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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À ÄËß ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß Ç
ÍÅËÎÊÀËÜÍÎÞ ÓÌÎÂÎÞ ÏÅÐÅÂÈÇÍÀ×ÅÍÍß

Äîñëiäæåíî îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîåôiöi¹íòà îäíîâè-
ìiðíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ iç íåëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ. Âñòàíîâëåíî óìîâè
iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i.

An inverse problem for a one-dimensional parabolic equation with unknown time-dependent
leading coe�cient with a nonlocal overdetermination condition is investigated. The existence and
uniqueness conditions of the classical solution to the problem are obtained.

Òåîðiÿ îáåðíåíèõ çàäà÷ íàáóëà çíà÷íîãî
ïîøèðåííÿ çàâäÿêè ¨õ çàñòîñóâàííþ ó ôiçè-
öi, áiîëîãi¨, åêîíîìiöi, ïðè ìîäåëþâàííi ïðè-
êëàäíèõ ïðîöåñiâ òà ií. Êðàéîâi çàäà÷i iç íå-
ëîêàëüíèìè óìîâàìè îïèñóþòü òàêi ÿâèùà,
ÿê äèôóçiÿ ÷àñòèíîê ó òóðáóëåíòíié ïëà-
çìi, ïðîöåñè âîëîãîïåðåíîñó â êàïiëÿðíî-
ïîðèñòèõ ñåðåäîâèùàõ òà ií. Çîêðåìà, íåëî-
êàëüíi óìîâè, íàâåäåíi ó äàíié çàäà÷i, âèíè-
êàþòü ó ìàòåìàòè÷íié ìîäåëi îõîëîäæåííÿ
íåîäíîðiäíîãî çiãíóòîãî ñòåðæíÿ [1].

Ó ïðàöÿõ [2]-[5] ðîçãëÿíóòî îáåðíåíi çàäà-
÷i iç íåëîêàëüíèìè óìîâàìè. Îáåðíåíà çà-
äà÷à äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç óìîâà-
ìè Íåéìàíà òà íåëîêàëüíîþ êðàéîâîþ óìî-
âîþ áóëà äîñëiäæåíà Áåðåçíèöüêîþ I.Á. [6].
Ó äàíié ðîáîòi âñòàíîâëåíî óìîâè iñíóâàííÿ
òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ
ïàðàáîëi÷íîãî ðiâíÿííÿ ç óìîâàìè Äiðiõëå
òà íåëîêàëüíîþ êðàéîâîþ óìîâîþ.

1. Ôîðìóëþâàííÿ çàäà÷i òà ïðè-
ïóùåííÿ íà âèõiäíi äàíi. Â îáëàñòi
QT := {(x, t) : 0 < x < h, 0 < t < T}
ðîçãëÿäà¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ
ïàðè íåâiäîìèõ ôóíêöié (a(t), u(x, t)) äëÿ
ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = a(t)uxx + b(x, t)ux + c(x, t)u+ f(x, t),

(x, t) ∈ QT (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = φ(x), x ∈ [0, h], (2)

êðàéîâèìè óìîâàìè

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ]
(3)

òà íåëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ

ν1(t)ux(0, t)+ν2(t)ux(h, t) = µ3(t), t ∈ [0, T ].
(4)

Íàäàëi ÷àñòî âèêîðèñòîâó¹òüñÿ ôóíêöiÿ
Ãðiíà, òîæ íàâåäåìî ¨¨ çîáðàæåííÿ:

Gk(x, t, ξ, τ) =
1

2
√
π(θ(t)− θ(τ))

×

×
+∞∑

n=−∞

(−1)[
k−1
2

]n

(
exp

(
−(x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+

+(−1)k exp

(
−(x+ ξ + 2nh)2

4(θ(t)− θ(τ))

))
,

θ(t) =

t∫
0

a(τ)dτ, k = 1, 4. (5)

Êîåôiöi¹íò k = 1 âiäïîâiäà¹ êðàéîâèì
óìîâàì ïåðøîãî ðîäó, k = 2 � äðóãîãî
ðîäó, k = 3 � óìîâàì âèãëÿäó u(0, t) =
µ1(t), ux(h, t) = µ4(t), t ∈ [0, T ], k = 4 �
óìîâàì âèãëÿäó ux(0, t) = µ2(t), u(h, t) =
µ3(t), t ∈ [0, T ].

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè :
(A1) b, c, f ∈ C1,0(QT ), φ ∈ C2+α([0, h]),
µ1, µ2, µ3, ν1, ν2 ∈ C1([0, T ]);
(A2) φ′′(x) > 0, x ∈ [0, h], ν1(t) < 0,
ν2(t) > 0, ν1(t) + ν2(t) > 0,

µ3(t)−
ν1(t) + ν2(t)

h
(µ2(t)− µ1(t)) > 0,
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b(0, t) > 0, µ′
1(t)− c(0, t)µ1(t)−

f(0, t)− b(0, t)µ3(t)

ν2(t) + ν1(t)
> 0, b(h, t) > 0,

µ′
2(t)−c(h, t)µ2(t)−f(h, t)−

b(h, t)µ3(t)

ν2(t) + ν1(t)
> 0,

t ∈ [0, T ];
(A3) φ(0) = µ1(0), φ(h) = µ2(0),
ν1(0)φ

′(0) + ν2(0)φ
′(h) = µ3(0).

2. Îöiíêà ôóíêöié u(x, t), ux(x, t).
Îñêiëüêè u(x, t) ¹ ðîçâ'ÿçêîì ïåðøî¨ êðàéî-
âî¨ çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ, òî çà
ïðèíöèïîì ìàêñèìóìó ([7], ñ. 22) iñíó¹ òà-
êà ñòàëà M0, ÿêà âèçíà÷à¹òüñÿ ç âèõiäíèõ
äàíèõ çàäà÷i (1)-(4), ùî âèêîíó¹òüñÿ íåðiâ-
íiñòü:

|u(x, t)| 6M0, (x, t) ∈ QT . (6)

Iíòåãðóþ÷è ÷àñòèíàìè, ç óìîâè ïåðåâèçíà-
÷åííÿ (4) îòðèìó¹ìî ðiâíiñòü :

h∫
0

uxx(x, t)

(
ν1(t) + ν2(t)

h
x− ν1(t)

)
dx =

= µ3(t)−
ν1(t) + ν2(t)

h
(µ2(t)− µ1(t)),

t ∈ [0, T ]. (7)

Ïðèïóñòèìî, ùî

uxx(x, t) > 0 (x, t) ∈ QT . (8)

Âðàõîâóþ÷è (8), iç (7) îöiíþ¹ìî
h∫
0

uxx(x, t)dx

çà òåîðåìîþ ïðî ñåðåäí¹:

1

ν2(t)

(
µ3(t)−

ν1(t) + ν2(t)

h
(µ2(t)− µ1(t))

)
6

6
h∫

0

uxx(x, t)dx 6 1

−ν1(t)

(
µ3(t)−

1

h
(ν1(t)+

+ ν2(t))(µ2(t)− µ1(t))

)
, t ∈ [0, T ]. (9)

Îñêiëüêè ux(x, t) = ux(0, t) +
x∫
0

uxx(s, t)ds

òà ux(x, t) = ux(h, t) −
h∫
x

uxx(s, t)ds, iç (4)

îòðèìó¹ìî

ux(x, t) = [ν2(t) + ν1(t)]
−1

(
µ3(t) + ν1(t)×

×
x∫

0

uxx(s, t)ds− ν2(t)

h∫
x

uxx(s, t)

)
. (10)

Âðàõîâóþ÷è íåâiä'¹ìíiñòü uxx(x, t) òà îöiíêó
h∫
0

uxx(x, t)dx, iç (10) çíàõîäèìî:

|ux(x, t)| 6
1

ν2(t) + ν1(t)

(
|µ3(t)|+ (ν2(t)−

− ν1(t))

h∫
0

uxx(x, t)dx

)
6M1, (x, t) ∈ QT .

(11)

Ïåðåêîíà¹ìîñü, ùî óìîâà (À2) çàáåçïå÷ó¹
âèêîíàííÿ íåðiâíîñòåé

µ′
1(t)−b(0, t)ux(0, t)−c(0, t)µ1(t)−f(0, t) > 0,

µ′
2(t)−b(h, t)ux(h, t)−c(h, t)µ2(t)−f(h, t) > 0,

t ∈ [0, T ]. (12)

Äîâîäèìî ïåðøó íåðiâíiñòü iç (12), çàñòî-
ñîâóþ÷è (10) òà ïðèïóùåííÿ (8):

µ′
1(t)− b(0, t)ux(0, t)− c(0, t)µ1(t)− f(0, t) =

= µ′
1(t)− c(0, t)µ1(t)− f(0, t) +

(
−µ3(t)+

+ ν2(t)

h∫
0

uxx(s, t)ds

)
b(0, t)

ν2(t) + ν1(t)
>

> µ′
1(t)− c(0, t)µ1(t)− f(0, t)− µ3(t)×

× b(0, t)

ν2(t) + ν1(t)
>M2. > 0

Äðóãà íåðiâíiñòü äîâîäèòüñÿ àíàëîãi÷íî.
3. Çâåäåííÿ çàäà÷i (1)�(4) äî åêâiâàëåí-
òíî¨ ñèñòåìè ðiâíÿíü. Ïîäàìî ôóíêöiþ
u(x, t) ó âèãëÿäi:

u(x, t) = ũ(x, t) + φ(x) +
h− x

h
(µ1(t)−

− µ1(0)) +
x

h
(µ2(t)− µ2(0)), (x, t) ∈ QT .

(13)
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Ââåäåìî ïîçíà÷åííÿ

f̃(x, t) := b(x, t)

(
φ′(x) +

1

h
(µ2(t)− µ2(0)−

− µ1(t) + µ1(0))

)
+c(x, t)

(
φ(x) +

h− x

h
×

× (µ1(t)− µ1(0)) +
x

h
(µ2(t)− µ2(0))

)
+

+ f(x, t)−
(
h− x

h
µ′
1(t) +

x

h
µ′
2(t)

)
,

(x, t) ∈ QT , (14)

µ̃3(t) := µ3(t)− ν1(t)φ
′(0)− ν2(t)φ

′(h)− 1

h
×

× (ν1(t) + ν2(t))(µ2(t)− µ2(0)− µ1(t)+

+ µ1(0)), t ∈ [0, T ]. (15)

Çàóâàæèìî, ùî ïðè òàêié çàìiíi âèêîíó-
¹òüñÿ ðiâíiñòü

b(x, t)ũx + c(x, t)ũ+ f̃(x, t) = b(x, t)ux+

+ c(x, t)u+ f(x, t)− (h− x)µ′
1(t) + xµ′

2(t)

h
,

(16)

à ïàðà ôóíêöié (a(t), ũ(x, t)) ¹ ðîçâ'ÿçêîì çà-
äà÷i

ũt = a(t)ũxx + b(x, t)ũx + c(x, t)ũ+ f̃(x, t)+

+ a(t)φ′′(x), (x, t) ∈ QT , (17)

ũ(x, 0) = 0, x ∈ [0, h], (18)

ũ(0, t) = 0, ũ(h, t) = 0, t ∈ [0, T ], (19)

ν1(t)ũx(0, t) + ν2(t)ũx(h, t) = µ̃3(t),

t ∈ [0, T ]. (20)

Ïîçíà÷èìî

v(x, t) := ũx(x, t), w(x, t) := ũxx(x, t),

(x, t) ∈ QT . (21)

Çàäà÷à (17)�(19) åêâiâàëåíòíà ðiâíÿííþ

ũ(x, t) =

t∫
0

h∫
0

G1(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ)+

+ c(ξ, τ)ũ(ξ, τ) + f̃(ξ, τ) + a(τ)φ′′(ξ))dξdτ.
(22)

Ïðîäèôåðåíöiþ¹ìî (22) ïî x:

v(x, t) =

t∫
0

h∫
0

G1x(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ)+

+ c(ξ, τ)ũ(ξ, τ) + f̃(ξ, τ) + a(τ)φ′′(ξ))dξdτ.
(23)

Àíàëîãi÷íî, ç âðàõóâàííÿì iíòåãðóâàííÿ
÷àñòèíàìè, ìà¹ìî:

w(x, t) =

h∫
0

G1(x, t, ξ, 0)φ
′′(ξ)dξ − φ′′(x)+

+

t∫
0

G1ξ(x, t, 0, τ)(−b(0, τ)v(0, τ)−

− f̃(0, τ))dτ −
t∫

0

G1ξ(x, t, h, τ)(−b(h, τ)×

× v(h, τ)− f̃(h, τ))dτ +

t∫
0

h∫
0

G2x(x, t, ξ, τ)×

× (b(ξ, τ)w(ξ, τ) + (bξ(ξ, τ) + c(ξ, τ))v(ξ, τ)+

+ cξ(ξ, τ)ũ(ξ, τ) + f̃ξ(ξ, τ))dξdτ. (24)

Iç ëåìè 2.1.2 [8] âiäîìî

t∫
τ

a(σ)G4(0, t, 0, σ)G1ξ(0, σ, ξ, τ)dσ =

= G4(0, t, 0, τ).

Âðàõîâóþ÷è öþ ôîðìóëó òà âëàñòèâîñòi
òåïëîâîãî îá'¹ìíîãî ïîòåíöiàëó, äëÿ ôóíêöi¨
g ∈ Cα,0(QT ) îá÷èñëèìî

d

dt

( t∫
0

a(σ)G4(0, t, 0, σ)ν1(σ)dσ×

×
σ∫

0

h∫
0

G1x(0, σ, ξ, τ)g(ξ, τ)dξdτ

)
=

=
d

dt

( t∫
0

t∫
τ

h∫
0

(ν1(σ)− ν1(t))G4(0, t, 0, σ)×

×G1x(0, σ, ξ, τ)g(ξ, τ)a(σ)dξdσdτ

)
+ν ′1(t)×
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×
t∫

0

h∫
0

G4(0, t, ξ, τ)g(ξ, τ)dξdτ + ν1(t)×

× d

dt

( t∫
0

h∫
0

G4(0, t, ξ, τ)g(ξ, τ)dξdτ

)
=

= −ν ′1(t)
t∫

0

h∫
0

G4(0, t, ξ, τ)g(ξ, τ)dξdτ−

− a(t)

t∫
0

t∫
τ

h∫
0

(ν1(σ)− ν1(t))G4σ(0, t, 0, σ)×

×G1x(0, σ, ξ, τ)g(ξ, τ)dξdσdτ + ν1(t)g(0, t)+

+ ν1(t)

t∫
0

dτ

h∫
0

G4t(0, t, ξ, τ)g(ξ, τ)dξ+

+ ν ′1(t)

t∫
0

h∫
0

G4(0, t, ξ, τ)g(ξ, τ)dξdτ =

= a(t)

t∫
0

t∫
τ

h∫
0

(ν1(t)− ν1(σ))G4σ(0, t, 0, σ)×

×G1x(0, σ, ξ, τ)g(ξ, τ)dξdσdτ + ν1(t)g(0, t)+

+ ν1(t)a(t)

t∫
0

dτ

h∫
0

G4xx(0, t, ξ, τ)g(ξ, τ)dξ.

(25)

Ïîðàõó¹ìî (25) äëÿ g(x, t) = a(t)φ′′(x).

d

dt

( t∫
0

a(σ)G4(0, t, 0, σ)ν1(σ)dσ×

×
σ∫

0

h∫
0

G1x(0, σ, ξ, τ)a(τ)φ
′′(ξ)dξdτ

)
=

= ν1(t)a(t)

h∫
0

G4(0, t, ξ, 0)φ
′′(ξ)dξ + a(t)×

×
t∫

0

t∫
τ

h∫
0

(ν1(t)− ν1(σ))G4σ(0, t, 0, σ)×

×G1x(0, σ, ξ, τ)a(τ)φ
′′(ξ)dξdσdτ. (26)

ßêùî æ g(x, t) ∈ C1,0(QT ), òî çàñòîñîâó-

þ÷è äî (25) iíòåãðóâàííÿ ÷àñòèíàìè, îòðè-
ìà¹ìî

d

dt

( t∫
0

a(σ)G4(0, t, 0, σ)ν1(σ)dσ×

×
σ∫

0

h∫
0

G1x(0, σ, ξ, τ)g(ξ, τ)dξdτ

)
= a(t)×

×
t∫

0

t∫
τ

h∫
0

(ν1(t)− ν1(σ))G4σ(0, t, 0, σ)×

×G1x(0, σ, ξ, τ)g(ξ, τ)dξdσdτ + ν1(t)g(0, t)+

+ ν1(t)a(t)

t∫
0

G4ξ(0, t, h, τ)g(h, τ)dτ − ν1(t)×

× a(t)

t∫
0

h∫
0

G4ξ(0, t, ξ, τ)gξ(ξ, τ)dξ. (27)

Ùîá îòðèìàòè ðiâíÿííÿ ñòîñîâíî a(t),
ïiäñòàâëÿ¹ìî (23) ó (20). Çàìiíÿ¹ìî t íà σ,
äîìíîæó¹ìî öþ ðiâíiñòü íà a(σ)G4(0, t, 0, σ),
iíòåãðó¹ìî âiä 0 äî t çà σ òà äèôåðåíöiþ¹ìî
îòðèìàíó ðiâíiñòü ïî t. Âðàõîâóþ÷è âèãëÿä
v(0, t) i v(h, t) òà çàñòîñîâóþ÷è (25), îòðèìó-
¹ìî ðiâíÿííÿ ñòîñîâíî a(t):

a(t) = [−ν2(t)(b(h, t)v(h, t) + f̃(h, t))+

+ ν1(t)(b(0, t)v(0, t) + f̃(0, t))]×

×

[ t∫
0

G4(0, t, 0, σ)µ̃
′
3(σ)dσ−

− ν1(t)

h∫
0

G4(0, t, ξ, 0)φ
′′(ξ)dξ+

+ ν2(t)

h∫
0

G3(h, t, ξ, 0)φ
′′(ξ)dξ−

− ν1(t)

t∫
0

G4ξ(0, t, h, τ)(b(h, τ)v(h, τ)+

+ f̃(h, τ))dτ + ν1(t)

t∫
0

h∫
0

G4ξ(0, t, ξ, τ)×

× (b(ξ, τ)w(ξ, τ) + (bx(ξ, τ) + c(ξ, τ))×
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× v(ξ, τ) + cx(ξ, τ)ũ(ξ, τ) + f̃(ξ, τ))dξdτ−

− ν2(t)

t∫
0

G3ξ(h, t, 0, τ)(b(0, τ)v(0, τ)+

+ f̃(0, τ))dτ − ν2(t)

t∫
0

h∫
0

G3ξ(h, t, ξ, τ)×

× (b(ξ, τ)w(ξ, τ) + v(ξ, τ)(bx(ξ, τ)+

+ c(ξ, τ)) + cx(ξ, τ)ũ(ξ, τ) + f̃(ξ, τ))dξdτ−

−
t∫

0

t∫
τ

h∫
0

G4σ(0, t, 0, σ)
(
(ν1(t)− ν1(σ))×

×G1x(0, σ, ξ, τ) + (ν2(t)− ν2(σ))×
×G1x(h, σ, ξ, τ)

)
(a(τ)φ′′(ξ) + b(ξ, τ)v(ξ, τ)+

+ c(ξ, τ)ũ(ξ, τ) + f̃(ξ, τ))dξdσdτ

]−1

,

t ∈ [0, T ]. (28)

Iç (21) òà ñïîñîáó îòðèìàííÿ ñèñòåìè
(22), (23), (24), (28) áà÷èìî, ùî âîíà åêâi-
âàëåíòíà çàäà÷i (17) � (20).
4. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (17)-(20).
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
(A1)-(A3). Òîäi çàäà÷à (17)-(20) ìà¹ ïðè-
íàéìíi îäèí ðîçâ'ÿçîê (a, ũ) ∈ C([0, t∗]) ×
C2,1(Qt∗), äå t

∗ ∈ (0, T ] âèçíà÷à¹òüñÿ ç âè-
õiäíèõ äàíèõ.

Äîâåäåííÿ. Ùîá äîâåñòè iñíóâàííÿ
ðîçâ'ÿçêó çàäà÷i (17)�(20), çà äîïîìîãîþ
òåîðåìè Øàóäåðà äîâåäåìî iñíóâàííÿ
ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (22), (23), (24),
(28). Äëÿ öüîãî âñòàíîâëþ¹ìî àïðiîðíi
îöiíêè ôóíêöié a(t), ũ(x, t), v(x, t), w(x, t).

Îñêiëüêè çàìiíà (13), ùî ïîâ'ÿçó¹ u òà
ũ, ëiíiéíà, òî, âðàõîâóþ÷è îáìåæåíiñòü âè-
õiäíèõ äàíèõ òà íåðiâíîñòi (6), (11), îòðèìó-
¹ìî |ũ(x, t)| 6 M3, |v(x, t)| 6 M4, (x, t) ∈
QT .

Âèêîðèñòîâóþ÷è (13), (14) òà (12), ïåðå-
êîíó¹ìîñü, ùî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ:

− b(0, t)ṽ(0, t)− f̃(0, t) = µ′
1(t)− b(0, t)×

× ux(0, t)− c(0, t)µ1(t)− f(0, t) >M2 > 0,

− b(h, τ)ṽ(h, t)− f̃(h, t) = µ′
2(t)− b(h, t)×

× ux(h, t)− c(h, t)µ2(t)− f(h, t) >M2 > 0,

t ∈ [0, T ]. (29)

Îöiíþ¹ìî ÷èñåëüíèê R(t) âèðàçó a(t) ç
(28), âðàõîâóþ÷è (A2):

0 < C1 6 R(t) 6 C2, t ∈ [0, T ].

Òåïåð ïðîâåäåìî îöiíêó a(t) çâåðõó. Ïî-
êàæåìî, ùî çíàìåííèê âèðàçó a(t) áiëüøèé
çà äîäàòíó ñòàëó. Äëÿ öüîãî îöiíèìî âèðàç

− ν1(t)

h∫
0

G4(0, t, ξ, 0)φ
′′(ξ)dξ + ν2(t)×

×
h∫

0

G3(h, t, ξ, 0)φ
′′(ξ)dξ > min

[0,h]
φ′′(x)×

×min
[0,T ]

{−ν1(t), ν2(t)}

 h∫
0

G3(h, t, ξ, 0)dξ+

+

h∫
0

G4(0, t, ξ, 0)dξ

 .

Ôóíêöiÿ u(x, t) ≡ 1 ¹ ðîçâ'ÿçêîì êðàéîâî¨
çàäà÷i:

ut = a(t)uxx, (x, t) ∈ QT ,

u(x, 0) = 1, x ∈ [0, h],

u(0, t) = 1, ux(h, t) = 0, t ∈ [0, T ].

Iç ¹äèíîñòi ðîçâ'ÿçêó öi¹¨ çàäà÷i îòðèìó-
¹ìî

1 =

h∫
0

G3(x, t, ξ, 0)dξ+

t∫
0

G3ξ(x, t, 0, τ)a(τ)dτ.

Àíàëîãi÷íi ìiðêóâàííÿ çàñòîñîâó¹ìî äî
h∫
0

G4(x, t, ξ, 0)dξ i îòðèìó¹ìî:

h∫
0

(G3(h, t, ξ, 0) +G4(0, t, ξ, 0))dξ = 2−

−
t∫

0

G3ξ(h, t, 0, τ)a(τ)dτ+

+

t∫
0

G4ξ(0, t, h, τ)a(τ)dτ.
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Âèêîðèñòà¹ìî öå, ùîá ïðîäîâæèòè îöií-
êó iíòåãðàëà:

− ν1(t)

h∫
0

G4(0, t, ξ, 0)φ
′′(ξ)dξ + ν2(t)×

×
h∫

0

G3(h, t, ξ, 0)φ
′′(ξ)dξ > C3

(
2−

t∫
0

a(τ)×

×G3ξ(h, t, 0, τ)dτ +

t∫
0

a(τ)G4ξ(0, t, h, τ)dτ
)
.

Óñi iíøi äîäàíêè ó çíàìåííèêó âèðàçó
a(t) ¹ iíòåãðàëàìè âiä 0 äî t i ïðÿìóþòü äî
íóëÿ ïðè t→ 0 çà âëàñòèâîñòÿìè iíòåãðàëiâ
âiä ôóíêöi¨ Ãðiíà. Îòæå, íà äåÿêîìó çâóæå-
íîìó ïðîìiæêó [0, t1] ¨õ ñóìà íå ïåðåâèùó-
âàòèìå 1, òîìó çíàìåííèê âèðàçó a(t) áóäå
íå ìåíøèé, íiæ C3. Â ðåçóëüòàòi îöiíêà a(t)
ìàòèìå âèãëÿä:

a(t) 6 C2/C3 := A1, t ∈ [0, t1]. (30)

Çàáåçïå÷èìî âèêîíàííÿ ïðèïóùåííÿ (8).
Âðàõîâóþ÷è çàìiíó (13), uxx(x, t) = φ′′(x) +
ũxx(x, t), òîìó

uxx(x, t) = φ′′(x) +

t∫
0

dτ

h∫
0

G1xx(x, t, ξ, τ)×

× (b(ξ, τ)v(ξ, τ) + c(ξ, τ)ũ(ξ, τ) + f̃(ξ, τ)+

+ a(τ)φ′′(ξ))dξ. (31)

Îñêiëüêè f ∈ C1,0(QT ), b, c ∈
C1,0(QT ), φ ∈ C2+α([0, h]), òî iíòåãðàë ó
(31) ¹ íåïåðåðâíîþ ôóíêöi¹þ çà òåîðåìîþ
4, ñ.21 iç [9] i ïðÿìó¹ äî íóëÿ ïðè t → 0.
Òîäi iñíó¹ t2 ∈ [0, T ], ùî âèêîíó¹òüñÿ

uxx(x, t) >
min
x∈[0,h]

φ′′(x)

2
= C4 > 0,

(x, t) ∈ Qt2 .

Ââåäåìî ôóíêöiþ amin(t) := min
τ∈[0,t]

a(τ),

t ∈ [0, T ] òà âñòàíîâèìî îöiíêó çâåðõó w(x, t)
iç ðiâíÿííÿ (24), âðàõîâóþ÷è îáìåæåíiñòü

âèõiäíèõ äàíèõ òà âæå âñòàíîâëåíi îöiíêè:

w(x, t) 6 C5 +
C6

amin(t)

t∫
0

G1ξ(x, t, 0, τ)×

× a(τ)dτ − C7

amin(t)

t∫
0

a(τ)G1ξ(x, t, h, τ)dτ+

+

t∫
0

h∫
0

|G1ξ(x, t, ξ, τ)|(|b(ξ, τ)|w(ξ, τ)+

+ C8)dξdτ. (32)

Âðàõîâóþ÷è ÿâíèé âèãëÿä G1ξ(0, σ, ξ, τ) òà
ïðîâîäÿ÷è çàìiíó z = ξ+2nh

2
√
θ(σ)−θ(τ)

, îòðèìà-

¹ìî
h∫
0

|G1ξ(x, t, ξ, τ)|dξ 6 C9√
θ(t)−θ(τ)

. Iç âëà-

ñòèâîñòåé ôóíêöi¨ Ãðiíà ïåðøî¨ êðàéîâî¨

çàäà÷i ìà¹ìî
t∫
0

a(τ)G1ξ(x, t, 0, τ)dτ 6 1 òà

−
t∫
0

a(τ)G1ξ(x, t, h, τ)dτ 6 1. Ââîäèìî ïîçíà-

÷åííÿ W (t) := max
x∈[0,h]

|w(x, t)| òà çàñòîñîâó¹ìî

îöiíêè ũ(x, t), v(x, t) i óìîâè íà âèõiäíi äàíi,
ùîá îòðèìàòè iç (32) íåðiâíiñòü:

W (t) 6 C5 +
C10

amin(t)
+ C11

t∫
0

W (τ)dτ√
θ(t)− θ(τ)

.

(33)

Ïîçíà÷èìî r(t) :=
t∫
0

W (τ)√
(θ(t)−θ(τ))

dτ òà çà-

ñòîñó¹ìî íåðiâíiñòü (33) ñàìó äî ñåáå:

r(t) 6 C5

t∫
0

dσ√
θ(t)− θ(σ)

+ C10×

×
t∫

0

dσ

amin(σ)
√
θ(t)− θ(σ)

+ C11×

×
t∫

0

dσ√
θ(t)− θ(σ)

σ∫
0

W (τ)dτ√
(θ(σ)− θ(τ))

.

Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ òà âðàõî-
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âóþ÷è
t∫
τ

a(σ)dσ√
(θ(t)−θ(σ))(θ(σ)−θ(τ))

= π, îòðèìó¹ìî

r(t) 6 2
√
tC5

a
1/2
min(t)

+
2
√
tC10

a
3/2
min(t)

+
C11π

amin(t)

t∫
0

W (τ)dτ.

(34)

Iíòåãðó¹ìî (33):

t∫
0

W (τ)dτ 6 C5t+
C10t

amin(t)
+ C11

t∫
0

r(τ)dτ.

(35)

Ïiäñòàâëÿ¹ìî (35) ó (34), âðàõîâóþ÷è
(30), òà îòðèìó¹ìî íàñòóïíó iíòåãðàëüíó íå-
ðiâíiñòü ñòîñîâíî r(t):

r(t) 6 C12
t1/2

a
3/2
min(t)

+
C2

11π

amin(t)

t∫
0

r(τ)dτ. (36)

Çàñòîñîâó¹ìî äî (36) ëåìó 2.2.2 iç [8], ïðî-
âîäèìî ïåâíi ñïðîùåííÿ òà îòðèìó¹ìî:

r(t) 6 C13
t1/2

a2min(t)
+ C14

t2

a
5/2
min(t)

exp

(
C2

11πt

amin(t)

)
.

(37)

Ïåðåéäåìî äî îöiíêè a(t) çíèçó, äëÿ öüî-
ãî âñòàíîâèìî îöiíêó iíòåãðàëiâ, ùî çíàõî-
äÿòüñÿ ó çíàìåííèêó âèðàçó (28). Çà [8] âè-
êîíóþòüñÿ îöiíêè:∣∣∣∣∣∣

t∫
0

G4(0, t, 0, σ)µ
′
3(σ)dσ

∣∣∣∣∣∣ 6
2max

[0,T ]
|µ′

3(t)|t1/2√
πamin(t)

,

− ν1(t)

h∫
0

G4(0, t, ξ, 0)φ
′′(ξ)dξ 6 max

[0,h]
φ′′(x)×

×max
[0,T ]

(−ν1(t)),∣∣∣∣∣ν1(t)
t∫

0

G4ξ(0, t, h, τ)(b(h, τ)v(h, τ)+

+ f̃(h, τ))dτ

∣∣∣∣∣6 C15t.

Çàñòîñó¹ìî äî íàñòóïíîãî iíòåãðàëà òåî-
ðåìó Ëàãðàíæà ïðî ñåðåäí¹:

t∫
0

dτ

t∫
τ

|(ν1(σ)− ν1(t))G4σ(0, t, 0, σ)|dσ×

×
h∫

0

G1x(0, σ, ξ, τ)dξ 6 max
[0,T ]

|ν ′1(t)|
t∫

0

dτ×

×
t∫

τ

(t− σ)a(σ)|G4xx(0, t, 0, σ)|dσ

×
h∫

0

G1x(0, σ, ξ, τ)dξ.

Iç âèãëÿäó G4xx(0, t, 0, σ) ìà¹ìî

|G4xx(0, t, 0, σ)| 6
C16√

θ(t)− θ(σ)
×

×
(
1 +

1

θ(t)− θ(σ)

)
.

Âðàõîâóþ÷è îòðèìàíó âèùå îöiíêó
h∫
0

|G1ξ(x, σ, ξ, τ)|dξ, çíàõîäèìî

t∫
0

dτ

t∫
τ

|(ν1(t)− ν1(σ))G4σ(0, t, 0, σ)|dσ×

×
h∫

0

|G1x(0, σ, ξ, τ)|dξ 6 C17×

×
t∫

0

dτ

t∫
τ

a(σ)(t− σ)√
(θ(t)− θ(σ))(θ(σ)− θ(τ))

×

×
(
1 +

1

amin(t)(t− σ)

)
dσ 6 C18×

×
(
t2 +

t

amin(t)

)
.

Íàðåøòi, ðîçãëÿäà¹ìî∣∣∣∣ν1(t)
t∫

0

h∫
0

(b(ξ, τ)w(ξ, τ) + (bξ(ξ, τ)+

+ c(ξ, τ))v(ξ, τ) + cξ(ξ, τ)ũ(ξ, τ) + f̃ξ(ξ, τ))×
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×G4ξ(0, t, ξ, τ)dξdτ

∣∣∣∣6
t∫

0

(W (τ) + 1)dτ√
θ(t)− θ(τ)

×

× C19 6 C20

( √
t√

amin(t)
+ r(t)

)
.

Iíøi äîäàíêè çi çíàìåííèêà îöiíþþòüñÿ
àíàëîãi÷íî, òîæ îòðèìó¹ìî òàêó íåðiâíiñòü
ñòîñîâíî amin(t):

amin(t) > C21

[
1 + C22

t1/2

a2min(t)
+ C23

t2

a
5/2
min(t)

×

× exp

(
C2

11t

amin(t)

)]−1

.

Çâiäñè âèïëèâà¹, ùî

amin(t) >
1

C21

− C22t
1/2

C21amin(t)
− C23t

2

C21a
3/2
min(t)

×

× exp

(
C2

11t

amin(t)

)
.

Òîäi iñíó¹ òàêå t3 ∈ [0, T ], ùî amin(t) >
1

2C21
:= A0, t ∈ [0, t3].

Ïîçíà÷èìî t∗ := min{t1, t2, t3}. Ìàþ÷è
îöiíêó a(t) çíèçó, iç (33) òà (37) îòðèìó¹ìî
W (t) 6 M5, à îòæå |w(x, t)| 6 M5, (x, t) ∈
Qt∗. Îòæå, îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâ-
íÿíü (22), (23), (24), (28) âñòàíîâëåíî íà äå-
ÿêîìó çâóæåíîìó ïðîìiæêó ÷àñó [0, t∗]. Íà
ìíîæèíi

N := {(ũ, v, w, a) ∈ (C(Qt∗)
3 × C([0, t∗]) :

|ũ(x, t)| 6M3, |v(x, t)| 6M4, |w(x, t)| 6M5,

A0 6 a(t) 6 A1}

ðîçãëÿíåìî ðiâíÿííÿ

ω = Pω, (38)

â ÿêîìó ω = (ũ, v, w, a), à îïåðàòîð P =
(P1, P2, P3, P4) âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòè-
íàìè (22)-(24), (28). Ç îöiíîê, ùî áóëè âñòà-
íîâëåíi â õîäi äîâåäåííÿ òåîðåìè, âèïëèâà¹,
ùî îïåðàòîð P ïåðåâîäèòü ìíîæèíó N ó ñå-
áå. Àíàëîãi÷íî äî [8] âñòàíîâëþ¹ìî, ùî P
öiëêîì íåïåðåðâíèé íà N . Çà òåîðåìîþ Øà-
óäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâ-
íîãî îïåðàòîðà îòðèìó¹ìî iñíóâàííÿ íåïå-
ðåðâíîãî ðîçâ'ÿçêó (38). Âðàõîâóþ÷è çâ'ÿ-
çîê (21) ìiæ ðîçâ'ÿçêîì ñèñòåìè (22), (23),

(24), (28) òà çàäà÷i (17) � (20), îòðèìó¹ìî
iñíóâàííÿ ðîçâ'ÿçêó (17)-(20) , òîáòî ïàðè
ôóíêöié (a(t), ũ(x, t)) ∈ C([0, t∗])×C2,1(Qt∗).
Òåîðåìó äîâåäåíî.

Çàóâàæèìî, ùî çíàê íåðiâíîñòi â óìîâi
ν1(t) + ν2(t) > 0 ìîæíà çìiíèòè íà ïðîòèëå-
æíèé. Çðîáèâøè íàëåæíi ïðèïóùåííÿ ùîäî
iíøèõ âåëè÷èí, ÿêi âõîäÿòü äî (A2), àíàëîãi-
÷íî ìîæíà äîâåñòè âiäïîâiäíó òåîðåìó iñíó-
âàííÿ.

Ó âèïàäêó ν1(t) + ν2(t) = 0 óìîâà ïåðå-
âèçíà÷åííÿ (4) íàáóâà¹ âèãëÿäó ux(h, t) −
ux(0, t) = µ4(t), t ∈ [0, T ]. Ñèñòåìà ðiâíÿíü
(22)-(24), (28) îòðèìó¹òüñÿ àíàëîãi÷íî, ç âiä-
ïîâiäíèìè ñïðîùåííÿìè ó ðiâíÿííi ñòîñîâíî
a(t). Ó äîâåäåííi iñíóâàíÿ ðîçâ'ÿçêó îöiíêè
ðîçâ'ÿçêiâ äàíî¨ ñèñòåìè âèïëèâàþòü iç ií-
òåãðàëüíèõ íåðiâíîñòåé, ùî ÷àñòêîâî ïîâòî-
ðþþòü äîâåäåííÿ òåîðåìè 1.
6. �äèíiñòü ðîçâ'ÿçêó.
Òåîðåìà 2. ßêùî b, c ∈ Cα,0(QT ) i âèêîíó-
¹òüñÿ óìîâà

ν2(t)φ
′′(h)− ν1(t)φ

′′(0) ̸= 0, t ∈ [0, T ],

òî ðîçâ'ÿçîê (1)-(4) ¹äèíèé ó êëàñi
C([0, T0]) × C2+α,1(QT0), äå T0 ∈ (0, T ]
âèçíà÷à¹òüñÿ ç âèõiäíèõ äàíèõ.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó-
þòü äâi ïàðè ôóíêöié (a1(t), u1(x, t)) òà
(a2(t), u2(x, t)) � ðîçâ'ÿçêè (1)-(4). Ââå-
äåìî íîâi ôóíêöi¨ â(t) = a1(t) − a2(t) òà
û(x, t) = u1(x, t)−u2(x, t). Òîäi ïàðà ôóíêöié
(â(t), û(x, t)) ¹ ðîçâ'ÿçêîì çàäà÷i

ût = a1(t)ûxx + b(x, t)ûx + c(x, t)û+ â(t)u2xx,

(x, t) ∈ QT , (39)

û(x, 0) = 0, x ∈ [0, h], (40)

û(0, t) = 0, û(h, t) = 0, t ∈ [0, T ], (41)

ν1(t)ûx(0, t) + ν2(t)ûx(h, t) = 0, t ∈ [0, T ].
(42)

Ïîçíà÷èìî Ĝk(x, t, ξ, τ) ôóíêöiþ Ãðiíà
ðiâíÿííÿ ût = a1(t)ûxx, ùî çàäîâîëüíÿ¹ âiä-
ïîâiäíi êðàéîâi óìîâè. Îñêiëüêè a1(t) � âiäî-
ìà ôóíêöiÿ, û(x, t) ¹ ðîçâ'ÿçêîì çàäà÷i (39)-
(41), òî âèêîíó¹òüñÿ ðiâíiñòü:

û(x, t) =

t∫
0

h∫
0

Ĝ1(x, t, ξ, τ)(b(ξ, τ)v̂(ξ, τ)+
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+ c(ξ, τ)û(ξ, τ) + â(τ)u2ξξ(ξ, τ))dξdτ, (43)

äå v̂(x, t) = ûx(x, t). Äèôåðåíöiþ¹ìî (43) òà
îòðèìó¹ìî :

v̂(x, t) =

t∫
0

h∫
0

Ĝ1x(x, t, ξ, τ)(b(ξ, τ)v̂(ξ, τ)+

+ c(ξ, τ)û(ξ, τ) + â(τ)u2ξξ(ξ, τ))dξdτ. (44)

Ïiäñòàâëÿ¹ìî (44) ó (42) òà çàñòîñîâó¹ìî
(25), â ðåçóëüòàòi ÷îãî îòðèìà¹ìî:

â(t) =
1

ν2(t)u2xx(h, t)− ν1(t)u2xx(0, t)
×

×
t∫

0

dτ

h∫
0

(b(ξ, τ)v̂(ξ, τ) + c(ξ, τ)û(ξ, τ)+

+ â(τ)u2ξξ(ξ, τ))

(
(b(0, t) + b(h, t))ν1(t)×

× Ĝ1x(0, t, ξ, τ) + ν1(t)a1(t)Ĝ4xx(0, t, ξ, τ)−

− ν2(t)a1(t)Ĝ3xx(h, t, ξ, τ) +

t∫
τ

a1(σ)×

× Ĝ4t(0, t, 0, σ)
(
(ν1(t)− ν1(σ))×

× Ĝ1x(0, σ, ξ, τ) + (ν2(t)− ν2(σ))×

Ĝ1x(h, σ, ξ, τ))dσ

)
dξ. (45)

Çàëèøèëîñü ïîêàçàòè, ùî ν2(t)u2xx(h, t)−
ν1(t)u2xx(0, t) ̸= 0. Îñêiëüêè (a2, u2) ¹
ðîçâ'ÿçêîì çàäà÷i (1)�(4), òî, çàñòîñîâóþ÷è
(13)-(16) äî (31), îòðèìà¹ìî

u2xx(x, t) = φ′′(x) +

t∫
0

dτ

h∫
0

G∗
1xx(x, t, ξ, τ)×

×
(
b(ξ, τ)u2ξ(ξ, τ) + c(ξ, τ)u2(ξ, τ) + f(ξ, τ)−

− (h− ξ)µ′
1(τ) + ξµ′

2(τ)

h
+ a2(τ)φ

′′(ξ)
)
dξ,

äå G∗
k(x, t, ξ, τ) � ôóíêöiÿ Ãðiíà ðiâíÿííÿ

u∗t = a1(t)u
∗
xx, ùî çàäîâîëüíÿ¹ âiäïîâiäíi

êðàéîâi óìîâè.
Ðîçãëÿíåìî ðiçíèöþ

ν2(t)u2xx(h, t)− ν1(t)u2xx(0, t) = ν2(t)φ
′′(h)−

− ν1(t)φ
′′(0) +

t∫
0

dτ

h∫
0

(ν2(t)G
∗
1xx(h, t, ξ, τ)−

− ν1(t)G
∗
1xx(0, t, ξ, τ))

(
b(ξ, τ)u2x(ξ, τ)+

+ c(ξ, τ)u2(ξ, τ) + f(ξ, τ)− (h− ξ)µ′
1(τ)

h
−

− ξµ′
2(τ)

h
+ a2(τ)φ

′′(ξ)

)
dξ.

Ïîäâiéíèé iíòåãðàë ó äàíié ðiâíîñòi ¹ íå-
ïåðåðâíîþ ôóíêöi¹þ çà òåîðåìîþ 4, ñ.21
iç [9], îñêiëüêè u2 ∈ C2+α,1(QT ), b, c ∈
Cα,0(QT ), òà ïðÿìó¹ äî íóëÿ ïðè t→ 0.

Ç óìîâ òåîðåìè ν2(t)φ′′(h) − ν1(t)φ
′′(0) ̸=

0. Íåõàé, íàïðèêëàä, ν2(t)φ
′′(h) −

ν1(t)φ
′′(0) > 0. Òîäi iñíó¹ òàêå T0 ∈ [0, T ], ùî

ν2(t)u2xx(h, t)− ν1(t)u2xx(0, t) >

> ν2(t)φ
′′(h)− ν1(t)φ

′′(0)

2
> 0, (x, t) ∈ QT0 .

Òàêèì ÷èíîì îòðèìó¹ìî äîäàòíiñòü çíàìåí-
íèêà (45).

Îòðèìàëè ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü
Âîëüòåððà II ðîäó (43)-(45). Îñêiëüêè u2 ∈
C2+α,1(QT ), b, c ∈ Cα,0(QT ), òî b(x, t)v̂(x, t) +
c(x, t)û(x, t)+ â(t)u2xx(x, t) çàäîâîëüíÿ¹ óìî-
âó Ãåëüäåðà ïî x. Òîäi çà òåîðåìîþ 4,
ñ.21 iç [9] ÿäðà ñèñòåìè (43)-(45) iíòåãðîâ-
íi, òîìó iç âëàñòèâîñòåé iíòåãðàëüíèõ ðiâ-
íÿíü Âîëüòåððà II ðîäó, (43)-(45) ìà¹ ¹äèíèé
ðîçâ'ÿçîê û(x, t) = 0, v̂(x, t) = 0, (x, t) ∈
QT0 , â(t) = 0, t ∈ [0, T0]. Çâiäñè âèïëè-
âà¹, ùî ðîçâ'ÿçîê (1)-(4) ¹äèíèé ó êëàñi
C([0, T0])× C2+α,1(QT0).
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