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ÏÐÎÑÒÎÐÀÕ

Ó ðîáîòi âñòàíîâëåíî óìîâè ðîçâ'ÿçíîñòi òà ïîáóäîâàíî çàãàëüíi ðîçâ'ÿçêè íå âñþäè
ðîçâ'ÿçíèõ iíòåãðàëüíèõ ðiâíÿíü Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì òà êðàéîâèõ çàäà÷ äëÿ
íèõ ó áàíàõîâèõ ïðîñòîðàõ. Äåòàëüíî ðîçãëÿíóòî ïðèêëàä.

The paper presents conditions of solvability and constructions of general solutions for Fredholm
integral equations with generate kernel which need not be always solvable, as well as for boundary
value problems for them in Banach spaces. An example is considered in details.

Âñòàíîâëåííÿ óìîâ ðîçâ'ÿçíîñòi òà ïîáó-
äîâà çàãàëüíèõ ðîçâ'ÿçêiâ ëiíiéíèõ êðàéî-
âèõ çàäà÷

(Lz)(t) = f(t),

ℓz(·) = α,

äå L : B̃1 → B̃2 (B̃1, B̃2 � ôóíêöiîíàëü-
íi áàíàõîâi ïðîñòîðè) � íå âñþäè ðîçâ'ÿ-
çíèé îïåðàòîð ¹ ïðîáëåìîþ, âèðiøåííÿ ÿêî¨
iñòîòíî çàëåæèòü âiä ìîæëèâîñòi ïîáóäîâè
óçàãàëüíåíî-îáåðíåíîãî îïåðàòîðà L− äî ëi-
íiéíîãî îïåðàòîðà L. Äî òàêèõ çàäà÷ íà-
ëåæàòü êðàéîâi çàäà÷i äëÿ äåÿêèõ êëà-
ñiâ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ, iíòå-
ãðàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâ-
íÿíü [1 � 3]. Îïåðàòîð íàëåæèòü êëàñó óçà-
ãàëüíåíî îáîðîòíèõ îïåðàòîðiâ [4], ÿêùî éî-
ãî íóëü-ïðîñòið N(L) òà îáðàç R(L) äîïîâ-
íþâàëüíi [5] ó áàíàõîâèõ ïðîñòîðàõ B̃1 òà
B̃2, âiäïîâiäíî. Ç êîæíîþ ïàðîþ âçà¹ìíî äî-
ïîâíþâàëüíèõ ïðîñòîðiâ ïîâ'ÿçàíi îáìåæåíi
ïðîåêòîðè PN(L) òà PR(L), ÿêi iíäóêóþòü ðîç-

áèòòÿ áàíàõîâèõ ïðîñòîðiâ B̃1 è B̃2 ó ïðÿìi
òîïîëîãi÷íi ñóìè

B̃1 = N(L)⊕XL,

B̃2 = R(L)⊕ YL,

äå N(L), X(L), R(L), YL � çàìêíåíi ïiäïðî-
ñòîðè. Î÷åâèäíî, ùî óçàãàëüíåíî îáîðîò-
íi îïåðàòîðè ¹ íîðìàëüíî ðîçâ'ÿçíèìè.

Äî êëàñó óçàãàëüíåíî îáîðîòíèõ îïåðàòî-
ðiâ íàëåæàòü: ôðåäãîëüìîâi (dimN(L) =
dimYL < ∞); íåòåðîâi (dimN(L) = n <
∞, dimYL = d < ∞, n ̸= d) n− íîðìàëü-
íi [6] (dimN(L) = n < ∞, dimYL = ∞) ç
äîïîâíþâàëüíèì îáðàçîì [5]; d− íîðìàëü-
íi (dimN(L) = ∞, dimYL = d < ∞) ç
äîïîâíþâàëüíèì ÿäðîì; òîïîëîãi÷íî ôðå-
äãîëüìîâi (dimN(L) = ∞, dimYL = ∞,
N(L) içîìîðôíèé YL); òîïîëîãi÷íî íåòåðîâi
[7] (dimN(L) = ∞, dimYL = ∞) îïåðàòîðè.

Ó [8] ðîçãëÿíóòî çàãàëüíèé ïiäõiä äî äî-
ñëiäæåííÿ óìîâ ðîçâ'ÿçíîñòi òà ïîáóäîâè çà-
ãàëüíèõ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ íîð-
ìàëüíî ðîçâ'ÿçíèõ îïåðàòîðíèõ ðiâíÿíü, ÿêi
¹ óçàãàëüíåíî îáîðîòíèìè.

Ó öié ðîáîòi äîñëiäæóþòüñÿ óìî-
âè ðîçâ'ÿçíîñòi òà ñòðóêòóðà çàãàëüíèõ
ðîçâ'ÿçêiâ íå âñþäè ðîçâ'ÿçíèõ iíòåãðàëü-
íèõ ðiâíÿíü Ôðåäãîëüìà ç âèðîäæåíèì
ÿäðîì òà êðàéîâèõ çàäà÷ äëÿ íèõ ó áà-
íàõîâèõ ïðîñòîðàõ. Ç òî÷êè çîðó òåîði¨
îïåðàòîðiâ iíòåãðàëüíèé îïåðàòîð Ôðåä-
ãîëüìà ç âèðîäæåíèì ÿäðîì, ÿêèé äi¹ ó
áàíàõîâîìó ïðîñòîði B1, ¹ òîïîëîãi÷íî
ôðåäãîëüìîâèì.
Ïîñòàíîâêà çàäà÷i. Íåõàé z(t) âåêòîð-

ôóíêöiÿ, ÿêà äi¹ ç âiäðiçêà I = [a, b]
ó äiéñíèé áàíàõîâèé ïðîñòið B1, z(t) ∈
C(I,B1) := {z(·) → B1, ∥z∥ = sup

t∈I
∥z(t)∥B1},

C(I,B1) � áàíàõîâèé ïðîñòið íåïåðåðâíèõ
íà I âåêòîð-ôóíêöié, B � äiéñíèé áàíàõî-
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âèé ïðîñòið.
Ðîçãëÿíåìî ó áàíàõîâîìó ïðîñòîði B1 ëi-

íiéíó êðàéîâó çàäà÷ó äëÿ iíòåãðàëüíîãî ðiâ-
íÿííÿ Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì

(Lz)(t) := z(t)−M(t)

b∫
a

N(s)z(s)ds = f(t),

(1)
ℓz(·) = α, (2)

äå îïåðàòîð-ôóíêöi¨ M(t) òà N(t) äiþòü ç
áàíàõîâîãî ïðîñòîðó B1 ó B1, ñèëüíî íåïå-
ðåðâíi ç íîðìàìè |||M ||| = sup

t∈I
∥M(t)∥B1 =

M0 < ∞ òà |||N ||| = sup
t∈I

∥N(t)∥B1 = N0 < ∞,

îïåðàòîð ℓ � îáìåæåíèé i äi¹ ç áàíàõîâîãî
ïðîñòîðó C(I,B1) ó áàíàõîâèé ïðîñòið B1,
ℓ : C(I,B1) → B, α ∈ B.

Ñòàâèòüñÿ çàäà÷à: âñòàíîâèòè íåîáõiäíi
òà äîñòàòíi óìîâè iñíóâàííÿ òà çàãàëüíèé
âèãëÿä ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i (1), (2)
äëÿ iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà ç
âèðîäæåíèì ÿäðîì, ÿêi íàëåæàòü áàíàõîâî-
ìó ïðîñòîðó C(I,B1).
Ïîïåðåäíi âiäîìîñòi. Âiäîìî [9, c. 141],

ùî äîáóòîê M(t)x ñèëüíî íåïåðåðâíî¨
îïåðàòîð-ôóíêöi¨ M(t) íà åëåìåíò x ∈ B1 ¹
íåïåðåðâíîþ âåêòîð-ôóíêöi¹þ. Òîìó îïåðà-
òîð L äi¹ ç áàíàõîâîãî ïðîñòîðó C([a, b],B1)
ó öåé æå ïðîñòið.

Ïîçíà÷èìî

D = IB1 − A, A =

b∫
a

N(s)M(s) ds,

Ëiíiéíèé îïåðàòîð D � äi¹ ç áàíàõîâîãî
ïðîñòîðó B1 ó B1 i ¹ îáìåæåíèì.

Íåõàé îïåðàòîð D � óçàãàëüíåíî îáîðîò-
íèé. Òîäi iñíóþòü îáìåæåíi ïðîåêòîðè
PN(D) : B1 → N(D), ÿêèé ïðîåêòó¹ áàíà-
õîâèé ïðîñòið B1 íà íóëü-ïðîñòið N(D) îïå-
ðàòîðà D, PYD

: B1 → YD, ÿêèé ïðîåêòó¹
áàíàõîâèé ïðîñòið B1 íà ïiäïðîñòið YD içî-
ìîðôíèé íóëü-ïðîñòîðó N(D∗) ñïðÿæåíîãî
îïåðàòîðà D∗ äî îïåðàòîðà D òà îáìåæåíèé
óçàãàëüíåíî-îáåðíåíèé îïåðàòîð D−, ÿêèé
ìîæíà ïîáóäóâàòè, âèêîðèñòîâóþ÷è ìåòî-
äèêó ç [10].

Òåîðåìà 1. [11] Íåõàé D : B1 → B1

� îáìåæåíèé óçàãàëüíåíî îáîðîòíèé îïå-
ðàòîð. Òîäi iíòåãðàëüíèé îïåðàòîð L ç (1)
� óçàãàëüíåíî îáîðîòíèé.

Äëÿ äîâåäåííÿ óçàãàëüíåíî¨ îáîðîòíî-
ñòi iíòåãðàëüíîãî îïåðàòîðà (1) ïîáóäîâàíî
ïðîåêòîðè PN(L) : C([a, b],B1) → N(L) òà
PYL

: C([a, b],B1) → YL

(PN(L)z)(t) =M(t)PN(D)

b∫
a

N(s)z(s)ds,

(3)

(PYL
f)(t) =M(t)PYD

b∫
a

N(s)f(s)ds

òà äîâåäåíî, ùî âîíè îáìåæåíi.
Òåîðåìà 2. [11] Íåõàé D : B1 → B1 �

óçàãàëüíåíî îáîðîòíèé îïåðàòîð. Òîäi îïå-
ðàòîð

(L−f)(t) = f(t)+M(t)D−
b∫

a

N(s)f(s)ds (4)

¹ îáìåæåíèì óçàãàëüíåíî-îáåðíåíèì îïåðà-
òîðîì äî iíòåãðàëüíîãî îïåðàòîðà L ç (1),
äå D− � îáìåæåíèé óçàãàëüíåíî-îáåðíåíèé
îïåðàòîð äî îïåðàòîðà D.
Îñíîâíèé ðåçóëüòàò. Âèêîðèñòîâóþ÷è

àïàðàò òåîði¨ óçàãàëüíåíî-îáåðíåíèõ îïåðà-
òîðiâ, çíàéäåìî íåîáõiäíi òà äîñòàòíi óìîâè
ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i (1), (2) ó áàíà-
õîâîìó ïðîñòîði. Äëÿ öüîãî ñïî÷àòêó çíà-
éäåìî óìîâè iñíóâàííÿ òà çàãàëüíèé âèãëÿä
ðîçâ'ÿçêó îïåðàòîðíîãî ðiâíÿííÿ (1).

Âiäîìî [4], ùî óçàãàëüíåíî îáîðîòíèé
îïåðàòîð ¹ íîðìàëüíî ðîçâ'ÿçíèì. Òîìó äëÿ
ðiâíÿííÿ (1) ïðàâèëüíà
Òåîðåìà 3. Íåõàé D : B1 → B1 �

îáìåæåíèé óçàãàëüíåíî îáîðîòíèé îïåðà-
òîð. Òîäi ïðè âèêîíàííi óìîâè

(PYL
f)(t) =M(t)PYD

b∫
a

N(s)f(s)ds = 0 (5)

i òiëüêè ïðè íié îïåðàòîðíå ðiâíÿííÿ (1)
ðîçâ'ÿçíå i ìà¹ ñiì'þ ðîçâ'ÿçêiâ

z(t) =M(t)PN(D)c+ (L−f)(t), (6)
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äå M(t)PN(D) � îïåðàòîð-ôóíêöiÿ, ÿêà
¹ ðîçâ'ÿçêîì âiäïîâiäíîãî (1) îäíîðiäíî-
ãî iíòåãðàëüíîãî ðiâíÿííÿ, c � äîâiëüíèé
åëåìåíò áàíàõîâîãî ïðîñòîðó B1, L

− �
óçàãàëüíåíî-îáåðíåíèé îïåðàòîð (4) äî ií-
òåãðàëüíîãî îïåðàòîðà L ç (1).

Äîâåäåííÿ. Çàïèøåìî ðiâíÿííÿ (1) ó âèã-
ëÿäi

z(t) =M(t) c+ f(t), (7)

äå c =
b∫
a

N(s)z(s)ds. Çàñòîñóâàâøè äî îáîõ

÷àñòèí ðiâíÿííÿ (7) îïåðàòîð-ôóíêöiþ N(t)
òà ïðîiíòåãðóâàâøè ¨õ íà ïðîìiæêó [a, b]
îòðèìà¹ìî îïåðàòîðíå ðiâíÿííÿ

b∫
a

N(s)z(s)ds =

b∫
a

N(s)M(s) c ds+

+

b∫
a

N(s)f(s)ds,

àáî
(IB1 − A)c = Dc = b, (8)

äå

b =

b∫
a

N(s)f(s)ds.

Ç óçàãàëüíåíî¨ îáîðîòíîñòi îïåðàòîðà
D = IB1 −A ìà¹ìî, ùî îïåðàòîðíå ðiâíÿííÿ
(8) íîðìàëüíî ðîçâ'ÿçíå. Îòæå âîíî ðîçâ'ÿ-
çíå òîäi i ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà
[4, c. 133]

PYD
b = 0

i ïðè öüîìó ìà¹ ñiì'þ ðîçâ'ÿçêiâ

c = PN(D)ĉ+D−b, (9)

äå ĉ � äîâiëüíèé åëåìåíò áàíàõîâîãî ïðî-
ñòîðó B1.

Ïiäñòàâèâøè çíàéäåíå c ∈ B1 ç (9) ó ôîð-
ìóëó (7), îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê ií-
òåãðàëüíîãî ðiâíÿííÿ (1):

z(t) =M(t) {PN(D)ĉ+D−b}+ f(t) =

=M(t)PN(D)ĉ+ f(t) +M(t)D−× (10)

×
b∫

a

N(s)f(s)ds =M(t)PN(D)ĉ+ (L−f)(t),

îñêiëüêè çà òåîðåìîþ 2

(L−f)(t) = f(t) +M(t)D−
b∫

a

N(s)f(s)ds.

Äàëi çíàéäåìî óìîâè iñíóâàííÿ òà çàãàëü-
íèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2).

Ïiäñòàâèâøè ðîçâ'ÿçîê (6) íåîäíîðiäíîãî
îïåðàòîðíîãî ðiâíÿííÿ (1) ó êðàéîâó óìîâó
(2), îòðèìà¹ìî îïåðàòîðíå ðiâíÿííÿ

ℓ(M(·)PN(D))ĉ+ ℓf(·)+

ℓM(·)D−
b∫
a

N(s)f(s)ds = α.
(11)

Ïîçíà÷èìî ÷åðåç Q = ℓ(M(·)PN(D)) �
îïåðàòîð, ÿêèé äi¹ ç áàíàõîâîãî ïðîñòîðó
B1 ó áàíàõîâèé ïðîñòið B. Îïåðàòîð Q
� îáìåæåíèé ÿê ñóïåðïîçèöiÿ îáìåæåíîãî
îïåðàòîðà ℓ òà îáìåæåíî¨ îïåðàòîð-ôóíêöi¨
M(t)PN(D).

Òîäi ðiâíÿííÿ (11) çàïèøåòüñÿ ó âèãëÿäi

Qĉ = α− ℓf(·)− ℓM(·)D−
b∫

a

N(s)f(s)ds.

(12)
Íåõàé îïåðàòîð Q íàëåæèòü êëàñó óçà-

ãàëüíåíî îáîðîòíèõ îïåðàòîðiâ. Ïîçíà÷èìî
PN(Q) : B1 → N(Q) � îáìåæåíèé ïðîåê-
òîð áàíàõîâîãî ïðîñòîðó B1 íà íóëü-ïðîñòið
N(Q) îïåðàòîðà Q, PYQ

: B → YQ � îáìå-
æåíèé ïðîåêòîð áàíàõîâîãî ïðîñòîðó B íà
ïiäïðîñòið YQ ⊂ B.

Îñêiëüêè îïåðàòîð Q � óçàãàëüíåíî îáî-
ðîòíèé, à îòæå íîðìàëüíî ðîçâ'ÿçíèé, òî
ðiâíÿííÿ (12) ðîçâ'ÿçíå òîäi i ëèøå òîäi, êî-
ëè âèêîíó¹òüñÿ óìîâà [4, c. 133]

PYQ

[
α− ℓf(·)− ℓM(·)D−

b∫
a

N(s)f(s)ds
]
= 0,

ïðè âèêîíàííi ÿêî¨ âîíî ìà¹ ñiì'þ ðîçâ'ÿçêiâ

ĉ = PN(Q)c̃+Q−
[
α− ℓf(·)−
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(13)

−ℓM(·)D−
b∫

a

N(s)f(s)ds
]
,

äå c̃ � äîâiëüíèé åëåìåíò áàíàõîâîãî ïðîñ-
òîðó B1, Q− � îáìåæåíèé óçàãàëüíåíî-
îáåðíåíèé îïåðàòîð äî îïåðàòîðà Q.

Ïiäñòàâëÿþ÷è ĉ ç (13) ó (10), îòðèìà¹ìî
çàãàëüíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2)

z(t) =M(t)PN(D)PN(Q)c̃+

+
[
f(t)−M(t)PN(D)Q

−ℓf(·)
]
+M(t)×

×
[
IB1 − PN(D)Q

−ℓM(·)
]
D−

b∫
a

N(s)f(s)ds+

M(t)PN(D)Q
−α =M(t)PN(D)PN(Q)c̃+

+(Gf)(t) +M(t)PN(D)Q
−α,

äå

(Gf)(t) :=
[
f(t)−M(t)PN(D)Q

−ℓf(·)
]
+

(14)

+M(t)
[
IB1−PN(D)Q

−ℓM(·)
]
D−

b∫
a

N(s)f(s)ds

� óçàãàëüíåíèé îïåðàòîð Ãðiíà íàïiâîäíî-
ðiäíî¨ (α = 0) êðàéîâî¨ çàäà÷i (1), (2),
à îïåðàòîð-ôóíêöiÿ M(t)PN(D)PN(Q) � ¹
ðîçâ'ÿçêîì âiäïîâiäíî¨ (1), (2) îäíîðiäíî¨
(f(t) = 0, α = 0) êðàéîâî¨ çàäà÷i.

Äiéñíî,

(Lz)(t) =M(t)PN(D)PN(Q)−

−M(t)

b∫
a

N(s)
{
M(t)PN(D)PN(Q)

}
ds =

=M(t)PN(D)PN(Q) −M(t)APN(D)PN(Q) = 0,

îñêiëüêè A = IB1 −D, DPN(D) = 0, à

ℓ(M(·)PN(D))PN(Q) = QPN(Q) = 0,

îñêiëüêè ℓ(M(·)PN(D)) = Q, à QPN(Q) = 0.

Îòæå, äëÿ êðàéîâî¨ çàäà÷i (1), (2)
ñïðàâåäëèâà íàñòóïíà òåîðåìà.
Òåîðåìà 4. Íåõàé îïåðàòîðè D : B1 →

B1 òà Q : B1 → B � óçàãàëüíåíî îáîðîòíi.
Òîäi âiäïîâiäíà (1), (2) îäíîðiäíà (f(t) =

0, α = 0) êðàéîâà çàäà÷à ìà¹ ñiì'þ ðîçâ'ÿç-
êiâ

z(t) =M(t)PN(D)PN(Q)c̃, (15)

äå c̃ � äîâiëüíèé åëåìåíò áàíàõîâîãî ïðîñ-
òîðó B1.

Íåîäíîðiäíà êðàéîâà çàäà÷à (1), (2)
ðîçâ'ÿçíà äëÿ òèõ i ëèøå òèõ f(t) ∈
C(I,B1) òà α ∈ B, ÿêi çàäîâîëüíÿþòü óìî-
âè

(PYL
f)(t) =M(t)PYD

b∫
a

N(s)f(s)ds = 0,

(16)

PYQ

[
α− ℓf(·)− ℓM(·)D−

b∫
a

N(s)f(s)ds
]
= 0

i ïðè öüîìó âîíà ìà¹ ñiì'þ ðîçâ'ÿçêiâ

z(t) =M(t)PN(D)PN(Q)c̃+

(17)

+(Gf)(t) +M(t)PN(D)Q
−α,

äå G � óçàãàëüíåíèé îïåðàòîð Ãðiíà (14)
âiäïîâiäíî¨ (1), (2) íàïiâîäíîðiäíî¨ (α = 0)
êðàéîâî¨ çàäà÷i.
Çëi÷åííîâèìiðíi êðàéîâi çàäà÷i äëÿ

iíòåãðàëüíèõ ðiâíÿíü Ôðåäãîëüìà ç
âèðîäæåíèì ÿäðîì.

Äàëi ðîçãëÿíåìî ÷àñòèííèé âèïàäîê êðà-
éîâî¨ çàäà÷i (1), (2) äëÿ iíòåãðàëüíîãî îïå-
ðàòîðà Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì, äå
îïåðàòîð-ôóíêöi¨ M(t) òà N(t) � çëi÷åííî-
âèìiðíi ìàòðèöi, âåêòîð-ñòîâïöi òà âåêòîð-
ðÿäêè ÿêèõ íàëåæàòü áàíàõîâîìó ïðîñòîðó
C([a, b],B1) äiþòü ç ñåïàðàáåëüíîãî áàíàõî-
âîãî ïðîñòîðó B1 ó B1, îïåðàòîð ℓ äi¹ ç áà-
íàõîâîãî ïðîñòîðóC(I,B1) ó ñåïàðàáåëüíèé
áàíàõîâèé ïðîñòið B, ℓ : C(I,B1) → B,
α ∈ B.

Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) äëÿ
iíòåãðàëüíîãî ðiâíÿííÿ áóäåìî øóêàòè ó âè-
ãëÿäi çëi÷åííîâèìiðíîãî âåêòîð-ñòîâï÷èêà
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z(t) ∈ C(I,B1) � áàíàõîâîãî ïðîñòîðó íå-
ïåðåðâíèõ íà ïðîìiæêó I ôóíêöié, ÿêi íà-
áóâàþòü çíà÷åíü ó äiéñíîìó ñåïàðàáåëüíîìó
áàíàõîâîìó ïðîñòîði B1.
Íàñëiäîê 1. (Íîðìàëüíî ðîçâ'ÿçíi êðà-

éîâi çàäà÷i) Íåõàé B1 òà B � ñåïàðàáåëü-
íi áàíàõîâi ïðîñòîðè, D : B1 → B1 òà
Q : B1 → B � óçàãàëüíåíî îáîðîòíi îïåðà-
òîðè, ïðè÷îìó Q � òîïîëîãi÷íî ôðåäãîëü-
ìîâèé.

Òîäi îäíîðiäíà êðàéîâà çàäà÷à ìà¹ çëi÷åí-
íó êiëüêiñòü ðîçâ'ÿçêiâ (15). Íåîäíîðiäíà
êðàéîâà çàäà÷à (1), (2) ðîçâ'ÿçíà äëÿ òèõ
i ëèøå òèõ f(t) ∈ C(I,B1), α ∈ B, ÿêi çà-
äîâîëüíÿþòü çëi÷åííó êiëüêiñòü óìîâ (16),
ïðè âèêîíàííi ÿêèõ âîíà ìà¹ çëi÷åííó êiëü-
êiñòü ðîçâ'ÿçêiâ (17).
Íàñëiäîê 2. (n-íîðìàëüíî ðîçâ'ÿçíi êðà-

éîâi çàäà÷i) Íåõàé B1 � ñêií÷åííîâèìiðíèé,
à B � íåñêií÷åííîâèìiðíèé ñåïàðàáåëüíèé
áàíàõîâèé ïðîñòîðè, Q : B1 → B � n-íîð-
ìàëüíèé îïåðàòîð ç äîïîâíþâàëüíèì îáðà-
çîì R(Q).

Òîäi îäíîðiäíà êðàéîâà çàäà÷à ìà¹
ñêií÷åííó êiëüêiñòü ëiíiéíî-íåçàëåæ-
íèõ ðîçâ'ÿçêiâ (15). Íåîäíîðiäíà çàäà÷à
(1), (2) ðîçâ'ÿçíà äëÿ òèõ i ëèøå òèõ
f(t) ∈ C(I,B1), α ∈ B, ÿêi çàäîâîëüíÿþòü
çëi÷åííó êiëüêiñòü ëiíiéíî-íåçàëåæíèõ
óìîâ (16), ïðè âèêîíàííi ÿêèõ âîíà ìà¹
ñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ (17).
Íàñëiäîê 3. (d-íîðìàëüíî ðîçâ'ÿçíi êðà-

éîâi çàäà÷i) Íåõàé B1 � íåñêií÷åííîâèìið-
íèé ñåïàðàáåëüíèé, à B � ñêií÷åííîâèìið-
íèé áàíàõîâi ïðîñòîðè, Q : B1 → B �
d-íîðìàëüíèé îïåðàòîð ç äîïîâíþâàëüíèì
íóëü-ïðîñòîðîì N(Q).

Òîäi îäíîðiäíà êðàéîâà çàäà÷à ìà¹ çëi÷åí-
íó êiëüêiñòü ëiíiéíî-íåçàëåæíèõ ðîçâ'ÿç-
êiâ (15). Íåîäíîðiäíà çàäà÷à (1), (2) ðîçâ'ÿ-
çíà äëÿ òèõ i ëèøå òèõ f(t) ∈ C(I,B1),
α ∈ B, ÿêi çàäîâîëüíÿþòü ñêií÷åííó êiëü-
êiñòü ëiíiéíî-íåçàëåæíèõ óìîâ (16), ïðè
âèêîíàííi ÿêèõ âîíà ìà¹ çëi÷åííó êiëüêiñòü
ðîçâ'ÿçêiâ (17).
Íàñëiäîê 4. (Íåòåðîâi êðàéîâi çàäà÷i)

Íåõàé B1 òà B � ñêií÷åííîâèìiðíi ïðîñòî-
ðè, à Q : B1 → B1 � íåòåðîâèé îïåðàòîð.

Òîäi îäíîðiäíà êðàéîâà çàäà÷à ìà¹ ñêií-

÷åííó êiëüêiñòü ðîçâ'ÿçêiâ (15). Íåîäíîði-
äíà çàäà÷à (1), (2) ðîçâ'ÿçíà äëÿ òèõ i ëèøå
òèõ f(t) ∈ C(I,B1), α ∈ B, ÿêi çàäîâîëüíÿ-
þòü ñêií÷åííó êiëüêiñòü óìîâ (16), ïðè âè-
êîíàííi ÿêèõ âîíà ìà¹ ñêií÷åííó êiëüêiñòü
ðîçâ'ÿçêiâ (17).
Çàóâàæåííÿ 1. Ó âèïàäêó, êîëè îïå-

ðàòîð L � âñþäè ðîçâ'ÿçíèé ïåðøà óìîâà
ó (16) iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i
(1), (2) àâòîìàòè÷íî âèêîíó¹òüñÿ, îñêiëü-
êè PYL

≡ 0. Òàêi êðàéîâi çàäà÷i ðîçãëÿíóòi
ó [13], äå íàâåäåíî ïîäiáíó êëàñèôiêàöiþ çëi-
÷åííîâèìiðíèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi ¹
âñþäè ðîçâ'ÿçíèìè.
Ïðèêëàä. Çíàéäåìî óìîâè ðîçâ'ÿçíîñòi

òà çàãàëüíèé âèãëÿä ðîçâ'ÿçêiâ êðàéîâî¨ çà-
äà÷i

(Lz)(t) =: z(t)−M(t)

2∫
0

N(s)z(s)ds = f(t),

(18)

ℓz(·) =
2∫

0

S(t)z(t)dt = α, (19)

äå

M(t) = diag

{(
1 −t
0 t

2

)
, . . .

}
,

N(s) = diag

{(
3(s−1)

2
0

0 1

)
, . . .

}
� çëi÷åííîâèìiðíi ìàòðèöi, ÿêi äiþòü ç áà-
íàõîâîãî ïðîñòîðó C([0, 2], c) ó C([0, 2], c)
ç íîðìàìè |||M |||C([0,2],c) = supt∈[0,2]∥M(t)∥c,
|||N |||C([0,2],c) = supt∈[0,2]∥N(t)∥c, f(t) =
(f1(t), f2(t), f3(t), . . .) ∈ C([0, 1], c),

S(t) = diag
{
S(3×2)(t), S(3×2)(t), . . .

}
−

ñèëüíî íåïåðåðâíà îïåðàòîð-ôóíêöiÿ,
S(3×2)(t) � (3× 2)-âèìiðíà ìàòðèöÿ:

S(3×2)(t) =

 1 4
0 −3t

4
1 3t

 ,

|||S|||C([0,1],c) = supt∈[0,1]∥S(t)∥c <∞.
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Òàêèì ÷èíîì, âåêòîð-ôóíêöiîíàë ℓ äi¹
ç áàíàõîâîãî ïðîñòîðó C([0, 1], c) ó áàíà-
õîâèé ïðîñòið c i ¹ îáìåæåíèì, α =
col(α1, α2, α3, . . .) ∈ c.

Iç âèçíà÷åííÿ ìàòðèöü M(t) òà N(t) ìà¹-
ìî, ùî

|||M |||C([0,2],c) = sup
t∈[0,2]

|t| ≤ 2,

|||N |||C([0,2],c) = sup
t∈[0,2]

∣∣∣3(t− 1)

2

∣∣∣ ≤ 3/2.

Òîäi îïåðàòîð L ¹ ëèíiéíèì îáìåæåíèì
îïåðàòîðîì, ÿêèé äi¹ ç áàíàõîâîãî ïðîñòî-
ðó íåïåðåðâíèõ íà ïðîìiæêó [0, 2] ôóíêöié
C([0, 2], c) â C([0, 2], c). Íåñêií÷åííîâèìið-
íi ïiäïðîñòîðè N(L) òà YL � içîìîðôíi
ÿê ïiäïðîñòîðè ñåïàðàáåëüíîãî áàíàõîâîãî
ïðîñòîðó C([0, 2], c) [12, c. 55].

Îïåðàòîð

D = Ic − A, A =

2∫
0

N(s)M(s) ds

ìà¹ âèãëÿä

D = diag

{(
1 1
0 0

)
,

(
1 1
0 0

)
, . . .

}
i äi¹ ç áàíàõîâîãî ïðîñòîðó c � îáìåæåíèõ
ïîñëiäîâíîñòåé x = {ξ(i)}∞i=1, ùî çáiæíi äî
ñêií÷åííî¨ ìåæi ó ïðîñòið c òàêèõ æå ïîñëi-
äîâíîñòåé y = {η(i)}∞i=1, D : c → c.

Î÷åâèäíî, ùî îïåðàòîð D � îáìåæåíèé
ó öüîìó ïðîñòîði.

Ïðîåêòîðè PN(D) : c → N(D) i PYD
: c →

YD ìàòèìóòü âèãëÿä:

PN(D) = diag

{(
1 0

−1 0

)
,

(
1 0

−1 0

)
, . . .

}
,

PYD
= diag

{(
0 0
0 1

)
,

(
0 0
0 1

)
, . . .

}
.

Îáìåæåíèé óçàãàëüíåíî-îáåðíåíèé îïåðà-
òîð D− çàïèøåòüñÿ ó âèãëÿäi:

D− = diag

{(
0 0
1 0

)
,

(
0 0
1 0

)
, . . .

}
.

Çà ôîðìóëàìè (3) ïîáóäó¹ìî ïðîåêòîðè

(PN(L)z)(t) = X(t)
b∫
a

N(s)z(s)ds,

(PYL
f)(t) = Φ(t)

b∫
a

N(s)f(s)ds,

äå
X(t) =M(t)PN(D) =

= diag

{(
1 + t 0
− t

2
0

)
,

(
1 + t 0
− t

2
0

)
, . . .

}
,

Φ(t) =M(t)PYD
=

= diag

{(
0 −t
0 t

2

)
,

(
0 −t
0 t

2

)
, . . .

}
.

Çãiäíî ç òåîðåìîþ 2 óçàãàëüíåíî-
îáåðíåíèé îïåðàòîð äî iíòåãðàëüíîãî
îïåðàòîðà (18) ìàòèìå âèãëÿä

(L−f)(t) = f(t) +M(t)

2∫
0

N(s)z(s)ds,

äå
M(t) =M(t)D− =

= diag

{(
−t 0

t
2

0

)
,

(
−t 0

t
2

0

)
, . . .

}
.

Óìîâè iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (18)
çà òåîðåìîþ 3 ìàþòü âèãëÿä

(PYL
f)(t) = Φ(t)

2∫
0

N(s)f(s)ds.

Ïiñëÿ ïåðåòâîðåíü îäåðæèìî

2∫
0

f2k(t)dt = 0, k = 1, 2, 3, . . . . (20)

Ïðè âèêîíàííi óìîâ (20) îïåðàòîðíå ðiâ-
íÿííÿ (18) ìà¹ ñiì'þ ðîçâ'ÿçêiâ

z(t) = (PN(L)ẑ)(t) + (L−f)(t) =
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= X(t)

2∫
0

N(s)ẑ(s)ds+ (21)

+f(t) +M(t)

2∫
0

N(s)f(s)ds,

äå ẑ(t) � äîâiëüíèé åëåìåíò áàíàõîâîãî ïðî-
ñòîðó C([0, 1], c).

Ïiäñòàâëÿþ÷è çàãàëüíèé ðîçâ'ÿçîê (21) ó
êðàéîâó óìîâó (18), îòðèìà¹ìî îïåðàòîðíå
ðiâíÿííÿ

(Qẑ)(·) + ℓ(L−f)(·) = α, (22)

äå

(Qẑ)(·) = ℓPN(L)ẑ)(·) =
2∫

0

S(t)X(t)×

×
2∫

0

N(s)ẑ(s)ds dt = Q

2∫
0

N(s)ẑ(s)ds.

Îïåðàòîð

Q =

2∫
0

S(t)X(t)dt =

= diag


 0 0

1 0
0 0

 ,

 0 0
1 0
0 0

 , . . .


äi¹ ç áàíàõîâîãî ïðîñòîðó c � çáiæíèõ îáìå-
æåíèõ ïîñëiäîâíîñòåé x = {ξ(i)} ó ïðîñòið
c òàêèõ æå ïîñëiäîâíîñòåé y = {η(i)}, Q:
c → c.

Ïîçíà÷èâøè c =
2∫
0

N(s)ẑ(s)ds, çàïèøåìî

îïåðàòîðíå ðiâíÿííÿ (22) ó âèãëÿäi:

Qc = α− ℓf(·)− ℓM(·)
2∫

0

N(s)f(s)ds. (23)

Ïðîåêòîðè PYQ
: c → YQ òà PN(Q) : c →

N(Q) ìàþòü âèãëÿä:

PN(Q) = diag

{(
0 0
0 1

)
,

(
0 0
0 1

)
, . . .

}
,

PYQ
= diag


 1 0 0

0 0 0
0 0 1

 , . . .

 ,

i, î÷åâèäíî, îáìåæåíi.
Îòæå, îïåðàòîð Q � óçàãàëüíåíî îáîðîò-

íèé i, ÿê íàñëiäîê, íîðìàëüíî ðîçâ'ÿ-
çíèé. Òîìó äëÿ ðîçâ'ÿçíîñòi ðiâíÿííÿ (23)
íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü
óìîâà:

PYQ

{
α− ℓf(·)− ℓM(·)

2∫
0

N(s)f(s)ds
}
= 0.

Ïiñëÿ ïåðåòâîðåíü îòðèìà¹ìî, ùî êîì-
ïîíåíòè âåêòîðà α ∈ c òà âåêòîð-ôóíêöi¨
f(t) ∈ C([0, 1], c) ïîâèííi çàäîâîëüíÿòè óìî-
âè:

α4k−3 −
2∫

0

{
(6t− 5)f2k−1(t) + 4f2k(t)

}
dt = 0,

(24)

α4k−1 −
2∫

0

{
(6t− 5)f2k−1(t) + 3tf2k(t)

}
dt = 0,

k = 1, 2, 3, . . . .

Ïðè âèêîíàííi öèõ óìîâ îïåðàòîðíå ðiâ-
íÿííÿ (23) ìàòèìå ðîçâ'ÿçîê

c = PN(Q)ĉ+Q−
{
α− ℓf(·)−

−ℓM(·)
2∫
0

N(s)f(s)ds
}
,

(25)

äå ĉ � äîâiëüíèé åëåìåíò ïðîñòîðó c,

Q− = diag

{(
0 1 0
0 0 0

)
,

(
0 1 0
0 0 0

)
, . . .

}
� óçàãàëüíåíî-îáåðíåíèé îïåðàòîð äî îïå-
ðàòîðà Q, ÿêèé ìîæíà ïîáóäóâàòè çà ìåòî-
äèêîþ, íàâåäåíîþ â [10].

Ïiäñòàâèâøè çíàéäåíå çíà÷åííÿ c ç (25)

çàìiñòü
2∫
0

N(s)ẑ(s)ds ó (21), îòðèìà¹ìî çà-

ãàëüíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (18), (19)
ó âèãëÿäi

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 4. 63



z(t) = X(t)PN(Q)ĉ+ f(t)−X(t)Q−ℓf(·)−

−X(t)Q−ℓM(·)
2∫

0

N(s)f(s)ds+

+M(t)

2∫
0

N(s)f(s)ds+X(t)Q−α.

Òàêèì ÷èíîì, êðàéîâà çàäà÷à (18), (19)
ìàòèìå ðîçâ'ÿçêè òîäi i ëèøå òîäi, êîëè êîì-
ïîíåíòè åëåìåíòà α ∈ c òà âåêòîð-ôóíêöi¨
f(t) ∈ C([0, 1], c) çàäîâîëüíÿòèìóòü óìîâè
(20), (24), ïðè âèêîíàííi ÿêèõ âîíà ìàòèìå
ñiì'þ ðîçâ'ÿçêiâ:

z(t) = X(t)PN(Q)ĉ+ (Gf)(t) +X(t)Q−α,

äå G � óçàãàëüíåíèé îïåðàòîð Ãðiíà íàïiâî-
äíîðiäíî¨ (α = 0) êðàéîâî¨ çàäà÷i (18), (19),
ÿêèé äi¹ íà ôóíêöiþ f(t) ∈ C([0, 1], c) çà
ïðàâèëîì:

(Gf)(t) = f̃(t) + M̃(t)

2∫
0

N(s)f(s)ds,

f̃(t) = f(t)− X̃(t)ℓf(·) =

= f(t)− X̃(t)

2∫
0

S(s)f(s)ds,

X̃(t) = X(t)Q− =

= diag

{(
0 1 + t 0
0 − t

2
0

)
, . . .

}
,

M̃(t) =
[
M(t)−X(t)Q−ℓM(·)

]
=

= diag

{(
1 0
0 0

)
,

(
1 0
0 0

)
, . . .

}
.
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