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ÌÅÒÐÈ×ÍI ÎÖIÍÊÈ ÌÀËÈÕ ÇÍÀÌÅÍÍÈÊIÂ ÁÀÃÀÒÎÒÎ×ÊÎÂÎ�
ÇÀÄÀ×I ÄËß ÍÀÂÀÍÒÀÆÅÍÎÃÎ ÃIÏÅÐÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß

Äîâåäåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïî-
áóäîâi ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çàäà÷i äëÿ íàâàíòàæåíîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ.

We prove theorems on the estimation of small denominators which arise under construction of
the solution of the multipoint problem for a loaded hyperbolic equation.

1. Âñòóï. Áóäåìî âèêîðèñòîâóâàòè òàêi
ïîçíà÷åííÿ: Ωp � p-âèìiðíèé òîð (R/2πZ)p,
Qp
T = (0;T ) × Ωp, x = (x1, . . . , xp) ∈ Ωp, k =

(k1, . . . , kp) ∈ Zp, |k| = |k1|+. . .+|kp|, (k, x) =
k1x1 + . . . + kpxp, D = (∂/∂x1, . . . , ∂/∂xp),
δj,q � ñèìâîë Êðîíåêåðà; Poln,p (âiäïîâiä-
íî, Polhomn,p ) � ìíîæèíà óñiõ (âiäïîâiäíî, óñiõ
îäíîðiäíèõ) ïîëiíîìiâ ñòåïåíÿ n âiä p çìií-
íèõ ç äiéñíèìè êîåôiöi¹íòàìè; {t1, . . . , tn},
{τ1, . . . , τm} � âïîðÿäêîâàíi íåïåðåòèííi íà-
áîðè ÷èñåë ç âiäðiçêà [0;T ]: t1 < . . . < tn,
τ1 < . . . < τm, {τ1, . . . , τm} ∩ {t1, . . . , tm} = ∅;
µnS � ìiðà Ëåáåãà â Rn âèìiðíî¨ ìíîæèíè
S ⊂ Rn; Hα (α ∈ R) � ïðîñòið ôîðìàëüíèõ
òðèãîíîìåòðè÷íèõ ðÿäiâ φ(x) =

∑
k φke

i(k,x),
äëÿ ÿêèõ ¹ ñêií÷åííîþ íîðìà

∥φ(x);Hα∥ =

√∑
k∈Zp

|φk|2(1 + |k|)2α.

Íåõàé n ∈ N, Bj ∈ PolM,p, j = 1,m, M <
n, i íåõàé Aj ∈ Polhomj,p , j = 1, n, ¹ òàêèìè,
ùî äèôåðåíöiàëüíèé âèðàç

L
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∂

∂t
,D

)
≡ ∂n

∂tn
+

n−1∑
j=0

An−j(D)
∂j

∂tj

¹ ñòðîãî ãiïåðáîëi÷íèì; çi ñòðîãî¨ ãiïåðáîëi÷-
íîñòi âèðàçó L (∂/∂t,D) âèïëèâà¹, ùî äëÿ
âñiõ k ∈ Zp\{⃗0} λ-êîðåíi λ1(k), . . . , λn(k) ðiâ-
íÿííÿ

L(λ, ik) = 0 (1)

¹ ïîïàðíî ðiçíèìè ñóòî óÿâíèìè ÷èñëàìè.
Ïðè äîñëiäæåííi óìîâ êîðåêòíî¨ ðîçâ'ÿ-

çíîñòi òà ïîáóäîâi ðîçâ'ÿçêó áàãàòîòî÷êîâî¨

çàäà÷i äëÿ íàâàíòàæåíîãî ñòðîãî ãiïåðáîëi-
÷íîãî ðiâíÿííÿ

L

(
∂

∂t
,D

)
u(t, x) = F (t, x)+

+
m∑
j=1

Bj(D)u(τj, x), (t, x) ∈ Qp
T , (2)

u(tj, x) = φj(x), j = 1, n, x ∈ Ωp, (3)

âèíèêàþòü òàêi âåëè÷èíè:

∆(k) = det ∥yq(tj, k)∥nj,q=1 , k ∈ Zp, (4)

Γ(k) = 1−
m∑
j=1

Bj(ik)Ik(τj), k ∈ Zp, (5)

äå

yq(t, k) =

{
tq−1 , k = 0⃗,

eλq(k)t , k ̸= 0⃗,
q = 1, n,

Ik(t) ≡
∫ T
0
Gk(t, τ)dτ , à Gk(t, τ), k ∈ Zp,

� ôóíêöiÿ �ðiíà áàãàòîòî÷êîâî¨ çàäà÷i äëÿ
çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

L (d/dt, ik) f(t) = 0, f(tj) = 0, j = 1, n.

Ôóíêöiÿ �ðiíà Gk(t, τ) êîðåêòíî âèçíà÷åíà
òîäi i òiëüêè òîäi, êîëè âèçíà÷íèê ∆(k), k ∈
Zp ¹ âiäìiííèì âiä íóëÿ (äèâ. [1, ñ. 26�28]).
Òîìó ôîðìóëà (5) ìà¹ ñåíñ, ÿêùî ∆(k) ̸= 0,
k ∈ Zp. ßêùî

∀ k ∈ Zp ∆(k) · Γ(k) ̸= 0, (6)

òî çàäà÷à (2), (3) ìà¹ ¹äèíèé ôîðìàëüíèé
ðîçâ'ÿçîê, ÿêèé çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
∑
k∈Zp

(fk(t) + vk(t) +wk(t))e
i(k,x), (7)
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äå fk(t) =
∫ T
0
Gk(t, τ)Fk(τ)dτ , k ∈ Zp,

vk(t) =
n∑

j,q=1

∆jq(k)

∆(k)
φjkyq(t, k), k ∈ Zp,

wk(t) =
Ik(t)

Γ(k)

m∑
j=1

Bj(ik)(vk(τj) + fk(τj)),

äå ∆jq(k) � àëãåáðè÷íå äîïîâíåííÿ åëåìåí-
òà yq(tj, k), j, q = 1, n, ó âèçíà÷íèêó ∆(k),
φjk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöié
φj(x), j = 1, n. ßêùî âèêîíó¹òüñÿ óìîâà (6)
i, êðiì òîãî, iñíóþòü òàêi ñòàëi ω, η, ùî äëÿ
âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi)
âåêòîðiâ k ∈ Zp ñïðàâäæóþòüñÿ íåðiâíîñòi

|∆(k)| ≥ |k|−ω, (8)

|Γ(k)| ≥ |k|−η, (9)

òî ìîæíà âñòàíîâèòè îöiíêè çâåðõó äëÿ
íîðì ôóíêöié fk(t), vk(t), wk(t), k ∈ Zp,
ó ïðîñòîði Cn[0;T ], ç ÿêèõ âèïëèâà¹ çáiæ-
íiñòü ôîðìàëüíîãî ðÿäó (7) ó øêàëi ïðîñòî-
ðiâ Cn([0;T ];Hα), α ∈ R, ÿêùî φj ∈ Hα1 ,
j = 1, n, F ∈ C([0;T ];Hα2) äëÿ äåÿêèõ ïîêà-
çíèêiâ α1, α2 ∈ R. Òîìó âàæëèâî äîñëiäèòè
ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ îöiíîê
(8), (9). Öå i ¹ ìåòîþ äàíî¨ ðîáîòè.

Iç ðåçóëüòàòiâ ðîáîòè [2] âèïëèâà¹, ùî
ïðè ω > (p+ 1)n(n− 1)/2 îöiíêè

|∆(k)| ≥ |k|−ω ·
∏

n≥j>q≥1

|λj(k)− λq(k)|,

âèêîíóþòüñÿ äëÿ ìàéæå âñiõ (ùîäî ìiðè Ëå-
áåãà â Rn) âåêòîðiâ t⃗ = (t1, . . . , tn) ∈ [0;T ]n

äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêî-
ñòi) âåêòîðiâ k ∈ Zp. Íàñëiäêîì (äèâ. ëå-
ìó 2 íèæ÷å) ñòðîãî¨ ãiïåðáîëi÷íîñòi âèðà-
çó L (∂/∂t,D) ¹ òå, ùî äëÿ âñiõ k ∈ Zp\{⃗0}
ñïðàâäæó¹òüñÿ íåðiâíiñòü∏

n≥j>q≥1

|λj(k)− λq(k)| ≥ C1|k|n(n−1)/2,

äå äîäàòíà ñòàëà C1 íå çàëåæèòü âiä k. Iç
öi¹¨ îöiíêè òà öèòîâàíîãî ðåçóëüòàòó ðîáîòè
[2] âèïëèâà¹, ùî ïðè ω > pn(n− 1)/2 íåðiâ-
íiñòü (8) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòî-
ñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ t⃗ ∈ [0;T ]n

äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêî-
ñòi) âåêòîðiâ k ∈ Zp. Ó äàíié ðîáîòi âñòàíîâ-
ëåíî àíàëîãi÷íèé ðåçóëüòàò (äèâ. òåîðåìó 1
íèæ÷å) ïðî âèêîíàííÿ îöiíîê (8) ç íèæíüîþ
ìåæåþ pn(n − 1)/2 äëÿ ïîêàçíèêà ω, îäíàê
îá ðóíòóâàííÿ öüîãî ôàêòó (äèâ. äîâåäåííÿ
òåîðåìè 1 íèæ÷å) ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä
äîâåäåííÿ, çàïðîïîíîâàíîãî â [2].

Ùî ñòîñó¹òüñÿ îöiíîê (9), òî ïèòàííÿ ïðî
ìîæëèâiñòü ¨õ âèêîíàííÿ ó íàóêîâié ëiòåðà-
òóði íå âèâ÷àëîñÿ. Ó òåîðåìi 2 äàíî¨ ðîáî-
òè ïîêàçàíî, ùî ïðè η > pmn îöiíêà (9)
âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà â Rm) âåêòîðiâ τ⃗ ∈ [0;T ]m äëÿ âñiõ
(êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòî-
ðiâ k ∈ Zp, ÿêùî îäíîðiäíèé ïîëiíîì An(ξ)

¹ âiäìiííèì âiä íóëÿ äëÿ âñiõ ξ ∈ Rp\{⃗0}.
Çàóâàæèìî, ùî ìåòîäèêà äîâåäåííÿ òåîðå-
ìè 2 ¹ áëèçüêîþ äî ìåòîäèêè, âèêîðèñòàíî¨
ó ïðàöÿõ [3, 4] äëÿ âñòàíîâëåííÿ ìåòðè÷íèõ
îöiíîê ìàëèõ çíàìåííèêiâ çàäà÷i ç áàãàòîòî-
÷êîâèìè óìîâàìè äëÿ íàâàíòàæåíîãî ïîëi-
ãàðìîíi÷íîãî ðiâíÿííÿ òà çàäà÷i ç iíòåãðàëü-
íèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ äëÿ áåç-
òèïíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.
2. Äîïîìiæíi òâåðäæåííÿ. Íèæ÷å âè-

êîðèñòîâóâàòèìåìî òàêi äîïîìiæíi òâåð-
äæåííÿ.
Ëåìà 1 (Áîðåëÿ-Êàíòåëëi). Íåõàé

{Aj}∞j=1 � ïîñëiäîâíiñòü âèìiðíèõ (çà ìiðîþ
Ëåáåãà â Rn) ìíîæèí ç Rn òàêèõ, ùî

∞∑
j=1

µnAj <∞.

Òîäi ìiðà Ëåáåãà â Rn ìíîæèíè òèõ òî÷îê,
ÿêi ïîòðàïëÿþòü äî íåñêií÷åííî¨ êiëüêîñòi
ìíîæèí Aj, j ≥ 1, äîðiâíþ¹ íóëþ.

Äëÿ êîæíîãî k ∈ Zp\{⃗0} ïîçíà÷èìî:

Wj(k) = det ∥λq−1
l (k)∥jl,q=1, j = 2, n,

Wj,r(k), r = 1, j, � àëãåáðè÷íå äîïîâíåí-
íÿ åëåìåíòà λr−1

j (k) ó âèçíà÷íèêó Wj(k), äå
λj(k), j = 1, n, � êîðåíi ðiâíÿííÿ (1).
Ëåìà 2. Äëÿ êîæíîãî k ∈ Zp\{⃗0} âèêî-

íóþòüñÿ îöiíêè

|Wj(k)| ≥ C2|k|j(j−1)/2, j = 2, n, (10)
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|Wj,r(k)| ≤ C3|k|j(j−1)/2−(r−1), r = 1, j, (11)

äå C2, C3 > 0 � ñòàëi, íå çàëåæíi âiä k.
Äîâåäåííÿ. Ç îäíîðiäíîñòi ïîëiíîìiâ

Aj(ξ1, . . . , ξp), j = 1, n,

âèïëèâà¹, ùî äëÿ êîæíîãî âåêòîðà k ∈ Zp,
k ̸= 0⃗, âèêîíóþòüñÿ ðiâíîñòi

Aj(ik1, . . . , ikp) = (i|k|)jAj
(
k1
|k|
, . . . ,

kp
|k|

)
,

äå j = 1, n. Çi ñòðóêòóðè äèôåðåíöiàëüíîãî
âèðàçó L(∂/∂t,D) îòðèìó¹ìî, ùî

L(λ, ik) = (i|k|)nL
(
λ

i|k|
,
k

|k|

)
, k ̸= 0⃗.

Òîìó êîðåíi λj(k), j = 1, n, k ̸= 0⃗, ðiâíÿííÿ
(1) ìîæíà çîáðàçèòè ó âèãëÿäi

λj(k) = i|k|σj(k), j = 1, n, (12)

äå σj(k), j = 1, n, k ̸= 0⃗, � êîðåíi ðiâíÿííÿ

L (σ, k/|k|) = 0. (13)

Çi ñòðîãî¨ ãiïåðáîëi÷íîñòi âèðàçó L(∂/∂t,D)

âèïëèâà¹, ùî äëÿ êîæíîãî ξ ∈ R\{⃗0} äè-
ñêðèìiíàíò DL(ξ) ìíîãî÷ëåíà L(λ, ξ) (ÿê
ìíîãî÷ëåíà çìiííî¨ λ) ¹ âiäìiííèì âiä íó-
ëÿ. ÎñêiëüêèDL(ξ) ¹ ìíîãî÷ëåíîì âiä êîåôi-
öi¹íòiâ A1(ξ), . . . , An(ξ) ìíîãî÷ëåíà L(λ, ξ)
(äèâ. [1]), òî DL(ξ) ¹ íåïåðåðâíîþ ôóíêöi¹þ
ïàðàìåòðiâ ξ1, . . . , ξp. Íà êîìïàêòi S = {ξ ∈
Rp : |ξ1|+ . . .+ |ξp| = 1} ìîäóëü öi¹¨ ôóíêöi¨
âiäîêðåìëåíèé çíèçó âiä íóëÿ äåÿêîþ äîäà-
òíîþ ñòàëîþ C4:

∀ξ ∈ S |DL(ξ)| ≥ C4. (14)

Âðàõîâóþ÷è âiäîìó ðiâíiñòü [1, ñ. 61]

DL

(
k

|k|

)
=

∏
n≥j>q≥1

(σj(k)− σq(k))
2, k ̸= 0⃗,

ç îöiíîê (14) äiñòà¹ìî, ùî∏
n≥j>q≥1

|σj(k)− σq(k)|2 ≥ C4, k ̸= 0⃗. (15)

Êiëüêiñòü ìíîæíèêiâ |σj(k)−σq(k)|2, n ≥ j >
q ≥ 1, ó ëiâié ÷àñòèíi ôîðìóëè (15) äîðiâíþ¹

n(n−1)/2, òîìó ç íåðiâíîñòi (15) íà ïiäñòàâi
ôîðìóë (12) âèïëèâà¹, ùî ïðè k ̸= 0⃗∏
n≥j>q≥1

|λj(k)−λq(k)| ≥
√
C4|k|n(n−1)/2, (16)

Êîåôiöi¹íòè ðiâíÿííÿ (13) ¹ ðiâíîìiðíî îá-
ìåæåíèìè çà k ∈ Zp\{⃗0}, òîìó é êîðåíi öüî-
ãî ðiâíÿííÿ ¹ ðiâíîìiðíî îáìåæåíèìè çà k
[7], òîáòî iñíó¹ ñòàëà C5 > 0 òàêà, ùî äëÿ
âñiõ k ̸= 0⃗ âèêîíóþòüñÿ îöiíêè

|σj(k)| ≤ C5, j = 1, n. (17)

Iç ôîðìóë (12), (17) äëÿ k ̸= 0⃗ îòðèìó¹ìî

|λj(k)−λq(k)| ≤ 2C5|k|, n ≥ j > q ≥ 1. (18)

Òîäi ç íåðiâíîñòåé (16), (18) âèïëèâà¹, ùî

|λj(k)− λq(k)| ≥ C6|k|, n ≥ j > q ≥ 1, (19)

äå C6 =
√
C4 · (2C5)

1−n(n−1)/2 > 0. Âðàõîâóþ-
÷è, ùî âèçíà÷íèêWj(k) ¹ âèçíà÷íèêîì Âàí-
äåðìîíäà j ÷èñåë λ1(k), . . . , λj(k), iç ôîðìóë
(19) äiñòà¹ìî

|Wj(k)| =
∏

j≥r>q≥1

|λr(k)− λq(k)| ≥

≥ (C6|k|)j(j−1)/2, j = 2, n, k ̸= 0⃗,

òîáòî îöiíêè (10) âèêîíóþòüñÿ.
Äëÿ äîâåäåííÿ íåðiâíîñòåé (11) çàóâàæè-

ìî, ùî âèçíà÷íèê Wj,r(k) ¹ ñóìîþ (j − 1)!

äîäàíêiâ âèãëÿäó ±λα1−1
1 (k) · . . . · λαj−1−1

j−1 (k),
äå (α1, . . . , αj−1) � ïåðåñòàíîâêà ÷èñåë ç ìíî-
æèíè {1, . . . , j}\{r}. Âðàõîâóþ÷è îöiíêè

|λj(k)| ≤ C5|k|, j = 1, n, k ̸= 0⃗,

ÿêi âèïëèâàþòü iç (12), (17), äiñòà¹ìî, ùî

max
(α1,...,αj−1)

|λα1−1
1 (k) · . . . · λαj−1−1

j−1 (k)| ≤

≤ C7|k|1+...+j−1−(r−1), C7 = C
j(j−1)/2−(r−1)
5 .

Òàêèì ÷èíîì,

|Wj,r(k)| ≤ (j − 1)!C7|k|j(j−1)/2−(r−1), r = 1, j,

à îòæå, îöiíêè (11) âñòàíîâëåíi.
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Ëåìà 3. ([5]) Íåõàé f(t) ìà¹ âèãëÿä

f(t) =
m∑
j=1

pj exp(ρjt), ρj ̸= ρq (j ̸= q),

äå ρj, pj ∈ C, j = 1,m. ßêùî äëÿ äåÿêèõ
êîìïëåêñíèõ ÷èñåë aj, j = 1, n, â êîæíié
òî÷öi t ∈ [0;T ] âèêîíó¹òüñÿ óìîâà

|f (n)(t) + a1f
(n−1)(t) + . . .+ anf(t)| ≥ δ > 0,

òî äëÿ äîâiëüíîãî ε ∈ (0, ε0), ε0 = δ
2(n+1)An ,

A = 1 + max
1≤j≤n

|aj|1/j, ñïðàâäæó¹òüñÿ îöiíêà

µ1{t ∈ [0;T ] : |f(t)| < ε} ≤ C8Λ(ε/δ)
1/n,

äå Λ = 1 + max
1≤j≤n

|ρj|, C8 = C8(n,m, T ) > 0.

3. Îöiíêè çíèçó âèçíà÷íèêà ∆(k).
Âñòàíîâèìî ìåòðè÷íi îöiíêè çíèçó äëÿ âè-
çíà÷íèêà ∆(k), k ∈ Zp.
Òåîðåìà 1. Äëÿ ìàéæå âñiõ (ñòîñîâíî

ìiðè Ëåáåãà â Rn) âåêòîðiâ t⃗ ∈ [0;T ]n íåðiâ-
íiñòü (8) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìî-
æëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈
Zp, ÿêùî ω > pn(n− 1)/2.
Äîâåäåííÿ. ×åðåç S(k) ïîçíà÷èìî ìíî-

æèíó òèõ âåêòîðiâ t⃗ ∈ [0;T ]n, äëÿ ÿêèõ íå-
ðiâíiñòü, ïðîòèëåæíà äî íåðiâíîñòi (8), âè-
êîíó¹òüñÿ äëÿ ôiêñîâàíîãî k ∈ Zp, k ̸= 0⃗:

S(k) = {t⃗ ∈ [0;T ]n : |∆(k)| < |k|−ω},

à ÷åðåç S � ìíîæèíó òèõ âåêòîðiâ t⃗ ∈ [0;T ]n,
äëÿ ÿêèõ íåðiâíiñòü, ïðîòèëåæíà äî íåðiâ-
íîñòi (8), âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëü-
êîñòi âåêòîðiâ k ∈ Zp, k ̸= 0⃗.

Äëÿ äîâåäåííÿ òåîðåìè 1 äîñèòü ïåðåâi-
ðèòè, ùî µnS = 0, ÿêùî ω > pn(n − 1)/2.
Çãiäíî ç ëåìîþ 1 äëÿ öüîãî äîñèòü ïåðåâiðè-
òè, ùî ðÿä

∑
|k|>0 µnS(k) ¹ çáiæíèì ïðè ω >

pn(n − 1)/2. Íåõàé ∆j(k; t1, . . . , tj) � âèçíà-
÷íèê, îäåðæàíèé iç âèçíà÷íèêà ∆(k) âèêðå-
ñëþâàííÿì îñòàííiõ (n− j) ðÿäêiâ òà îñòàí-
íiõ (n − j) ñòîâïöiâ, j = 1, n; çðîçóìiëî, ùî
∆n(k; t1, . . . , tn) = ∆(k), ∆1(k; t1) = eλ1(k)t1 .

Äëÿ êîæíîãî k ∈ Zp, k ̸= 0⃗, ðîçãëÿíåìî
òàêi ìíîæèíè:

Sj(k)={t⃗ ∈ [0;T ]n : |∆j(k; t1, . . . , tj)|< |k|−ωj ,

|∆j−1(k; t1, . . . , tj−1)| ≥ |k|−ωj−1},
äå j = 2, n, ωj = pj(j−1)/2+εj, à εj, j = 1, n,
� òàêi äîäàòíi ÷èñëà, ùî

0 < ε1 < . . . < εn = ω − pn(n− 1)/2.

Îñêiëüêè äëÿ äîâiëüíèõ k ̸= 0⃗, ω1 > 0 âèêî-
íó¹òüñÿ íåðiâíiñòü

|∆1(k; t1)| =
∣∣eλ1(k)t1∣∣ = 1 ≥ |k|−ω1 , (20)

òî ïðàâèëüíèì ¹ âêëþ÷åííÿ

S(k) ⊂
n∪
j=2

Sj(k), k ̸= 0⃗. (21)

Äiéñíî, íåõàé t⃗ = (t1, . . . , tn) ∈ S(k), k ̸= 0⃗,
òîäi |∆n(k; t1, . . . , tn)| < |k|−ωn , áî ωn = ω.
Íåõàé N � íàéìåíøèé ñåðåä òèõ íîìåðiâ
j ∈ {1, . . . , n}, äëÿ ÿêèõ ñïðàâäæó¹òüñÿ íå-
ðiâíiñòü |∆j(k; t1, . . . , tj)| < |k|−ωj . Ç îãëÿäó
íà íåðiâíiñòü (20) ÷èñëî N íå ìîæå äîðiâíþ-
âàòè 1 (iíàêøå âèêîíóâàëàñÿ á ñóïåðå÷ëè-
âà ïðè ω1 > 0 íåðiâíiñòü 1 < |k|−ω1). Òîìó
N ≥ 2, à òîäi, çãiäíî ç âèáîðîì ÷èñëà N , äëÿ
âåêòîðà t⃗ âèêîíóþòüñÿ íåðiâíîñòi

|∆N(k; t1, . . . , tN)| < |k|−ωN ,

|∆N−1(k; t1, . . . , tN−1)| ≥ |k|−ωN−1 ,

à îòæå, t⃗ ∈ SN(k). Òàêèì ÷èíîì, âêëþ÷åííÿ
(21) ¹ iñòèííèì.

Ç àäèòèâíîñòi ìiðè Ëåáåãà òà ôîðìóë (21)
âèïëèâà¹, ùî

µnS(k) ≤
n∑
j=2

µnSj(k), k ̸= 0⃗.

Òîìó çi çáiæíîñòi âñiõ ðÿäiâ∑
|k|>0

µnSj(k), j = 2, n, (22)

âèïëèâà¹ çáiæíiñòü ðÿäó
∑

|k|>0 µnS(k). Ïî-

êàæåìî, ùî äëÿ k ̸= 0⃗ âèêîíóþòüñÿ îöiíêè

µnSj(k) ≤ C9|k|−p−ε̃j , j = 2, n, (23)

äå äîäàòíà ñòàëà C9 íå çàëåæèòü âiä k, ε̃j =
(εj−εj−1)/(j−1), j = 2, n. Î÷åâèäíî, îöiíêè
(23) çàáåçïå÷óþòü çáiæíiñòü ðÿäiâ (22).
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Óìîâè, ÿêi âèçíà÷àþòü ìíîæèíó Sj(k),
j = 2, n, íå çàëåæàòü âiä çìiííèõ tj+1, . . . , tn,
òîìó Sj(k) ¹ äåêàðòîâèì äîáóòêîì ìíîæèíè

Fj(k) = {(t1, . . . , tj) ∈ [0;T ]j :

|∆j(k; t1, . . . , tj)| < |k|−ωj ,

|∆j−1(k; t1, . . . , tj−1)| ≥ |k|−ωj−1},
òà (n − j) âiäðiçêiâ [0;T ], ùî âiäïîâiäàþòü
çìiííèì tj+1, . . . , tn. Òîäi çà òåîðåìîþ Ôóáiíi

µnSj(k) = T n−jµjFj(k), j = 2, n. (24)

Çðîçóìiëî, ùî

µjFj(k) =

∫
Mj(k)

µjFj(k; t1, . . . , tj−1)dt1 . . . dtj−1,

äå Mj(k) = {(t1, . . . , tj−1) ∈ [0;T ]j−1 :

|∆j(k; t1, . . . , tj−1)| ≥ |k|−ωj−1},

Fj(k; t1, . . . , tj−1) =

= {tj ∈ [0;T ] : (t1, . . . , tj) ∈ Fj(k)}, j = 2, n.

Ùîá îöiíèòè çâåðõó ìiðè îäíîâèìiðíèõ
ìíîæèí Fj(k; t1, . . . , tj−1), j = 2, n, çðîáèìî
òàêi ïîáóäîâè. Âèçíà÷íèê ∆j(k; t1, . . . , tj),
j ≥ 2, ðîçâèíåìî çà åëåìåíòàìè éîãî îñòàí-
íüîãî ðÿäêà i îòðèìàíå ðîçâèíåííÿ ïðîäè-
ôåðåíöiþ¹ìî çà çìiííîþ tj äî ïîðÿäêó (j −
1), ó ðåçóëüòàòi äiñòàíåìî j ðiâíîñòåé

∂q∆j(k; t1, . . . , tj)

∂tqj
=

j∑
r=1

(−1)j+rλqr(k)×

×eλr(k)tj∆r
j(k; t1, . . . , tj−1), q = 0, j − 1, (25)

äå ∆r
j(k; t1, . . . , tj−1), r = 1, j, � ìiíîð âèçíà-

÷íèêà ∆j(k; t1, . . . , tj) ïîðÿäêó (j − 1), ÿêèé
âiäïîâiäà¹ âèêðåñëåíèì îñòàííüîìó ðÿäêó
òà r-ìó ñòîâïöþ. Äëÿ ôiêñîâàíèõ k ∈ Zp,
k ̸= 0⃗, òà j, 2 ≤ j ≤ n, ðiâíîñòi (25) ðîçãëÿ-
íåìî ÿê ñèñòåìó j ëiíiéíèõ ðiâíÿíü ñòîñîâíî
j çìiííèõ{

(−1)j+1eλ1(k)tj∆1
j(k; t1, . . . , tj−1), . . . ,

eλj(k)tj∆j
j(k; t1, . . . , tj−1)

}
.

Çàóâàæèìî, ùî âèçíà÷íèê ñèñòåìè (25) ¹
âèçíà÷íèêîì Wj(k), à îòæå, ¹ âiäìiííèì âiä
íóëÿ. Çàñòîñîâóþ÷è ïðàâèëî Êðàìåðà äëÿ
ðîçâ'ÿçóâàííÿ ñèñòåìè (25), äiñòàíåìî, ùî

eλj(k)tj∆j
j(k; t1, . . . , tj−1) =

=

j−1∑
q=0

∂q∆j(k; t1, . . . , tj)

∂tqj
· Wj,q+1(k)

Wj(k)
. (26)

Âðàõîâóþ÷è ëåìó 2, çi ñïiââiäíîøåíü (26) òà
î÷åâèäíèõ ðiâíîñòåé

∆j
j(k; t1, . . . , tj−1) = ∆j−1(k; t1, . . . , tj−1),

|eλj(k)tj | = 1, j = 2, n,

äëÿ k ̸= 0⃗ îòðèìà¹ìî, ùî

|∆j−1(k; t1, . . . , tj−1)| ≤

≤ C10

j−1∑
q=0

1

|k|q

∣∣∣∣∂q∆j(k; t1, . . . , tj)

∂tqj

∣∣∣∣ ≤ jC10×

× max
0≤q≤j−1

{
1

|k|q

∣∣∣∣∂q∆j(k; t1, . . . , tj)

∂tqj

∣∣∣∣} , (27)

äå ñòàëà C10 > 0 âèðàæà¹òüñÿ òiëüêè ÷åðåç
ñòàëi C2, C3 i íå çàëåæèòü âiä k.

Íåõàé òåïåð (t1, . . . , tj−1) � ôiêñîâàíà òî-
÷êà ç Mj(k). Ðîçãëÿíåìî ôóíêöi¨ çìiííî¨ tj
(t1, . . . , tj−1 � ïàðàìåòðè)

yq(k; tj) =
Re ∂q−1∆j(k; t1, . . . , tj)

∂tq−1
j

, q = 1, j,

yj+q(k; tj) =
Im ∂q−1∆j(k; t1, . . . , tj)

∂tq−1
j

, q = 1, j,

òà ôóíêöi¨ z+q,r(k; tj) = yq(k; tj) + yr(k; tj),
z−q,r(k; tj) = yq(k; tj)− yr(k; tj), 1 ≤ q < r ≤ j.
Iç òåîðåìè Âàëëå Ïóññåíà [6] âèïëèâà¹, ùî
êiëüêiñòü íóëiâ íà [0;T ] êîæíî¨ ç ôóíêöié
z+q,r(k; tj), z

−
q,r(k; tj) (ÿêùî âîíà âiäìiííà âiä

òîòîæíîãî íóëÿ) íå ïåðåâèùó¹ C11|k|, äå ñòà-
ëà C11 > 0 íå çàëåæèòü âiä k òà t1, . . . , tj−1.

Ðîçiá'¹ìî [0;T ] òî÷êàìè 0, T òà âñiìà íó-
ëÿìè âñiõ íåòðèâiàëüíèõ ôóíêöié z+q,r(k; tj),
z−q,r(k; tj), 1 ≤ q < r ≤ j; ó ðåçóëüòàòi äi-
ñòàíåìî ðîçáèòòÿ [0;T ] íà äðiáíiøi âiäðiçêè
Js = [ξs−1, ξs], s = 1, N(k), òàêå, ùî:
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1) êiëüêiñòü âiäðiçêiâ N(k) öüîãî ðîçáèò-
òÿ íå ïåðåâèùó¹ C12|k| (ïðè öüîìó ñòàëà C12

íå çàëåæèòü âiä k, t1, . . . , tj−1);
2) íà êîæíîìó ç âiäðiçêiâ Js öüî-

ãî ðîçáèòòÿ çíàéäåòüñÿ ïîõiäíà ïîðÿäêó
r(s) (0 ≤ r(s) ≤ j − 1) çà çìiííîþ
tj ôóíêöi¨ Re∆j(k; t1, . . . , tj) àáî ôóíêöi¨
Im∆j(k; t1, . . . , tj) òàêà, ùî â êîæíié òî÷öi
tj ∈ Js âèêîíó¹òüñÿ íåðiâíiñòü

1

|k|r(s)

∣∣∣∣∣∂r(s)Re∆j(k; t1, . . . , tj)

∂t
r(s)
j

∣∣∣∣∣ ≥
≥ max

0≤r≤j−1

{
1

|k|r

∣∣∣∣∂r∆j(k; t1, . . . , tj)

∂trj

∣∣∣∣} (28)

àáî íåðiâíiñòü

1

|k|r(s)

∣∣∣∣∣∂r(s)Im∆j(k; t1, . . . , tj)

∂t
r(s)
j

∣∣∣∣∣ ≥
≥ max

0≤r≤j−1

{
1

|k|r

∣∣∣∣∂r∆j(k; t1, . . . , tj)

∂trj

∣∣∣∣} . (29)

Îñêiëüêè äëÿ êîæíîãî ôiêñîâàíîãî
(t1, . . . , tj−1) ∈ Mj(k) âèêîíó¹òüñÿ âêëþ÷åí-
íÿ Fj(k; t1, . . . , tj−1) ⊂

⊂
N(k)∪
s=1

(Js ∩ Fj(k; t1, . . . , tj−1)) ,

òî
µ1Fj(k; t1, . . . , tj−1) ≤

≤
N(k)∑
s=1

µ1 (Js ∩ Fj(k; t1, . . . , tj−1)) . (30)

Îöiíèìî ìiðè ìíîæèí ó ïðàâié ÷àñòèíi íå-
ðiâíîñòi (30). ßêùî âiäðiçîê Js ¹ òàêèì, ùî
íà íüîìó âèêîíó¹òüñÿ íåðiâíiñòü (28) àáî íå-
ðiâíiñòü (29) ïðè r(s) = 0, òî ç îöiíîê (27)
âèïëèâà¹, ùî äëÿ âñiõ tj ∈ Js, (t1, . . . , tj−1) ∈
Mj(k), âèêîíó¹òüñÿ íåðiâíiñòü

|∆j(k; t1, . . . , tj)| ≥
1

jC10

×

×|∆j−1(k; t1, . . . , tj−1)| ≥
1

jC10

|k|−ωj−1 . (31)

Òîìó æîäíà òî÷êà âiäðiçêà Js íå ìîæå íà-
ëåæàòè äî ìíîæèíè Fj(k; t1, . . . , tj−1). Äié-
ñíî, ÿêùî tj ∈ Fj(k; t1, . . . , tj−1) (ïðè öüîìó

(t1, . . . , tj−1) ∈Mj(k)), òî âèêîíó¹òüñÿ íåðiâ-
íiñòü |∆j(k; t1, . . . , tj)| < |k|−ωj . ßêùî äî òî-
ãî æ, tj ∈ Js, òî ç îòðèìàíî¨ îöiíêè òà íå-
ðiâíîñòi (31) äiñòàíåìî, ùî âèêîíó¹òüñÿ íå-
ðiâíiñòü |k|−ωj > |k|−ωj−1/(jC10), ÿêà ¹ ñó-
ïåðå÷ëèâîþ äëÿ âåëèêèõ |k|, áî ωj−1 < ωj,
j = 1, n.

Îòæå, äî ìíîæèíè Fj(k; t1, . . . , tj−1) ìî-
æóòü âõîäèòè òî÷êè òiëüêè òèõ âiäðiçêiâ Js,
äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü (28) àáî íå-
ðiâíiñòü (29) ïðè r(s) ≥ 1. ßêùî âiäðiçîê Js
¹ òàêèì, ùî j−1 ≥ r(s) ≥ 1, òî çà ëåìîþ 2.2
ó [1, ñ. 15]

µ1{tj ∈ Js : |Re∆j(k; t1, . . . , tj)| < |k|−ωj} ≤

≤ C13
r(s)

√
|k|ωj−1−ωj−r(s), (32)

ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü (28), àáî

µ1{tj ∈ Js : |Im∆j(k; t1, . . . , tj)| < |k|−ωj} ≤

≤ C14
r(s)

√
|k|ωj−1−ωj−r(s), (33)

ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü (29).
Âðàõîâóþ÷è î÷åâèäíi âêëþ÷åííÿ

{tj ∈ Js : |∆j(k; t1, . . . , tj)| < |k|−ωj} ⊂

⊂ {tj ∈ Js : |Re∆j(k; t1, . . . , tj)| < |k|−ωj},
{tj ∈ Js : |∆j(k; t1, . . . , tj)| < |k|−ωj} ⊂

⊂ {tj ∈ Js : |Im∆j(k; t1, . . . , tj)| < |k|−ωj},
äå j = 2, n, k ̸= 0⃗, i òå, ùî N(k) ≤ C12|k|,
r(s) ≤ j−1, ç îöiíîê (30), (32), (33) îäåðæè-
ìî, ùî äëÿ äîâiëüíîãî (t1, . . . , tj−1) ∈Mj(k)

µ1Fj(k; t1, . . . , tj−1) ≤ C15|k|(ωj−1−ωj)/(j−1) ≤

≤ C15|k|−p−ε̃j , j = 2, n, k ̸= 0⃗. (34)

Iç îöiíîê (34) òà ôîðìóë (24) âèïëèâà¹
iñòèííiñòü íåðiâíîñòåé (23).

Òåîðåìó äîâåäåíî.
Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê, êîëè

tj = (j − 1)t0, j = 1, n, (35)

äå 0 < t0 ≤ T
n−1

, òîáòî âóçëè t1, . . . , tn ¹ ðiâ-
íîâiääàëåíèìè. Ó öüîìó âèïàäêó âèçíà÷íèê
∆(k), k ̸= 0⃗, îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

|∆(k)| =
∏

1≤q<j≤n

∣∣eλj(k)t0 − eλq(k)t0
∣∣ =
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=
∏

1≤q<j≤n

|ei|k|(σj(k)−σq(k))|k|t0 − 1| = 2n(n−1)/2×

×
∏

1≤q<j≤n

|sin((σj(k)− σq(k))t0/2)| , (36)

Òåîðåìà 1 íå äà¹ âiäïîâiäi íà ïèòàííÿ
ïðî âèêîíàííÿ îöiíêè (8) äëÿ âèçíà÷íèêà
(36), áî ìíîæèíà òèõ âåêòîðiâ (t1, . . . , tn) ∈
[0;T ]n, äëÿ ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåí-
íÿ (35), äå t0 ∈ (0;T/(n−1)], ¹ îäíîâèìiðíîþ
i ìà¹ íóëüîâó n-âèìiðíó ìiðó Ëåáåãà.

Äëÿ òîãî, ùîá îöiíèòè çíèçó âèçíà÷íèê
(36), îöiíèìî çíèçó êîæåí ç ìíîæíèêiâ ó
ôîðìóëi (36). Äëÿ êîæíîãî k ∈ Zp, k ̸= 0⃗,
÷åðåç Hjq(k), n ≥ j > q ≥ 1, ïîçíà÷èìî ìíî-
æèíó

Hj,q(k) = {t0 ∈ (0;T/(n− 1)] :

| sin(ξj,q(k)t0)| < |k|−γ}, γ > p,

äå ξj,q(k) = (σj(k) − σq(k))|k|/2. Ìíîæèíîþ
ðîçâ'ÿçêiâ òðèãîíîìåòðè÷íî¨ íåðiâíîñòi

| sin(ξj,q(k)t0)| < |k|−γ, k ̸= 0⃗, γ > p,

¹ îá'¹äíàííÿ
∪
l∈Z Ik,l iíòåðâàëiâ Ik,l, äå

Ik,l=

(
− arcsin |k|−γ + πl

|ξj,q(k)|
;
arcsin |k|−γ + πl

|ξj,q(k)|

)
.

ßêùî òî÷êà t0 îäíî÷àñíî íàëåæèòü äî ìíî-
æèíè Hj,q(k) òà äåÿêîìó iíòåðâàëó Ik,l, òî
âèêîíó¹òüñÿ íåðiâíiñòü π|l| ≤ |ξj,q(k)t0|+π/2,
ç ÿêî¨, íà ïiäñòàâi îöiíîê (18), âèïëèâà¹,
ùî |l| ≤ C16|k|. Òàêèì ÷èíîì, âèêîíó¹òüñÿ
âêëþ÷åííÿ

Hj,q(k) ⊂
∪

|l|≤C16|k|

Ik,l, k ̸= 0⃗.

Îñêiëüêè äîâæèíà êîæíîãî iíòåðâàëà Ik,l
äîðiâíþ¹ 2 arcsin |k|−γ/|ξj,q(k)|, òî ç îòðèìà-
íîãî âêëþ÷åííÿ, îöiíîê (15) òà åëåìåíòàðíî¨
íåðiâíîñòi

∀x ∈ [0; 1] arcsin x ≤ πx/2,

âèïëèâà¹, ùî äëÿ ìiðè ìíîæèíè Hj,q(k) âè-
êîíó¹òüñÿ îöiíêà

µ1Hj,q(k) ≤
∑

|l|≤C16|k|

µ1Ik,l ≤ C17|k|−γ.

Îòæå, ïðè γ > p êîæåí ðÿä
∑

|k|>0 µ1Hj,q(k),
n ≥ j > q ≥ 1, ¹ çáiæíèì. Òîìó äëÿ ìàé-
æå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë
t0 ∈ (0;T/(n− 1)] íåðiâíiñòü (8) âèêîíó¹òüñÿ
äëÿ âèçíà÷íèêà (36) äëÿ âñiõ (êðiì, ìîæëè-
âî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp,
ÿêùî ω > pn(n− 1)/2.
4. Îöiíêè äëÿ âèçíà÷íèêà Γ(k).
Òåîðåìà 2. Íåõàé ∆(k) ̸= 0 äëÿ âñiõ

k ∈ Zp i íåõàé iñíó¹ ñòàëà C20 > 0 òàêà,
ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âå-
êòîðiâ k ∈ Zp âèêîíó¹òüñÿ íåðiâíiñòü

|An(ik)| ≥ C18|k|n. (37)

Òîäi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáå-
ãà â Rm) âåêòîðiâ τ⃗ = (τ1, . . . , τm) ∈ [0;T ]m

îöiíêà (9) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií-
÷åííî¨ êiëüêîñòi) k ∈ Zp, ÿêùî η > pmn.

Äîâåäåííÿ. Äëÿ êîæíîãî k ∈ Zp\{⃗0} çà-
ïðîâàäèìî òàêi ìíîæèíè:

E(k) = {τ⃗ ∈ [0;T ]m : |Γ(k)| < |k|−η}.

Ç îãëÿäó íà ëåìó 1 äëÿ äîâåäåííÿ òåîðåìè
äîñèòü ïåðåâiðèòè, ùî ðÿä

∑
|k|>0 µmE(k) ¹

çáiæíèì, ÿêùî η > mnp.
Ðîçãëÿíåìî òàêi âåëè÷èíè: Υ0(k) = Γ(k),

Υj(k) = Ajn(ik)−
m∑

r=j+1

Ajn(ik)Br(ik)Ik(τr)−

−Aj−1
n (ik)

j∑
r=1

Br(ik), j = 1,m− 1, (38)

Υm(k) = Amn (ik)−
m∑
j=1

Am−1
n (ik)Bj(ik).

Ëåãêî ïåðåâiðèòè, ùî E(k) ⊂
∪m+1
j=1 Ej(k),

äå Em+1 = {τ⃗ ∈ [0;T ]m : |Υm(k)| ≤ ηm(k)},

Ej(k) = {τ⃗ ∈ [0;T ]m : |Υj−1(k)| ≤ ηj−1(k),

|Υj(k)| > ηj(k)}, j = 1,m,

à ηj(k) = |k|mn−(m−j)n(p+1)−εj , εj > 0, j =
0,m, ε0 > ε1 > . . . > εm > 0.

Òîìó çáiæíiñòü ðÿäó
∑

|k|>0 µmE(k) ¹ íà-
ñëiäêîì çáiæíîñòi óñiõ ðÿäiâ

∑
|k|>0 µmEj(k),

j = 1,m+ 1.
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Îñêiëüêè ñòåïåíi óñiõ ìíîãî÷ëåíiâ Bj(ξ)
¹ ìåíøèìè âiä n, òî iñíó¹ òàêå K1 ∈ N, ùî
äëÿ |k| > K1 âèêîíó¹òüñÿ îöiíêà

|Υm(k)| = |Am0 (k)|×

×

∣∣∣∣∣
m∑
j=1

Bj(k)/A0(k)− 1

∣∣∣∣∣ ≥ |A0(k)|m

2
. (39)

Òîäi ç íåðiâíîñòåé (37), (39) îòðèìó¹ìî, ùî
äëÿ âñiõ k ∈ Zp, |k| > K1, âèêîíó¹òüñÿ îöiíêà

|Υm(k)| ≥ C19|k|mn/2. (40)

Ç îöiíêè (40) âèïëèâà¹, ùî Em+1(k) = ∅ äëÿ
âñiõ k ∈ Zp, |k| > max{K1, K2}, äå K2 =
(2/C18)

1/εm . Òîìó µmEm+1(k) = 0, ÿêùî |k| >
max{K1, K2}, à îòæå, ðÿä

∑
|k|>0 µmEm+1(k)

¹ çáiæíèì.
Äëÿ êîæíîãî j, j = 1,m, ïîçíà÷èìî:

τ⃗j = (τ1, . . . , τj−1, τj+1, . . . , τm),

Ej(k, τ⃗j) = {τj ∈ [0;T ] : τ⃗ ∈ Ej(k)}.
Iç îñíîâíî¨ âëàñòèâîñòi ôóíêöi¨ �ðiíà [1]

âèïëèâà¹, ùî âèêîíóþòüñÿ ðiâíîñòi

L (∂/∂τj, k)Υj−1(k) = Υj(k), k ∈ Zp, (41)

äå j = 1,m. ßêùî τ⃗ ∈ Ej(k), j = 1,m, òî ç
ôîðìóë (41) âèïëèâà¹, ùî

|L (∂/∂τj, k)Υj−1(k)| ≥ ηj(k), k ∈ Zp, (42)

äå j = 1,m. Äëÿ îöiíêè çâåðõó ìiðè ìíîæè-
íè Ej(k, τ⃗j) çàñòîñó¹ìî ëåìó 3. Îòðèìà¹ìî

µ1Ej(k, τ⃗j) ≤ C20|k| (ηj−1(k)/ηj(k))
1/n ≤

≤ C20|k|−p−ξj , j = 1,m, k ∈ Zp,
äå ξj = (εj−1 − εj)/n > 0, j = 1,m. Òîäi çà
òåîðåìîþ Ôóáiíi

µmEj(k) ≤ C20T
m−1|k|−p−ξj , j = 1,m. (43)

Iç íåðiâíîñòåé (43) îòðèìó¹ìî çáiæíiñòü ðÿ-
äiâ

∑
|k|>0 µmEj(k), j = 1,m, à îòæå, é ðÿäó∑

|k|>0 µmE(k).
Òåîðåìó äîâåäåíî.
5. Âèñíîâêè. Ó ðîáîòi âñòàíîâëåíî ìå-

òðè÷íi îöiíêè çíèçó äëÿ ìàëèõ çíàìåííèêiâ,
ÿêi âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i

ç áàãàòîòî÷êîâèìè óìîâàìè äëÿ íàâàíòàæå-
íîãî ñòðîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ.

Ðåçóëüòàòè ïîøèðåíî íà âèïàäîê ìàëèõ
çíàìåííèêiâ, ùî âèíèêàþòü ó çàäà÷àõ ç áà-
ãàòîòî÷êîâèìè óìîâàìè äëÿ ñèñòåì ðiâíÿíü
iç ÷àñòèííèìè ïîõiäíèìè.
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