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ÄÎ ÄÎÑËIÄÆÅÍÍß ÎÄÍI�� ÊÐÀÉÎÂÎ� ÇÀÄÀ×I

Äëÿ äîñëiäæåííÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü iç ïåðåòâîðåíèì àðãóìåíòîì òà êðà-

éîâèìè óìîâàìè âèãëÿäó Ax(0)+Bx(T )+C
T∫
0

x(t)dt = d çàïðîïîíîâàíî ìîäèôiêàöiþ ÷èñåëüíî-

àíàëiòè÷íîãî ìåòîäó, â ÿêîìó âiäñóòí¹ âèçíà÷àëüíå ðiâíÿííÿ. Îòðèìàíî äîñòàòíi óìîâè iñíó-
âàííÿ ¹äèíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i òà îöiíêó ïîõèáêè ïîáóäîâàíèõ ïîñëiäîâíèõ íàáëè-
æåíü.

We propose a modi�cation of a numerical-analytic method without a determining equation
for investigation of a system of di�erential equations with a transformed argument and boundary

conditions in the form Ax(0)+Bx(T ) +C
T∫
0

x(t)dt = d. Su�cient conditions for the existence of a

unique solution of a boundary value problem and an error estimation of the constructed successive
approximations are obtained.

Ó ïðàöi [1] çà äîïîìîãîþ êëàñè÷íî¨ ñõåìè
÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó À.Ì. Ñàìîé-
ëåíêà [2, 3] äîñëiäæåíî ïèòàííÿ iñíóâàííÿ òà
íàáëèæåíî¨ ïîáóäîâè ðîçâ'ÿçêó êðàéîâî¨ çà-
äà÷i äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
iç ïåðåòâîðåíèì àðãóìåíòîì âèãëÿäó

ẋ(t) = f(t, x(t), x(λ(t))), (1)

Ax(0) +Bx(T ) + C

T∫
0

x(t)dt = d, (2)

äå t ∈ [0, T ], T = const > 0; x, f ∈ Rn;
λ : [0, T ] → [0, T ] � äîâiëüíå íåïåðåðâíå âiä-
îáðàæåííÿ; A, B, C � ñòàëi n× n ìàòðèöi,
d � ñòàëèé n-âèìiðíèé âåêòîð.

Âèÿâëÿ¹òüñÿ, äëÿ êðàéîâî¨ çàäà÷i (1), (2)
ìîæíà çàïðîïîíóâàòè ìîäèôiêîâàíó ñõåìó
÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó, äå íå âèíè-
êàòèìå òàê çâàíå âèçíà÷àëüíå ðiâíÿííÿ, òîá-
òî ìåòîä ìàòèìå ëèøå àíàëiòè÷íó ñêëàäîâó.

ßê i ðàíiøå [1], ôóíêöiþ f(t, x, y) ââà-
æàòèìåìî íåïåðåðâíîþ ïî t, x, y â îáëàñòi
G = [0, T ] × D × D, äå D � çàìêíåíà îáìå-
æåíà îáëàñòü â Rn.

Ïðèïóñêàòèìåìî òàêîæ, ùî ôóíêöiÿ
f(t, x, y) â îáëàñòi G îáìåæåíà âåêòîðîì
M ∈ Rn, Mi > 0, i = 1, n, òà çàäîâîëü-
íÿ¹ óìîâó Ëiïøiöà ïî x, y ç ìàòðèöåþ K =

{kij ≥ 0; i, j = 1, n}:

|f(t, x, y)| ≤M, (3)

|f(t, x, y)−f(t, x, y)| ≤ K(|x−x|+|y−y|), (4)
äå

|f(t, x, y)| = (|f1(t, x, y)|, . . . , |fn(t, x, y)|)

i íåðiâíiñòü ìiæ âåêòîðàìè ðîçóìi¹òüñÿ ïî-
êîìïîíåíòíî.

Äîñòàòíi óìîâè ðîçâ'ÿçíîñòi êðàéîâî¨ çà-
äà÷i (1), (2) äà¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè:
I) ìàòðèöÿ H = A + B + TC ¹ íåâèðî-

äæåíîþ;
II) âåêòîð w0 = H−1d ëåæèòü â îáëà-

ñòi D ðàçîì çi ñâî¨ì β = TSM-îêîëîì, äå

S = |H−1B|+ T

2
|H−1C|+ E;

III) íàéáiëüøå çà ìîäóëåì âëàñíå çíà÷åí-
íÿ ìàòðèöi Q = 2TSK ìåíøå çà îäèíèöþ.

Òîäi êðàéîâà çàäà÷à (1), (2) ìà¹ â îáëà-
ñòi D ¹äèíèé ðîçâ'ÿçîê x∗(t), ÿêèé ¹ ðiâíî-
ìiðíîþ ãðàíèöåþ ïîñëiäîâíèõ íàáëèæåíü

x0(t) = w0, xm(t) = w0−

−H−1B
T∫

0

f(s, xm−1(s), xm−1(λ(s)))ds−
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−H−1C
T∫

0

t∫
0

f(s, xm−1(s), xm−1(λ(s)))dsdt+

+

t∫
0

f(s, xm−1(s), xm−1(λ(s)))ds,

m = 1, 2, . . . , (5)

ïðè÷îìó

|x∗(t)− xm(t)| ≤ Qm(E −Q)−1β (6)

äëÿ âñiõ m = 1, 2, . . . i t ∈ [0, T ].

Ä î â å ä å í í ÿ. Ïîêàæåìî, ùî â ïðî-
ñòîði íåïåðåðâíèõ âåêòîð-ôóíêöié ïîñëiäîâ-
íiñòü (5) ¹ ôóíäàìåíòàëüíîþ, à îòæå, i ðiâ-
íîìiðíî çáiæíîþ.

Âñòàíîâèìî ñïî÷àòêó, ùî âñi ôóíêöi¨
xm(t) ìiñòÿòüñÿ â îáëàñòi D. Íà ïiäñòàâi (5),
âðàõîâóþ÷è (3), ìà¹ìî:

|x1(t)− w0| ≤ |H−1B|MT + |H−1C|MT 2

2
+

+Mt ≤ T

(
|H−1B|+ T

2
|H−1C|+ E

)
M =

= TSM = β. (7)

Òîìó, ç âðàõóâàííÿì óìîâè II), x1(t) ∈ D.
Iíäóêöi¹þ ëåãêî ïîêàçàòè, ùî äëÿ âñiõ
m = 1, 2, . . . i t ∈ [0, T ] ôóíêöi¨ xm(t) âèãëÿäó
(5) íå âèõîäÿòü çà ìåæi îáëàñòi D.

Ïîêëàäàþ÷è rm+1(t) = |xm+1(t)− xm(t)| ,
íà ïiäñòàâi (5) iç âðàõóâàííÿì (4) ìà¹ìî:

rm+1(t) ≤ |H−1B|K
T∫

0

ωm(s)ds+

+|H−1C|K
T∫

0

t∫
0

ωm(s)dsdt+

+K

t∫
0

ωm(s)ds. (8)

äå ωm(s) = rm(s) + rm(λ(s)).
Çãiäíî ç (7),

r1(t) = |x1(t)− w0| ≤ β,

òîìó iç (8) ïðè m = 1 çíàõîäèìî:

r2(t) ≤ |H−1B|K · 2βT+

+|H−1C|K · 2βT
2

2
+K · 2βT =

= 2T

(
|H−1B|+ T

2
|H−1C|+ E

)
Kβ =

= 2TSKβ = Qβ.

Iíäóêöi¹þ ìîæíà äîâåñòè, ùî äëÿ âñiõ
t ∈ [0, T ]

rm+1(t) ≤ Qmβ, m = 0, 1, . . . .

Òîìó äëÿ j ≥ 1 ìà¹ìî íåðiâíiñòü:

|xm+j(t)− xm(t)| ≤
j∑

i=1

rm+i(t) ≤

≤

(
j−1∑
i=0

Qm+i

)
β = Qm

(
j−1∑
i=0

Qi

)
β. (9)

Óìîâà III) ãàðàíòó¹ âèêîíàííÿ ñïiââiäíî-
øåíü

lim
m→∞

Qm = 0,

j−1∑
i=0

Qi ≤ (E −Q)−1. (10)

Òîäi iç (9) òà (10) íà ïiäñòàâi êðèòåðiþ
Êîøi âèïëèâà¹, ùî ïîñëiäîâíiñòü xm(t) âè-
ãëÿäó (5) ðiâíîìiðíî çáiãà¹òüñÿ ïðè m→ ∞
äëÿ âñiõ t ∈ [0, T ] i

lim
m→∞

xm(t) = x∗(t). (11)

Îñêiëüêè, â ÷îìó ëåãêî ïåðåêîíàòèñÿ
áåçïîñåðåäíüîþ ïåðåâiðêîþ, âñi ïîñëiäîâíi
íàáëèæåííÿ xm(t) çàäîâîëüíÿþòü êðàéîâi
óìîâè (2), òî é ãðàíè÷íà ôóíêöiÿ x∗(t) òà-
êîæ ¨õ çàäîâîëüíÿ¹.

Ïðè j → ∞ iç (9), âðàõîâóþ÷è (11) òà
(10), äëÿ âñiõ m = 1, 2, . . . i t ∈ [0, T ] îòðè-
ìó¹ìî îöiíêó (6).

Êðiì öüîãî, ïåðåõîäÿ÷è iç âðàõóâàííÿì
(11) ó (5) äî ãðàíèöi ïðè m → ∞, áà÷èìî,
ùî ôóíêöiÿ x∗(t) ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî
ðiâíÿííÿ

x(t) = w0 −H−1B

T∫
0

f(s, x(s), x(λ(s)))ds−
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−H−1C
T∫

0

t∫
0

f(s, x(s), x(λ(s)))dsdt+

+

t∫
0

f(s, x(s), x(λ(s)))ds.

Îòæå, ãðàíè÷íà ôóíêöiÿ x∗(t) ñïðàâäi ¹
ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (2). Äîâåäå-
ìî òåïåð ¹äèíiñòü öüîãî ðîçâ'ÿçêó.

Íåõàé y(t) � äîâiëüíèé ðîçâ'ÿçîê êðàéîâî¨
çàäà÷i (1), (2). Òîäi, ÿê ëåãêî ïåðåâiðèòè, âií
¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

y(t) = w0 −H−1B

T∫
0

f(s, y(s), y(λ(s)))ds−

−H−1C
T∫

0

t∫
0

f(s, y(s), y(λ(s)))dsdt+

+

t∫
0

f(s, y(s), y(λ(s)))ds.

Àíàëîãi÷íî, ÿê i âèùå, íåñêëàäíî âñòàíî-
âèòè, ùî äëÿ âñiõ t ∈ [0, T ]

|y(t)− x0(t)| = |y(t)− w0| ≤ TSM = β,

|y(t)− x1(t)| ≤ 2TSKβ = Qβ,

i, çà iíäóêöi¹þ,

|y(t)− xm(t)| ≤ Qmβ, m = 0, 1, . . . .

Òàêèì ÷èíîì, xm(t) → y(t) ïðè m → ∞
ðiâíîìiðíî íà [0, T ]. Ç ¹äèíîñòi ãðàíèöi ïî-
ñëiäîâíîñòi âèïëèâà¹, ùî y(t) = x∗(t) äëÿ
âñiõ t ∈ [0, T ]. �äèíiñòü ðîçâ'ÿçêó x∗(t) äî-
âåäåíî. Òåîðåìó äîâåäåíî.

Ðîçãëÿíåìî ÷àñòêîâi âèïàäêè êðàéîâèõ
óìîâ (2).

1) Íåõàé C = 0, òîáòî ìà¹ìî ëiíiéíi äâî-
òî÷êîâi êðàéîâi óìîâè âèãëÿäó

Ax(0) +Bx(T ) = d.

Â öüîìó âèïàäêó

H = A+B, w0 = (A+B)−1d,

S = |(A+B)−1B|+ E,

β = TSM, Q = 2TSK

i îòðèìó¹ìî ðåçóëüòàòè, ðàíiøå íàâåäåíi â
ïðàöi [4].

2) Íåõàé A = 0, B = 0, C = E, òîáòî
ìà¹ìî iíòåãðàëüíi êðàéîâi óìîâè âèãëÿäó

T∫
0

x(t)dt = d.

Â öüîìó âèïàäêó

H = TE, w0 =
1

T
d, S =

3

2
E,

β =
3

2
TM, Q = 3TK

i îòðèìó¹ìî ðåçóëüòàòè, ðàíiøå íàâåäåíi â
ïðàöÿõ [4, 5].
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