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Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÏÐÎ ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÄÅßÊÈÕ ÓÌÎÂ ÄËß ÊËÀÑÓ ÔÓÍÊÖIÉ,
ÀÍÀËIÒÈ×ÍÈÕ Ó ÏIÂÏËÎÙÈÍI

Íåõàé H∞
σ (C+) ¹ ïðîñòið ôóíêöié, àíàëiòè÷íèõ ó ïiâïëîùèíi C+ = {z : Rez > 0}, äëÿ

ÿêèõ
sup
z∈C+

{
|G(z)|e−σ|Imz|

}
< +∞.

Äëÿ äàíîãî ïðîñòîðó âñòàíîâëåíî åêâiâàëåíòíiñòü øâèäêîãî ñïàäàííÿ ïî äîäàòíié ïiâîñi ìî-
äóëÿ ôóíêöi¨ G ∈ H∞

σ (C+) äî øâèäêîãî çðîñòàííÿ ¨¨ ìîäóëÿ íà ìåæi.

Let H∞
σ (C+) be the space of functions analytic in the half-plane C+ = {z : Rez > 0}, for which

sup
z∈C+

{
|G(z)|e−σ|Imz|

}
< +∞.

For this space we prove the equivalence of rapid decrease in the positive half-axis of the module of
a function G ∈ H∞

σ (C+) and the rapid growth of its module at the boundary.

Ïðîñòið îáìåæåíèõ àíàëiòè÷íèõ ó ïiâ-
ïëîùèíi C+ = {z : Rez > 0} ôóíêöié G
ïîçíà÷àþòü ÷åðåç H∞(C+), ïðè öüîìó âií ¹
áàíàõîâèì âiäíîñíî íîðìè

∥G∥ = sup
z∈C+

|G(z)| < +∞.

Âëàñòèâîñòi öèõ ïðîñòîðiâ äåòàëüíî ðîçãëÿ-
íóòi â ìîíîãðàôi¨ Äæ. Ãàðíåòòà [1].

Ïðîñòîðîì Ãàðäi Hp(C+), 0 < p < +∞,
íàçèâà¹òüñÿ êëàñ àíàëiòè÷íèõ ó ïiâïëîùèíi
C+ ôóíêöié G, äëÿ ÿêèõ

sup
x>0

{∫ +∞

−∞
| G(x+ iy) |p dy

}
< +∞.

Ïîçíà÷åííÿ H∞(C+) çóìîâëåíî áëèçüêiñòþ
¨õ âëàñòèâîñòåé [2] ç âëàñòèâîñòÿìè ïðîñòî-
ðiâ Ãàðäi.

Á. Âèííèöüêèé i Â. Øàðàí â [3] ðîçãëÿíó-
ëè ïðîñòið H∞σ (C+), ùî ñêëàäà¹òüñÿ ç àíà-
ëiòè÷íèõ â C+ ôóíêöié, äëÿ ÿêèõ

sup
z∈C+

{
|G(z)|e−σ|Imz|} < +∞.

Âîíè, çîêðåìà, ïîêàçàëè, ùî ôóíêöi¨ ç öèõ
ïðîñòîðiâ ìàþòü ìàéæå ñêðiçü íà iR êóòî-
âi ãðàíè÷íi çíà÷åííÿ G(it) i G(it)e−σ|t| ∈

L∞(R). ßêùî äëÿ ôóíêöi¨ G iñíó¹ c1 ∈ R,
ùî âèêîíó¹òüñÿ óìîâà

|G(z)| ≤ c1e
σ|z|, z ∈ C+, (1)

òî ëåãêî áà÷èòè, ùî G(z)e−σz ∈ H∞σ (C+). Òî-
ìó òåæ äëÿ êîæíî¨ ôóíêöi¨ G, ùî çàäîâîëü-
íÿ¹ óìîâó (1) iñíóþòü ìàéæå ñêðiçü íà iR
êóòîâi ãðàíè÷íi çíà÷åííÿ i

G(it)e−σ|t| ∈ L∞(R). (2)

Ôóíêöi¨ ç äàíîãî ïðîñòîðó ìàþòü [4], [5] ñèí-
ãóëÿðíó ãðàíè÷íó ôóíêöiþ G , ÿêà ç òî÷íi-
ñòþ äî àäèòèâíî¨ ñòàëî¨ i çíà÷åíü â òî÷êàõ
íåïåðåðâíîñòi âèçíà÷à¹òüñÿ ðiâíiñòþ h(t2)−

h(t1) = lim
x→0+

t2∫
t1

ln |G(x+ it)|dt−
t2∫
t1

ln |G(it)|dt.

Ôóíêöiÿ h ¹ íåçðîñòàþ÷îþ íà R i h′(t) = 0
ìàéæå ñêðiçü íà R.

Á. Âèííèöüêèé â [6] ðîçãëÿíóâ òàêîæ
êëàñ Hp

σ(C+), 1 ≤ p < +∞, 0 ≤ σ < +∞,
ôóíêöié G àíàëiòè÷íèõ â C+, äëÿ ÿêèõ

sup
|φ|<π

2

{∫ +∞

0

|G(reiφ)|pe−pσr| sinφ|dr

}
< +∞.

Â. Äiëüíèé â [7] âñòàíîâèâ äëÿ âèïàä-
êó p ∈ [1; +∞) åêâiâàëåíòíiñòü øâèäêîãî
ñïàäàííÿ ïî äîäàòíié îñi ìîäóëÿ ôóíêöi¨
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G ∈ Hp
σ(C+) äî øâèäêîãî çðîñòàííÿ ¨¨ ìî-

äóëÿ íà ìåæi. Òàêîãî òèïó ðåçóëüòàòè âèêî-
ðèñòîâóþòüñÿ äëÿ äîñëiäæåííÿ öèêëi÷íîñòi
ôóíêöié [8].

Ìåòîþ äàíî¨ ñòàòòi ¹ âñòàíîâëåííÿ àíàëî-
ãi÷íîãî òâåðäæåííÿ äëÿ ôóíêöié ç H∞σ (C+).
Òåîðåìà Íåõàé G ∈ H∞σ (C+), σ > 0

i G(z) ̸= 0 äëÿ âñiõ z ∈ C+, à òàêîæ
h(t) = const. Òîäi íàñòóïíi óìîâè åêâiâà-
ëåíòíi:

à) lim
r→+∞

( ∫
1<|t|≤r

(
1
t2
− 1

r2

)
ln |G(it)|dt

−2σ ln r) > −∞;

á) lim
r→+∞

( ∫
1<|t|≤r

(
1
t2
− 1

r2

)
ln |G(it)|dt

−2σ ln r) > −∞;

â) lim
x→+∞

(
ln |G(x)|

x
+ 2σ

π
lnx
)
< +∞;

ã) lim
x→+∞

(
ln |G(x)|

x
+ 2σ

π
lnx
)
< +∞;

ä) (∃c ∈ R) : G(z) exp
{

2σ
π
z ln z − cz

}
∈ H∞(C+).

Íàì áóäå ïîòðiáíå íàñòóïíå òâåðäæåííÿ,
ùî âèïëèâà¹ ç ðåçóëüòàòiâ Í. Ãîâîðîâà [9]
òà ôîðìóëè Êàðëåìàíà [6], ÿêà â ïîòðiáíié
ôîðìi íàâåäåíà â [3], [10].
Ëåìà 1. Íåõàé G ∈ H∞σ (C+),

h(t) ≡ const, G(z) ̸= 0 äëÿ âñiõ z ∈ C+.
Òîäi ñïðàâåäëèâå çîáðàæåííÿ G(z) =

exp

(
ia0 + a1z +

1
π

+∞∫
−∞

Q(t, z) ln |G(it)|dt
)
,

a0 ∈ R, a1 ∈ R, äå

Q(t, z) =
(tz + i)2

i(1 + t2)2(t+ iz)

i âèêîíóþòüñÿ óìîâè

lim
r→+∞

∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln |G(it)|dt > −∞,

(3)
ln |G(it)| ∈ L1[−1; 1].
Ëåìà 2. ßêùî G ∈ H∞σ (C+) i âèêîíó¹-

òüñÿ óìîâà á), òî âèêîíó¹òüñÿ óìîâà à).

Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln e−σ|t|dt

= −2σ ln r +
σ

r2
(r2 − 1),

òîìó óìîâà á) íàáóäå âèãëÿäó

lim
r→+∞

∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln |G(it)e−σ|t||dt > −∞.

Îñêiëüêè

ln |G(it)e−σ|t|| = ln+ |G(it)e−σ|t||

− ln+ 1

|G(it)e−σ|t||
, (4)

òî

lim
r→+∞

∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln |G(it)e−σ|t||dt

= lim
r→+∞

(φ1(r)− φ2(r)),

äå

φ1(r) =

∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln+
∣∣G(it)e−σ|t|∣∣ dt

i

φ2(r) =

∫
1<|t|6r

(
1

t2
− 1

r2

)
ln+ 1

|G(it)e−σ|t||
dt.

Òîäi óìîâà á) çàïèøåòüñÿ ó âèãëÿäi

lim
r→+∞

(φ1(r)− φ2(r)) > −∞. (5)

Âðàõóâàâøè, ùî G(it)e−σ|t| ∈ L∞(R), îòðè-
ìà¹ìî

φ1(r) ≤ c2

∫
1<|t|≤r

(
1

t2
− 1

r2

)
dt < c3 < +∞.

Ïðèïóñòèìî, ùî lim
r→+∞

φ2(r) = −∞,

òîäi iñíó¹ òàêà ïîñëiäîâíiñòü (rk), ùî
lim

r→+∞
φ2(rk) = +∞. Ïðîòå ôóíêöiÿ φ2 ¹ íå-

ñïàäíîþ, òîìó äëÿ êîæíî¨ çðîñòàþ÷î¨ ïî-
ñëiäîâíîñòi (nk), òàêî¨, ùî nk → +∞,ïðè
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k → ∞, ìà¹ìî lim
r→+∞

φ2(nk) = +∞. Àëå

lim
r→+∞

φ1(nk) < +∞, òîäi lim
r→+∞

(φ1(r) −
φ2(r)) = −∞, ùî ñóïåðå÷èòü óìîâi (5). Îò-
æå, âèêîíó¹òüñÿ óìîâà à).

Ëåìà 3. ßêùî G ∈ H∞σ (C+), h(t) ≡
const, G(z) ̸= 0 äëÿ âñiõ z ∈ C+, à òà-
êîæ âèêîíó¹òüñÿ óìîâà â), òî âèêîíó¹-
òüñÿ óìîâà á).

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî ìåòîäîì
âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî G ∈
H∞σ (C+), G(z) ̸≡ 0 i íå âèêîíó¹òüñÿ óìîâà
á), òîáòî

lim
r→+∞

 ∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln |G(it)|dt

−2σ ln r) = −∞. (6)

Îñêiëüêè

ReQ(t; x) =
2t2x+ x− t2x3

(1 + t2)2(t2 + x2)
,

òî

1

π

+∞∫
−∞

|t|ReQ(t;x)dt = x

π
− 2x

π
lnx, x > 0.

Òîäi

ln e
2σ
π
x lnx =

σ
π
x− 1

π

+∞∫
−∞

ReQ(t, x)σ|t|dt

 .

Òîìó çà ëåìîþ 1

ln |G(x)e 2σ
π
x lnx|

x
= c4+

1

π

+∞∫
−∞

−t2x2 + 1 + 2t2

(1 + t2)2(t2 + x2)

× ln |G(it)e−σ|t||dt.
Ç óìîâè (4) îòðèìà¹ìî

ln |G(x)e 2σ
π
x lnx|

x
= c4−

1

π

+∞∫
−∞

t2x2

(1 + t2)2(t2 + x2)

× ln+ |G(it)e−σ|t||dt+

+
1

π

+∞∫
−∞

1 + 2t2

(1 + t2)2(t2 + x2)
ln+ |G(it)e−σ|t||dt+

+
1

π

+∞∫
−∞

t2x2

(1 + t2)2(t2 + x2)
ln+ 1

|G(it)e−σ|t||
dt−

− 1

π

+∞∫
−∞

1 + 2t2

(1 + t2)2(t2 + x2)
ln+ 1

|G(it)e−σ|t||
dt =

= c4 −K1(x) +K2(x) +K3(x)−K4(x).

Îöiíèìî K1(x). Ç óìîâè (1) âèïëèâà¹, ùî
|G(it)| ≤ c1e

σ|t|, òîìó |G(it)|e−σ|t| ≤ c1. Îòæå,

K1(x) ≤
c5x

2

π

+∞∫
−∞

t2

(1 + t2)2(t2 + x2)
dt =

=
c5x

2

2(1 + x)2
≤ c6, x > 0.

Îöiíèìî K4:

K4(x) ≤
1

π

+∞∫
−∞

2 + 2t2

(1 + t2)2(t2 + x2)

× ln+ 1

|G(it)e−σ|t||
dt =

=
2

π

+∞∫
−∞

1

(1 + t2)(t2 + x2)
ln+ 1

|G(it)e−σ|t||
dt.

Ðîçãëÿíåìî âèïàäîê x > 1, òîäi

K4(x) ≤
2

π

+∞∫
−∞

1

(1 + t2)2
ln+ 1

|G(it)e−σ|t||
dt.

Âèêîðèñòàâøè íåðiâíiñòü ln+ 1
ab

≤ ln+ 1
a
+

ln+ 1
b
, îòðèìà¹ìî

K4(x) ≤
2

π

+∞∫
−∞

1

(1 + t2)2

×
(
ln+ 1

|G(it)|
+ ln+ 1

e−σ|t|

)
dt =
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=
2

π

+∞∫
−∞

1

(1 + t2)2
ln+ 1

|G(it)|
dt

+
2

π

+∞∫
−∞

1

(1 + t2)2
σ|t|dt =

= c7 +
2

π

+1∫
−1

1

(1 + t2)2
ln+ 1

|G(it)|
dt

+
2

π

∫
|t|≥1

1

(1 + t2)2
ln+ 1

|G(it)|
dt ≤

≤ c7 +
2

π

+1∫
−1

ln+ 1

|G(it)|
dt

+
2

π

∫
|t|≥1

1

(1 + t2)2
ln+ 1

|G(it)|
dt.

Çà ëåìîþ 1 ln |G(it)| ∈ L1[−1; 1] , òîìó

2

π

+1∫
−1

ln+ 1

|G(it)|
dt ≤ 2

π

+1∫
−1

| ln |G(it)||dt ≤ c8.

Çâiäñè

K4(x) ≤ c9 +
2

π

∫
|t|≥1

1

(1 + t2)2
ln+ 1

|G(it)|
dt.

Òîäi
+∞∫
1

1

(1 + t2)2
ln+ 1

|G(it)|
dt

≤
+∞∫
1

1

t2
· 1
t2

ln+ 1

|G(it)|
dt

=

+∞∫
1

1

t2
d

t∫
1

1

s2
ln+ 1

|G(is)|
ds.

Ïðîiíòåãðóâàâøè çà ÷àñòèíàìè, îòðèìà¹ìî

+∞∫
1

1

(1 + t2)2
ln+ 1

|G(it)|
dt ≤

≤ 1

t2

t∫
1

1

s2
ln+ 1

|G(is)|
ds

∣∣∣∣∣∣
+∞

1

+2

+∞∫
1

1

t3

∫ t

1

1

s2
ln+ 1

|G(is)|
dsdt. (7)

Çàñòîñóâàâøè íåðiâíiñòü 1
t2

≤ 4
3

(
1
t2
− 1

4r2

)
,

ÿêùî |t| ≤ |r| îäåðæèìî
t∫

1

1

s2
ln+ 1

|G(is)|
ds

≤ 4

3

∫ 2t

1

(
1

s2
− 1

2t2

)
ln+ 1

|G(is)|
ds.

Çà ëåìîþ 1 âèêîíó¹òüñÿ óìîâà (3), òîáòî∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln |G(it)|dt > −c10,

äëÿ äåÿêî¨ ñòàëî¨ c10 ∈ R. Òîäi∫
1<|t|≤r

(
1
t2
− 1

r2

) (
ln+ |G(it)| − ln+ 1

|G(it)|

)
dt >

−c10. Çâiäñè îòðèìà¹ìî∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln+ 1

|G(it)|
dt <

< c10 +

∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln+ |G(it)|dt ≤

≤ c10 +

∫
1<|t|≤r

1

t2
ln+ |G(it)| ≤ c11 + c12 ln r.

Îòæå,

t∫
1

1

s2
ln+ 1

|G(is)|
ds ≤ c11 + c12 ln t.

Ïiäñòàâèâøè îñòàííþ îöiíêó â íåðiâíiñòü
(7), îòðèìà¹ìî

+∞∫
1

1

(1 + t2)2
ln+ 1

|G(it)|
dt ≤ c13.
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Àíàëîãi÷íî

−1∫
−∞

1

(1 + t2)2
ln+ 1

|G(it)|
dt ≤ c13,

òîìó K4(x) ≤ c14, ÿêùî x ≥ 1.
Ëåãêî áà÷èòè, ùî

K3(x) ≥
1

π

∫
1<|t|≤x

t2x2

(1 + t2)2(t2 + x2)

× ln+ 1

|G(it)e−σ|t||
dt ≥

≥ 1

8π

∫
1<|t|≤x

1

t2
ln+ 1

|G(it)e−σ|t||
dt ≥

≥ − 1

8π

∫
1<|t|≤x

(
1

t2
− 1

t2

)
ln |G(it)e−σ|t||dt.

Òîìó çà óìîâîþ (6) ìà¹ìî, ùî lim
x→+∞

K3(x) =

+∞. Îñêiëüêè K2(x) > 0, òî

lim
x→+∞

ln |G(x)e 2σ
π
x lnx|

x
= +∞.

À öå ñóïåðå÷èòü óìîâi â)

Ëåìà 4. ßêùî G ∈ H∞σ (C+), h(t) ≡
const i âèêîíó¹òüñÿ óìîâà ä), òî âèêîíó-
¹òüñÿ é óìîâà ã).

Äîâåäåííÿ. Îñêiëüêè âèêîíó¹òüñÿ óìîâà ä),
òî ç îçíà÷åííÿ ïðîñòîðó H∞(C+) ìà¹ìî :∣∣∣∣G(z) exp{2σ

π
z ln z − cz

}∣∣∣∣ ≤ c15.

Çâiäñè

ln |G(x)|+ 2σ

π
x lnx ≤ c15x.

Îñêiëüêè,

ln |G(x)|
x

+
2σ

π
lnx ≤ c15,

òî âèêîíó¹òüñÿ óìîâà ã)

Ëåìà 5. ßêùî G ∈ H∞σ (C+), h(t) ≡
const, G(z) ̸= 0 äëÿ âñiõ z ∈ C+, i âèêîíó¹-
òüñÿ óìîâà à), òî âèêîíó¹òüñÿ óìîâà ä).

Äîâåäåííÿ. Ç óìîâè ëåìè ìà¹ìî, ùî âèêîíó-
¹òüñÿ óìîâà a), òîìó

(∃c ∈ R)(∀r > 1) :∫
1<|t|≤r

(
1

t2
− 1

r2

)
ln |G(it)e−σ|t||dt > c.

Îñêiëüêè G ∈ H∞σ (C+), òî âèêîíó¹òüñÿ óìî-
âà (2). Òîìó∫

1<|t|≤r

(
1

t2
− 1

r2

)
ln |G(it)e−σ|t||dt ≤

≤ ln c16

∫
1<|t|≤r

(
1

t2
− 1

r2

)
dt ≤ c17.

Âðàõóâàâøè, ùî çà ëåìîþ 1 ln |G(it)| ∈
L1[−1; 1] i G ∈ H∞σ (C+), îòðèìà¹ìî

+∞∫
−∞

ln |G(it)e−σ|t||
1 + t2

dt =

= c18 + lim
r→+∞

∫
1<|t|≤r

ln |G(it)e−σ|t||
1 + t2

dt ≤

≤ c18 +
4

3
lim

r→+∞

∫
1<|t|≤r

(
1

t2
− 1

2r2

)
× ln |G(it)e−σ|t||dt < +∞.

Òîäi ç [1, ñ. 81-82],[11, ñ.25] i [12, ñ. 189-190],
îñêiëüêè G(z)e

2σ
π
z ln z íå ìà¹ íóëiâ â C+ i ¨ ¨

ñèíãóëÿðíà ãðàíè÷íà ôóíêöiÿ ¹ òîòîæíîþ
ñòàëîþ, îòðèìà¹ìî, ùî âèêîíó¹òüñÿ ä).

Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç ëåì 2-5 i
òðèâiàëüíî¨ iìïëiêàöi¨ óìîâ â) i ã). Òåîðåìà
çàëèøà¹òüñÿ ñïðàâåäëèâîþ i äëÿ ôóíêöié,
ùî çàäîâîëüíÿþòü óìîâó (1).
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