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ÐIÂÍßÍÜ

Âñòàíîâëåíà òåîðåìà ïðî ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çàäà÷i äëÿ ïàðàáîëi÷-
íèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ç íåãëàäêèìè ñèìâîëàìè i ç ïñåâäîäèôåðåíöiàëüíèìè
íåëîêàëüíèìè óìîâàìè.

We prove a theorem on the solvability of a nonlocal multipoint problem for parabolic pseudo-
differential equations with nonsmooth symbols and pseudodi�erential nonlocal conditions.

Äîñëiäæåííÿ iíòåãðîäèôåðåíöiàëüíèõ
îïåðàòîðiâ Êåëüäåðîíà i Çèãìóíäà (ùî ¹
ëiíiéíîþ êîìáiíàöi¹þ ÷àñòèííèõ ïîõiäíèõ ç
êîåôiöi¹íòàìè � ñèíãóëÿðíèìè iíòåãðàëüíè-
ìè îïåðàòîðàìè) ïðèçâåëî äî çìiíè òåîði¨,
â ÿêié ïåðåòâîðåííÿ Ôóð'¹ âèòiñíèëî ñèí-
ãóëÿðíi iíòåãðàëè, à ñàìi îïåðàòîðè ïî÷àëè
íàçèâàòèñÿ ïñåâäîäèôåðåíöiàëüíèìè îïå-
ðàòîðàìè (ÏÄÎ). Ðiâíÿííÿ, ùî ïîðÿä ç
äèôåðåíöiþâàííÿìè ïî îäíié ãðóïi çìiííèõ
ìiñòÿòü ÏÄÎ ïî iíøié ãðóïi çìiííèõ ÷àñòî
íàçèâàþòü ïðîñòî ïñåâäîäèôåðåíöiàëüíèìè
ðiâíÿííÿìè (ÏÄÐ), ïðè÷îìó ÏÄÎ õàðàê-
òåðèçóþòüñÿ ñâî¨ì ñèìâîëîì àíàëîãi÷íî
òîìó, ÿê äèôåðåíöiàëüíi îïåðàòîðè õà-
ðàêòåðèçóþòüñÿ ñâî¹þ õàðàêòåðèñòè÷íîþ
ôîðìîþ.

Íà ñüîãîäíi îñîáëèâî¨ óâàãè çàñëóãîâó¹
òåîðiÿ ÏÄÐ ç íåãëàäêèìè ñèìâîëàìè, çà-
ðîäæåííÿ ÿêî¨ ïîâ'ÿçóþòü ç äîñëiäæåííÿì
ïðîñòiøèõ ðiâíÿíü, ùî ìiñòÿòü äðîáîâèé
ñòåïiíü îïåðàòîðà Ëàïëàñà (−∆)α/2 [1], iäåÿ
ðåàëiçàöi¨ ÿêîãî íà ôóíêöiþ f ∈ S îñîáëè-
âî ïðîçîðà â îáðàçàõ Ôóð'¹: (−∆)α/2f =
F−1[|ξ|αF [f ]]. Öÿ ôîðìóëà ¹ ìàëî ïðèäàò-
íîþ äëÿ f ∈ L1(Rn), àëå çàâäÿêè ôîðìó-
ëi ïðî äiþ ïåðåòâîðåííÿ Ôóð'¹ íà çãîðòêó
F [f∗φ] = F [f ]·F [φ] òà ïîÿâi òåîði¨ ðîçïîäiëiâ
Øâàðöà ¨¨ ìîæíà ôîðìàëiçóâàòè äî áiëüø
çðó÷íî¨ ôîðìè (−∆)α/2f = F−1[|ξ|α] ∗ f .
ßêùî îïåðàöiþ F−1 ðîçóìiòè ó ñåíñi óçà-
ãàëüíåíèõ ôóíêöié, òî F−1[|ξ|2] îïèñàíå â
[2, 3]. Ïðè Reα > 0 öÿ ôóíêöiÿ ¹ ëîêàëüíî
iíòåãðîâíîþ. Çãîðòêó ç öi¹þ ôóíêöi¹þ íà-

çèâàþòü ïîòåíöiàëîì Ðiññà, à ñàìó ôóíêöiþ
� ðiññîâèì ÿäðîì. Îñêiëüêè ïðè Reα > 0 ïî-
òåíöiàë Ðiññà ìà¹ ïîðÿäîê îñîáëèâîñòi, áiëü-
øèé íiæ ðîçìiðíiñòü ïðîñòîðó Rn, òî éî-
ãî íàçèâàþòü ãiïåðñèíãóëÿðíèì iíòåãðàëîì
i âií çàâæäè ïîòðåáó¹ ðåãóëÿðèçàöi¨ øëÿ-
õîì âiäíiìàííÿ ðÿäó Òåéëîðà ôóíêöi¨ f , àáî
âçÿòòÿ ¨¨ ñêií÷åííî¨ ðiçíèöi.

Âèïàäîê îäíîðiäíèõ ñèìâîëiâ ìà¹ âàæëè-
âi çàñòîñóâàííÿ â òåîði¨ âèïàäêîâèõ ïðîöå-
ñiâ. Íàïðèêëàä, ÏÄÎ Ðiññà ç ñèìâîëîì |ξ|γ ,
ξ ∈ Rn, 0 < γ < 1, ¹ òâiðíèì îïåðàòîðîì
ñèìåòðè÷íîãî ñòiéêîãî ïðîöåñó [4, 5].

Òåîðiÿ ÏÄÎ ç íåãëàäêèìè ñèìâîëàìè ìà¹
ñâî¹ çàñòîñóâàííÿ i â ñó÷àñíié òåîði¨ ôðàê-
òàëiâ. Ó [6] òà öèòîâàíèõ òàì ïðàöÿõ Ð.Ð. Íi-
ãìàòóëiíà, Ì.Ì. Äæðáàøÿíà òà À.Á. Íåðñå-
ñÿíà éäåòüñÿ ïðî äîñëiäæåííÿ äèôóçiéíèõ
ïðîöåñiâ ó ôðàêòàëüíèõ ñåðåäîâèùàõ çàâ-
äÿêè åâîëþöiéíèì ðiâíÿííÿì äðîáîâîãî ïî-
ðÿäêó ç íåãëàäêèìè ñèìâîëàìè.

Äîñëiäæåííÿ ëiíiéíèõ ÏÏÄÐ çi ñòàëèìè
îäíîðiäíèìè íåãëàäêèìè â íóëi ñèìâîëàìè
áóëî ðîçïî÷àòå Ñ.Ä. Åéäåëüìàíîì i ß.Ì.
Äðiíåì â [7] i ïðîäîâæåíå â [8�10]. Òî÷íó
àñèìïòîòè÷íó ïîâåäiíêó ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó (ÔÐ) â îêîëi íåñêií÷åííî âiääà-
ëåíèõ òî÷îê áóëî âñòàíîâëåíî Ì.Â. Ôåäî-
ðþêîì [11] i ç'ÿñîâàíî, ùî âîíà íå ¹ åêñïî-
íåíöiàëüíîþ, ÿê ó âèïàäêó ïàðàáîëi÷íèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiä-
íèìè, à ñòåïåíåâîþ. Ìåòîäèêà äîñëiäæåííÿ
âëàñòèâîñòåé ÔÐ, ÿêà âèêîðèñòîâóâàëàñÿ â
çàçíà÷åíèõ ïðàöÿõ, ñâî¹þ ñïåöèôiêîþ íà-
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êëàäà¹ îáìåæåííÿ íà ïîðÿäîê îäíîðiäíîñòi
γ ãîëîâíîãî ñèìâîëó ðiâíÿííÿ: γ > 1 ïðè
n > 1, γ = 1 ïðè n = 1.

À.Í. Êî÷óáåé [4, 5] âïåðøå îäåðæàâ òî-
÷íi îöiíêè ïàðàìåòðèêñà çàäà÷i Êîøi äëÿ
ëiíiéíèõ ÏÏÄÐ ç ñèìâîëàìè ïåâíî¨ ãëàäêî-
ñòi ïîçà ïî÷àòêîì êîîðäèíàò, çàëåæíèìè âiä
÷àñó òà ïðîñòîðîâî¨ çìiííî¨ ó âèïàäêó, êî-
ëè n > 1 òà γ ≥ 1. Â.À. Ëiòîâ÷åíêî ó ïðà-
öi [12], ðîçâèâàþ÷è iäåþ À.Í. Êî÷óáåÿ [4, 5]
âñòàíîâëþ¹ àíàëîãi÷íi îöiíêè äëÿ γ > 0 çà
óìîâè íåñêií÷åííî¨ äèôåðåíöiéîâíîñòi ñèì-
âîëiâ ïîçà ïî÷àòêîì êîîðäèíàò, çàëåæíèõ
âiä ÷àñîâî¨ çìiííî¨. Â [4,5] äîâåäåíî òåîðåìó
ïðî ðîçâ'ÿçíiñòü çàäà÷i Êîøi â êëàñàõ ôóí-
êöié ç ïåâíèì ñòåïåíåâèì çðîñòàííÿì ïðè
|x| → ∞, à òàêîæ âñòàíîâëåíî àíàëîã ïðèí-
öèïó ìàêñèìóìó, çàâäÿêè ÿêîìó äîâåäåíî
òåîðåìó ïðî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi
â êëàñàõ íåâiä'¹ìíèõ ñïàäêèõ ôóíêöié.

Â.Â. Ãîðîäåöüêèì â [13] áóäó¹òüñÿ ñïåöi-
àëüíèé ïðîñòið Φ îñíîâíèõ ôóíêöié, ùî ïî-
ðîäæó¹òüñÿ âëàñòèâîñòÿìè ÔÐ âiäïîâiäíî-
ãî ðiâíÿííÿ, ÿêèé íàëåæèòü Φ ïðè êîæíîìó
t > 0. Äëÿ çàäà÷i Êîøi ç ïî÷àòêîâèìè äàíè-
ìè iç ïðîñòîðó Φ′ âñòàíîâëþ¹òüñÿ ¨¨ êîðåê-
òíà ðîçâ'ÿçíiñòü ó ïðîñòîði Φ′, äîâîäèòüñÿ
ïðèíöèï ëîêàëiçàöi¨ òà âëàñòèâiñòü ñëàáêî¨
ñòàáiëiçàöi¨ ðîçâ'ÿçêó çàäà÷i Êîøi. Çàçíà÷å-
íà ñõåìà äîñëiäæåííÿ çàäà÷i Êîøi òà îäåð-
æàíi ðåçóëüòàòè ïîøèðþþòüñÿ â [14] íà âè-
ïàäîê ðiâíÿííÿ ïîëiíîìiàëüíîãî âèãëÿäó.

Äîñëiäæåííþ íåëîêàëüíèõ çàäà÷ äëÿ ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè ïðèäiëÿ¹òüñÿ
âåëèêà óâàãà, àäæå áàãàòî çàäà÷ òåîði¨ ôiçè-
êè ïëàçìè, âîëîãîïåðåíîñó, êîëèâàííÿ ðiç-
íèõ ñèñòåì, ïîøèðåííÿ åëåêòðîìàãíiòíèõ
õâèëü òà ií. ìîäåëþþòüñÿ òàêèìè çàäà÷à-
ìè. Ïåðåâàæíî âèïàäêè êîðåêòíî ïîñòàâëå-
íèõ çàäà÷ âèâ÷àëè â ðiçíèõ àñïåêòàõ Î.Î.
Äåçií, Â.Ê. Ðîìàíêî, À.Â. Áiöàäçå, Î.À. Ñà-
ìàðñüêèé, Î.Ë. Ñêóáà÷åâñüêèé, Ì.I. Ìàòié-
÷óê. Çàäà÷i ç íåëîêàëüíèìè óìîâàìè âçàãàëi
¹ óìîâíî êîðåêòíèìè, à ¨õ ðîçâ'ÿçíiñòü ó áà-
ãàòüîõ âèïàäêàõ ïîâ'ÿçàíà ç ïðîáëåìîþ ìà-
ëèõ çíàìåííèêiâ. Ñàìå òàêi çàäà÷i âèâ÷àëè-
ñÿ ó øêîëi Á.É. Ïòàøíèêà i ðåçóëüòàòè ïiä-
ñóìîâàíi ó ìîíîãðàôi¨ [15].

Íåëîêàëüíi áàãàòîòî÷êîâi çàäà÷i äëÿ åâî-

ëþöiéíèõ ÏÄÐ âèâ÷àëèñÿ Â.Â. Ãîðîäåöü-
êèì, ß.Ì. Äðiíåì, Ì.Ì. Äðiíü ó ïðàöÿõ
[16�23].

Çàóâàæèìî, ùî íåëîêàëüíi çàäà÷i äëÿ
ðiâíÿííÿ äèôóçi¨ ç îïåðàòîðîì äðîáîâîãî
äèôåðåíöiþâàííÿ âèâ÷åíi ó ïðàöi [24], à ïåð-
øi ðåçóëüòàòè ïðî ðîçâ'ÿçêè íåëîêàëüíèõ
êðàéîâèõ çàäà÷ äëÿ ÏÏÄÐ àíîíñîâàíi ó [25].

Äàíîþ ïðàöåþ ìè ïðîäîâæó¹ìî âèâ÷àòè
çàäà÷ó iç [23], äå ÏÄÎ âïåðøå çàïðîâàäæó-
¹ìî ó íåëîêàëüíi óìîâi.
1. Ïîñòàíîâêà çàäà÷i òà ôîðìóëà

äëÿ ðîçâ'ÿçêó
Íåõàé T > 0, µ > 1, γ1 < · · · < γm < γ0,

β1 < · · · < βm, 0 < ν1 < · · · < νm,
m∑
i=1

νi < µ,

0 < t1 < · · · < tm = T � ÷èñëîâi ïàðàìåòðè,
Π ≡ {(t, x) | 0 < t < T, x ∈ Rn}.

Ïðèïóñòèìî, ùî îäíîðiäíà ïîðÿäêó γk >
0 ôóíêöiÿ aγk : Rn → [0,+∞) çàäîâîëüíÿ¹
óìîâè:

1) íåñêií÷åííî äèôåðåíöiéîâíà íà Rn \
{0};

2) ∀σ ∈ Rn \ {0} i ∀k ∈ Zn
+ ∃ck > 0:

|Dχ
σaγk(σ)| ≤ ck|σ|γk−|χ|;
3) ∀σ ∈ Rn ∃a0 > 0: aγ0(σ) ≥ a0|σ|γ0 .
×åðåç A ïîçíà÷èìî ÏÄÎ ç ñèìâîëîì

a(σ) =
m∑
k=0

aγk(σ), σ ∈ Rn, äå aγk çàäîâîëü-

íÿþòü óìîâè 1) � 3), à ÷åðåç Bk � ÏÄÎ ç
ñèìâîëàìè bk(σ), σ ∈ Rn, îäíîðiäíèìè ïî-
ðÿäêiâ βk, 1 ≤ k ≤ m, ÿêi çàäîâîëüíÿþòü
óìîâè 1), 2).

Íåõàé ∀ε > 0, ∀x ∈ Rn ∃C > 0, ∃β, 0 <
β ≤ γ0− ε i ∃φ: Rn → R, φ ∈ C(Rn): |φ(x)| ≤
C(1 + |x|)β; òà ∀ε > 0, ∀(t, x) ∈ Π ∃C > 0,
∃β ≤ γ0 − ε, ∃f : Π → R, f ∈ C(Π):

|f(t, x)| ≤ C(1 + |x|)β, |f(t, x)− f(t, y)| ≤

≤ C|x− y|λ, 0 < λ < 1.

Ïîçíà÷èìî ÷åðåç u: Π → R ôóíêöiþ
iç C1

t × S(Rn), à ÷åðåç Fx→σ[u(t, x)](t, σ) ≡
ũ(t, σ), F−1σ→x[ũ(t, σ)](t, x) âiäïîâiäíî ïðÿìå i
îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ u. Òî-
äi

Au(t, x) ≡ F−1σ→x[a(σ)ũ(t, σ)], (t, x) ∈ Π,

¹ ÏÄÎ ç ñèìâîëîì a: Rn → R. Äëÿ ãëàä-
êèõ i îáìåæåíèõ ôóíêöié ÏÄÎ A âèçíà÷åíà
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â [4, 5] i òðàêòó¹òüñÿ ÿê ãiïåðñèíãóëÿðíà ií-
òåãðàëüíà îïåðàöiÿ (ÃÑIÎ).

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

ut(t, x) + Au(t, x) = f(t, x), (t, x) ∈ Π, (1)

µu(t, x)|t=0 =
m∑
k=1

νkBku(t, x)|t=tk+

+φ(x), x ∈ Rn, (2)

äå A � ÏÄÎ ç ñèìâîëîì a(σ), à Bk � ÏÄÎ ç
ñèìâîëàìè bk(σ), Rn → R, îäíîðiäíèìè ïî-
ðÿäêó βk, 1 ≤ k ≤ m.

Ðîçâ'ÿçîê çàäà÷i (1), (2) ôîðìàëüíî øó-
êà¹ìî çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹ ïî
ïðîñòîðîâèõ çìiííèõ, äîäàòêîâî ïðèïóñêà-
þ÷è, ùî ôóíêöi¨ u, f , φ äîïóñêàþòü öå ïå-
ðåòâîðåííÿ i ïðè öüîìó Fx→σ[f(t, x)](t, σ) ≡
f̃(t, σ), Fx→σ[φ(x)](σ) ≡ φ̃(σ),

u(t, x) ≡ Fσ→x[v(t, σ)](t, x), (t, x) ∈ Π. (3)

Òîäi äëÿ ôóíêöi¨ v: Π → R1 îòðèìà¹ìî òàêó
çàäà÷ó

v′t(t, σ) + a(σ)v(t, σ) = f̃(t, σ), (t, σ) ∈ Π, (4)

µv(t, σ)|t=0 =
m∑
k=1

νkbk(σ)v(t, σ)|t=tk+

+φ̃(σ), σ ∈ Rn. (5)

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) íàáóâà¹
âèãëÿäó

v(t, σ) = ce−a(σ)t +

t∫
0

e−a(σ)(t−τ)f̃(τ, σ)dτ,

(t, σ) ∈ Π,

i áåçïîñåðåäíüîþ ïiäñòàíîâêîþ ïåðåâiðÿ¹-
òüñÿ, ùî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ ðiâíÿííÿ
(4). Çàäîâîëüíèâøè óìîâó (5) îòðèìà¹ìî,
ùî ðîçâ'ÿçîê çàäà÷i (4), (5) íàáóâà¹ âèãëÿäó

v(t, σ) =M(σ)
{ m∑

k=1

νkbk(σ)×

×
tk∫
t

exp{−a(σ)(t+ tk − τ)}f̃(τ, σ)dτ+

+µ

t∫
0

exp{−a(σ)(t− τ)}f̃(τ, σ)+

+ exp{−a(σ)t}φ̃(σ)
}
, (t, σ) ∈ Π,

M(σ) =
(
µ−

m∑
k=1

νkbk(σ) exp{−a(σ)tk}
)−1

,

(6)
σ ∈ Rn.

Çàïèøåìî ðîçâ'ÿçîê çàäà÷i (1), (2) ó âè-
ãëÿäi

u(t, x) = (2π)−n
∫
Rn

exp{i(x, σ)}v(t, σ)dσ ≡

≡ I1 + µI2 + I3, (t, x) ∈ Π, (7)

äå

I1 =
m∑
k=1

tk∫
t

dτ

∫
Rn

G1
k(t+ tk − τ, x− ξ)f(τ, ξ)dξ,

(8)
(t, x) ∈ Π,

I2 =

t∫
0

dτ

∫
Rn

G2(t− τ, x− ξ)f(τ, ξ)dξ, (9)

(t, x) ∈ Π,

I3 =

∫
Rn

G3(t, x−ξ)φ(ξ)dξ, t > 0, x ∈ Rn, (10)

G1
k(t+ tk−τ, x−ξ) =

∫
Rn

M(σ)(2π)−nνkbk(σ)×

× exp{i(x− ξ, σ)− a(σ)(t+ tk − τ)}dσ, (11)
t+ tk − τ > 0, (t, x) ∈ Π, t > τ, ξ ∈ Rn,

G2(t− τ, x− ξ) =

∫
Rn

M(σ)(2π)−n×

× exp{i(x− ξ, σ)− a(σ)(t− τ)}dσ, (12)

(t, x) ∈ Π, t > τ, ξ ∈ Rn,

G3(t, x− ξ) =

∫
Rn

M(σ) exp{i(x− ξ, σ)−

−a(σ)(t)}dσ, (t, x) ∈ Π, ξ ∈ Rn, (13)
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à ôóíêöiÿ M(σ) âèçíà÷åíà âèðàçîì (6).
ßêùî ðiâíÿííÿ (1) îäíîðiäíå, òî ðîçâ'ÿ-

çîê çàäà÷i (1), (2) u(t, x) = I3, (t, x) ∈ Π, ¹
çãîðòêîþ (10) ôóíêöi¨ G3, âèçíà÷åíîþ ôîð-
ìóëîþ (13), i ïî÷àòêîâî¨ ôóíêöi¨ φ.
2. Îöiíêà ôóíêöié G1

k, 1 ≤ k ≤ m, G2,
G3 òà ¨õ ïîõiäíèõ

Ðîçãëÿíåìî ôóíêöiþ G3, (t, x) ∈ Π, ξ ∈
Rn, âèçíà÷åíó ôîðìóëîþ (13). Âèêîðèñòî-
âóþ÷è ïîëiíîìiàëüíó ôîðìóëó äëÿ ôóíêöi¨
M(σ), σ ∈ Rn, iç (6), ôîðìàëüíî îòðèìà¹ìî
âèðàç

M(σ) =
1

µ

∞∑
r=0

1

µr

( m∑
k=1

νkbk(σ) exp{−a(σ)tk}
)r

=

=
1

µ

∞∑
r=0

1

µr

∑
r1+···+rm=r

r!

r1! · · · · · rm!
νr11 ·· · ··νrmm ×

×(b1(σ))
r1 · · · · · (bm(σ))rm exp{−a(σ)(⃗t, r⃗)},

äå (⃗t, r⃗) = t1r1+· · ·+tmrm,
m∑
i=1

νi < µ, σ ∈ Rn;

à êîæåí äîäàíîê ìà¹ ïîðÿäîê îäíîðiäíîñòi
β1r1 + · · · + βmrm ≡ (β⃗, r⃗). Òîäi iç ôîðìóëè
(13) îòðèìà¹ìî, ùî G3 ≡ G3(t̂, x− ξ) i

G3(t̂, x− ξ) =
∞∑
r=0

(2π)−n
1

µr+1
×

×
∑

r1+···+rm=r

r!

r1! . . . rm!
νr11 . . . νrmm ×

×
∫
Rn

(b1(σ))
r1 . . . (bm(σ))

rm×

× exp{i(x− ξ, σ)− a(σ)t̂}dσ, (14)

t̂ = t+ (⃗t, r⃗), t̂ > 0, x ∈ Rn, ξ ∈ Rn.

Âèêîðèñòîâóþ÷è [4, ëåìà 2, ñòîð. 917],
[5,12] îòðèìà¹ìî, ùî G3 iç (14) çàäîâîëüíÿ¹
òàêi îöiíêè:

|G3(t̂, x− ξ)| ≤

≤ C
∞∑
r=0

1

µr+1

∑
r1+···+rm=r

r!νr11 . . . νrmm
r1! . . . rm!

×

×t̂(t̂1/γ + |x− ξ|)−n−γ−(β⃗,r⃗), t̂ > 0, (15)

x ∈ Rn, ξ ∈ Rn,
m∑
i=1

νi < µ,

|Dχ
xG

3(t̂, x− ξ)| ≤

≤ C
∞∑
r=0

1

µr+1

∑
r1+···+rm=r

r!νr11 . . . νrmm
r1! . . . rm!

×

×t̂(t̂1/γ + |x− ξ|)−n−γ−(β⃗,r⃗), t̂ > 0, (16)

x ∈ Rn, ξ ∈ Rn,

|DtG
3(t̂, x− ξ)| ≤

≤ C
∞∑
r=0

1

µr+1

∑
r1+···+rm=r

r!νr11 . . . νrmm
r1! . . . rm!

×

×(t̂1/γ + |x− ξ|)−n−γ−(β⃗,r⃗), t̂ > 0, (17)

x ∈ Rn, ξ ∈ Rn.

Îòæå, âiðíîþ ¹ òàêà òåîðåìà.
Òåîðåìà 1. Ïðèïóñòèìî, ùî äëÿ ñèì-

âîëiâ a(σ), σ ∈ Rn, ÏÄÎ A i Bk âiäïîâiäíî
i bk(σ), 1 ≤ k ≤ m, σ ∈ Rn, i ïàðàìåòðiâ
âèêîíóþòüñÿ óìîâè ï. 1.

Òîäi iñíóþòü ôóíêöi¨ G1
k, 1 ≤ k ≤ m, G2

i G3, âèçíà÷åíi ðiâíîñòÿìè (11) � (13) âiä-
ïîâiäíî. Äëÿ ôóíêöi¨ G3 òà ¨¨ ïîõiäíèõ âið-
íèìè ¹ îöiíêè (15) � (17). Àíàëîãi÷íi îöiíêè
âiðíi äëÿ ôóíêöi¨ G2 iç (12) òà ¨¨ ïîõiäíèõ,
äå â (15) � (17) çàìiñòü t̂ òðåáà ïîêëàñòè
t̂− τ , t̂− τ > 0. ßêùî ó íåðiâíîñòÿõ (15) �
(17) çàìiñòü t̂ ïîêëàñòè t̂+tk−τ , à çàìiñòü
(β⃗, r⃗) ïîêëàñòè (β⃗, r⃗) + βk i âðàõóâàòè ìíî-
æíèê νk iç (11), òî îòðèìà¹ìî îöiíêè äëÿ
ôóíêöi¨ G1

k(t + tk − τ, x − ξ), 1 ≤ k ≤ m,
t+ tk − τ > 0, x ∈ Rn, ξ ∈ Rn.
3. Îñíîâíà òåîðåìà
Ôóíêöiþ G3 iç (14) ìîæíà îöiíèòè çáiæ-

íèì ÷èñëîâèì ðÿäîì

1

µ

∞∑
r=0

( m∑
i=1

νi

µ

)r
=
(
µ−

m∑
i=1

νi

)−1
,

òîìó ðÿä â (14) ¹ ðiâíîìiðíî çáiæíèì ðÿäîì.
Éîãî ìîæíà äèôåðåíöiþâàòè ïî t i ïî xi,
1 ≤ i ≤ n, ïîòðiáíó êiëüêiñòü ðàçiâ i ðåçóëü-
òàòè äèôåðåíöiþâàííÿ òàêîæ ¹ ðiâíîìiðíî
çáiæíèìè ðÿäàìè.
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ßêùî b1(σ) ≡ · · · = bm(σ) ≡ 1, à a(σ) =
|σ|, n = 1, µ > ν, òî, âðàõîâóþ÷è [26],

G3(t̂, x− ξ) =
1

µ

∞∑
r=0

(ν
µ

)r t̂

π(t̂2 + (x− ξ)2)
,

t > 0, x ∈ R, ξ ∈ R.
Òîäi∫
R

G3(t̂, x− ξ)dx =
1

µ

∞∑
r=0

(ν
µ

)r
=

1

µ− ν
.

Âèõîäÿ÷è iç (14) � (17) ìîæíà çàïèñàòè,
ùî

∂

∂t
G3(t, x− ξ) = −F−1σ→(x−ξ)[aγ(σ)M(σ)×

× exp{−aγ(σ)t}], t > 0, x ∈ Rn, ξ ∈ Rn,

AγG
3(t, x− ξ) = F−1σ→(x−ξ)[aγ(σ)M(σ)×

× exp{−aγ(σ)t}], t > 0, x ∈ Rn, ξ ∈ Rn.

Òîìó ( ∂
∂t

+ Aγ

)
G3(t, x− ξ) = 0, (18)

t > 0, x ∈ Rn, ξ ∈ Rn.
Àíàëîãi÷íèìè âëàñòèâîñòÿìè âîëîäiþòü

ôóíêöi¨ G1
k (1 ≤ k ≤ m) i G2. Âèêîðèñòîâó-

þ÷è (18), [4,5] i [23] äîâîäèòüñÿ, ùî ôóíêöiÿ
u(t, x), t > 0, x ∈ Rn, âèçíà÷åíà ðiâíiñòþ (7),
çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i íåëîêàëüíi óìîâè
(2). Îòæå, âiðíîþ ¹ òàêà
Òåîðåìà 2. Íåõàé u(t, x), (t, x) ∈ Π, ôóí-

êöiÿ, âèçíà÷åíà â (7), ¹ ñóìîþ òðüîõ äîäàí-
êiâ, êîæåí ç ÿêèõ âèçíà÷åíèé ðiâíîñòÿìè
(8) � (10) âiäïîâiäíî. Òîäi âiðíèìè ¹ ñïiââiä-
íîøåííÿ( ∂

∂t
+ Aγ

)
I3 = 0, (t, x) ∈ Π,( ∂

∂t
+ Aγ

)
(µI2 + I3) = f(t, x), (t, x) ∈ Π.

Ôóíêöiÿ u çàäîâîëüíÿ¹ óìîâó (2).
Çàóâàæåííÿ. Ïîðÿäêè ÏÄÎ â íåëîêàëü-

íèõ óìîâàõ (2) ìîæóòü áóòè äîâiëüíèìè i íå
çâ'ÿçàíi ç ïîðÿäêîì ÏÄÎ ó ðiâíÿííi (1).
4. Ïðèêëàäè. Ôiçè÷íå òëóìà÷åííÿ

ðîçâ'ÿçêiâ.Ïðèêëàä äâîòî÷êîâî¨ çàäà÷i áåç

ÏÄÎ â íåëîêàëüíèõ óìîâàõ íàâåäåíèé â [23]
i ðîçâ'ÿçîê u(t, x), t > 0, x ∈ R, ïiäðàõîâà-
íèé ïðè φ(x) ≡ C1, f(t, x) ≡ C2. Òîäi ëåã-
êî ïåðåâiðÿ¹òüñÿ, ùî u çàäîâîëüíÿ¹ ðiâíÿí-
íÿ i íåëîêàëüíó óìîâó. Ðîçãëÿíåìî ñïî÷àòêó
äâîòî÷êîâó çàäà÷ó, â ÿêié ó ðiâíÿííi i íåëî-
êàëüíié óìîâi ôiãiðó¹ ÏÄÎ A1, ïîáóäîâàíèé
çà ñèìâîëîì |σ|, σ ∈ R, ÿêèé âèðàçîì

A1u(t, x) ≡ Fσ→x[|σ|Fx→σ[u(t, x)]], (19)

t > 0, x ∈ R, σ ∈ R, âèçíà÷åíèé ëèøå íà
ñïàäíèõ ôóíêöiÿõ, àáî íà ãëàäêèõ îáìåæå-
íèõ ôóíêöiÿõ [26]

A1u(t, x) = lim
ε→0
R→∞

∫
ε<|h|<R

∆hu(t, x)

|h|2
dh, (20)

t > 0, x ∈ R,

∆hu(t, x) = u(t, x+ h)− u(t, x).

ßêùî u(t, x) ≡ C, t > 0, x ∈ R, òî ∆hC ≡
0 i â (20) A1C = 0 â êëàñè÷íîìó ñåíñi, à â
(19) â ñåíñi òåîði¨ óçàãàëüíåíèõ ôóíêöié.
Ïðèêëàä 1. Äâîòî÷êîâà çàäà÷à. Íåõàé

T > 0, x ∈ R, 0 < t < T , ν, µ � ÷èñëà,
0 < ν < µ. Ðîçãëÿíåìî çàäà÷ó

ut(t, x) + A1u(t, x) = f(t, x), t > 0, x ∈ R,
(21)

µu(0, x) = A1u(T, x)+φ(x), x ∈ R, 0 < ν < µ,
(22)

äå A1 � ÏÄÎ, âèçíà÷åíèé â (19), (20), f , φ �
âiäîìi ôóíêöi¨ (ï. 1).

Âðàõîâóþ÷è (7), ðîçâ'ÿçîê çàäà÷i (21),
(22) çàïèøåòüñÿ ó âèãëÿäi

u(t, x) = νI1 + µI2 + I3, t > 0, x ∈ R, (23)

äå

I1=

T∫
t

∫
R

G1(x− ξ, t+T − τ)f(τ, ξ)dξdτ, (24)

I2=µ

t∫
0

∫
R

G2(x− ξ, t− τ)f(τ, ξ)dξdτ, (25)

I3 =

∫
R

G2(x− ξ, t)φ(ξ)dξ. (26)
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Ó ôîðìóëàõ (23) � (26)

G1(x− ξ, t+ T − τ) =
1

2π

∫
R

M(σ)|σ|×

× exp{i(x− ξ)σ − |σ|(t+ T − τ)}dσ,
0 < τ < t < T , x ∈ R, ξ ∈ R,

G2(x− ξ, t− τ) =
1

2π

∫
R

M(σ)×

× exp{i(x− ξ)σ − |σ|(t− τ)}dσ,
0 < τ < t < T , x ∈ R, ξ ∈ R,

M(σ) = (µ− ν|σ| exp{−|σ|T})−1 =

=
1

µ

∞∑
r=0

(ν
µ

)r
|σ|r exp{−|σ|Tr}, (27)

σ ∈ R.
Î÷åâèäíî, ùî

∂

∂t
G2(x− ξ, t+T − τ) = −G1(x− ξ, t+T − τ),

0 < τ < t < t, x ∈ R, ξ ∈ R.
Öÿ ðiâíiñòü ¹ âiðíîþ, áî â (21) i (22) ôi-

ãóðó¹ ÏÄÎ A1. ßêùî âðàõóâàòè (27), òî

G1(x− ξ, t+ T − τ) ≡

≡ 1

µ

∞∑
r=0

(ν
µ

)r
G1r(x−ξ, t+T (1+r)−τ), (28)

0 < τ < t < T, x ∈ R, ξ ∈ R,

G1r(x− ξ, t+ T (1 + r)− τ) ≡ 1

2π

∫
R

|σ|r+1×

× exp{i(x− ξ)σ − |σ|(t+ T (1 + r)− τ)}dσ,
0 < τ < t < T , x ∈ R, ξ ∈ R, r ≥ 0 � öiëi
÷èñëà,

G2(x− ξ, t− τ) ≡

≡ 1

µ

∞∑
r=0

(ν
µ

)r
G2r(x− ξ, t+ Tr − τ), (29)

G2r(x− ξ, t+ Tr − τ) ≡ 1

2π

∫
R

|σ|r×

× exp{i(x− ξ)σ − |σ|(t+ Tr − τ)}dσ,

0 < τ < t < T , x ∈ R, ξ ∈ R, G2(x − ξ, t) ≡
G2(x− ξ, t− t1) ïðè t1 = 0.

Â [26] ïiäðàõîâàíî, ùî

G2,0(x− ξ, t− τ) =
1

π

t− τ

(t− τ)2 + |x− ξ|2
,

0 < τ < t− T, x ∈ R, ξ ∈ R,
òîìó G2,r ìîæíà âèðàçèòè ÷åðåç ïîõiäíi âiä
G20:

G2,1(x−ξ, t+T−τ) = − ∂

∂t
G2,0(x−ξ, t+t−τ) =

=
1

π

(t+ T − τ)2 − (x− ξ)2

(t+ T − τ)2 + (x− ξ)2
,

i ò.ä.
ßêùî âðàõóâàòè, ùî∫

R

G2,0(x− ξ, t− τ)dx = 1

i òå, ùî ôóíêöi¨ G2r âèðàæàþòüñÿ ÷åðåç ïî-
õiäíi âiä G2,0, òî ìîæíà ïiäðàõóâàòè êiëüêà
äîäàíêiâ êîæíî¨ iç ñóì (28), (29).
Çàóâàæåííÿ. 1. Çàìiñòü ÏÄÎ A1 ó ðiâ-

íÿííi (21) ìîæíà ïîêëàñòè ÏÄÎ Aγ iç ñèì-
âîëîì |σ|γ, γ > 0, σ ∈ R, à â ÏÄÎ íåëîêàëü-
íî¨ óìîâè (22) � ÏÄÎ Aβ iç ñèìâîëîì |σ|β,
β > 0, σ ∈ R. ßêùî x ∈ Rn, n ≥ 1, t > 0,
òî G2,0(x, t) = Γ((n + 1)/2)π−(n+1)/2t(t2 +
|x|2)−(n+1)/2 [26].

2. ßêùî ó íåëîêàëüíié óìîâi (22) íåìà¹
ÏÄÎ, òî ïðè φ(x) = C1, f(t, x) = C2 ðîçâ'ÿ-
çîê çàäà÷i (21), (22) âèïèñó¹òüñÿ ôîðìóëîþ
(43) iç [23] i òàì ïåðåâiðÿ¹òüñÿ, ùî öÿ ôóíê-
öiÿ çàäîâîëüíÿ¹ ðiâíÿííÿ (21) i íåëîêàëü-
íó óìîâó (22). ßêùî ó íåëîêàëüíié óìîâi
(22) íåìà¹ ÏÄÎ, òî ðîçâ'ÿçîê çàäà÷i (21),
(22) âèçíà÷à¹òüñÿ ôîðìóëîþ (40) iç [23] i ìî-
æíà áåçïîñåðåäíüî ïåðåâiðèòè, ùî öÿ ôóí-
êöiÿ çàäîâîëüíÿ¹ ðiâíÿííÿ (21) i íåëîêàëüíó
óìîâó (22) ïðè âiäîìèõ ôóíêöiÿõ f òà φ.
Ïðèêëàä 2. m-òî÷êîâà çàäà÷à (m ≥ 3.)

Ðîçãëÿíåìî ðiâíÿííÿ (21) ç íåëîêàëüíîþ
óìîâîþ

µu(t, x)|t=0 =
m∑
k=1

νku(t, x)|t=tk+φ(x), x ∈ R.

(30)
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Ôîðìóëà äëÿ ðîçâ'ÿçêó çàäà÷i (21), (30),
äå A1 ≡ Aγ ç ñèìâîëîì a(σ), σ ∈ R, îäíîði-
äíîñòi ñòåïåíÿ γ

u(t, x) =

∫
R

G(t, x− ξ;µ, ν⃗)φ(ξ)dξ+

+µ

t∫
0

dτ

∫
R

G(t− τ, x− ξ;µ, ν⃗)f(τ, ξ)dξ+

+
m∑
k=1

νk

tk∫
t

dτ

∫
R

G(t+tk−τ, x−ξ;µ, ν⃗)× (31)

×f(τ, ξ)dξ, t ≥ 0, x ∈ R,
äå

G(t, x;µ, ν⃗) ≡
∫
R

exp{i(x, σ)− a(σ)t}dσ

µ−
m∑
k=1

νk exp{−a(σ)tk}
,

µ > |ν⃗| ≡
m∑
i=1

νi,

äå

G(t, x;µ, ν⃗) =
1

µ
×

×
∞∑
r=0

( 1
µ

)r ∑
|r⃗|=r

r!

r1! . . . rm!
νr11 . . . νrmm ×

×
∫
R

exp{i(x, σ)− a(σ)(t+ (⃗t, r⃗))}dσ,

t ≥ 0, x ∈ R, µ > |ν⃗|. Îñêiëüêè ïðè a(σ) ≡ |σ|
[26, ñòîð. 34]∫
R

exp{ixσ−|σ|(t+(⃗t, r⃗))} =
1

π

t+ (⃗t, r⃗)

(t+ (⃗t, r⃗))2 + x2
,

G(t, x;µ, ν⃗) =
1

πµ

∞∑
r=0

( 1
µ

)r ∑
|r⃗|=r

r!

r1! . . . rm!
×

×νr11 . . . νrmm
t+ (⃗t, r⃗)

(t+ (⃗t, r⃗))2 + x2
, (32)

t ≥ 0, x ∈ R, µ > |r⃗| i G ≥ 0.
Ïðè öüîìó äëÿ t ≥ 0, x ∈ R, µ > |ν⃗|,

âèêîðèñòîâóþ÷è òå, ùî∫
R

(t+ (⃗t, r⃗))dx

(t+ (⃗t, r⃗))2 + x2
= π

i ∑
|r⃗|=r

r!

r1! . . . rm!
νr11 . . . νrmm = |ν⃗|r

îòðèìó¹ìî, ùî∫
R

G(t, x;µ, ν⃗)dx =
1

µ

∞∑
r=0

( |ν⃗|
µ

)r
=

=
1

µ− |ν⃗|
. (33)

Íåõàé φ(x) ≡ C1, f(t, x) ≡ C2. Òîäi,
ïiäñòàâèâøè (32) â (31) i âðàõîâóþ÷è (33),
îòðèìà¹ìî, ùî ðîçâ'ÿçîê çàäà÷i (21), (30) íà-
áóâà¹ âèãëÿäó

u(t, x) =
1

µ− |ν⃗|

[
C1+

(
µt+

m∑
k=1

νk(tk−t)
)
C2

]
,

(34)
t ≥ 0, x ∈ R, µ > |ν⃗|.

Ïåðåâiðèìî, ùî ôóíêöiÿ (34) çàäîâîëü-
íÿ¹ ðiâíÿííÿ (21) i êðàéîâi óìîâè (30).
Îñêiëüêè ôóíêöiÿ u iç (34) ¹ ñòàëîþ ïî x,
òî A1u = 0. Òîìó çàëèøèëîñÿ äîâåñòè, ùî
ut = C2. Ñïðàâäi, äèôåðåíöiþþ÷è (34) ïî t,
îòðèìó¹ìî òîòîæíiñòü

ut ≡
1

µ− |ν⃗|

{(
µ−

m∑
k=1

νk

)
C2

}
≡ C2.

Îòæå, ôóíêöiÿ (34) çàäîâîëüíÿ¹ ðiâíÿí-
íÿ (21). Ïåðåâiðèìî âèêîíàííÿ íåëîêàëüíî¨
óìîâè (30). Ìà¹ìî, ùî ëiâà ÷àñòèíà (30) íà-

áóâà¹ âèãëÿäó µ
µ−|ν⃗|

{
C1+

( m∑
k=1

νktk

)
C2

}
. Ïiä-

ðàõó¹ìî ïðàâó ÷àñòèíó (30):

m∑
k=1

νku|t=tk +C1 =
µ

µ− |ν⃗|

{
C1+C2

m∑
k=1

νktk

}
.

Ïðè öüîìó âèêîðèñòàíî ðiâíiñòü

m∑
i=1

νi

m∑
k=1

νk(tk − ti) = 0,

ÿêà ëåãêî ïåðåâiðÿ¹òüñÿ. Ñïðàâäi,

m∑
i=1

νi

m∑
k=1

νk(tk−ti) =
m∑
i=1

νi

{ m∑
k=1

νktk−ti
m∑
k=1

νk

}
=
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=
m∑
i=1

νi

m∑
k=1

νktk −
m∑
k=1

νk

m∑
i=1

νiti = 0.

Îòæå, íåëîêàëüíà óìîâà (30) âèêîíó¹-
òüñÿ.
Âèñíîâêè. 1. ßêùî ðiâíÿííÿ (21) îäíî-

ðiäíå (òîáòî f ≡ 0), òî ðîçâ'ÿçîê çàäà÷i
(21), (30) ¹ ñòàëîþ âåëè÷èíîþ (ïðè φ ≡ C1

µ > |ν⃗|)
u(t, x) =

C1

µ− |ν⃗|
,

çíàê ÿêî¨ çàëåæèòü âiä çíàêó C1. Ðîçâ'ÿçîê
¹äèíèé.

2. ßêùî ðiâíÿííÿ (21) i óìîâà (30) íåîä-
íîðiäíi i φ ≡ C1, f ≡ C2, òî ïðè µ > |ν⃗| ôóí-
êöiÿ (34) ¹ ¹äèíèì ðîçâ'ÿçêîì çàäà÷i (21),
(30). Ïðè µ ≤ |ν⃗| çàäà÷à (21), (30) ðîçâ'ÿçêó
íå ìà¹. ßêùî çàäà÷à îäíîðiäíà (φ = f = 0),
òî âîíà ìà¹ ¹äèíèé íóëüîâèé ðîçâ'ÿçîê.

3. ßêùî µ > |ν⃗|, t ≥ 0, x ∈ R, C1 > 0,
C2 > 0, òî ðîçâ'ÿçêè îáîõ çàäà÷ (îäíîðiäíî¨
i íåîäíîðiäíî¨) íåâiä'¹ìíi.
Ôiçè÷íå òëóìà÷åííÿ ðîçâ'ÿçêiâ. Íå-

õàé t ≥ 0 � ÷àñ, x ∈ R � òî÷êà îäíîðiäíî¨
íèòêè, ÿêà çàéìà¹ ïîëîæåííÿ âiñi Ox, u(t, x)
� òåìïåðàòóðà íèòêè â ìîìåíò ÷àñó t ≥ 0 ó
òî÷öi x ∈ R; µ > 0, νk ∈ R, 1 ≤ k ≤ m, � äå-
ÿêi ïàðàìåòðè, ùî âèçíà÷àþòü iíòåíñèâíiñòü
òåïëîâèõ äæåðåë â òî÷öi x â ìîìåíòè ÷àñó
t = 0 òà t = tk, 1 ≤ k ≤ m âiäïîâiäíî; φ(x)
� âiäîìà ôóíêöiÿ, f(t, x) � âiäîìà ôóíêöiÿ,
ùî âèçíà÷à¹ iíòåíñèâíiñòü çîâíiøíüîãî äæå-
ðåëà òåïëà. Ðiâíÿííÿ (21) ìîæíà òëóìà÷è-
òè ÿê óçàãàëüíåíå ðiâíÿííÿ òåïëîïðîâiäíî-
ñòi, äå çàìiñòü äèôåðåíöiàëüíîãî îïåðàòîðà
− ∂2u

∂x2 , ÿêèé ¹ ÏÄÎ ç ñèìâîëîì |σ|2 çàïèñàíî
éîãî êâàäðàòíèé êîðiíü, òîáòî ôóíêöiÿ âiä
îïåðàòîðà − ∂2u

∂x2 , ñèìâîëîì ÿêî¨ ¹ |σ|.
Óìîâà (30) ó âèãëÿäi

µu(t, x)|t=0−
m∑
k=1

νku(t, x)|t=tk = φ(x), x ∈ R,

ìîæå òëóìà÷èòèñÿ ÿê ðiçíèöÿ ìiæ âëèâàí-
íÿìè òåïëà â òî÷êó x ∈ R â ïî÷àòêîâèé
ìîìåíò ÷àñó t = 0 i íàñòóïíi ìîìåíòè ÷àñó
t = tk, 1 ≤ k ≤ m, ç âiäïîâiäíèìè iíòåíñèâ-
íîñòÿìè, ùî ¹ âiäîìîþ ôóíêöi¹þ, çàëåæíîþ
âiä x.

ßêùî çîâíiøíi òåïëîâi äæåðåëà âiäñóòíi
(f ≡ 0) i ðiçíèöÿ â (30) ñòàëà (φ ≡ C1), òî
u = C1

µ−|ν⃗| � òàêîæ ñòàëà, çàëåæíà âiä iíòåí-
ñèâíîñòåé µ i νk, 1 ≤ k ≤ m, â òî÷êàõ t = 0
i t = tk, 1 ≤ k ≤ m, âiäïîâiäíî. ×èñëî 1

µ−|ν⃗|
ìîæíà íàçâàòè êîåôiöi¹íòîì òåõíîëîãi÷íîãî
íàãðiâàííÿ ñòåðæíÿ.

ßêùî φ ≡ 0, òîáòî C1 = 0, òî

u = C2t+
C2

µ− |ν⃗|

m∑
k=1

νktk,

äå C2t � êiëüêiñòü òåïëà, îòðèìàíîãî
ñòåðæíåì âiä çîâíiøíüîãî íàãðiâàííÿ, à
C2

µ−|ν⃗|

m∑
k=1

νktk � ÷àñòêà òåïëà, îòðèìàíà

ñòåðæíåì âiä çîâíiøíüîãî íàãðiâàííÿ ç
óðàõóâàííÿì òåõíîëîãi÷íîãî ïðîöåñó (30):
m∑
k=1

νk(C2tk), äå νk � iíòåíñèâíiñòü òåïëà, à

C2tk � êiëüêiñòü òåïëà, îòðèìàíîãî äîäàòêî-
âî â ìîìåíò ÷àñó tk, 1 < k ≤ m. Ñóìàðíà

êiëüêiñòü òåïëà äîðiâíþ¹
m∑
k=1

νkC2tk.

Çàãàëüíà ôîðìóëà òàêà:

u(t, x) =
C1

µ− |ν⃗|
+ C2t+

1

µ− |ν⃗|

m∑
k=1

νk(C2tk),

äå êîæåí äîäàíîê ìà¹ ñâié ôiçè÷íèé çìiñò.
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