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ÐIÂÍßÍÍß ÊÎÐÒÅÂÅÃÀ-ÄÅ ÔÐIÇÀ ÇI ÇÌIÍÍÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ I

ÌÀËÈÌ ÏÀÐÀÌÅÒÐÎÌ ÏÀÐÍÎÃÎ ÑÒÅÏÅÍß ÏÐÈ ÑÒÀÐØIÉ
ÏÎÕIÄÍIÉ

Ðîçãëÿíóòî àëãîðèòì ïîáóäîâè àñèìïòîòè÷íîãî äâîôàçîâîãî ñîëiòîíîïîäiáíîãî ðîçâ'ÿç-
êó ñèíãóëÿðíî çáóðåíîãî ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà çi çìiííèìè êîåôiöi¹íòàìè ó âèïàäêó
ïàðíîãî ñòåïåíÿ ìàëîãî ïàðàìåòðà ïðè ñòàðøié ïîõiäíié.

The paper deals with algorithm of constructing asymptotic two phase soliton-type solution for
singular perturbed Korteweg-de Vries equation with variable coe�cients in the case of even degree
of small parameter.

1. Âñòóï. ßê âiäîìî, áàãàòî õâèëüîâèõ
ïðîöåñiâ â îäíîðiäíèõ ñåðåäîâèùàõ îïèñó-
¹òüñÿ õâèëüîâèì ðiâíÿííÿì âèãëÿäó [1, 2]

utt − a2uxx = 0,

äå a = const � øâèäêiñòü ïîøèðåííÿ õâèëü.
Ïðè âèâåäåííi öüîãî ðiâíÿííÿ ïðèïóñ-

êàþòü àìïëiòóäó õâèëü äîñòàòíüî ìàëîþ
òà âiäñóòíiñòü äèñèïàöi¨ i äèñïåðñi¨. Âiäñó-
òíiñòü äèñïåðñi¨ îçíà÷à¹, ùî øâèäêiñòü ïî-
øèðåííÿ õâèëü íå çàëåæèòü âiä ¨¨ ÷àñòîòè i
äîâæèíè [1 � 4].

Âðàõóâàííÿ äèñïåðñi¨ i äèñèïàöi¨ äîçâî-
ëÿ¹ îïèñàòè íîâi ÿêiñíi åôåêòè. Çîêðåìà,
äèñïåðñiÿ ¹ ïðè÷èíîþ ðîçïëèâàííÿ õâèëü,
à íàâiòü ìàëà äèñèïàöiÿ ïðèâîäèòü äî çà-
òóõàííÿ êîëèâàíü. Öi ÿâèùà îïèñóþòüñÿ çà
äîïîìîãîþ íîâèõ (íåëiíiéíèõ) ÷ëåíiâ ó ðiâ-
íÿííÿõ õâèëüîâîãî òèïó. Ç iíøîãî áîêó, íåëi-
íiéíi ðiâíÿííÿ äîçâîëÿþòü ïîáà÷èòè íîâèé
ÿêiñíèé åôåêò � óêðó÷åííÿ ôðîíòó õâèëi
[3]. Ñàìå âðàõóâàííÿ ìàëî¨ äèñïåðñi¨ i íåëi-
íiéíèõ ÷ëåíiâ ïðè ôîðìóâàííi ìàòåìàòè÷íî¨
ìîäåëi êîëèâàíü ðiäèíè ïðèâîäèòü äî ñèíãó-
ëÿðíî çáóðåíîãî ðiâíÿííÿ Êîðòåâåãà-äå Ôði-
çà

ε2uxxx − 6uux + ut = 0. (1)

Ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà ¹ îäíèì ç
íàéâiäîìiøèõ íåëiíiéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü ñó÷àñíî¨ ìàòåìàòè÷íî¨ ôiçèêè i âè-
â÷àëîñÿ â ïðàöÿõ áàãàòüîõ â÷åíèõ, çîêðåìà,
ìåòîäîì îáåðíåíî¨ çàäà÷i ðîçñiþâàííÿ [5, 6].

Ðiâíÿííÿ âèãëÿäó (1) àñèìïòîòè÷íèìè
ìåòîäàìè âïåðøå âèâ÷àëîñÿ â [7], äå áó-
ëî çàïðîïîíîâàíî íåëiíiéíèé ìåòîä ÂÊÁ,
çà äîïîìîãîþ ÿêîãî ïîáóäîâàíî ãîëîâíèé
÷ëåí àñèìïòîòè÷íîãî ðîçêëàäó äëÿ êâàçi-
ïåðiîäè÷íîãî ðîçâ'ÿçêó ðiâíÿííÿ (1). Çãîäîì
äëÿ öüîãî ðiâíÿííÿ äîñëiäæóâàëîñÿ ïèòàííÿ
ïðî ãðàíèöþ éîãî ðîçâ'ÿçêó ïðè ε → 0, ÿê
àíàëiòè÷íèìè [8 � 10], òàê i ÷èñåëüíèìè ìå-
òîäàìè [11, 12].

Ïðè âðàõóâàííi íåîäíîðiäíîñòåé ñåðåäî-
âèùà âèíèêà¹ ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà
çi çìiííèìè êîåôiöi¹íòàìè i ìàëèì ïàðàìåò-
ðîì [13 � 17], ðîçâ'ÿçêè ÿêîãî ó çàãàëüíîìó
âèïàäêó (iç-çà íàÿâíîñòi çìiííèõ êîåôiöi¹í-
òiâ) íå ìîæíà ïîáóäóâàòè ó ÿâíîìó âèãëÿäi,
à òîìó ÷è íå ¹äèíèì ïiäõîäîì äëÿ éîãî äîñ-
ëiäæåííÿ ¹ àñèìïòîòè÷íi ìåòîäè.

Ó [14 � 17] ðîçãëÿíóòî ñèíãóëÿðíî çáóðå-
íå ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà çi çìiííèìè
êîåôiöi¹íòàìè âèãëÿäó

εn uxxx = a(x, t, ε)ut + b(x, t, ε)uux, (2)

äå ôóíêöi¨ a(x, t, ε), b(x, t, ε) çàïèñóþòüñÿ
àñèìïòîòè÷íèìè ðÿäàìè

a(x, t, ε) =
∞∑
j=0

εjaj(x, t),

b(x, t, ε) =
∞∑
j=0

εjbj(x, t)
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ç êîåôiöi¹íòàìè aj(x, t), bj(x, t) ∈ C(∞)(R ×
[0;T ]), j ≥ 0; n ∈ N; ε � ìàëèé ïàðàìåòð,
äå ïîêàçàíî, ùî âèãëÿä àñèìïòîòè÷íîãî ñî-
ëiòîíîïîäiáíîãî ðîçâ'ÿçêó ðiâíÿííÿ (2) çà-
ëåæèòü âiä ñòåïåíÿ ìàëîãî ïàðàìåòðà ïðè
ñòàðøié ïîõiäíié.

Àñèìïòîòè÷íi îäíîôàçîâi ñîëiòîíîïîäiá-
íi ðîçâ'ÿçêè ðiâíÿííÿ (2) ïîáóäîâàíî ó [14]
(âèïàäîê ïàðíîãî n òà âèïàäîê, êîëè n íå-
ïàðíå i áiëüøå çà 1), ó [15] (âèïàäîê n = 1).
Öiëêîì ïðèðîäíî âèíèêà¹ ïèòàííÿ ïðî ïîáó-
äîâó àñèìïòîòè÷íèõ äâîôàçîâèõ ñîëiòîíî-
ïîäiáíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (2) ïðè ðiçíèõ
çíà÷åííÿõ n. Öå ïèòàííÿ ÷àñòêîâî (n = 1,
n = 2) ðîçãëÿäàëîñÿ â [16, 17].

Ó äàíié ñòàòòi çàïðîïîíîâàíî àëãîðèòì
ïîáóäîâè àñèìïòîòè÷íîãî äâîôàçîâîãî ñî-
ëiòîíîïîäiáíîãî ðîçâ'ÿçêó ðiâíÿíÿí (2) äëÿ
âèïàäêó, êîëè n = 2(k + 1), k ∈ N.
2. Îñíîâíi ïîçíà÷åííÿ. Ïîçíà÷èìî ÷å-

ðåç G1 = G1(R× [0;T ]×R) ëiíiéíèé ïðîñòið
òàêèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóí-
êöié f = f(x, t, τ), ùî äëÿ äîâiëüíèõ íå-
âiä'¹ìíèõ öiëèõ ÷èñåë n, p, q, r ðiâíîìiðíî
ùîäî (x, t) íà êîæíié êîìïàêòíié ìíîæèíi
K ⊂ R× [0;T ] âèêîíóþòüñÿ òàêi äâi óìîâè:

10. ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ:

lim
τ→+∞

τn
∂ p+q+r

∂xp ∂tq ∂τ r
f(x, t, τ) = 0,

20. iñíó¹ òàêà íåñêií÷åííî äèôåðåíöiéîâíà
ôóíêöiÿ f−(x, t), ùî

lim
τ→−∞

τn
∂ p+q+r

∂xp ∂tq ∂τ r
(
f(x, t, τ)− f−(x, t)

)
= 0,

à ÷åðåç G0
1 = G0

1(R × [0;T ] × R) ⊂ G1 �
ïðîñòið òàêèõ íåñêií÷åííî äèôåðåíöiéîâíèõ
ôóíêöié f = f(x, t, τ) ∈ G1, ùî ðiâíîìið-
íî ùîäî çìiííèõ (x, t) íà êîæíîìó êîìïàêòi
K ⊂ R× [0;T ] âèêîíó¹òüñÿ óìîâà:

lim
τ→−∞

f(x, t, τ) = 0.

Íåõàé G2 = G2(R× [0;T ]×R×R) � ëiíié-
íèé ïðîñòið òàêèõ íåñêií÷åííî äèôåðåíöiéî-
âíèõ ôóíêöié f = f(x, t, τ1, τ2), ùî iñíóþòü
f±
1 = f±

1 (x, t, τ2), f
±
2 = f±

2 (x, t, τ1) ∈ G1 i òàêi

íåñêií÷åííî äèôåðåíöiéîâíi ôóíêöi¨ u1(x, t),
u2(x, t), ùî äëÿ äîâiëüíèõ íåâiä'¹ìíèõ öiëèõ
÷èñåë p1, p2, q1, q2, β1, β2 i (x, t) ∈ K ìàþòü
ìiñöå ñïiââiäíîøåííÿ:

lim
τ1→±∞

τ p11
∂ q1+q2+β1+β2

∂xq1∂tq2∂τβ11 ∂τβ22

(f(x, t, τ1, τ2)−

− f±
1 (x, t, τ2)− u±1 (x, t)

)
= 0,

lim
τ2→±∞

τ p22
∂ q1+q2+β1+β2

∂xq1∂tq2∂τβ11 ∂τβ22

(f(x, t, τ1, τ2)−

− f±
2 (x, t, τ1)− u±2 (x, t)

)
= 0,

à G0
2 = G0

2(R × [0;T ] × R × R) � ëiíiéíèé
ïðîñòið òàêèõ íåñêií÷åííî äèôåðåíöiéîâíèõ
ôóíêöié f = f(x, t, τ1, τ2), ùî iñíóþòü f

±
1 =

f±
1 (x, t, τ2), f

±
2 = f±

2 (x, t, τ1) ∈ G0
1, i äëÿ âñiõ

íåâiä'¹ìíèõ öiëèõ ÷èñåë p1, p2, q1, q2, β1, β2
i (x, t) ∈ K ìàþòü ìiñöå ñïiââiäíîøåííÿ:

lim
τ1→±∞

τ p11
∂ q1+q2+β1+β2

∂xq1∂tq2∂τβ11 ∂τβ22

(f(x, t, τ1, τ2)−

−f±
1 (x, t, τ2)

)
= 0,

lim
τ2→±∞

τ p22
∂ q1+q2+β1+β2

∂xq1∂tq2∂τβ11 ∂τβ22

(f(x, t, τ1, τ2)−

−f±
2 (x, t, τ1)

)
= 0.

Îçíà÷åííÿ 1. Ôóíêöiÿ u(x, t, ε) íàçèâà-
¹òüñÿ àñèìïòîòè÷íîþ äâîôàçîâîþ ñîëiòî-
íîïîäiáíîþ, ÿêùî äëÿ äîâiëüíîãî öiëîãî ÷è-
ñëà N ≥ 0 âîíà çàïèñó¹òüñÿ ó âèãëÿäi:

u(x, t, ε) = YN (x, t, τ1, τ2, ε) +O(εN+1), (3)

äå
YN(x, t, τ1, τ2, ε) =

=
N∑
j=0

εj [uj(x, t) + Vj(x, t, τ1, τ2)] , (4)

τ1 =
S1(x, t)

ε
, τ2 =

S2(x, t)

ε
;

uj(x, t) � íåñêií÷åííî äèôåðåíöiéîâíi ôóíê-
öi¨; Sk = Sk(x, t) ∈ C∞ (R× [0;T ]) , ïðè÷î-
ìó ∂Sk

∂x

∣∣
Γk

̸= 0; Γk = {(x, t) ∈ R × [0;T ],

Sk(x, t) = 0}, k = 1, 2; V0(x, t, τ1, τ2) ∈ G0
2,

Vj(x, t, τ1, τ2) ∈ G2, j = 1, N .
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Êðèâi Γk, k = 1, 2, íàçèâàþòüñÿ êðèâèìè
ðîçðèâó.

Ó ïîäàëüøîìó âèêîðèñòîâó¹òüñÿ ñòàí-
äàðòíå äëÿ àñèìïòîòè÷íîãî àíàëiçó ïîçíà-
÷åííÿ: çàïèñ Ψ(x, t, ε) = O

(
εN
)
, ε→ 0, îçíà-

÷à¹, ùî iñíóþòü òàêi âåëè÷èíà ε0 > 0 i ñòàëà
C > 0, ÿêà çàëåæèòü âiä ÷èñëà N i âiä êîì-
ïàêòà K ⊂ R × [0;T ], ùî |Ψ(x, t, ε)| ≤ C εN

äëÿ âñiõ ε ∈ (0; ε0) i âñiõ (x, t) ∈ K.
3. Âèãëÿä àñèìïòîòè÷íîãî ðîçâ'ÿç-

êó. Ç óðàõóâàííÿì ðåçóëüòàòiâ [14 � 17]
àñèìïòîòè÷íèé äâîôàçîâèé ñîëiòîíîïîäiá-
íèé ðîçâ'ÿçîê ðiâíÿííÿ (2) ó âèïàäêó, êîëè
n = 2k, k = 2, 3, . . ., øóêà¹ìî ó âèãëÿäi

u(x, t, ε) =
N∑
j=0

εj [uj(x, t) + Vj(x, t, τ1, τ2)] ,

(5)
τs = (x− φs(t)) ε

−n/2, s = 1, 2.

×ëåíè ðåãóëÿðíî¨ ÷àñòèíè àñèìïòîòèêè
(5) ¹ ðîçâ'ÿçêàìè ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî
ïîðÿäêó âèãëÿäó

a0(x, t)
∂u0
∂t

+ b0(x, t)u0
∂u0
∂x

= 0, (6)

a0(x, t)
∂uj
∂t

+ b0(x, t)uj
∂u0
∂x

+ b0(x, t)u0
∂uj
∂x

=

= Fj(x, t), (7)

äå ôóíêöi¨ Fj(x, t) çíàõîäÿòüñÿ ðåêóðåíòíèì
÷èíîì çà ôóíêöiÿìè u0(x, t), u1(x, t), . . .,
uj−1(x, t), j = 1, N .

Ïèòàííÿ ïðî iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè
(6), (7) i àëãîðèòì éîãî ïîáóäîâè ðîçãëÿíóòî
â [18, 19]. Òîìó íàäàëi ââàæà¹ìî, ùî ôóíêöi¨
uj(x, t), j = 0, N , âiäîìi.

×ëåíè ñèíãóëÿðíî¨ ÷àñòèíè àñèìïòîòèêè
(5) ¹ ðîçâ'ÿçêàìè ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âèãëÿäó

∂3V0
∂τ 31

+ 3
∂3V0
∂τ 21∂τ2

+ 3
∂3V0
∂τ1∂τ 22

+
∂3V0
∂τ 32

+

+ [φ′
1(t)a0(x, t)− b0(x, t)u0(x, t)]

∂V0
∂τ1

+

+ [φ′
2(t)a0(x, t)− b0(x, t)u0(x, t)]

∂V0
∂τ2

−

−b0(x, t)V0
(
∂V0
∂τ1

+
∂V0
∂τ2

)
= 0, (8)

∂3Vj
∂τ 31

+ 3
∂3Vj
∂τ 21∂τ2

+ 3
∂3Vj
∂τ1∂τ 22

+
∂3Vj
∂τ 32

+

+ [φ′
1(t)a0(x, t)− b0(x, t)u0(x, t)]

∂Vj
∂τ1

+

+ [φ′
2(t)a0(x, t)− b0(x, t)u0(x, t)]

∂Vj
∂τ2

−

−b0(x, t)
(
∂

∂τ1
(V0Vj) +

∂

∂τ2
(V0Vj)

)
=

= Fj(x, t, τ1, τ2), (9)

äå ôóíêöi¨ Fj(x, t, τ1, τ2), j = 1, N , çíàõî-
äÿòüñÿ ðåêóðåíòíèì ÷èíîì çà ôóíêöiÿìè
Vk(x, t, τ1, τ2), k = 0, j − 1.
4. Ãîëîâíèé ÷ëåí àñèìïòîòèêè (5).

Äëÿ òîãî, ùîá îòðèìàòè ðîçâ'ÿçîê ðiâíÿííÿ
(8) ó ÿâíîìó âèãëÿäi, ïðèïóñòèìî, ùî ôóí-
êöi¨ φ = φs(t), s = 1, 2, âiäîìi i çàäîâîëüíÿ-
þòü ïî÷àòêîâó óìîâó φ1(0) = φ2(0) = 0, à
òàêîæ ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè
óçãîäæåíîñòi:

a0(φ1(t), t) = a0(φ2(t), t) := a0(t),

b0(φ1(t), t) = b0(φ2(t), t) := b0(t),

u0(φ1(t), t) = u0(φ2(t), t) := u0(t). (10)

Ôóíêöi¨ V0s(t, τ1, τ2) = V0(φs(t), t, τ1, τ2),
s = 1, 2, çàäîâîëüíÿþòü äèôåðåíöiàëüíi ðiâ-
íÿííÿ âèãëÿäó

∂3V0s
∂τ 31

+ 3
∂3V0s
∂τ 21∂τ2

+ 3
∂3V0s
∂τ1∂τ 22

+
∂3V0s
∂τ 32

+

+a0(t)

[
φ′
1(t)

∂V0s
∂τ1

+ φ′
2(t)

∂V0s
∂τ2

]
+

−b0(t) (u0(t) + V0s)

[
∂V0s
∂τ1

+
∂V0s
∂τ2

]
= 0, (11)

i çãiäíî óìîâ (10) äëÿ íèõ âèêîíó¹òüñÿ ðiâ-
íiñòü V01(t, τ1, τ2) = V02(t, τ1, τ2).

Ïîçíà÷èìî V0(t, τ1, τ2) = V01(t, τ1, τ2).
Äâîñîëiòîííèé ðîçâ'çîê ðiâíÿííÿ (11) ìîæ-
íà çàïèñàòè ó âèãëÿäi V0(t, τ1, τ2) = V̄0(ξ, η),
äå

V̄0(ξ, η) = 4

[
c21c

2
2

(κ1 − κ2)
2

κ1κ2
e−2(κ1+κ2)ξ −
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−κ1c21e−2κ1ξ − κ2c
2
2e

−2κ2ξ+

+
c41c

2
2(κ1 − κ2)

2κ2
4κ21(κ1 + κ2)2

e−(4κ1+2κ2)ξ +

+
c21c

4
2(κ1 − κ2)

2κ1
4κ22(κ1 + κ2)2

e−(2κ1+4κ2)ξ

]
×

×
[
1 +

c21
2κ1

e−2κ1ξ +
c22
2κ2

e−2κ2ξ+

+
c21c

2
2(κ1 − κ2)

2

4κ1κ2(κ1 + κ2)2
e−2(κ1+κ2)ξ

]−2

, (12)

äå

ξ(t, τ1, τ2) =

(
b0(t)

6

)1/2
γ2(t)τ1 − γ1(t)τ2
γ2(t)− γ1(t)

,

η(t, τ1, τ2) =

(
b0(t)

6

)3/2
τ1 − τ2

γ2(t)− γ1(t)
. (13)

Òóò ïîçíà÷åíî

γs(t) = −φ′
s(t)a0(t) + b0(t)u0(t),

κs(t) =

(
b0(t)

6

)−1/2√
γs(t),

cs(η) = cs(0) exp (κ
3
s(t)η)

i ïðèïóñêà¹òüñÿ, ùî b0(t) > 0, γ1(t) ̸= γ2(t),
t ∈ [0;T ], γs(t) > 0; cs(0) > 0 � äîâiëüíi ñòàëi,
s = 1, 2.

Ìà¹ ìiñöå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé n = 2k, k ≥ 2, i âèêî-

íóþòüñÿ ïðèïóùåííÿ:
1. ôóíêöi¨ a0(x, t), b0(x, t), u0(x, t) ∈ C∞(R×
[0;T ]), ïðè÷îìó a0(x, t) ̸= 0, b0(x, t) ̸= 0 äëÿ
âñiõ (x, t) ∈ R× [0;T ];
2. ìàþòü ìiñöå óìîâè (10) ç ôóíêöiÿìè
φ1(t), φ2(t) ∈ C∞([0;T ]), äëÿ ÿêèõ φ1(0) =
φ2(0) = 0;
3. b0(t) > 0, γs(t) > 0, s = 1, 2, i γ1(t) ̸= γ2(t)
äëÿ âñiõ t ∈ [0;T ].

Òîäi ãîëîâíèé ÷ëåí àñèìïòîòè÷íîãî äâî-
ôàçîâîãî ñîëiòîíîïîäiáíîãî ðîçâ'ÿçêó ðiâíÿ-
ííÿ (2) ìà¹ âèãëÿä

Y0(x, t, ε) = u0(x, t) + V0(t, τ1, τ2), (14)

τs = (x− φs(t)) ε
−n/2, s = 1, 2,

i çàäîâîëüíÿ¹ íà ìíîæèíi R× [0;T ] ðiâíÿí-
íÿ (2) ç òî÷íiñòþ O(ε1−n/2), à ïðè x→ ±∞
� ç òî÷íiñòþ O(ε).

Äîâåäåííÿ òåîðåìè 1 ïðîâîäèòüñÿ øëÿ-
õîì àñèìïòîòè÷íîãî îöiíþâàííÿ âèðàçó,
ÿêèé îòðèìó¹òüñÿ ïiñëÿ ïiäñòàíîâêè ôóíê-
öi¨ (14) ó ðiâíÿííÿ (2) i âðàõóâàííÿ âëàñòè-
âîñòåé ôóíêöié ç ïðîñòîðó G0

2 òà óìîâ óçãî-
äæåíîñòi (10).
Çàóâàæåííÿ 1. Ó âèïàäêó a(x, t, ε) =

a(x, t), b(x, t, ε) = b(x, t) ôóíêöiÿ Y0(x, t, ε)
çàäîâîëüíÿ¹ ðiâíÿííÿ (2) ç òî÷íiñòþ O(1).
5. Ñòàðøi ÷ëåíè àñèìïòîòèêè (5).

Äëÿ òîãî, ùîá ç'ÿñóâàòè ïèòàííÿ ïðî iñ-
íóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (9), ðîçãëÿíå-
ìî ðiâíÿííÿ äëÿ ñòàðøèõ ÷ëåíiâ ñèíãóëÿð-
íî¨ ÷àñòèíè àñèìïòîòè÷íîãî äâîôàçîâîãî
ñîëiòîíîïîäiáíîãî ðîçâ'ÿçêó ðiâíÿííÿ (2) íà
êðèâèõ ðîçðèâó x = φ(t), s = 1, 2, òîáòî
äëÿ ôóíêöié Vjs(t, τ1, τ2)= Vj(φs(t), t, τ1, τ2),
j = 1, N :

∂3Vjs
∂τ 31

+ 3
∂3Vjs
∂τ 21∂τ2

+ 3
∂3Vjs
∂τ1∂τ 22

+
∂3Vjs
∂τ 32

+

+ [φ′
1(t)a0(t)− b0(t)u0(t)]

∂Vjs
∂τ1

+

+ [φ′
2(t)a0(t)− b0(t)u0(t)]

∂Vjs
∂τ2

−

−b0(t)
[
∂

∂τ1
(V0sVjs) +

∂

∂τ2
(V0sVjs)

]
=

= Fjs(t, τ1, τ2), (15)

äå ôóíêöi¨ Fjs(t, τ1, τ2), j = 1, N , s = 1, 2,
âèçíà÷àþòüñÿ ðåêóðåíòíî çà ôóíêöiÿìè
V0s(t, τ1, τ2), V1s(t, τ1, τ2), . . ., Vj−1,s(t, τ1, τ2).
Çîêðåìà, ïðè j = 1 çà óìîâ (10) ìà¹ìî

F1s = −a1(φs(t), t)
[
φ′
1(t)

∂V0
∂τ1

+ φ′
2(t)

∂V0
∂τ2

]
+

+ [(b0(t)u1(φs(t), t) + b1(φs(t), t)u0(t)) +

+b1(φs(t), t)V0]

(
∂V0
∂τ1

+
∂V0
∂τ2

)
. (16)

Ïðèïóñòèìî òàêîæ, ùî äîäàòêîâî äî
óìîâ (10) ìàþòü ìiñöå óìîâè óçãîäæåíîñòi
âèãëÿäó

Fj1(t, τ1, τ2) = Fj2(t, τ1, τ2), j = 1, N. (17)

Óìîâà (17) ïðè j = 1 ñïðàâäæó¹òüñÿ, íà-
ïðèêëàä, ó âèïàäêó, êîëè äëÿ âñiõ t ∈ [0;T ]
ìà¹ìî:

a1(φ1(t), t) = a1(φ2(t), t) := a1(t), (18)
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b1(φ1(t), t) = b1(φ2(t), t) := b1(t), (19)

u1(φ1(t), t) = u1(φ2(t), t) := u1(t). (20)

Çà óìîâ (10), (17) âèêîíó¹òüñÿ ðiâíiñòü
Vj1(t, τ1, τ2) = Vj2(t, τ1, τ2), j = 1, N , ùî äî-
çâîëÿ¹ çà äîïîìîãîþ ïåðåõîäó âiä çìiííèõ
τ1, τ2 äî çìiííèõ ξ, η (äèâ. ôîðìóëè (13)) çâå-
ñòè ðiâíÿííÿ (15) äî ðiâíÿíü âèãëÿäó:

∂3V̄j
∂ξ3

− b0(t)
∂

∂ξ

(
V̄0V̄j

)
+
∂V̄j
∂η

= F̄j(t, ξ, η),

(21)
äå V̄0(t, ξ, η) âèçíà÷åíî ôîðìóëîþ (12), à
ôóíêöi¨ V̄j(t, ξ, η), F̄j(t, ξ, η), j = 1, N , îòðè-
ìàíî ç Vj(t, τ1, τ2), Fj(t, τ1, τ2), j = 1, N , â
ðåçóëüòàòi çãàäàíî¨ âèùå çàìiíè çìiííèõ.

Çà óìîâè 3 òåîðåìè 1 çàìiíà çìiííèõ (13)
¹ íåâèðîäæåíîþ.

ßêùî ôóíêöiÿ F̄j(t, ξ, η), j = 1, N , ïðè
êîæíîìó η ≥ 0 íàëåæèòü ïðîñòîðó øâèäêî
ñïàäíèõ ùîäî ξ ôóíêöié, òî ðiâíÿííÿ (21)
ìà¹ ðîçâ'ÿçîê V̄j(t, ξ, η), (ξ, η) ∈ R × [0;T1],
j = 1, N , äå T1 > 0 � äåÿêå ÷èñëî, ÿêèé íàëå-
æèòü ïðîñòîðó øâèäêî ñïàäíèõ ùîäî çìií-
íî¨ ξ ôóíêöié [20].

Ââàæàþ÷è ôóíêöiþ V̄j(t, ξ, η), j = 1, N ,
âiäîìîþ, âðàõîâóþ÷è âèêîíàíó çàìiíó çìií-
íèõ, âiä ðîçâ'ÿçêó çàäà÷i (21) ïîâåðíåìîñÿ
äî âiäïîâiäíîãî ðîçâ'ÿçêó ðiâíÿííÿ (15) �
ôóíêöi¨ Vj(t, τ1, τ2), j = 1, N , ÿêó ìîæíà çà-
ïèñàòè ó âèãëÿäi

Vj(t, τ1, τ2) = V̄j(ξ(t, τ1, τ2), η(t, τ1, τ2)), (22)

äå ôóíêöi¨ ξ(t, τ1, τ2), η(t, τ1, τ2) âèçíà÷åíî
ôîðìóëàìè (13).

Îñêiëüêè V̄j(t, ξ, η), j = 1, N , ïðè êîæ-
íîìó η ∈ [0;T1) íàëåæèòü ïðîñòîðó øâèä-
êî ñïàäíèõ ùîäî çìiííî¨ ξ ôóíêöié, òî ïðè
γ2(t)τ1 − γ1(t)τ2 ̸= 0, t ∈ [0;T ], äëÿ âñiõ
k ∈ N ∪ {0} ìà¹ìî

lim
τ1→±∞

τ k1 Vj(t, τ1, τ2) = 0,

lim
τ2→±∞

τ k2 Vj(t, τ1, τ2) = 0.

Ç óìîâè η ∈ [0;T1) âèïëèâà¹ íåðiâíiñòü

0 ≤
(
b0(t)

6

)3/2
(φ2(t)− φ1(t))

a0(t)(φ′
1(t)− φ′

2(t))
< εn/2T1.

Öÿ íåðiâíiñòü ìà¹ ìiñöå äëÿ âñiõ t ∈ [0;T2],
äå T2 > 0 � äåÿêå ÷èñëî, ïðè÷îìó, âçàãàëi
êàæó÷è, T2 = O(εn/2).

Ìàþòü ìiñöå òàêi òâåðäæåííÿ.
Òåîðåìà 2. Íåõàé n = 2k, k ≥ 2, i âèêî-

íóþòüñÿ òàêi ïðèïóùåííÿ:
1. ìàþòü ìiñöå óìîâè 1, 3 òåîðåìè 1;
2. ôóíêöi¨ a1(x, t), b1(x, t), u1(x, t) ∈ C∞(R×
[0;T ]);
3. ñïðàâäæóþòüñÿ óìîâè óçãîäæåíîñòi
(10), (18) � (20) ç ôóíêöiÿìè φ1(t), φ2(t) ∈
C∞([0;T ]), äëÿ ÿêèõ φ1(0) = φ2(0) = 0;
4. ðiâíÿííÿ (21) ïðè j = 1 ìà¹ ðîçâ'ÿçîê
V̄1 (t, ξ, η), ÿêèé ïðè ξ = ξ(t, τ1, τ2), η =
η(t, τ1, τ2) (çãiäíî ôîðìóë (13)) íàëåæèòü
ïðîñòîðó G2.

Òîäi ôóíêöiÿ

Y1(x, t, ε) = u0(x, t) + V0(t, τ1, τ2)+

+ε (u1(x, t) + V1(t, τ1, τ2)) , (23)

çàäîâîëüíÿ¹ íà ìíîæèíi R× [0;T ] ðiâíÿííÿ
(2) ç òî÷íiñòþ O

(
ε−n/2+2

)
.

Òåîðåìà 3. Íåõàé n = 2k, k ≥ 2, i âèêî-
íóþòüñÿ òàêi ïðèïóùåííÿ:
1. ìàþòü ìiñöå óìîâè 1, 3 òåîðåìè 1;
2. ôóíêöi¨ aj(x, t), bj(x, t), uj(x, t) ∈ C∞(R×
[0;T ]), j = 2, N ;
3. âèêîíóþòüñÿ óìîâè (10), (17) ç ôóí-
êöiÿìè φ1(t), φ2(t) ∈ C∞([0;T ]), äëÿ ÿêèõ
φ1(0) = φ2(0) = 0;
4. ðiâíÿííÿ (21) ìà¹ ðîçâ'ÿçîê V̄j (t, ξ, η),
j = 1, N , ÿêèé ïðè ξ = ξ(t, τ1, τ2), η =
η(t, τ1, τ2) (çãiäíî ôîðìóë (13)) íàëåæèòü
ïðîñòîðó G2.

Òîäi ôóíêöiÿ

YN(x, t, ε) =
N∑
j=0

εj (uj(x, t) + Vj(x, t, τ1, τ2)) ,

τs = (x− φ1(t)) ε
−n/2, s = 1, 2, (24)

çàäîâîëüíÿ¹ ðiâíÿííÿ (2) ç òî÷íiñòþ
O
(
εN−n/2+1

)
íà ìíîæèíi R× [0; εn/2T ].

Äîâåäåííÿ òåîðåì 2, 3 àíàëîãi÷íå äî-
âåäåííþ òåîðåìè 1 i ïðîâîäèòüñÿ øëÿ-
õîì àñèìïòîòè÷íîãî îöiíþâàííÿ âèðàçiâ,
ÿêi îòðèìóþòüñÿ ïiñëÿ ïiäñòàíîâêè ôóíêöié
(23) i (24) ó ðiâíÿííÿ (2) i âðàõóâàííÿ âëàñ-
òèâîñòåé ôóíêöié ç ïðîñòîðiâ G0

2, G2 òà óìîâ
óçãîäæåíîñòi (10), (18) � (20).
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Ç òåîðåìè 3 âèïëèâà¹, ùî ðiâíÿííÿ (2)
ìà¹ äëÿ äîâiëüíîãî N ≥ 0 àñèìïòîòè÷íèé
ðîçâ'ÿçîê � ôóíêöiþ YN(x, t, ε), ÿêà çàäî-
âîëüíÿ¹ óìîâè îçíà÷åííÿ 2.1, òîáòî ¹ N�èì
íàáëèæåííÿì äëÿ àñèìïòîòè÷íîãî äâîôàçî-
âîãî ñîëiòîíîïîäiáíîãî ðîçâ'ÿçêó ðiâíÿííÿ
(2).
6. Âèñíîâêè. Ïîáóäîâàíî àñèìïòîòè÷-

íèé äâîôàçîâèé ñîëiòîíîïîäiáíèé ðîçâ'ÿçîê
ñèíãóëÿðíî çáóðåíîãî ðiâíÿííÿ Êîðòåâåãà-
äå Ôðiçà çi çìiííèìè êîåôiöi¹íòàìè ó âèïàä-
êó, êîëè ìàëèé ïàðàìåòð ïðè ñòàðøié ïîõi-
äíié ìà¹ ïàðíèé ñòåïiíü. Äîâåäåíî òåîðåìó
ïðî òî÷íiñòü, ç ÿêîþ ïîáóäîâàíèé àñèìïòî-
òè÷íèé ðîçâ'ÿçîê çàäîâîëüíÿ¹ âèõiäíå ðiâ-
íÿííÿ.
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