
ÓÄÊ 517.956

c⃝2015 ð. I.Ä. Ïóêàëüñüêèé

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÇÀÄÀ×À ÊÎØI ÄËß ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ Ç IÌÏÓËÜÑÍÈÌÈ
ÓÌÎÂÀÌÈ I ÂÈÐÎÄÆÅÍÍßÌ

Ðîçãëÿíóòà çàäà÷à Êîøi äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó ç iìïóëüñ-
íèìè óìîâàìè çà ÷àñîâîþ çìiííîþ i ñòåïåíåâèìè îñîáëèâîñòÿìè â êîåôiöi¹íòàõ äîâiëüíîãî
ïîðÿäêó çà ïðîñòîðîâèìè çìiííèìè. Çà äîïîìîãîþ ïðèíöèïà ìàêñèìóìà i àïðiîðíèõ îöiíîê
âñòàíîâëåíî iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêiâ ïîñòàâëåíî¨ çàäà÷i â ãåëüäåðîâèõ ïðîñòîðàõ çi
ñòåïåíåâîþ âàãîþ.

We study the Cauchy problem for a second-order linear parabolic equation with impulse condi-
tions in the time variable and power singularities in the coe�cients of any order with respect to
the space variables. Using the maximum principle and a priori estimates we prove the existence
and uniqueness of the solution of this problem in H�older spaces with power weights.

Ó äàíèé ÷àñ òåîðiÿ ðiâíÿíü iç âèðîäæå-
ííÿìè i îñîáëèâîñòÿìè ¹ îáøèðíîþ îáëà-
ñòþ ìàòåìàòè÷íèõ çíàíü ç áåçëi÷÷þ íàïðÿì-
êiâ íàóêîâèõ äîñëiäæåíü, ùî çàéìà¹ âàæëè-
âå ìiñöå ó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü
ç ÷àñòèííèìè ïîõiäíèìè ÿê çà ðàõóíîê ãëè-
áîêèõ àíàëiòè÷íèõ ðåçóëüòàòiâ, òàê i çàâäÿ-
êè áàãàòî÷èñåëüíèì çàñòîñóâàííÿì ó ðiçíèõ
ðîçäiëàõ ìàòåìàòèêè i ôiçèêè. Çîêðåìà, ó
ðiâíÿííi Øðåäiíãåðà, ÿêå îïèñó¹ ñòàí êâàí-
òîìåõàíi÷íî¨ ñèñòåìè, êîåôiöi¹íòè âèçíà÷à-
þòü ïîòåíöiàëüíó åíåðãiþ i ìàþòü ñòåïåíåâi
îñîáëèâîñòi ïðè ìîëîäøèõ ïîõiäíèõ [1, 2].
Âèâ÷åííþ ñòðóêòóðíèõ i ÿêiñíèõ âëàñòèâî-
ñòåé ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü
ç âèðîäæåííÿìè i îñîáëèâîñòÿìè ïðèñâÿ÷å-
íî ìîíîãðàôi¨ [3�7].

Âèâ÷åííÿ ñèñòåì ç ðîçðèâíèìè òðà¹êòî-
ðiÿìè ñòèìóëþ¹òüñÿ ðîçâèòêîì òåõíiêè, â
ÿêié iìïóëüñíi ñèñòåìè êåðóâàííÿ âiäiãðà-
þòü âàæëèâó ðîëü. Äîñëiäæåííÿ çàäà÷ òå-
îði¨ àâòîòìàòè÷íîãî êåðóâàííÿ, òåîði¨ ÿäåð-
íèõ ðåàêòîðiâ, ïðèâîäÿòü äî ðîçâ'ÿçàííÿ ïå-
ðiîäè÷íèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ. Âñåái-
÷íå äîñëiäæåííÿ ðîçâ'ÿçêiâ ñèñòåì çâè÷àé-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ
äi¹þ ïðèâåäåíî â ìîíîãðàôiÿõ [8, 9]. Iñíó-
âàííþ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ðiâíÿíü ãiïåð-
áîëi÷íîãî òèïó ç iìïóëüñíîþ äi¹þ ïðèñâÿ-
÷åíî ïðàöi [10, 12]. Êëàñè÷íèì ðîçâ'ÿçêàì

çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ñèñòåì ç iì-
ïóëüñíîþ äi¹þ ïðèñâÿ÷åíî äðóãèé ðîçäië
ìîíîãðàôi¨ [13].

Ó äàíié ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à Êî-
øi äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ iç
ñòåïåíåâèìè îñîáëèâîñòÿìè äîâiëüíîãî ïî-
ðÿäêó â êîåôiöi¹íòàõ íà äåÿêié ìíîæèíi òî-
÷îê òà iìïóëüñíîþ äi¹þ çà ÷àñîâîþ çìiííîþ
ó âèçíà÷åíi ìîìåíòè ÷àñó. Çà äîïîìîãîþ
ïðèíöèïó ìàêñèìóìó òà àïðiîðíèõ îöiíîê
âñòàíîâëåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó
ïîñòàâëåíî¨ çàäà÷i ó ãåëüäåðîâèõ ïðîñòîðàõ
çi ñòåïåíåâîþ âàãîþ.
Ïîñòàíîâêà çàäà÷i é îñíîâíi îáìå-

æåííÿ
Íåõàé t0, t1, . . . , tN , tN+1 � ôiêñîâàíi äî-

äàòíi ÷èñëà, t0 < t1 < · · · < tN < tN+1, Ω
� äåÿêà îáìåæåíà îáëàñòü, dimΩ ≤ n− 1. Â
îáëàñòiΠ = [t0, tN+1)×Rn ðîçãëÿíåìî çàäà÷ó
çíàõîäæåííÿ ôóíêöi¨ u(t, x), ÿêà ïðè t ̸= tλ,
λ ∈ {1, 2, . . . , N}, x ∈ Rn \ Ω çàäîâîëüíÿ¹
ðiâíÿííÿ

(Lu)(t, x) =
[
∂t −

n∑
ij=1

Aij(t, x)∂xi∂xj+

+
n∑
i=1

Ai(t, x)∂xi + A0(t, x)
]
u(t, x) = f(t, x),

(1)
i óìîâè çà ÷àñîâîþ çìiííîþ

u(t0 + 0, x) = φ0(x), (2)
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u(tλ + 0, x)− u(tλ − 0, x) =

= bλ(x)u(tλ − 0, x) + φλ(x). (3)

Âèðîäæåííÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1) ó
òî÷öi P (t, x) ∈ Π \ Π(0), Π(0) = {(t, x) | t ∈
[t0, tN+1), x ∈ Ω}, áóäå õàðàêòåðèçóâàòè ôóí-
êöiÿ s(βi, x): s(βi, x) = ρβi ïðè ρ ≤ 1,
s(βi, x) = 1 ïðè ρ ≥ 1, ρ = inf

z∈∂Ω
|x − z|,

x ∈ Rn\Ω, βi ∈ (−∞,∞), β = (β1, β2, . . . , βn).
Ïîçíà÷èìî ÷åðåç l, γ, µj, α � äiéñíi ÷è-

ñëà, j ∈ {0, 1, . . . , n}, γ ≥ 0, [l] � öi-
ëà ÷àñòèíà l, (x1, . . . , xn) � êîîðäèíàòè òî-
÷êè x ∈ Rn. Íåõàé D � äîâiëüíà çàìêíå-
íà ïiäîáëàñòü Rn, Q(k) = [tk, tk+1) × D,
Π(k) = [tk, tk+1) × Rn, (x(1)1 , . . . , x

(1)
i , . . . , x

(1)
n )

� êîîðäèíàòè òî÷êè x(1) â îáëàñòi D,
(x

(1)
1 , . . . , x

(1)
i−1, x

(2)
i , x

(1)
i+1, . . . , x

(1)
n ) � êîîðäèíà-

òè òî÷êè x(2) â îáëàñòi D, P (k)
1 (t

(1)
k , x(1)),

R
(k)
i (t(2), x(2)), H(k)(t(1)),x(2)

i , P (k)(t, x) � äîâiëü-

íi òî÷êè îáëàñòi Q(k), Q
k ⊂ Π(k), k ∈

{0, 1, 2, . . . , N}.
Âèçíà÷èìî ôóíêöiîíàëüíi ïðîñòîðè, â

ÿêèõ áóäå ðîçãëÿäàòèñÿ çàäà÷à (1) � (3).
C l(γ; β; a; Π) � ìíîæèíà ôóíêöié u, ÿêi

ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi â Q
(k)

ïðè x ̸∈ Ω, âèãëÿäó ∂it∂
r
xu, 2i + |r| ≤ [l] i

ñêií÷åííå çíà÷åííÿ íîðìè

∥u; γ; β; a; Π∥l =

= sup
k

{ ∑
2i+|r|≤[l]

∥u; γ; β; a,Q(k)∥2i+|r|+

+⟨u; γ; β; q;Q(k)⟩l
}
,

äå, íàïðèêëàä

∥u; γ; β; 0; Π∥0 =

= sup
k

(
sup

P (k)∈Q(k)

|u(P (k))|
)
= sup

k
∥u;Q(k)∥0,

∥u; γ; β; a;Q(k)∥2i+|r| =

= sup
P (k)∈Q(k)

{s(a+ (2i+ |r|)γ, x)|∂it∂rxu(P (k))|×

×
n∏
j=1

s(−rjβj, x)},

⟨u; γ; β; q;Q(k)⟩l =

=
∑

2i+|r|=[l]

{
sup

(P
(k)
1 ,H

(k)
ν )⊂Q(k)

[
s(a+ lγ, x̃)×

×
n∏
j=1

s(−rjβj, x̃)|x(1)ν − x(2)ν |−{l}|∂it∂rxu(P
(k)
1 )−

−∂it∂rxu(H(k)
ν )|s(−{l}βν , x̃)

]
+

+
n∑
ν=1

sup
(R

(k)
ν ,H

(k)
ν )⊂Q(k)

[s(a+ lγ, x(2))×

×
n∏
j=1

s(−rjβj, x(2))|t(1) − t(2)|−{ l
2
}×

×|∂it∂rxu(R(k)
ν )− ∂it∂

r
xu(H

(k)
ν )|

]}
, (4)

äå |r| = r1 + · · · + rn, l = [l] + {l}, s(a, x̃) =
min{s(a, x(1)), s(a, x(2)).

Äîñëiäæåííÿ çàäà÷i (1) � (3) áóäåìî ïðî-
âîäèòè çà òàêèõ óìîâ:

à) äëÿ äîâiëüíîãî âåêòîðà ξ =
(ξ1, ξ2, . . . , ξn) âèêîíó¹òüñÿ íåðiâíiñòü

π1|ξ|2 ≤
n∑

ij=1

s(βi, x)s(βj, x)Aij(P )ξiξj ≤ π2|ξ|2,

π1, π2 � ôiêñîâàíi äîäàòíi ñòàëi òà
s(βi, x)s(βj, x)Aij(P ) ∈ Cα(γ; β; 0; Π),
s(µi, x)Ai(P ) ∈ Cα(γ; β; 0; Π),
s(µ0, x)A0(P ) ∈ Cα(γ; β; 0; Π), A0 ≥
K > −∞, K � ñòàëà, α ∈ (0, 1),

γ = max
{
max
i

(1 + βi),max
i

(µi − βi),
µ0
2

}
;

á) ôóíêöi¨ f ∈ Cα(γ; β;µ0; Π), φ0 ∈
C2+α(γ; β; 0;Rn), φλ ∈ C2+α(γ; β; 0; Π ∩ (t =
tλ)), bλ(x) ∈ C2+α(Π ∩ (t = tλ)).

Ñïðàâäæó¹òüñÿ òàêà òåîðåìà.
Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (1) �

(3) âèêîíàíî óìîâè à), á). Òîäi iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (1) � (3) ó ïðîñòîði
C2+α(γ, β; 0; Π) i äëÿ íüîãî ìà¹ ìiñöå îöií-
êà

∥u; γ; β; 0;Q∥2+α ≤

≤ c
{ N∑
k=1

N∏
λ=k

(1 + ∥bλ; Π ∩ (t = tλ)∥0)×

×(∥φk−1; γ; β; 0; Π ∩ (t = tk−1)∥2+α+

+∥f ; γ; β;µ0; Π
(k−1)∥α)+
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+∥φN ; γ; β; 0; Π ∩ (t = tN)∥2+α+

∥f ; γ; β;µ0; Π
(N)∥α

}
. (5)

Äëÿ äîñëiäæåííÿ çàäà÷i (1) � (3) ïîáóäó¹-
ìî ïîñëiäîâíiñòü ðîçâ'ÿçêiâ çàäà÷ ç ãëàäêè-
ìè êîåôiöi¹íòàìè, ãðàíè÷íå çíà÷åííÿ ÿêî¨
áóäå ðîçâ'ÿçêîì çàäà÷i (1) � (3).
Îöiíêà ðîçâ'ÿçêiâ çàäà÷ iç ãëàäêèìè

êîåôiöi¹íòàìè
Íåõàé Πm = Π ∩

{
(t, x) ∈ Π | s(1, x) ≥

m−1
}
, m > 1 � ïîñëiäîâíiñòü îáëàñòåé, ÿêi

çáiãà¹òüñÿ äî Π\Π(0) ïðè m→ ∞. Ðîçãëÿíå-
ìî â îáëàñòi Π çàäà÷ó çíàõîäæåííÿ ôóíêöié
um(t, x), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

(L1um)(t, x) ≡
[
∂t −

n∑
ij=1

aij(t, x)∂xi∂xj+

+
n∑
i=1

ai(t, x)∂xi + a0(t, x)
]
um = fm(t, x), (6)

i óìîâè çà ÷àñîâîþ çìiííîþ

um(t0 + 0, x) = φm(0)(x), (7)

um(tλ + 0, x)− um(tλ − 0, x) =

= b
(m)
λ (x)um(tλ − 0, x) + φ

(m)
λ (x). (8)

Â îáëàñòi Πm êîåôiöi¹íòè äèôåðåíöiàëü-
íîãî âèðàçó L1 çáiãàþòüñÿ ç êîåôiöi¹íòàìè
âèðàçó L, à ôóíêöi¨ fm = f , φ(m)

0 = φ0,
φ
(m)
λ = φ0, b

(m)
λ = bλ.

Â îáëàñòi Π \ Πm êîåôiöi¹íòè aij, ai, a0 i
ôóíêöi¨ fm, φ

(m)
0 , φ(m)

λ , b(m)
λ iç îáëàñòi Πm [14,

ñ. 83].
Â çàäà÷i (6) � (8) âèêîíà¹ìî çàìiíó

um(t, x) = vm(t, x)e
−µt, (9)

äå µ çàäîâîëüíÿ¹ óìîâó µ > −K. Òîäi
vm(t, x) çàäîâîëüíÿ¹ ðiâíÿííÿ

((L1 − µ)vm)(t, x) = fm(t, x)e
µt, (10)

i óìîâè çà ÷àñîâîþ çìiííîþ

vm(t0 + 0, x) = φ
(m)
0 (x)eµt0 , (11)

vm(tλ + 0, x)− vm(tλ − 0, x) =

= b
(m)
λ (x)vm(tλ − 0, x) + φ

(m)
λ (x)eµtλ. (12)

Çíàéäåìî îöiíêó ðîçâ'ÿçêó vm(t, x).
Ó ïðîñòîði C2+α(Π) ââåäåìî íîðìó
∥vm; γ; β; q; Π∥l, åêâiâàëåíòíó ïðè êîæíîìó
m ãåëüäåðîâié íîðìi, ÿêà âèçíà÷à¹òüñÿ
òàê ñàìî, ÿê i ∥u; γ; β; q; Π∥l, òiëüêè çà-
ìiñòü ôóíêöi¨ s(βi, x) áåðåìî d(βi, x),
d(βi, x) = max(s(βi, x),m

−βi) ïðè βi ≥ 0
i d(βi, x) = min(s(βi, x),m

−βi) ïðè βi < 0.
Äëÿ ðîçâ'ÿçêó çàäà÷i (10) � (12) ñïðàâ-

äæó¹òüñÿ òàêà òåîðåìà.
Òåîðåìà 2. Íåõàé vm � êëàñè÷íèé

ðîçâ'ÿçîê çàäà÷i (10) � (12) â îáëàñòi Π i
âèêîíàíi óìîâè à), á). Òîäi äëÿ vm(t, x) ìà¹
ìiñöå îöiíêà

|vm| ≤
N∑
k=1

N∏
λ=k

(1 + |bλ|; Π ∩ (t = tλ))×

×(∥φm(k−1)e
µtk−1 ; Π ∩ (t = tk−1)∥0+

+∥(a0 − µ)−1fme
µt; Π(k−1)∥0)+

+∥φ(m)
N eµtN ; Π ∩ (t = tN)∥0+

+∥fmeµtN (a0 − µ)−1; Π(N)∥0. (13)

Íåðiâíiñòü (13) äîâîäèòüñÿ çà ñõåìîþ äî-
âåäåííÿ òåîðåìè 2.5 iç [5, ñ. 27], òîáòî àíà-
ëiçóþòüñÿ âñi ìîæëèâi çíà÷åííÿ äîäàòíîãî
ìàêñèìóìó i âiä'¹ìíîãî ìiíiìóìó ðîçâ'ÿçêó
vm(t, x) â îáëàñòÿõ Π(k).

Âiäìiííiñòü íàÿâíà ëèøå ó âèïàäêó, êîëè
∥vm; γ; β; 0; Π∥0 = sup

k
∥vm; γ; β; 0;Q(k) ∩ (t =

tk)∥0. Ó âèïàäêó êîëè k = 0, ç ïî÷àòêîâî¨
óìîâè (11) îäåðæèìî

∥vm; γ; β; 0;Q(0) ∩ (t = t0)∥0 ≤

≤ ∥φ(m)
0 eµt0 ;Q(0) ∩ (t = t0)∥0. (14)

ßêùî k ≥ 1, òî âðàõîâóþ÷è óìîâó (12),
îäåðæèìî ñïiââiäíîøåííÿ

∥vm; γ; β; 0;Q(k) ∩ (t = tk)∥0 ≤

≤ (1+∥bk;Q(k)∩(t = tk)∥0)∥vm; γ; β; 0;Q(k−1)∥0+

+∥φ(m)
k eµtk ; γ; β; 0;Q(k) ∩ (t = tk)∥0. (15)

Íåõàé max
Q

(k)
vm(t, x) = vm(P1), P1 ∈ Q(k). Â

òî÷öi P1 âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∂tvm(P1) ≥ 0, ∂xivm(P1) = 0,
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n∑
ij=1

aij(P1)∂xi∂xjvm(P1) ≤ 0 (16)

i çàäîâîëüíÿ¹òüñÿ ðiâíÿííÿ (10). Ç óðàõóâà-
ííÿì (16) i ðiâíÿííÿ (10) â òî÷öi P1 ïðàâèëü-
íà íåðiâíiñòü

vm(P1) ≤ sup
Q

(k)

(fm(a0 − µ)−1eµt). (17)

Íåõàé min
Q

(k)
vm(t, x) = vm(P2), P2 ∈ Q(k). Ç

óðàõóâàííÿì ñïiââiäíîøåíü

∂tvm(P2) ≤ 0, ∂xivm(P2) = 0,

n∑
ij=1

aij(P2)∂xi∂xjvm(P2) ≥ 0

i ðiâíÿííÿ (10) â òî÷öi P2 ìà¹ìî

vm(P2) ≥ inf
Q

(k)
(fm(a0 − µ)−1eµt). (18)

Îá'¹äíóþ÷è íåðiâíîñòi (14), (15), (17) i
(18) ïðè λ = 1, 2, . . . , N äiñòàíåìî îöiíêó
(13).
Òåîðåìà 3. ßêùî âèêîíàíi óìîâè òåî-

ðåìè 1, òî äëÿ ðîçâ'ÿçêó çàäà÷i (10) � (12)
âèêîíó¹òüñÿ íåðiâíiñòü

∥vm; γ; β; 0; Π∥2+α ≤

≤ c

{
N∑
k=1

{ N∏
λ=k

(1 + ∥bλ; Π ∩ (t = tλ)∥0)×

×(∥φ(m)
k−1; γ; β; 0; Π ∩ (t = tk−1)∥2+α+

+∥fm; γ; β;µ0; Π
(k−1)∥α)+

+∥φ(m)
N ; γ; β; 0; Π ∩ (t = tN)∥2+α+

+∥fm; γ; β;µ0; Π
(N)∥α

}
. (19)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îçíà÷åííÿ
íîðìè òà iíòåðïîëÿöiéíi íåðiâíîñòi iç [7,
ñòîð. 14] ìà¹ìî

∥vm; γ; β; 0; Π(k)∥2+α ≤

≤ (1+εα)⟨vm; γ; β; 0; Π(k)⟩2+α+c(ε)∥vm; Π(k)∥0,
äå ε � äîâiëüíå äiéñíå ÷èñëî, ε ∈
(0, 1). Òîìó äîñèòü îöiíèòè ïiâíîðìó

⟨vm; γ; β; 0; Π(k)⟩2+α. Iç âèçíà÷åííÿ ïiâ-
íîðìè âèïëèâà¹ iñíóâàííÿ â Π(k) òî÷îê P (k)

1 ,
R

(k)
i , H(k)

i , äëÿ ÿêèõ âèêîíó¹òüñÿ îäíà ç
íåðiâíîñòåé

1

2
∥vm; γ; β; 0; Π(k)∥2+α ≤ Eδ, δ ∈ {1, 2}, (20)

äå

E1 =
∑

2i+|r|=2

n∑
j=1

|x(1)j − x
(2)
j |−αd((2 + α)γ; x̃)×

×d(−αβi, x̃)
n∏
ν=1

d(−rνβν , x̃)×

×|∂it∂rxvm(Hj)− ∂it∂
r
xvm(P1)|,

E2 =
∑

2i+|r|=2

n∑
j=1

|t(1)−t(2)|−
α
2 d((2+α)γ;x(2))×

×
n∏
ν=1

d(−rνβν , x̃)|∂it∂rxvm(Rj)− ∂it∂
r
xvm(Hj)|,

d(γ, x̃) = min(d(γ, x(1)), d(γ, x(2))).

Íåõàé |x(1)j −x(2)j | ≤ n−1d(γ−βj, x̃)
ε1
4

≡ T2

i |t(1) − t(2)| ≤ d(2γ, x̃)
ε21
16

≡ T1, ε1 � äîâiëüíå

äiéñíå ÷èñëî, ε1 ∈ (0, 1). Áóäåìî ââàæàòè,
ùî d(γ, x̃) = d(γ, x(1)), P (k)

1 (t(1), x(1)) ∈ Π(k),
k ∈ {0, 1, . . . , N}. Â îáëàñòi Π(k) çàïèøåìî
çàäà÷ó (10) � (12) ó âèãëÿäi

(L2vm)(t, x) ≡
[
∂t −

n∑
ij=1

aij(P
(k)
1 )∂xi∂xj

]
vm =

=
n∑

ij=1

[aij(P )− aij(P
(k)
1 )]∂xi∂xjvm−

−
n∑
i=1

ai(P )∂xivm−(a0(P )−µ)vm+fm(P )eµt ≡

≡ Fm(P ; vm) + Fm(P ), (21)

vm(tk + 0, x) = G(k)
m (tk, x), (22)

äå G(0)
m (t0, x) = φ

(m)
0 (x)eµt0 , x ∈ Rn;

G(k)
m (tk, x) = [1 + b

(m)
k (x)]vm(tk − 0, x)+

+φ
(m)
k (x)eµtk , x ∈ Π ∩ (t = tk),

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 1. 93



k ∈ {1, 2, . . . , N}.
Íåõàé V

(k)
ε2 � îáëàñòü iç Π(k), V (k)

ε2 =

{(t, x) ∈ Π(k), |t − t(1)| ≤ ε22T1, |xj − x
(1)
j | ≤

ε2T2, j ∈ {1, . . . , n}}. Â çàäà÷i (21), (22)
çðîáèìî çàìiíó vm(t, x) = ωm(t, y), yj =
d(βj, x

(1))xj. Â ðåçóëüòàòi îäåðæèìî

(L3ωm)(t, y) =
[
∂t −

n∑
ij=1

aij(P
(k)
1 )d(βi, x

(1))×

×d(βj, x(1))∂yi∂yj
]
ωm=F

(1)
m (t, ỹ;ωm)+Fm(t, ỹ),

(23)
ωm(tk + 0, y) = G(k)

m (tk, ỹ), (24)

äå ỹ = (d(−β1, x(1))x1, d(−β2, x(1)), . . . ,
d(−βn, x(1))xn). Ïîçíà÷èìî y

(1)
i =

d(βi, x
(1)x

(1)
i , W

(k)
ε2 = {(t, y), |t − t(1)| ≤

ε2T1, |yi − y
(1)
i | ≤ ε2T

1/2
1 } i âiçüìåìî òðè-

÷i äèôåðåíöiéîâíó ôóíêöiþ η(t, y), ÿêà
çàäîâîëüíÿ¹ óìîâè

η(t, y) =


1, (t, y) ∈ W

(k)
1/2, 0 ≤ η(t, y) ≤ 1;

0, (t, y) ̸∈ W
(k)
3/4, |∂it∂ryη| ≤

≤ cikd(−(2i+ |r|)γ; x(1)).

Òîäi ôóíêöiÿ Zm(t, y) = ωm(t, y)η(t, y) áó-
äå ðîçâ'ÿçêîì çàäà÷i Êîøi

(L2Zm)(t, y) =
n∑

ij=1

aij(P
(k)
1 )d(βi, x

(1))×

×d(βj, x(1))[∂yiη∂yjωm + ∂yjη∂yiωm]+

+ωm

[ n∑
ij=1

aij(P
(k)
1 )d(βi, x

(1))×

×d(βj, x(1))∂yi∂yjη − ∂tη
]
+

+η[F (1)
m + Fm] ≡ F (2)

m + ηFm, (25)

Zm(tk + 0, x) = ηG(k)
m (tk, ỹ). (26)

Çãiäíî ç òåîðåìîþ 5.1 iç [5, ñòîð. 364], äëÿ
ðîçâ'ÿçêó çàäà÷i (25), (26) âèêîíó¹òüñÿ íå-
ðiâíiñòü

d−α(M1,M2)|∂it∂ryZm(M1)− ∂it∂
r
yZm(M2)| ≤

≤ c(∥F (2)
m + ηFm∥Cα(W

(k)
3/4

)
+ ∥ηG(k)

m ∥
C2+α(W

(k)
3/4

)
),

(27)

äå (M1,M2) ⊂ W
(k)
1/4, d(M1,M2) � ïàðàáîëi÷íà

âiäñòàíü ìiæ òî÷êàìè M1 i M2, 2i+ |r| = 2.
Âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ η(t, y),

çíàõîäèìî

∥F (2)
m + ηFm∥Cα(W

(k)
3/4

)
≤

≤ cd(−(2 + α)γ : x(1))(∥ωm; γ; 0; 0;W (k)
3/4∥2+

+∥ωm;W (k)
3/4∥0 + F (1)

m ; γ; 0; 2γ;W
(k)
3/4∥α+

∥fm; γ; 0; 2γ;W (1)
3/4∥α), (28)

∥ηG(k)
m ∥

Cα(W
(k)
3/4

)
≤ cd(−(2 + α)γ : x(1))×

×∥G(k)
m ; γ; 0; 0;W

(k)
3/4∥2+α, (29)

Ïiäñòàâëÿþ÷è (28), (29) ó (27) i ïîâåðòà-
þ÷èñü äî çìiííèõ (t, x), îäåðæèìî

Eδ ≤ c1(∥F (1)
m ; γ; β; 2γ;V k

3/4∥α+

+∥fm; γ; β; 2γ;V (k)
3/4∥α+

+∥G(k)
m ; γ; β; 0;V

(k)
3/4∥2+α + ∥vm; γ; β; 0;V (k)

3/4∥2+

+∥vm;V (k)
3/4∥0). (30)

Âðàõîâóþ÷è iíòåðïîëÿöiéíi íåðiâíîñòi i
îöiíêè íîðìè êîæíîãî äîäàíêà âèðàçiâ F (1)

m ,
G

(k)
m , ìà¹ìî

Eδ ≤ (εα1 (n+ 2) + ε2n2)∥vm; γ; β; 0;V (k)
3/4∥2+α+

+c2∥vm;V (k)
3/4∥0 + c3(∥fm; γ; β;µ0;V

(k)
3/4∥α+

+∥G(k)
m ; γ; β; 0;V

(k)
3/4 ∩ (t = tk)∥2+α). (31)

Íåõàé |t(1)−t(2)| ≥ T1, àáî |x(1)j −x(1)j | ≥ T2.
Òîäi

Eδ ≤ 2ε−α1 ∥vm; γ; β; 0; Π(k)∥2. (32)

Çàñòîñîâóþ÷è iíòåðïîëÿöiéíi íåðiâíîñòi
äî (32), çíàõîäèìî

Eδ ≤ εα∥vm; γ; β; 0; Π(k)∥2+α+ c(ε)∥vm; Π(k)∥0.
(33)

Âèêîðèñòîâóþ÷è íåðiâíîñòi (20), (31),
(33) i âèáèðàþ÷è ε, ε1 äîñèòü ìàëèìè, îäåð-
æèìî îöiíêó

∥vm; γ; β; 0; Π(k)∥2+α ≤ c(∥fm; γ; β;µ0; Π
(k)∥α+
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∥G(k)
m ; γ; β; 0; Π(k)∩ (t = tk)∥2+α+∥vm; Π(k)∥0).

(34)
Âðàõîâóþ÷è çíà÷åííÿ âèðàçó G

(k)
m (t, x),

ìà¹ìî

∥G(0)
m ; γ; β; 0; Π ∩ (t = t0)∥2+α ≤

≤ c∥φ(m)
0 ; γ; β; 0;Rn∥2+α, (35)

∥G(k)
m ; γ; β; 0; Π(k) ∩ (t = tk)∥2+α ≤
≤ c(1 + ∥bk; Π ∩ (t = tk)∥0)×
×(∥vm; γ; β; 0; Π(k−1)∥2+α+

+∥φ(m)
k ; γ; β; 0; Π(k) ∩ (t = tk)∥2+α),

ïðè k = 1, 2, . . . , N .
Âðàõîâóþ÷è îöiíêó (13) i íåðiâíîñòi (34),

(35) ïðè k = 0, 1, . . . , N çíàõîäèìî îöiíêó
(19).
Äîâåäåííÿ òåîðåìè 1. Îñêiëüêè

∥fm; γ; β;µ0; Π
(k)∥α ≤ c∥f ; γ; β;µ0; Π

(k)∥α,

∥φ(k)
m ; γ; β; 0; Π(k) ∩ (t = tk)∥2+α ≤

≤ c∥φk; γ; β; 0; Π(k) ∩ (t = tk)∥2α,
òî âðàõîâóþ÷è çàìiíó (9) i îöiíêó (19) äëÿ
ðîçâ'ÿçêiâ çàäà÷i (6) � (8) ñïðàâäæó¹òüñÿ
îöiíêà

∥um; γ; β; 0; Π∥2+α ≤

≤ c

{
N∑
k=1

N∑
λ=k

(1 + ∥bλ; Π ∩ (t = tλ)∥0)×

×(∥φk−1; γ; β; 0; Π ∩ (t = tk−1)∥2+α+
+∥f ; γ; β;µ0; Π

(k−1)∥α)+
∥φN ; γ; β; 0; Π ∩ (t = tN)∥2+α+

+∥f ; γ; β;µ0; Π
(N)∥α

}
. (36)

Ïðàâà ÷àñòèíà íåðiâíîñòi (36) íå
çàëåæèòü âiä m. Êðiì òîãî, ïîñëi-
äîâíîñòi {U (0)

m } ≡ {um}, {U (1)
m } ≡

{d(γ − βi, x)∂xium(t, x)}, {U (2)
m } ≡

{d(2γ; x)∂tum(t, x)}, {U (3)
m } ≡ {d(2γ −

βi, x)d(γ − βj, x)∂xi∂xjum(t, x)} ðiâíîìiðíî
îáìåæåíi i ðiâíîñòåïåííî íåïåðåðâíi â îáëà-
ñòÿõ Q

(k)
. Çà òåîðåìîþ Àð÷åëà iñíóþòü ïiä-

ïîñëiäîâíîñòi {U (ν)
m(i)}, ðiâíîìiðíî çáiæíi â

Q(k) äî {U (ν)
0 }, ν ∈ {0, 1, 2, 3}. Îñêiëüêè Q(k)

� äîâiëüíà îáëàñòü, Q
(k) ⊂ Π(k), òî ïåðåõîäÿ-

÷è äî ãðàíèöi ïðè mi → ∞ â çàäà÷i (6) � (8),
îäåðæèìî, ùî u(t, x) = U

(0)
0 � ¹äèíèé ðîçâ'ÿ-

çîê çàäà÷i (1) � (3), u ∈ C2+α(γ; β; 0; Π).
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