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ÊÐÀÉÎÂA ÇÀÄÀ×À ÄËß ËIÍIÉÍÎ� ÂÈÐÎÄÆÅÍÎ� ÑÈÍÃÓËßÐÍÎ
ÇÁÓÐÅÍÎ� ÑÈÑÒÅÌÈ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÄÐÓÃÎÃÎ

ÏÎÐßÄÊÓ

Âèâ÷à¹òüñÿ ìîæëèâiñòü ïîáóäîâè àñèìïòîòèêè ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i äëÿ ëiíiéíî¨ ñèí-
ãóëÿðíî çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç òîòîæíî âèðîäæåíîþ
ìàòðèöåþ ïðè ñòàðøèõ ïîõiäíèõ ó âèïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹ ëèøå ïðî-
ñòi âëàñíi çíà÷åííÿ. Çíàõîäÿòüñÿ óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó öi¹¨ êðàéîâî¨ çàäà÷i i
ïîáóäîâàíà éîãî àñèìïòîòèêà ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà.

We investigated the possibility of construction of the asymptotic solution of the boundary-
value problem for a linear singularly perturbed system of di�erential equations of second order
with identically degenerated matrix at the derivatives of higher orders in case where the boundary
bundle of matrixes has simple spectrum. We obtain conditions for the existence and uniqueness
of a solution of this boundary-value problem and construct its asymptotic in the form of a power
series with degrees of a small parameter.

Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî êðàéîâó çàäà÷ó âèäó

ε2hA(t)
d2x

dt2
+ εhB(t, ε)

dx

dt
+ C(t, ε)x =

= f(t, ε), (1)

M1x(0, ε) +N1x(T, ε) = d1(ε), (2)

M2
dx

dt
(0, ε) +N2

dx

dt
(T, ε) = d2(ε), (3)

äå x(t, ε) � øóêàíèé n-âèìiðíèé âåêòîð, t ∈
[0;T ]; h ∈ N ; ε ∈ (0; ε0] � ìàëèé äiéñíèé
ïàðàìåòð, A(t), B(t, ε), C(t, ε),M1, N1 � êâà-
äðàòíi ìàòðèöi n-ãî ïîðÿäêó; M2, N2 � ìà-
òðèöi ðîçìiðíîñòi (n− 1)×n; f(t, ε), d1(ε) �
n-âèìiðíi âåêòîðè, d2(ε) � (n−1) - âèìiðíèé
âåêòîð.

Íåõàé âèêîíóþòüñÿ òàêi óìîâè:
1◦ ìàòðèöi B(t, ε), C(t, ε) i âåêòîð f(t, ε)

äîïóñêàþòü íà âiäðiçêó [0;T ] ðiâíîìiðíi
àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ìà-
ëîãî ïàðàìåòðà ε, òîáòî:

B(t, ε) ∼
∞∑
k=0

εkBk(t);

C(t, ε) ∼
∞∑
k=0

εkCk(t);

f(t, ε) ∼
∞∑
k=0

εkfk(t),

2◦ ìàòðèöi A(t), Bk(t), Ck(t) i âåêòîðè
fk(t) íåñêií÷åííî äèôåðåíöiéîâàíi íà âiäðiç-
êó [0;T ];

3◦ âåêòîðè d1(ε), d2(ε) çîáðàæàþòüñÿ ó
âèãëÿäi àñèìïòîòè÷íèõ ðîçâèíåíü

d1(ε) ∼
∞∑
k=0

εkd
(1)
k ; d2(ε) ∼

∞∑
k=0

εkd
(2)
k ,

ïðè ε→ 0;
4◦ detA(t) = 0,∀t ∈ [0;T ];
5◦ detC0(t) ̸= 0, ∀t ∈ [0;T ];
6◦ êâàäðàòè÷íà â'ÿçêà ìàòðèöü

L(t, λ) = C0(t) + λB0(t) + λ2A(t) (4)

ðåãóëÿðíà [5, c.13] ïðè âñiõ t ∈ [0;T ] i çáå-
ðiãà¹ íà öüîìó âiäðiçêó ñòàëó êðîíåêåðîâó
ñòðóêòóðó, òîáòî êðàòíîñòi âñiõ ¨¨ âëàñíèõ
çíà÷åíü i âiäïîâiäíèõ ñêií÷åííèõ òà íåñêií-
÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ ¹ ñòàëèìè íà
çàäàíîìó âiäðiçêó.

Ó äàíié ñòàòòi ðîçãëÿíåìî âèïàäîê, êîëè
â'ÿçêà ìàòðèöü (4) ìà¹ ëèøå ïðîñòi åëåìåí-
òàðíi äiëüíèêè, à ñàìå: îäèí íåñêií÷åííèé
òà 2n− 1 ñêií÷åííèõ, ùî âiäïîâiäàþòü êîðå-
íÿì λi(t), i = 1, 2n− 1, õàðàêòåðèñòè÷íîãî
ðiâíÿííÿ
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detL(t, λ) = 0.

Êðàéîâà çàäà÷à äëÿ ëiíiéíî¨ ñèñòåìè äè-
ôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó äî-
ñëiäæóâàëàñÿ àâòîðîì â ðîáîòàõ [1-4]. Ïðè
öüîìó áóëî âèêîðèñòàíî ìåòîä àñèìïòîòè-
÷íîãî iíòåãðóâàííÿ âèðîäæåíèõ ñèíãóëÿðíî
çáóðåíèõ ëiíiéíèõ ñèñòåì, ðîçðîáëåíèé â [5].
Ó äàíié ñòàòòi ïðîïîíó¹òüñÿ ñïîñiá ïîáóäîâè
àñèìïòîòèêè ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1)-
(3) äëÿ ëiíiéíî¨ ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü äðóãîãî ïîðÿäêó. Ó òàêié ïîñòàíîâöi
äàíà çàäà÷à ðîçãëÿäà¹òüñÿ âïåðøå.

Àñèìïòîòèêà çàãàëüíîãî ðîçâ'ÿçêó
ëiíiéíî¨ îäíîðiäíî¨ ñèñòåìè

Çãiäíî ç [5, ñ.181], ó äàíîìó âèïàäêó îäíî-
ðiäíà ñèñòåìà

ε2hA(t)
d2x

dt2
+ εhB(t, ε)

dx

dt
+C(t, ε)x = 0, (5)

ìà¹ íà âiäðiçêó [0;T ] 2n − 1 ëiíiéíî íåçàëå-
æíèõ ðîçâ'ÿçêiâ âèãëÿäó

xs(t, ε) = us(t, ε) exp

(
ε−h

∫ t

0

λs(τ, ε)dτ

)
,

s = 1, 2n− 1, (6)

ÿêi óòâîðþþòü ¨¨ çàãàëüíèé ðîçâ'ÿçîê, äå
us(t, ε) � n-âèìiðíi âåêòîðè, λs(t, ε) � ñêà-
ëÿðíi ôóíêöi¨, ùî çîáðàæàþòüñÿ ôîðìàëü-
íèìè ðîçâèíåííÿìè

us(t, ε) =
∞∑
k=0

εku
(s)
k (t), λs(t, ε) =

∞∑
k=0

εkλ
(s)
k (t).

(7)
Ñëiäóþ÷è [5], âèâåäåìî ðåêóðåíòíi ôîð-

ìóëè äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ ðîçâè-
íåíü (7). Ïiäñòàâèâøè âèðàç (6) ó ñèñòåìó
(5) i ïðèðiâøè âèðàçè ïðè îäíàêîâèõ åêñïî-
íåíòàõ, ìà¹ìî

ε2hA(t)u′′s(t, ε) + εh[2λs(t, ε)A(t)u
′
s(t, ε)+

+λ′s(t, ε)A(t)us(t, ε) +B(t, ε)u′s(t, ε)]+

+(λs(t, ε))
2A(t)us(t, ε)+

+λs(t, ε)B(t, ε)us(t, ε) + C(t, ε)us(t, ε) = 0.

Ïiäñòàâèâøè â öþ ðiâíiñòü ðîçâèíåííÿ
(7) i ïðèðiâíÿâøè âèðàçè ïðè îäíàêîâèõ ñòå-
ïåíÿõ ε, äiñòàíåìî ðiâíÿííÿ

L(t, λ
(s)
0 )u

(s)
0 = 0, (8)

L(t, λ
(s)
0 )u

(s)
k (t) = b

(s)
k (t), k = 1, 2, ..., (9)

äå

b
(s)
k (t) = −λ(s)k (t) · ∂L(t, λ

(s)
0 )

∂λ
φs(t) + g

(s)
k (t),

g
(s)
k (t) = −

k∑
i=1

Ci(t)uk−i(t)−

−
k−i∑
j=1

λ
(s)
0 Bj(t)u

(s)
k−j(t)−

−
k−1∑
i=1

k−i∑
j=0

λ
(s)
i Bju

(s)
k−i−j−

−
k−2∑
i=1

k−1−i∑
j=1

λ
(s)
i λ

(s)
j A(t)u

(s)
k−i−j−

−2λ
(s)
0

k−1∑
i=1

λ
(s)
i A(t)u

(s)
k−i −

k−1∑
i=1

λiλk−iA(t)φs−

−
k−h∑
i=0

Bi(u
(s)
k−h−i)

′ −
k−h∑
i=0

(λ
(s)
i )′A(t)u

(s)
k−h−i−

−2
k−h∑
i=0

λ
(s)
i A(t)(u

(s)
k−h−i)

′ − A(t)(u
(s)
k−2h)

′′,

k = 1, 2, . . . .

Ç ðiâíÿííÿ (8) çíàéäåìî u(s)0 (t) = φs(t),
äå φs(t) � âëàñíèé âåêòîð â'ÿçêè L(t, λ),
ùî âiäïîâiäà¹ ¨¨ âëàñíîìó çíà÷åííþ λ

(s)
0 (t),

s = 1, 2n− 1. Ïðè öüîìó áóäåìî ââàæàòè,
ùî φs(t) ∈ C∞[0;T ], ùî ìîæëèâî çàâäÿêè
óìîâi 2◦. Ðiâíÿííÿ (9) ñóìiñíi òîäi i òiëüêè
òîäi, êîëè âåêòîðè b

(s)
k (t) îðòîãîíàëüíi âå-

êòîðó ψs(t) � åëåìåíòó íóëü-ïðîñòîðó ìà-
òðèöi L∗(t, λ(s)0 ).
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Îñêiëüêè λ
(s)
0 (t) � ïðîñòå âëàñíå çíà÷å-

ííÿ ìàòðèöi L(t, λ), òî ïðè¹äíàíi âåêòîðè
â'ÿçêè âiäñóòíi, à, îòæå,(

∂L(t, λ
(s)
0 )

∂λ
φs, ψs(t)

)
̸= 0,∀t ∈ [0;T ].

Òîìó, âðàõîâóþ÷è ñêàëÿðíèé ìíîæíèê, ç òî-
÷íiñòþ äî ÿêîãî âèçíà÷à¹òüñÿ âåêòîð ψs(t),
îñòàííié çíàéäåìî òàê, ùîá(

∂L(t, λ
(s)
0 )

∂λ
φs, ψs(t)

)
= 1.

Òîäi iç óìîâè ðîçâ'ÿçíîñòi ðiâíÿíü (9)

(b
(s)
k (t), ψs(t)) = 0

âèçíà÷èìî λ(s)k (t):

λ
(s)
k (t) = (g

(s)
k (t), ψs(t)), s = 1, 2n− 1, (10)

à âåêòîð u(s)k (t) çíàéäåìî çà ôîðìóëîþ

u
(s)
k (t) = Hs(t)b

(s)
k (t), (11)

äå Hs(t) � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðè-
öi L(t, λ(s)0 ), ÿêó, ÿê i âåêòîð φs(t) âèçíà÷èìî
òàê, ùîá âîíà áóëà íåñêií÷åííî äèôåðåíöi-
éîâíîþ íà [0;T ] [5, c.84].

Íàâåäåíi ôîðìóëè ìàþòü ðåêóðåíòíèé
õàðàêòåð i äàþòü çìîãó âèçíà÷èòè áóäü-ÿêi
êîåôiöi¹íòè ðîçâèíåíü (7).

Ïîáóäîâà ÷àñòèííîãî ðîçâ'ÿçêó
íåîäíîðiäíî¨ ñèñòåìè

ßê ïîêàçàíî â [5], ÷àñòèííèé ðîçâ'ÿçîê
íåîäíîðiäíî¨ ñèñòåìè (1) ìîæíà ïîáóäóâàòè
ó âèãëÿäi

x(t, ε) = v(t, ε),

äå v(t, ε) � n-âèìiðíèé âåêòîð, ÿêèé çîáðà-
æà¹òüñÿ ôîðìàëüíèì ðîçâèíåííÿì

v(t, ε) =
∞∑
k=0

εkvk(t).

Äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ vk(t) ïiäñòàâè-
ìî öåé ðÿä ó ñèñòåìó (1) i ïðèðiâíÿâøè âè-
ðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ìàëîãî ïàðà-
ìåòðà, äiñòàíåìî ðiâíÿííÿ:

C0(t)v0(t) = f0(t);

C0(t)vk(t) = fk(t)−
k−2h∑
i=0

Ai(t)v
′′
k−2h−i−

−
k−h∑
i=0

Bi(t)v
′
k−h−i(t)−

k∑
i=1

Ci(t)vk−i(t),

k = 1, 2, . . . , çâiäêè, â ñèëó óìîâè 5◦, îäíî-
çíà÷íî âèçíà÷àþòüñÿ âåêòîðè v0(t), vk(t),
k = 1, 2, ... :

v0(t) = C−10 (t)f0(t); (12)

vk(t) = C−10 (t)[fk(t)−
k−2h∑
i=0

Ai(t)v
′′
k−2h−i−

−
k−h∑
i=0

Bi(t)v
′
k−h−i(t)−

k∑
i=1

Ci(t)vk−i(t)],

k = 1, 2, .... (13)

Ïîáóäîâà ôîðìàëüíîãî ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i

Ïåðåéäåìî òåïåð äî ïîáóäîâè ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i (1),(2). Ïðèïóñòèìî, ùî âè-
êîíó¹òüñÿ óìîâà

7◦

Reλ
(i)
0 (t) < 0, i = 1, l,

Reλ
(j)
0 (t) > 0, j = l + 1, 2n− 1.

Òîäi ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) ïî-
áóäó¹ìî ó âèãëÿäi ñóìè ëiíiéíî¨ êîìáiíàöi¨
ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè i ÷àñòèííîãî
ðîçâ'ÿçêó íåîäíîðiäíî¨ ñèñòåìè:

x(t, ε) =
l∑

i=1

ui(t, ε)ci(ε)×

× exp

(
ε−h

∫ t

0

λi(τ, ε)dτ

)
+

+
2n−1∑
j=l+1

uj(t, ε)cj(ε)×

× exp

(
−ε−h

∫ T

t

λj(τ, ε)dτ

)
+

+v(t, ε), (14)
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äå ci(ε), i = 1, 2n− 1 � ñêàëÿðíi ìíîæíè-
êè, ÿêi ðîçêëàäàþòüñÿ â ôîðìàëüíi ñòåïåíå-
âi ðÿäè

ci(ε) =
∞∑
k=0

εkc
(i)
k , i = 1, 2n− 1,

êîåôiöi¹íòè ÿêèõ ïiäëÿãàþòü âèçíà÷åííþ iç
êðàéîâî¨ óìîâè (2).

Ïiäñòàâèìî âåêòîð (14) â êðàéîâó óìîâó
(2). Âçÿâøè äî óâàãè ïðèïóùåííÿ 7◦, ìîæíà
ñòâåðäæóâàòè, ùî äîäàíêè, ÿêi ìiñòÿòü åêñ-
ïîíåíòè, ¹ åêñïîíåíöiàëüíî ìàëèìè. Òîìó,
çíåõòóâàâøè íèìè, îäåðæèìî âiäïîâiäíî

M1

l∑
i=1

ui(0, ε)ci(ε) +N1

2n−1∑
j=l+1

uj(T, ε)cj(ε) =

= d1(ε)−M1v(0, ε)−N1v(T, ε), (15)

εhM2

l∑
i=1

(ui(0, ε))
′ci(ε)+

+M2

l∑
i=1

ui(0, ε)ci(ε)λi(0, ε)+

+εhN2

2n−1∑
j=l+1

(uj(T, ε))
′cj(ε)+

+N2

2n−1∑
j=l+1

uj(T, ε)cj(ε)λj(T, ε) =

= εhd2(ε)− εhM2v
′(0, ε)− εhN2v

′(T, ε). (16)

Ïðèðiâíÿâøè âèðàçè ïðè îäíàêîâèõ ñòå-
ïåíÿõ ìàëîãî ïàðàìåòðà, äiñòàíåìî âiäïî-
âiäíî

M1

l∑
i=1

k∑
j=0

u
(i)
j (0)c

(i)
k−j+

+N1

2n−1∑
i=l+1

k∑
j=0

u
(i)
j (T )c

(i)
k−j =

= d
(1)
k −M1vk(0)−N1vk(T ), (17)

M2

l∑
i=1

k−h∑
j=0

(u
(i)
j (0))′c

(i)
k−h−j+

+M2

l∑
i=1

k∑
j=0

k−j∑
r=0

u
(i)
j (0)λ(i)r (0)c

(i)
k−j−r+

+N2

2n−1∑
i=l+1

k−h∑
j=0

(u
(i)
j (T ))′c

(i)
k−h−j+

+N2

2n−1∑
i=l+1

k∑
j=0

k−j∑
r=0

u
(i)
j (T )λ(i)r (T )c

(i)
k−j−r =

= d
(2)
k−h −M2v

′
k−h(0)−N2v

′
k−h(T ). (18)

Ðîçãëÿíåìî ðiâíÿííÿ (17), (18) ïðè k = 0 i,
îá'¹äíàâøè ¨õ, ïðåäñòàâèìî ó âèãëÿäi ñèñòå-
ìè [

Q0

U0Λ0

]
c0 =

(
d̃
(1)
0

d̃
(2)
0

)
, (19)

äå
Q0 = [M1φ1(0), ...,M1φl(0),

N1φl+1(T ), ..., N1φ2n−1(T )],

U0 = [M2φ1(0), ...,M2φl(0),

N2φl+1(T ), ..., N2φ2n−1(T )],

Λ0 = diag{λ(1)0 (0), ..., λ
(l)
0 (0),

λ
(l+1)
0 (T ), ..., λ

(2n−1)
0 (T )},

c0 = col(c
(1)
0 , ..., c

(2n−1)
0 );

d̃
(1)
0 = d

(1)
0 −M1v0(0)−N1v0(T );

d̃
(2)
0 = 0.

Òîäi, ÿêùî âèêîíó¹òüñÿ óìîâà
8◦

det

[
Q0

U0Λ0

]
̸= 0,

òî iç ðiâíÿííÿ (19) îäíîçíà÷íî âèçíà÷à¹òüñÿ
âåêòîð c0

c0 =

[
Q0

U0Λ0

]−1(
d̃
(1)
0

d̃
(2)
0

)
. (20)

Ðiâíÿííÿ (17), (18) ïðåäñòàâèìî ó âèãëÿäi

Q0 · ck = d̃
(1)
k , (21)

ck = col(c
(1)
k , ..., c

(2n−1)
k ),

d̃
(1)
k = d

(1)
k −M1vk(0)−N1vk(T )−
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−M1

l∑
i=1

k∑
j=1

u
(i)
j (0)c

(i)
k−j−

−N1

2n−1∑
i=l+1

k∑
j=1

u
(i)
j (T )c

(i)
k−j,

U0Λ0 · ck = d̃
(2)
k , (22)

äå

d̃
(2)
k = d

(2)
k−h −M2v

′
k−h(0)−N2v

′
k−h(T )−

−M2

l∑
i=1

k−h∑
j=0

(u
(i)
j (0))′c

(i)
k−h−j−

−N2

2n−1∑
i=l+1

k−h∑
j=0

(u
(i)
j (T ))′c

(i)
k−h−j−

−M2

l∑
i=1

k∑
j=1

k−j∑
r=0

u
(i)
j (0)λ(i)r (0)c

(i)
k−j−r−

−N2

2n−1∑
i=l+1

k∑
j=1

k−j∑
r=0

u
(i)
j (T )λ(i)r (T )c

(i)
k−j−r−

−M2

l∑
i=1

k∑
r=1

φi(0)λ
(i)
r (0)c

(i)
k−r−

−N2

2n−1∑
i=l+1

k∑
r=1

φi(T )λ
(i)
r (T )c

(i)
k−r.

Îá'¹äíàâøè ðiâíÿííÿ (21) i (22), äiñòàíåìî
ñèñòåìó [

Q0

U0Λ0

]
ck =

(
d̃
(1)
k

d̃
(2)
k

)
,

çâiäêè îäíîçíà÷íî âèçíà÷àþòüñÿ âåêòîðè
ñòàëèõ

ck =

[
Q0

U0Λ0

]−1(
d̃
(1)
k

d̃
(2)
k

)
, k = 1, 2, .... (23)

Âèçíà÷åííÿ ñòàëèõ c
(i)
k çàâåðøó¹ ïîáóäîâó

ôîðìàëüíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1),
(2).

Àñèìïòîòèêà ðîçâ'ÿçêó êðàéîâî¨
çàäà÷i

Ïîêàæåìî, ùî ïîáóäîâàíèé òàêèì ÷èíîì
ðîçâ'ÿçîê ìà¹ àñèìïòîòè÷íèé õàðàêòåð. Äëÿ
öüîãî ðîçãëÿíåìîm-íàáëèæåííÿ, îáiðâàâøè
âiäïîâiäíi ôîðìàëüíi ðÿäè íà m-ó ÷ëåíi:

xm(t, ε) =
m∑
k=0

εk
l∑

i=1

k∑
j=0

u
(i)
j (t)c

(i)
k−j×

× exp

(
ε−h

∫ t

0

λ(i)m (τ, ε)dτ

)
+

+
m∑
k=0

εk
2n−1∑
i=l+1

k∑
j=0

u
(i)
j (t)c

(i)
k−j×

× exp

(
−ε−h

∫ T

t

λ(i)m (τ, ε)dτ

)
+

m∑
k=0

εkvk(t),

(24)
äå

λ(i)m (t, ε) = λ
(i)
0 (t) +

m∑
k=1

εkλ
(i)
k (t).

Çà ïîáóäîâîþ öå íàáëèæåííÿ çàäîâîëüíÿ¹
ñèñòåìó (1) i êðàéîâó óìîâó (2) ç òî÷íiñòþ
äî O(εm+1). Òîäi, ïðåäñòàâèâøè ðîçâ'ÿçîê
çàäà÷i ó âèãëÿäi

x(t, ε) = xm(t, ε) + x̃m(t, ε),

äëÿ âåêòîðà íåâ'ÿçêè x̃m(t, ε) îòðèìà¹ìî
êðàéîâó çàäà÷ó

ε2hA(t)
d2x̃m
dt2

+ εhB(t, ε)
dx̃m
dt

+ C(t, ε)x̃m =

= εm+1a(t, ε), (25)

M1x̃m(0, ε) +N1x̃m(T, ε) = εm+1b1(ε), (26)

M2
dx̃m
dt

(0, ε) +N2
dx̃m(T, ε)

dt
= εm+1b2(ε),

(27)
äå a(t, ε) � n-âèìiðíèé ðiâíîìiðíî îáìåæå-
íèé íà [0;T ] âåêòîð, bi(ε), i = 1, 2 � äåÿêi
îáìåæåíi âåêòîðè. Â îäåðæàíié êðàéîâié çà-
äà÷i âèêîíà¹ìî çàìiíó [5, c.85]

x̃m(t, ε) = y1,
dx̃m
dt

= ε−hy2. (28)
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Òàêèì ÷èíîì, çâåäåìî ñèñòåìó (25) äðóãîãî
ïîðÿäêó äî åêâiâàëåíòíî¨ ¨é ñèñòåìè ïåðøî-
ãî ïîðÿäêó:

εhÃ(t)
dy

dt
= B̃(t, ε)y + f̃(t, ε), (29)

äå

Ã(t) =

[
E 0
0 A(t)

]
,

B̃(t, ε) =

[
0 E

−C(t, ε) −B(t, ε)

]
,

f̃(t, ε) = col(0; εm+1a(t, ε)),

y = col(y1; y2).

Âèêîíàâøè çàìiíó (28) â êðàéîâèõ óìîâàõ
(26),(27) çâåäåìî ¨õ äî âèãëÿäó

M1y1(0, ε) +N1y1(T, ε) = εm+1b1(ε), (30)

M2y2(0, ε) +N2y2(T, ε) = εm+1+hb2(ε). (31)

Âèçíà÷èìî óìîâè iñíóâàííÿ i ñòðóêòóðó
ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (29-31). Äëÿ öüî-
ãî ñïåðøó âñòàíîâèìî ñòðóêòóðó çàãàëüíî-
ãî ðîçâ'ÿçêó ñèñòåìè (29). À ñàìå, çíàéäåìî
æîðäàíiâ íàáið ìàòðèöi Ã(t) âiäíîñíî îïåðà-
òîðà

L̃(t, ε) = B̃(t, ε)− εhÃ(t)
d

dt

â óíiòàðíîìó 2n-âèìiðíîìó ïðîñòîði.
Íåõàé g1(t) � âëàñíèé âåêòîð ìàòðèöi

Ã(t):

Ã(t)g1(t) = 0.

Ïðåäñòàâèìî éîãî ó âèãëÿäi

g1(t) = col(g
(1)
1 ; g

(1)
2 ),

äå g(1)1 , g
(1)
2 � n-âèìiðíi âåêòîðè. Òîäi, âðàõî-

âóþ÷è ñòðóêòóðó ìàòðèöi Ã(t), ìà¹ìî[
E 0
0 A(t)

](
g
(1)
1

g
(1)
2

)
=

(
0
0

)
.

Çâiäñè äiñòàíåìî g(1)1 = 0, g
(1)
2 = φ(t), äå φ(t)

� âëàñíèé âåêòîð ìàòðèöi A(t), ùî âiäïî-
âiäà¹ ¨¨ íóëüâîìó âëàñíîìó çíà÷åííþ. Îòæå,

g1(t) = col(0;φ(t)). Ñïðîáó¹ìî çíàéòè ïðè¹ä-
íàíi âåêòîðè. Ïåðøèé ç íèõ ïîçíà÷èìî ÷åðåç
g2(t) i ïðåäñòàâèìî ó âèãëÿäi

g2(t) = col(g
(2)
1 ; g

(2)
2 ).

Òîäi
εhÃ(t)g2(t) = L̃(t, ε)g1(t),

àáî â ðîçãîðíóòîìó âèãëÿäi

εh
[
E 0
0 A(t)

](
g
(2)
1

g
(2)
2

)
=

=

[
0 E

−C(t, ε) −B(t, ε)

](
g
(1)
1

g
(1)
2

)
−

−εh
[
E 0
0 A(t)

]( dg
(1)
1

dt
dg

(1)
2

dt

)
,

çâiäêè, âðàõîâóþ÷è, ùî g1(t) = col(0;φ(t)),
äiñòàíåìî

g
(2)
1 = ε−hφ(t),

εhA(t)

(
g
(2)
2 − dφ

dt

)
+ L1φ = 0, (32)

äå L1(t, ε) = B(t, ε) + 2εhA(t) d
dt
.

Íåõàé ψ(t) � åëåìåíò íóëü-ïðîñòîðó ìà-
òðèöi A∗(t). Òîäi ðiâíÿííÿ (32) íåðîçâ'ÿ-
çíå âiäíîñíî âåêòîðà (g

(2)
2 − dφ

dt
), îñêiëüêè

(L1φ, ψ) ̸= 0 çà ïîáóäîâîþ òåîði¨. Òîìó ïðè-
¹äíàíi âåêòîðè âiäñóòíi i ìàòðèöÿ Ã(t) ìà¹
âiäíîñíî îïåðàòîðà L̃(t, ε) æîðäàíiâ ëàíöþ-
æîê çàâäîâæêè îäèí, ÿêèé ñêëàäà¹òüñÿ iç
îäíîãî âåêòîðà g1(t) = col(0;φ(t)) � âëàñíî-
ãî âåêòîðà ìàòðèöi Ã(t), ùî âiäïîâiäà¹ ¨¨ íó-
ëüîâîìó âëàñíîìó çíà÷åííþ. Ñïðÿæåíà ìà-
òðèöÿ Ã∗(t) òàêîæ ìà¹ æîðäàíiâ ëàíöþæîê
çàâäîâæêè 1 âiäíîñíî îïåðàòîðà L̃∗(t, ε) =

B̃∗(t, ε) + εh d
dt
Ã∗(t), ÿêèé ìiñòèòü ëèøå îäèí

âëàñíèé âåêòîð g̃1(t) = col(0;ψ(t)) ìàòðèöi
Ã∗(t).

Òîäi çãiäíî ç òåîðåìîþ 2.2 [5, c.62], çà-
ãàëüíèé ðîçâ'ÿçîê ëiíiéíî¨ íåçàëåæíî¨ ñè-
ñòåìè (29) ìà¹ âèãëÿä

y(t, ε) = Y2n−1(t, ε)c(ε) + ỹ(t, ε),

äå Y2n−1(t, ε) � 2n× (2n− 1)-ìàòðèöÿ, ñòîâ-
ïöÿìè ÿêî¨ ¹ 2n − 1 ëiíiéíî íåçàëåæíèõ
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ðîçâ'ÿçêiâ âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè,
c(ε) � äîâiëüíèé ñòàëèé (2n − 1)-âèìiðíèé
âåêòîð, ỹ(t, ε) � äåÿêèé ÷àñòèííèé ðîçâ'ÿ-
çîê íåîäíîðiäíî¨ ñèñòåìè.

Âðàõîâóþ÷è çàìiíó (28), ìàòðèöÿ
Y2n−1(t, ε) âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì

Y2n−1(t, ε) = col

(
X(t, ε); εh

dX(t, ε)

dt

)
,

äå X(t, ε) � n× (2n− 1)-âèìiðíà ôóíäàìåí-
òàëüíà ìàòðèöÿ îäíîðiäíî¨ ñèñòåìè

ε2hA(t)
d2x

dt2
+ εhB(t, ε)

dx

dt
+ C(t, ε)x = 0,

âèãëÿäó

X(t, ε) = [U (1)
m (t, ε) +O(εm+1−2h);

U (2)
m (t, ε) +O(εm+1−2h)]×

×diag{exp(ε−h
∫ t

0

Λ(1)
m (τ, ε)dτ);

exp(−ε−h
∫ T

t

Λ(2)
m (τ, ε)dτ)}, (33)

â ÿêié

Λ(1)
m (t, ε) = diag{λ(1)m (t, ε), ..., λ(l)m (t, ε)},

Λ(2)
m (t, ε) = diag{λ(l+1)

m (t, ε), ..., λ(2n−1)m (t, ε)},

U
(1)
m (t, ε) � n × l-ìàòðèöÿ, ñòîâïöÿìè ÿêî¨

¹ âåêòîðè u
(i)
m (t, ε), i = 1, l, U

(2)
m (t, ε) � n ×

(2n − l − 1)-ìàòðèöÿ, ñòîâïöÿìè ÿêî¨ ¹ âå-
êòîðè u(j)m (t, ε), j = l + 1, 2n− 1, äå

u(i)m (t, ε) =
m∑
k=0

εku
(i)
k (t), i = 1, 2n− 1.

Òàêèì ÷èíîì, âðàõîâóþ÷è (33), ôóíäà-
ìåíòàëüíó ìàòðèöþ Y2n−1(t, ε) ìîæíà ïîäà-
òè ó âèãëÿäi

Y2n−1(t, ε) =

=

([
U

(1)
m (t, ε) +O(εm+1−2h) 0

εh dU
(1)
m

dt
+ U

(1)
m Λ

(1)
m +O(εm+1−2h) 0

]
+

+

[
0 U

(2)
m (t, ε) +O(εm+1−2h)

0 εh dU
(2)
m

dt
+ U

(2)
m Λ

(2)
m +O(εm+1−2h)

])
×

×diag
{
exp

(
ε−h

∫ t

0

Λ(1)
m (τ, ε)dτ

)
;

exp

(
−ε−h

∫ T

t

Λ(2)
m (τ, ε)dτ

)}
.

Àíàëîãi÷íó ñòðóêòóðó ìà¹ i ôóíäàìåí-
òàëüíà ìàòðèöÿ ñïðÿæåíî¨ ñèñòåìè

d

dt
(Ã∗(t)z) = −B̃∗(t, ε)z :

Ỹ2n−1(t, ε) =

=

([
Û

(1)
m (t, ε) +O(εα) 0

εh dÛ
(1)
m

dt
− Û

(1)
m (Λ

(1)
m )∗ +O(εα) 0

]
+

+

[
0 Û

(2)
m (t, ε) +O(εα)

0 εh dÛ
(2)
m

dt
− Û

(2)
m (Λ

(2)
m )∗ +O(εα)

])
×

×diag
{
exp

(
−ε−h

∫ t

0

(Λ(1)
m )∗(τ, ε)dτ

)
;

exp

(
ε−h

∫ T

t

(Λ(2)
m )∗(τ, ε)dτ

)}
,

α = m+ 1− h.
Ââåäåìî ïîçíà÷åííÿ

Y (1)
m (t, ε) = diag{exp(ε−h

∫ t

0

Λ(1)
m (τ, ε)dτ); 0},

Y (2)
m (t, ε) = diag{0; exp(−ε−h

∫ T

t

Λ(2)
m (τ, ε)dτ)},

äå íóëüîâi áëîêè ìàþòü ðîçìiðíîñòi (2n−l−
1)× (2n− l − 1) òà l × l âiäïîâiäíî. Òîäi

Y2n−1(t, ε) = Y1(t, ε) + Y2(t, ε),

äå
Yi(t, ε) =

=

([
U

(1)
m (t, ε) +O(εm+1−2h) 0

εh dU
(1)
m

dt
+ U

(1)
m Λ

(1)
m +O(εm+1−2h) 0

]
+

+

[
0 U

(2)
m (t, ε) +O(εm+1−2h)

0 εh dU
(2)
m

dt
+ U

(2)
m Λ

(2)
m +O(εm+1−2h)

])
×

×Y (i)
m (t, ε), i = 1, 2.
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Òîäi çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (29) ìî-
æíà ïîäàòè ó âèãëÿäi

y(t, ε) = Y2n−1(t, ε)c(ε)+

+

∫ t

0

Y1(t, ε)Ỹ
∗
2n−1(τ, ε)f̃(τ, ε)dτ−

−
∫ T

t

Y2(t, ε)Ỹ
∗
2n−1(τ, ε)f̃(τ, ε)dτ − ξ(t, ε)

(34)
äå

ξ(t, ε) = col(0;φ(t)(ψ∗L̃φ(t))−1ψ∗(t)f̃(t, ε)).

Ïiäñòàâèâøè âåêòîð (34) ó êðàéîâi óìîâè
(30), (31) äiñòàíåìî ðiâíÿííÿ

(M̃Y2n−1(0, ε) + ÑY2n−1(T, ε))c(ε) =

= εm+1b(ε)+

+M̃

∫ T

0

Y2(0, ε)Ỹ
∗
2n−1(τ, ε)f̃(τ, ε)dτ−

−Ñ
∫ T

0

Y1(T, ε)Ỹ
∗
2n−1(τ, ε)f̃(τ, ε)dτ+

+M̃ξ(0, ε) + Ñξ(T, ε), (35)

äå

M̃ = diag{M1,M2}, Ñ = diag{N1, N2},

b(ε) = col(b1(ε); b2(ε)).

Ïðîàíàëiçóâàâøè ñòðóêòóðó ìàòðèöi
M̃Y2n−1(0, ε) + ÑY2n−1(T, ε) i çíåõòóâóâøè
â íié åêñïîíåíöiàëüíî ìàëèìè äîäàíêàìè,
ïðåäñòàâèìî ¨¨ ó âèãëÿäi

(M̃Y2n−1(0, ε) + ÑY2n−1(T, ε)) =

=

[
Q0

U0Λ0

]
+O(εm+1−3h).

Çà ïðèïóùåííÿì 8◦, öÿ ìàòðèöÿ ¹ íåâèðî-
äæåíîþ ïðè äîñèòü ìàëèõ ε. Òîäi âåêòîð c(ε)
îäíîçíà÷íî âèçíà÷à¹òüñÿ iç ðiâíÿííÿ (35):

c(ε) =

([
Q0

U0Λ0

]−1
+O(εm+1−3h)

)
×

×(εm+1b(ε)+

+M̃

∫ T

0

Y2(0, ε)Ỹ
∗
2n−1(τ, ε)f̃(τ, ε)dτ−

−Ñ
∫ T

0

Y1(T, ε)Ỹ
∗
2n−1(τ, ε)f̃(τ, ε)dτ+

+M̃ξ(0, ε) + Ñξ(T, ε)).

Ïiäñòàâèâøè îäåðæàíèé âåêòîð c(ε) â
(34), ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (29)-(31)
ïðåäñòàâèìî ó âèãëÿäi

y(t, ε) =

= Y2n−1(t, ε)

([
Q0

U0Λ0

]−1
+O(εm+1−3h)

)
×

×εm+1b(ε) + (Gf̃)(t, ε), (36)

äå (Gf̃)(t, ε) � îïåðàòîð Ãðiíà êðàéîâî¨ çà-
äà÷i (29)-(31), ÿêèé ó äàíîìó âèïàäêó ìà¹
âèãëÿä

(Gf̃)(t, ε) =

∫ T

0

G0(t, τ, ε)f̃(τ, ε)dτ+

+Y2n−1(t, ε)

([
Q0

U0Λ0

]−1
+O(εm+1−3h)

)
×

×(M̃ξ(0, ε) + Ñξ(T, ε))− ξ(t, ε),

äå G0(t, τ, ε) � ìàòðèöÿ Ãðiíà âiäïîâiäíî¨
îäíîðiäíî¨ êðàéîâî¨ çàäà÷i, ÿêà ìà¹ íàñòó-
ïíèé âèãëÿä:

G0(t, τ, ε) =

=



Y1(t, ε)Ỹ
∗
2n−1(τ, ε) +Km(t, τ, ε),

ÿêùî 0 ≤ τ < t ≤ T,

−Y2(t, ε)Ỹ ∗2n−1(τ, ε) +Km(t, τ, ε),

ÿêùî 0 ≤ t ≤ τ ≤ T,

äå
Km(t, τ, ε) =

= Y2n−1(t, ε)

([
Q0

U0Λ0

]−1
+O(εm+1−3h)

)
×
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×M̃Y2(0, ε)Ỹ
∗
2n−1(τ, ε)−

−Y2n−1(τ, ε)

([
Q0

U0Λ0

]−1
+O(εm+1−3h)

)
×

×ÑY1(T, ε)Ỹ ∗2n−1(τ, ε).
Ïåðåéøîâøè â ðiâíîñòi (36) äî îöiíîê çà

íîðìîþ i âçÿâøè äî óâàãè óìîâó 7◦ òà îáìå-
æåíiñòü âñiõ ìàòðè÷íèõ i âåêòîðíèõ ôóí-
êöié, ÿêi ìiñòÿòüñÿ â ïðàâié ÷àñòèíi öi¹¨ ðiâ-
íîñòi, äiñòàíåìî îöiíêó

∥ym(t, ε)∥ ≤ εm+1−3hc,

äå c� äåÿêà ñòàëà, ùî íå çàëåæèòü âiä ε. Ïî-
âåðòàþ÷èñü äî çàìiíè (28), äiñòàíåìî îöiíêó

∥x̃m(t, ε)∥ ≤ εm+1−3hc.

Ó ðåçóëüòàòi ïðîâåäåíèõ ìiðêóâàíü ïðè-
õîäèìî äî íàñòóïíîãî òâåðäæåííÿ.
Òåîðåìà
ßêùî êâàäðàòè÷íà â'ÿçêà ìàòðèöü

L(t, λ) ìà¹ íà âiäðiçêó [0;T ] ïðîñòèé
ñïåêòð, à ñåìå: îäèí íåñêií÷åííèé òà
2n − 1 ñêií÷åííèõ åëåìåíòàðíèõ äiëüíè-
êiâ i âèêîíóþòüñÿ óìîâè 1◦ − 8◦, òî ïðè
äîñèòü ìàëèõ ε iñíó¹ ¹äèíèé ðîçâ'ÿçîê
êðàéîâî¨ çàäà÷i (1),(2), ùî âèðàæà¹òüñÿ
àñèìïòîòè÷íîþ ôîðìóëîþ

x(t, ε) = xm(t, ε) +O(εm+1−3h),

â ÿêié âåêòîð xm(t, ε) âèçíà÷àþòüñÿ çà îïè-
ñàíèì àëãîðèòìîì.
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