëi

s0ti = tn2−ks0, 3n ≤ i ≤ 4n.

Çñóâ äî ïîçèöi¨ ç íîìåðîì 3n öå âåëè÷èíà
i′′ = i − 3n, çñóâ âïðàâî âiä ïîçèöi¨ n2 öå
i′′ = n− i′. Ùå âiäíiìåìî 1, âðàõîâóþ÷è âiä-
îáðàæåííÿ iç ïîçèöi¨ ç íîìåðîì 3n â ïîçèöiþ
n2, â ðåçóëüòàòi ìà¹ìî:

k = i′′ − 1 == (n− i′)− 1 =

= n− (i− 3n)− 1 = 4n− i− 1.

Äîâåäåìî, ùî â An ≀An ≀An iíøèõ ñïiââiä-
íîøåíü íåìà¹. Ïîêàæåìî, ùî

| G |=| An ≀ An ≀ An | .

Äëÿ öüîãî äîâåäåìî, ùî ñëîâî w ∈ G ìîæíà
çâåñòè äî êàíîíi÷íîãî âèäó:

w = wn2wn2−1 . . . w1w0.

Ïðè çâåäåííi äî êàíîíi÷íîãî âèäó âðàõó¹-
ìî âèùå íàâåäåíi ñïiââiäíîøåííÿ i êîìóòà-
öi¨ s0jt0i = t0is0j, t0jt0i = t0it0j, s0js0i = s0is0j,
àíàëîãi÷íî êîìóòàöi¨ ìiæ åëåìåíòàìè 3-ãî
ðiâíÿ s00jt00i = t00is00j, . . ., 1 ≤ j, i ≤ n2

i êîìóòàöi¨ ìiæ åëåìåíòàìè ðiçíèõ ðiâíiâ
t0it0jl = t0jlt0i, t0is0jl = s0jlt0i, s0it0jl = t0jls0i,
s0it0jl = t0jls0i, i ̸= j, 1 ≤ l ≤ n2, 1 ≤ i, j ≤ n.
Äàëi çäiéñíþ¹ìî ïðîöåñ çâåäåííÿ äîâiëüíî-
ãî ñëîâà ω ∈ G äî êaíîíi÷íîãî âèäó:

ω = ωnωn−1 . . . ω1ω0,

äå ωi � öå êîìáiíàöiÿ çi ñòåïåíiâ si, ti, t0i,
s0i, t0jl, s0jl. Öåé ïðîöåñ çâîäèòüñÿ äî ¾ïåðå-
êèäóâàííÿ¿ s0, t0 â êiíåöü ñëîâà i âïîðÿä-
êóâàííi iíøèõ åëåìåíòiâ òàê, ùîá îòðèìàòè
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êàíîíi÷íå ñëîâî w. Îòæå, äîâåäåíî òåîðåìó
ïðî òå, ùî G içîìîðôíà An ≀ An ≀ An.
Òåîðåìà 6. Íåõàé ïðè n ≡ 1 (mod 2)

ãðóïà G ìà¹ íàñòóïíå êîçîáðàæåííÿ:

⟨t3 = sn−3 = (st)n = (ts−ktsk)2, 0 ≤ k ≤ n− 3

2
;

s0js0i = s0is0j, s0jt0i = t0is0j, t0jt0i = t0it0j,

t0js0i = s0it0j, 1 ≤ i, j ≤ n, n > 3;

s0s0i = s0is0, i = 1, 2, R2, R4, R5, R6⟩,

äå R2, R4, R5, R6 � öå ñïiââiäíîøåííÿ ç ñè-
ñòåì (2), (4), (5), (6) âiäïîâiäíî, òîäi

G ≃ An ≀ An ≀ An.

Äîâåäåííÿ. Äëÿ ≀mi=1An (òóò i íàäàëi ïiä
≀mi=1An ðîçóìi¹ìî ≀mi=1A

(i)
n , ïðè öüîìó A(1)

n =

= A
(2)
n = . . . = A

(m)
n = An) äîñèòü äîâåñòè

äåòàëüíî ëèøå êiëüêà ñïiââiäíîøåíü, áî âñi
iíøi ïðàâèëà ìíîæåííÿ ïåðåâiðÿþòüñÿ àíà-
ëîãi÷íî áåçïîñåðåäíiì ìíîæåííÿì.

Íåõàé i < 3n, òîäi

s0ti = [[(3, 4, . . . , n), e, . . . , e], e, . . . , e]·

·[[e, . . . , e]e, e, (1, 2, 3), e, . . . , e] =

= [[e, . . . , e]e, e, (1, 2, 3), e, . . . , e]·

·[[(3, 4, . . . , n), e, . . . , e], e, . . . , e] = tis0.

Äëÿ i = 2n+ 1:

t0ti = [[(1, 2, 3), e, . . . , e], e, . . . , e]·

·[[e, . . . , e]e, e, . . . , (1, 2, 3), e, . . . , e] =

= [[e, . . . , e](1, 2, 3), e, e, e, . . . , e]·

·[[(1, 2, 3), e, . . . , e], e, . . . , e] = tn+1t0.

Îòæå, ñïiââiäíîøåííÿ t0t2n+1 = tn+1t0, âè-
êîíó¹òüñÿ.

Âèâåäåìî ñïiââiäíîøåííÿ äëÿ ≀mi=0An çà
iíäóêöi¹þ, ïðèïóñòèâøè, ùî äëÿ ≀m−1i=1 An

ñïiââiäíîøåííÿ çíàéäåíi i ¹ àíàëîãi÷íèìè
íàâåäåíèì âèùå à ñàìå, äëÿ ïàðíîãî n ìà¹-
ìî:

1) ïðè 1 < i < 3nm−1,

s0ti = tis0, s0si = sis0;

2) ïðè 3nm−2 ≥ i > 1, i ∈ N,

t0si = si−nm−2(mod 3nm−2)t0,

t0ti = ti−nm−1(mod 3nm−2)t0;

3) ïðè nm ≥ i > 3nm−2, i ∈ N,

t0si = sit0;

4) ïðè 3nm−2 < i < nm, i ∈ N,

s0ti = ti−3nm−2−nm−2+1(mod nm−1)s0,

s0si = si−3nm−2−nm−2+1(mod nm−1)s0.

Ïîìiòèìî âêëàäåíiñòü ≀m−1i=1 An â ≀mi=1An.
Çâiäñè îòðèìó¹ìî, ùî ñïiââiäíîøåííÿ ìiæ
òâiðíèìè ç L1 i Lm ó ≀mi=1An òàêi ñàìi ÿê ó
≀m−1i=1 An, òîáòî äëÿ òâiðíèõ ç ðiçíèõ ðiâíiâ
âèçíà÷àëüíèì ¹ âiäñòàíü d(v1, v2) ìiæ âiäïî-
âiäíèìè âåðøèíàìè v1, v2. Òîìó äëÿ k < m
ñïiââiäíîøåííÿ ìîæíà âèïèñàòè ó ìåíøié
âêëàäåíié ïiäãðóïi ≀m−1i=1 An, ùî içîìîðôíà
ãðóïi AutXm−1, äëÿ ÿêî¨ ìè âëàñíå i ââåëè
âiäñòàíü.

Îòæå, çàëèøà¹òüñÿ ïåðåâiðèòè ëèøå ïðà-
âèëüíiñòü ñïiââiäíîøåíü ìiæ òâiðíèìè t0, s0
i òâiðíèìè m-ãî ðiâíÿ, áî ìiæ âåðøèíà-
ìè v1, v2 ç AutXm, ùî âiäïîâiäàþòü iíøèì
òâiðíèì, îêðiì âåðøèí ç L1 i Lm, âiäñòàíü
d(v1, v2) ìåíøà çà m, òîìó âîíè âêëàäåíi
â AutXm−1, äå âèêîíàíi ñïiââiäíîøåííÿ çà
ïðèïóùåííÿì iíäóêöi¨. Òîäi ïîçíà÷èìî ÷å-
ðåç tmi òâiðíèé ç m-ãî ðiâíÿ i éîãî îáðàç ïi-
ñëÿ äi¨ ñïðÿæåííÿì ïîçíà÷èìî ÿê t(m)

i , 1 <
< i < 3nm−1, ÿêèé ìà¹ âèãëÿä: t(m)

i ≡ ti =
= [[. . . [e, e, e, . . . , ] . . .] . . .︸︷︷︸

i−1

(1, 2, 3), . . . , e].

Äëÿ ïàðíîãî n ìà¹ìî:
1) ïðè 1 < i < 3nm−1,

s0ti = tis0, s0si = sis0;

2) ïðè 3nm−1 ≥ i > 1, i ∈ N, ìà¹ìî:

t0si = si−nm−1(mod 3nm−1)t0,

t0ti = ti−nm−1(mod 3nm−1)t0;

3) ïðè nm ≥ i > 3nm−1, i ∈ N, t0si = sit0;
4) ïðè 3nm−1 < i < nm, i ∈ N,

s0ti = ti−3nm−1−nm−1+1(modnm)s0,
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s0si = si−3nm−1−nm−1+1(modnm)s0.

Íàïðèêëàä, äëÿ ≀3i=0A5 îñòàííÿ ôîðìóëà
äàñòü s0t75 = t101s0.

Îñêiëüêè äëÿ âñiõ i : 0 ≤ i ≤ n+ 1 ìà¹ìî

|ωi| = |An| =
n!

2
, òî | G |=| An ≀An ≀An |=

=

(
n!

2

)n2+n+1

. Äëÿ íåïàðíîãî n äîâåäåí-

íÿ àáñîëþòíî àíàëîãi÷íå. Îòæå, âñòàíîâëå-
íî içîìîðôiçì G ∼= An ≀ An ≀ An. �

Ïîçíà÷èìî ÷åðåç Gk = ≀nk
n0
Ani

≀ D i íå-
õàé G ¹ iíâåðñíîþ ãðàíèöåþ lim

←−
Gk. Îñêiëü-

êè G = Ani
≀ G, òî G ¹ ãiëëÿñòîþ ãðóïîþ

[2] i íå ¹ ëîêàëüíî-ñêií÷åííîþ. Ñïðàâäi, G ¹
íåñêií÷åííî ïîðîäæåíîþ ÿê ãðóïà êîíòèíó-
àëüíî¨ ïîòóæíîñòi, òîìó G ¹ òîïîëîãi÷íèì
çàìèêàííÿì ìíîæèíè, ÿêà ìà¹ íåñêií÷åííó
ïîòóæíiñòü, ó äàíîìó âèïàäêó çëi÷åííó. Öi-
¹þ ïiäìíîæèíîþ ¹ ïiäãðóïà Gk, ÿêà ¹ äâî-
ïîðîäæåíîþ.
3. Âèñíîâêè. Ó ñòàòòi íàâåäåíî ïðîñòå

é åëåìåíòàðíå äîâåäåííÿ äâîïîðîäæåííî-
ñòi ìåòàçíàêîçìiííî¨ ãðóïè, äîñëiäæåíî êî-
çîáðàæåííÿ ãðóï ≀mi=1An, m ∈ N. Ïîáóäî-
âàíî ðiçíi ñèñòåìè òâiðíèõ äëÿ öèõ ãðóï
ó òîìó ÷èñëi i ìiíiìàëüíó ñèñòåìó òâiðíèõ
An1 ≀ An2 . . . ≀ Anm , ni ≥ 5,m > 2. Íàâåäåíó â
òåîðåìi 5 ñèñòåìó òâiðíèõ ìîæíà ìiíiìiçó-
âàòè, âðàõóâàâøè íàñëiäêè ç ñïiââiäíîøåíü
âèäó

t01t001t
−1
01 = t003,

s0t0is
−1
0 = t0,i−1,

äå i > 3.
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