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Äîñëiäæåíî ìiøàíó çàäà÷ó ç óìîâîþ Äiðiõëå äëÿ íåëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ çi
çìiííèì çàïiçíåííÿì. Çíàéäåíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó öi¹¨ çàäà÷i òà îòðèìàíî
éîãî àïðiîðíó îöiíêó, à òàêîæ äîâåäåíî òåîðåìè ïîðiâíÿííÿ êëàñè÷íèõ ðîçâ'ÿçêiâ ðîçãëÿäó-
âàíèõ ðiâíÿíü.

A mixed initial-boundary value problem with the Dirichlet condition for a nonlinear parabolic
equation with variable delay is investigated. We �nd conditions of the existence and uniqueness
for a solution of the problem, its a'priori estimate and prove comparison theorems for solutions of
the considered equations.

Âñòóï. Äèôåðåíöiàëüíi ðiâíÿííÿ iç çà-
ïiçíåííÿì ¹ òèì ìàòåìàòè÷íèì àïàðàòîì,
çà äîïîìîãîþ ÿêîãî âäàëîñÿ îïèñàòè ÷èìà-
ëî íîâèõ åôåêòiâ òà ÿâèù â áàãàòüîõ ïðè-
êëàäíèõ çàäà÷àõ. Ó ñó÷àñíié ôiçèöi, ìåõà-
íiöi, êîñìi÷íié òåõíiöi äëÿ âèçíà÷åííÿ ñèëè,
ùî äi¹ íà òiëî (ìàòåðiàëüíó òî÷êó), ïîòðiáíî
âðàõîâóâàòè íå òiëüêè éîãî òî÷íå ðîçìiùå-
ííÿ òà ïîâåäiíêó â äàíèé ìîìåíò ÷àñó, àëå i
ñòàí îá'¹êòà â äåÿêi ïîïåðåäíi ìîìåíòè ÷àñó.
Òàêîæ ðiâíÿííÿ iç çàïiçíåííÿì âèêîðèñòî-
âóþòü äëÿ ìîäåëþâàííÿ õàð÷îâèõ ëàíöþ-
ãiâ ([13]), ðåàêöi¨ iìóííî¨ ñèñòåìè ëþäñüêî-
ãî îðãàíiçìó íà âiðóñ iìóíîäåôiöèòó (ÂIË)
([10],[12], [13]). Òîìó â îñòàííi ðîêè iíòåíñèâ-
íî ðîçâèâà¹òüñÿ ìàòåìàòè÷íèé àïàðàò äëÿ
äîñëiäæåííÿ ðiâíÿíü òà ñèñòåì iç çàïiçíåí-
íÿì, áiëüøiñòü ç ÿêèõ ¹ çâè÷àéíèìè äèôå-
ðåíöiàëüíèìè ðiâíÿííÿìè ÿê çi ñòàëèì, òàê
i çi çìiííèì çàïiçíåííÿì (äèâ. [2], [4], [8], [9],
[14] òà iíøi).

Ìiøàíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü
çi ñòàëèì çàïiçíåííÿì âèâ÷àëèñü ó [1], [7],
[17] � [21] òà iíøèõ. Çîêðåìà, ó [7], [21] çíà-
éäåíî ðîçâ'ÿçêè ìiøàíèõ çàäà÷ äëÿ ðiâíÿí-
íÿ òåïëîïðîâiäíîñòi çi ñòàëèì çàïiçíåííÿì.
Ãëîáàëüíó îöiíêó ðîçâ'ÿçêó íåëiíiéíîãî iì-
ïóëüñíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ çi ñòàëèì
çàïiçíåííÿì îòðèìàíî ó [20]. Ó ðîáîòàõ [17],
[18] òà [19] äîñëiäæåíî óìîâè iñíóâàííÿ i
¹äèíîñòi ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ çà-
ãàëüíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ çi ñòàëèì

çàïiçíåííÿì. Ïðîòå, ó âiäîìié íàì ëiòåðàòó-
ði ïàðàáîëi÷íi ðiâíÿíü çi çìiííèì çàïiçíåí-
íÿì íå ðîçãëÿäàëèñü.

Ó äàíié ðîáîòi äîñëiäæåíî ìiøàíó çàäà÷ó
ó âèïàäêó êðàéîâî¨ óìîâè Äiðiõëå äëÿ íåëi-
íiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ iç çàïiçíåí-
íÿì, ÿêå ¹ ôóíêöi¹þ âiä ÷àñîâî¨ çìiííî¨. Çíà-
éäåíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿç-
êó öi¹¨ çàäà÷i òà îòðèìàíî éîãî àïðiîðíó
îöiíêó, à òàêîæ äîâåäåíî òåîðåìè ïîðiâíÿí-
íÿ êëàñè÷íèõ ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ ðiâ-
íÿíü.

Íàãàäà¹ìî äåÿêi ñòàíäàðòíi ïîçíà÷åííÿ
i ïîíÿòòÿ, ÿêi âèêîðèñòîâó¹ìî â öié ðîáî-
òi. Íåõàé n � çàäàíå íàòóðàëüíå ÷èñëî. Ïiä
Rk, äå k = n àáî k = n + 1, ðîçóìi¹ìî åâ-
êëiäiâ ïðîñòið, ñêëàäåíèé ç âïîðÿäêîâàíèõ
íàáîðiâ z = (z1, . . . , zk) äiéñíèõ ÷èñåë, ç íîð-
ìîþ |z| := (|z1|2+ . . .+ |zn|2)1/2. ×åðåç C(H),
äå H � ìíîæèíà â Rk, ïîçíà÷à¹ìî ëiíiéíèé
ïðîñòið íåïåðåðâíèõ íà H ôóíêöié, ïðè÷î-
ìó, ÿêùî H � êîìïàêò, òî íà C(H) âèçíà÷à-
¹ìî íîðìó ∥v∥C(H) := max

z∈H
|v(z)|, ç ÿêîþ öåé

ïðîñòið ¹ áàíàõîâèì.

ßêùî D � îáëàñòü â Rn+1 := {(x, t)
∣∣x ∈

Rn, t ∈ R}, D � ¨¨ çàìèêàííÿ òà γ ∈ (0, 1] �
ÿêå-íåáóäü ÷èñëî, òî ïiä Cγ,γ/2(D) ðîçóìi¹ìî
áàíàõiâ ïðîñòið âèçíà÷åíèõ i íåïåðåðâíèõ íà
D ôóíêöié v çi ñêií÷åíîþ íîðìîþ

∥v∥Dγ,γ/2 := ∥v∥C(D)+
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+ sup
(x,t),(x′,t)∈D
0<|x−x′|≤ρ

|v(x, t)− v(x′, t)|
|x− x′|γ

+

+ sup
(x,t),(x,t′)∈D
0<|t−t′|≤ρ

|v(x, t)− v(x, t′)|
|t− t′|γ/2

,

äå ρ > 0 � äîâiëüíå ôiêñîâàíå ÷èñëî (äèâ. [3,
ñò.16,17]). Ïiä C2,1(D)

(
âiäïîâiäíî, C2,1(D)

)
ðîçóìiòèìåìî ëiíiéíèé ïðîñòið ôóíêöié v,
âèçíà÷åíèõ i íåïåðåðâíèõ íà D (âiäïîâiä-
íî, D) ðàçîì çi ñâî¨ìè ïîõiäíèìè vxk , vxkxl
(k, l = 1, n) i vt. Ïiä C2+γ,1+γ/2(D) ðîçóìiòè-
ìåìî áàíàõiâ ïðîñòið ôóíêöié v iç ïðîñòîðó
C2,1(D) çi ñêií÷åííîþ íîðìîþ

||v||D2+γ,1+γ/2 = ∥v∥C(D) +
n∑
k=1

∥vxk∥Dγ,γ/2+

+
n∑

k,l=1

∥vxkxl∥Dγ,γ/2 + ∥vt∥Dγ,γ/2.

1. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâ-
íèõ ðåçóëüòàòiâ. Íåõàé Ω � îáìåæåíà
îáëàñòü â Rn ç ìåæåþ ∂ Ω, T > 0. Ïîçíà-
÷èìî Q := Ω × (0, T ], Σ := ∂ Ω × (0, T ], òî-
äi Q := Ω × [0, T ], Σ := ∂ Ω × [0, T ]. Íå-
õàé τ : [0, T ] → [0,+∞) � çàäàíà íåïå-
ðåðâíà ôóíêöiÿ. Ïiä E0 ðîçóìi¹ìî ìíîæèíó,
ÿêà ñêëàäà¹òüñÿ ç ÷èñåë t − τ(t) òàêèõ, ùî
t− τ(t) ≤ 0 i t ∈ [0, T ], à òàêîæ ÷èñëà 0.

Ðîçãëÿíåìî çàäà÷ó: çíàéòè ôóíêöiþ u ∈
C
(
Ω×(E0∪(0, T ])

)
∩C2,1(Q), ÿêà çàäîâîëüíÿ¹

ðiâíÿííÿ

Pu(x, t) := ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t)+

+
n∑
k=1

ak(x, t)uxk(x, t) + a0(x, t)u(x, t)−

−g
(
x, t, u(x, t), u(x, t− τ(t))

)
=

= f(x, t), (x, t) ∈ Q, (1)

êðàéîâó óìîâó

Ru(x, t) := u(x, t) = h(x, t), (x, t) ∈ Σ, (2)

òà ïî÷àòêîâó óìîâó

Gu(x, t) := u(x, t) = u0(x, t), (x, t) ∈ Ω×E0.
(3)

Äàëi öþ çàäà÷ó êîðîòêî íàçèâàòèìåìî çà-
äà÷åþ (1)�(3), à ôóíêiþ u � ¨¨ ðîçâ'ÿçêîì.

Íà ïðîòÿçi âñi¹¨ ðîáîòè ïðèïóñêà¹ìî, ùî
âèõiäíi äàíi çàäà÷i (1)�(3) çàäîâîëüíÿþòü
òàêi óìîâè:

(A1) akl, ak, a0 � çàäàíi íà Q íåïåðåðâíi
ôóíêöi¨, akl = alk (k, l,= 1, n), ∃ ν = const ≥
0 òàêå, ùî ∀(x, t) ∈ Q, ∀(ξ1, ..., ξn) ∈ Rn:

n∑
k,l=1

akl(x, t)ξkξl ≥ ν

n∑
i=1

ξ2i ,

inf
(x,t)∈Q

a0(x, t) > 0;

(A2) g(x, t, ξ, η), (x, t, ξ, η) ∈ Ω × (0, T ] ×
R× R, � íåïåðåðâíà çà óñiìà çìiííèìè i íå-
ïåðåðâíî äèôåðåíöiéîâíà çà çìiííèìè ξ òà
η ôóíêöiÿ, ïðè÷îìó iñíóþòü âèçíà÷åíi íà Q
íåâiä'¹ìíi ôóíêöi¨ g1, g2 òàêi, ùî
∀(x, t) ∈ Q, ∀ ξ, η ∈ R :

0 ≤ gξ(x, t, ξ, η) ≤ g1(x, t),

0 ≤ gη(x, t, ξ, η) ≤ g2(x, t),

inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) =: a−0 > 0, (4)

sup
(x,t)∈Q

g2(x, t) =: g+2 <∞,

i, êðiì òîãî, g(x, t, 0, 0) = 0, (x, t) ∈ Q;
(A3) f ∈ C(Q), h ∈ C(Σ), u0 ∈ C(Ω ×

E0), ïðè÷îìó f ¹ îáìåæåíîþ òà âèêîíó¹òüñÿ
óìîâà óçãîäæåííÿ íóëüîâîãî ïîðÿäêó:

h(x, 0) = u0(x, 0) ∀x ∈ ∂ Ω.

Òåïåð ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè
ðîáîòè.

Òåîðåìà 1 (ïîðiâíÿííÿ ðîçâ'ÿçêiâ). Íå-
õàé âèêîíóþòüñÿ óìîâè (A1), (A2) i
a−0 −g+2 > 0. Ïðèïóñòèìî, ùî u1, u2 � ðîçâ'ÿç-
êè çàäà÷, ùî âiäðiçíÿþòüñÿ âiä çàäà÷i (1)�
(3) òiëüêè òèì, ùî çàìiñòü f, h, u0 ñòîÿòü,
âiäïîâiäíî, f1, h1, u0,1 òà f2, h2, u0,2 ç òàêè-
ìè æ âëàñòèâîñòÿìè, ÿêi âêàçàíi äëÿ f, h, u0,
âiäïîâiäíî, â óìîâi (A3). Òîäi âèêîíó¹òüñÿ
íåðiâíiñòü

min
{ 1

a−0 − g+2
inf

(y,s)∈Q
(f1(y, s)− f2(y, s)) ,

inf
(y,s)∈Σ

(h1(y, s)− h2(y, s)) ,
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inf
(y,s)∈Ω×E0

(u0,1(y, s)− u0,2(y, s)) , 0
}
≤

≤ u1(x, t)− u2(x, t) ≤

≤ max
{ 1

a−0 − g+2
sup

(y,s)∈Q
(f1(y, s)− f2(y, s)) ,

sup
(y,s)∈Σ

(h1(y, s)− h2(y, s)) ,

sup
(y,s)∈Ω×E0

(u0,1(y, s)− u0,2(y, s)) , 0
}
,

(x, t) ∈ Ω× (E0 ∪ (0, T ]). (5)

Çàóâàæèìî, ùî ç öi¹¨ òåîðåìè âèïëèâà¹
íåïåðåðâíà çàëåæíiñòü ðîçâ'ÿçêó çàäà÷i (1)�
(3) âiä âèõiäíèõ äàíèõ.

Íàñëiäîê 1. Íåõàé âèêîíóþòüñÿ óìîâè
(A1) � (A3) i a

−
0 −g+2 > 0. Òîäi çàäà÷à (1)�(3)

ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Íàñëiäîê 2 (îöiíêà ðîçâ'ÿçêó). Íåõàé
âèêîíóþòüñÿ óìîâè (A1) � (A3) i a

−
0 −g+2 > 0.

Òîäi äëÿ ðîçâ'ÿçêó çàäà÷i (1)�(3) ïðàâèëüíà
îöiíêà

min{ 1

a−0 − g+2
inf

(y,s)∈Q
f(y, s), min

(y,s)∈Σ
h(y, s),

min
(y,s)∈Ω×E0

u0(y, s), 0} ≤ u(x, t) ≤

≤ max{ 1

a−0 − g+2
sup

(y,s)∈Q
f(y, s), max

(y,s)∈Σ
h(y, s),

(6)

max
(y,s)∈Ω×E0

u0(y, s), 0}, (x, t) ∈ Ω× (E0 ∪ (0, T ]).

Íàñëiäîê 3. Íåõàé âèêîíóþ-
òüñÿ óìîâè òåîðåìè 1 i, êðiì òîãî,
f1(x, t) ≤ f2(x, t) ∀(x, t) ∈ Q, h1(x, t) ≤
h2(x, t) ∀(x, t) ∈ Σ, u0,1(x, t) ≤
u0,2(x, t) ∀(x, t) ∈ Ω × E0. Òîäi ïðàâèëü-
íà íåðiâíiñòü u1(x, t) ≤ u2(x, t) ∀(x, t) ∈ Q.

Ââåäåìî ïîòðiáíi íàì äàëi ùå äåÿêi ôóí-
êöiéíi ïðîñòîðè. Ïiä C2+γ,1+γ/2

loc (Q) ðîçóìiòè-
ìåìî ïðîñòið ôóíêöié v ∈ C2,1(Q) òàêèõ, ùî
äëÿ áóäü-ÿêèõ ñòðîãî âíóòðiøíüî¨ ïiäîáëà-
ñòi Ω′ îáëàñòi Ω (òîáòî, Ω′ ⊂ Ω) òà ÷èñëà
δ ∈ (0, T ) çâóæåííÿ v íà Ω′× [δ, T ] íàëåæèòü
ïðîñòîðó C2+γ,1+γ/2(Ω′ × [δ, T ]).

Ïiä Cγ,γ/2,1,1(Ω×[0, T ]×R×R) ðîçóìiòèìå-
ìî ïðîñòið íåïåðåðâíèõ ôóíêöié g̃(x, t, ξ, η),
(x, t, ξ, η) ∈ Ω× [0, T ]×R×R, êîæíà ç ÿêèõ
¹ íåïåðåðâíî äèôåðåíöiéîâíîþ çà çìiííè-
ìè ξ, η òà äëÿ äåÿêî¨ ñòàëî¨ L > 0 (çàëå-
æíî¨ âiä g̃) i äîâiëüíèõ (x, t, ξ, η), (y, s, ξ, η) ∈
Ω× [0, T ]× R× R çàäîâîëüíÿ¹ íåðiâíiñòü∣∣g̃(x, t, ξ, η)− g̃(y, s, ξ, η)

∣∣ ≤
≤ L(|x− y|γ + |t− s|γ/2 + |ξ − ξ|+ |η − η|).

Òåîðåìà 2 (iñíóâàííÿ ðîçâ'ÿçêó). Íåõàé
âèêîíóþòüñÿ óìîâè (A1) � (A3) i
a−0 − g+2 > 0. Ïðèïóñòèìî, ùî äëÿ äåÿêîãî
α ∈ (0, 1] ìà¹ìî

(B1) ∂Ω ∈ C2+α,
(B2) akl, ak, a0 ∈ Cα,α/2(Q) (k, l = 1, n),

g ∈ Cα,α/2,1,1(Ω×[0, T ]×R×R), f ∈ Cα,α/2(Q),
u0 ∈ Cα,α/2(Ω× E0), h ∈ Cα,α/2(Σ).

Êðiì òîãî, íåõàé
(B3) ∂akl/∂xs ∈ C(Q) (k, l, s = 1, n),
(B4) τ çàäîâîëüíÿ¹ óìîâó Ëiïøiöà.
Òîäi iñíó¹ (¹äèíèé) ðîçâ'ÿçîê çàäà÷i (1)�

(3) i âií íàëåæèòü ïðîñòîðó C
2+α,1+α/2
loc

(Q).

2. Äîïîìiæíi òâåðäæåííÿ.
Ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ ëiíiéíî-

ãî ïàðàáîëi÷íîãî ðiâíÿííÿ çi çìiííèì çàïi-
çíåííÿì: çíàéòè ôóíêöiþ u ∈ C

(
Ω × (E0 ∪

(0, T ])
)
∩ C2,1(Q), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

P̂ u(x, t) := ut(x, t)−
n∑

k,l=1

akl(x, t)uxkxl(x, t)+

+
n∑
k=1

ak(x, t)uxk(x, t) + â0(x, t)u(x, t)−

−ĝ(x, t)u
(
x, t− τ(t)

)
= f(x, t), (x, t) ∈ Q,

(7)
êðàéîâó óìîâó (2) i ïî÷àòêîâó óìîâó (3).

Ôóíêöi¨ ak,l, ak (k, l = 1, n), f, τ, u0, h òà-
êi, ÿê â óìîâàõ (A1), (A3), à ôóíêöi¨ â, ĝ
çàäîâîëüíÿþòü óìîâó

(A∗
2) â0, ĝ ∈ C(Q), inf

(x,t)∈Q
â0(x, t) =: â−0 >

−∞, sup
(x,t)∈Q

ĝ(x, t) =: ĝ+ < +∞.

Ëåìà 1. Íåõàé ĝ ≥ 0 íà Q. Òîäi äëÿ
ôóíêöié u, v ∈ C

(
Ω× (E0 ∪ (0, T ])

)
∩C2,1(Q)
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òàêèõ, ùî P̂ u(x, t) < P̂v(x, t) ∀(x, t) ∈ Q,
Ru(x, t) < Rv(x, t) ∀(x, t) ∈ Σ, Gu(x, t) <
Gv(x, t) ∀(x, t) ∈ Ω × E0, ïðàâèëüíà íåðiâ-
íiñòü u(x, t) < v(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ. Ïîçíà÷èìî w(x, t) :=
u(x, t) − v(x, t) ∀(x, t) ∈ Ω × (E0 ∪ (0, T ]),

f̃(x, t) := P̂w(x, t) ≡ P̂ u(x, t) −
P̂ v(x, t) ∀(x, t) ∈ Q, h̃(x, t) := Rw(x, t) ≡
Ru(x, t) − Rv(x, t) ∀(x, t) ∈ Σ, ũ0(x, t) :=
Gw(x, t) ≡ Gu(x, t)−Gv(x, t) ∀(x, t) ∈ Ω×E0.
Òîäi ìà¹ìî òàêi ðiâíîñòi

wt(x, t)−
n∑

k,l=1

akl(x, t)wxkxl(x, t)+

+
n∑
k=1

ak(x, t)wxk(x, t) + â0(x, t)w(x, t)−

−ĝ(x, t)w(x, t− τ(t)) = f̃(x, t), (x, t) ∈ Q,
(8)

w(x, t) = h̃(x, t), (x, t) ∈ Σ, (9)

w(x, t) = ũ0(x, t), (x, t) ∈ Ω× E0, (10)

äå f̃ , h̃, ũ0 � âiä'¹ìíi ôóíêöi¨.
Òðåáà ïîêàçàòè, ùî w(x, t) < 0 ∀(x, t) ∈

Q. Ïðèïóñòèìî, ùî öå íå òàê. Ç íàøîãî ïðè-
ïóùåííÿ i òîãî, ùî íà ïiäñòàâi ðiâíîñòåé (9)
i (10) ìà¹ìî w(x, t) < 0 ïðè (x, t) ∈ (Ω×E0)∪
Σ, âèïëèâà¹ iñíóâàííÿ òî÷êè (x0, t0) ∈ Q òà-
êî¨, ùî w(x, t) < 0, êîëè (x, t) ∈ Ω × (0, t0),
i w(x, t0) ≤ 0, êîëè x ∈ Ω , òà w(x0, t0) =
0. Î÷åâèäíî, ùî wt(x

0, t0) ≥ 0. Âðàõóâàâ-
øè, ùî x0 ¹ òî÷êîþ ëîêàëüíîãî ìàêñèìó-
ìó ôóíêöi¨ x 7→ w(x, t0) : Ω → R, ìà¹ìî:
wxk(x

0, t0) = 0,
n∑

k,l=1

akl(x
0, t0)wxkxl(x

0, t0) ≤

0. Çâiäñè òà ç ðiâíîñòi (8) îäåðæó¹ìî

0 ≤ wt(x
0, t0)−

n∑
k,l=1

akl(x
0, t0)wxkxl(x

0, t0)+

+
n∑
k=1

ak(x
0, t0)wxk(x

0, t0)+â0(x
0, t0)w(x

0, t0)−

−ĝ(x0, t0)w(x0, t0 − τ(t0)) = f̃(x0, t0) < 0.

Îòðèìàëè ïðîòèði÷÷ÿ, ùî äîâîäèòü íàøå
òâåðäæåííÿ. �

Íàñëiäîê 4. Íåõàé ĝ ≥ 0 íà Q i ôóí-
êöiÿ u ∈ C

(
Ω × (E0 ∪ (0, T ])

)
∩ C2,1(Q) òà-

êà, ùî P̂ u(x, t) < 0 ∀(x, t) ∈ Q, Ru(x, t) <
0 ∀(x, t) ∈ Σ, Gu(x, t) < 0 ∀(x, t) ∈ Ω × E0.
Òîäi u(x, t) < 0 ∀(x, t) ∈ Q.

Äîâåäåííÿ. Äàíå òâåðäæåííÿ áåçïîñå-
ðåäíüî âèïëèâà¹ ç ëåìè 1, ïîêëàâøè ôóí-
êöiþ v òîòîæíî ðiâíó íóëåâi. �
Ëåìà 2. Íåõàé ĝ ≥ 0 íà Q i

â−0 − ĝ+ > −1. Òîäi äëÿ ôóíêöié
u, v ∈ C

(
Ω × (E0 ∪ (0, T ])

)
∩ C2,1(Q)

òàêèõ, ùî P̂ u(x, t) ≤ P̂ v(x, t) ∀(x, t) ∈
Q, Ru(x, t) ≤ Rv(x, t) ∀(x, t) ∈ Σ,
Gu(x, t) ≤ Gv(x, t) ∀(x, t) ∈ Ω×E0, ïðàâèëü-
íà íåðiâíiñòü u(x, t) ≤ v(x, t) ∀(x, t) ∈ Q.

Äîâåäåííÿ. Ïîçíà÷èìî w(x, t) :=
u(x, t) − v(x, t) ∀(x, t) ∈ Ω × (E0 ∪ (0, T ]).
Ç íàøèõ ïðèïóùåíü âèïëèâà¹, ùî
P̂w(x, t) ≤ 0 ∀(x, t) ∈ Q, Rw(x, t) ≤
0 ∀(x, t) ∈ Σ, Gw(x, t) ≤ 0 ∀(x, t) ∈ Ω×E0.
Ââåäåìî â ðîçãëÿä ôóíêöiþ

wλ(x, t) := w(x, t)− λ et,

(x, t) ∈ Ω× (E0 ∪ (0, T ]), äå λ > 0 � äîâiëüíå
ôiêñîâàíå ÷èñëî.

Ìàþ÷è íà óâàçi, ùî w(x, t) = wλ(x, t) +
λ et, îòðèìà¹ìî

P̂w(x, t) := wλt (x, t)−
n∑

k,l=1

akl(x, t)w
λ
xkxl

(x, t)+

+
n∑
k=1

ak(x, t)w
λ
xk
(x, t) + â0(x, t)w

λ(x, t)−

−ĝ(x, t)wλ(x, t− τ(t)) + λ et
(
â0(x, t)−

−ĝ(x, t)e−τ(t) + 1
)
= P̂wλ(x, t)+

+λ et
(
â0(x, t)− ĝ(x, t)e−τ(t) + 1

)
.

Çâiäñè ìà¹ìî

P̂wλ(x, t) = P̂w(x, t)− λ et
(
â0(x, t)−

ĝ(x, t)e−τ(t) + 1
)
. (11)

Â ñèëó óìîâ íàøîãî òâåðäæåííÿ äëÿ áóäü-
ÿêî¨ òî÷êè (x, t) ∈ Q ïðàâèëüíà íåðiâíiñòü

â0(x, t)− ĝ(x, t)e−τ(t) + 1 > 0. (12)
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Ñïðàâäi, ìà¹ìî

inf
(x,t)∈Q

(â0(x, t)− ĝ(x, t)e−τ(t)) ≥ inf
(x,t)∈Q

â0(x, t)−

− sup
(x,t)∈Q

ĝ(x, t)e−τ(t) ≥ â−0 − ĝ+,

îñêiëüêè e−τ(t) ≤ 1 i ĝ(x, t) ≥ 0 ïðè
(x, t) ∈ Q. Çâiäñè íà ïiäñòàâi âiäïîâiäíî¨
óìîâè ëåìè âèïëèâà¹ (12). Â ñèëó íåðiâíî-
ñòåé P̂w(x, t) ≤ 0 i (12) ïðèõîäèìî äî âè-
ñíîâêó, ùî ïðàâà ÷àñòèíà ðiâíîñòi (11) âiä'-
¹ìíà íà Q, òîáòî P̂wλ(x, t) < 0 ∀(x, t) ∈ Q.
Ëåãêî áà÷èòè, ùî Rwλ(x, t) = Rw(x, t) −
λet < 0 ∀(x, t) ∈ Σ, Gwλ(x, t) = Gw(x, t) −
λet < 0 ∀(x, t) ∈ Ω × E0. Çâiäñè íà ïiäñòàâi
íàñëiäêó 4 îòðèìà¹ìî íåðiâíiñòü wλ(x, t) <
0 ∀(x, t) ∈ Q, òîáòî w(x, t) < λet ∀(x, t) ∈ Q.
Çàôiêñóâàâøè â öié íåðiâíîñòi (x, t) ∈ Q
òà ñïðÿìóâàâøè λ äî 0, îòðèìà¹ìî íåðiâ-
íiñòü w(x, t) ≤ 0 ∀(x, t) ∈ Q, òîáòî u(x, t) ≤
v(x, t) ∀(x, t) ∈ Q. �
Òâåðäæåííÿ 1. Íåõàé ĝ ≥ 0 íà Q i

â−0 − ĝ+ > 0. Òîäi äëÿ äîâiëüíîãî ðîçâ'ÿçêó
u çàäà÷i (7),(2),(3) âèêîíó¹òüñÿ îöiíêà

min
{ 1

â−0 − ĝ+
inf

(y,s)∈Q
f(y, s), min

(y,s)∈Σ
h(y, s),

min
(y,s)∈Ω×E0

u0(y, s), 0
}
≤ u(x, t) ≤

≤ max
{ 1

â−0 − ĝ+
sup

(y,s)∈Q
f(y, s), max

(y,s)∈Σ
h(y, s),

max
(x,s)∈Ω×E0

u0(y, s), 0
}
, (x, t) ∈ Ω×(E0∪[0, T ]).

(13)

Äîâåäåííÿ. Íåõàé u � ðîçâ'ÿçîê çàäà÷i
(7),(2),(3). Ïðèéìåìî

C1 := max
{ 1

â−0 − ĝ+
sup

(y,s)∈Q
f(y, s),

max
(y,s)∈Σ

h(y, s), max
(y,s)∈Ω×E0

u0(y, s), 0
}
≥ 0.

Òîäi äëÿ ôóíêöi¨ v(x, t) = C1, (x, t) ∈ Ω ×
(E0 ∪ (0, T ]), ìà¹ìî

P̂ v(x, t) =
(
â(x, t)−ĝ(x, t)

)
C1 ≥ (â−0 −ĝ+)C1 ≥

≥ (â−0 − ĝ+)
1

â−0 − ĝ+
sup

(y,s)∈Q
f(y, s) ≥

≥ f(x, t) = P̂ u(x, t), (x, t) ∈ Q,

Rv(x, t) = C1 ≥ max
(y,s)∈Σ

h(y, s) ≥

≥ h(x, t) = Ru(x, t), (x, t) ∈ Σ,

Gv(x, t) = C1 ≥ max
(y,s)∈Ω×E0

u0(y, s) ≥

≥ u0(x, t) = Gu(x, t), (x, t) ∈ Ω× E0.

Çâiäñè íà ïiäñòàâi ëåìè 2 ìà¹ìî u(x, t) ≤
C1 ∀(x, t) ∈ Ω× (E0 ∪ (0, T ]).

Òåïåð ïîêëàäåìî

C2 := min
{ 1

â−0 − ĝ+
inf

(y,s)∈Q
f(y, s), min

(y,s)∈Σ
h(y, s),

min
(y,s)∈Ω×E0

u0(y, s), 0
}
≤ 0.

Òîäi

P̂ v(x, t) =
(
â(x, t)−ĝ(x, t)

)
C2 ≤ (â−0 −ĝ+)C2 ≤

≤ (â−0 − ĝ+)
1

â−0 − ĝ+
inf

(y,s)∈Q
f(y, s) =

= inf
(y,s)∈Q

f(y, s) ≤ f(x, t) = P̂ u(x, t), (x, t) ∈ Q,

Rv(x, t) = C2 ≤ min
(y,s)∈Σ

h(y, s) ≤ Ru(x, t),

(x, t) ∈ Σ,

Gv(x, t) = C2 ≤ min
(y,s)∈Ω×E0

u0(y, s) ≤ Gu(x, t),

(x, t) ∈ Ω× E0.

Çâiäñè íà ïiäñòàâi ëåìè 2 ìà¹ìî
u(x, t) ≥ C2 ∀(x, t) ∈ Ω× (E0 ∪ (0, T ]). �
Ëåìà 3 Äëÿ äîâiëüíèõ (x, t) ∈

Q, ξ1, ξ2, η1, η2 ∈ R ïðàâèëüíà ðiâíiñòü

g(x, t, ξ1, η1)− g(x, t, ξ2, η2) =

= (ξ1 − ξ2)G1(x, t, ξ1, ξ2, η1, η2)+

+(η1 − η2)G2(x, t, ξ1, ξ2, η1, η2),

äå

G1(x, t, ξ1, ξ2, η1, η2) :=

1∫
0

gξ

(
x, t, z(ξ1 − ξ2)+
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+ξ2, z(η1 − η2) + η2

)
dz, (14)

G2(x, t, ξ1, ξ2, η1, η2) :=

1∫
0

gη

(
x, t, z(ξ1 − ξ2)+

+ξ2, z(η1 − η2) + η2

)
dz, (15)

ïðè÷îìó

0 ≤ Gi(x, t, ξ1, ξ2, η1, η2) ≤ gi(x, t) (i = 1, 2).
(16)

Äîâåäåííÿ. Íà ïiäñòàâi ëåìè Àäàìàðà
ìà¹ìî äëÿ áóäü-ÿêèõ (x, t) ∈ Q, ξ1, ξ2, η1, η2 ∈
R

g(x, t, ξ1, η1)− g(x, t, ξ2, η2) =
(
ξ1 − ξ2

)
×

×
1∫

0

gξ

(
x, t, z(ξ1−ξ2)+ξ2, z(η1−η2)+η2

)
dz+

+
(
η1−η2

) 1∫
0

gη

(
x, t, z(ξ1−ξ2)+ξ2, z(η1−η2)+

+η2

)
dz = (ξ1 − ξ2)G1(x, t, ξ1, ξ2, η1, η2)+

+(η1 − η2)G2(x, t, ξ1, ξ2, η1, η2).

Ç óìîâè (A2) âèïëèâà¹ (16). �
3. Îá ðóíòóâàííÿ îñíîâíèõ ðåçóëü-

òàòiâ.
Äîâåäåííÿ òåîðåìè 1. Ïîçíà÷èìî

w(x, t) := u1(x, t) − u2(x, t), (x, t) ∈ Ω ×
(E0 ∪ (0, T ]). Ðîçãëÿäàþ÷è ðiçíèöþ âèðàçiâ
Pu1(x, t) i Pu2(x, t) òà âèêîðèñòîâóþ÷è ëå-
ìó 3, îòðèìà¹ìî ðiâíiñòü

P̂w(x, t) := wt(x, t)−
n∑

k,l=1

akl(x, t)wxkxl(x, t)+

+
n∑
k=1

akwxk(x, t) + â0(x, t)w(x, t)−

−ĝ(x, t)w(x, t− τ(t)) = f̃(x, t), (x, t) ∈ Q,
(17)

äå

â0(x, t) := a0(x, t)−G1

(
x, t, u1(x, t), u2(x, t),

u1(x, t− τ(t)), u2(x, t− τ(t))
)
, (x, t) ∈ Q,

ĝ(x, t) := G2

(
x, t, u1(x, t), u2(x, t), u1(x, t−τ(t)),

u2(x, t− τ(t))
)
, (x, t) ∈ Q,

f̃(x, t) := Pu1(x, t)− Pu2(x, t), (x, t) ∈ Q,

à G1 i G2 âèçíà÷åíi, âiäïîâiäíî, â (14) i (15).
Ëåãêî áà÷èòè, ùî

Rw(x, t) = h̃(x, t), (x, t) ∈ Σ, (18)

Gw(x, t)) = ũ0(x, t), (x, t) ∈ Ω× E0, (19)

äå

h̃(x, t) := Ru1(x, t)−Ru2(x, t), (x, t) ∈ Σ,

ũ0(x, t) := Gu1(x, t)−Gu2(x, t), (x, t) ∈ Ω×E0.

Ïåðåâiðèìî âèêîíàííÿ óìîâ òâåðäæåííÿ
1, à òî÷íiøå, ïåðåêîíà¹ìîñÿ, ùî ĝ ≥ 0 íà Q
i â−0 − ĝ+ > 0. Ç ëåìè 3 (äèâ. (16)) âèïëèâà¹,
ùî ĝ(x, t) ≥ 0 äëÿ áóäü-ÿêèõ (x, t) ∈ Q. Âè-
êîðèñòîâóþ÷è óìîâó (A2) òà ëåìó 3, îòðè-
ìà¹ìî

â−0 := inf â0(x, t) = inf
(x,t)∈Q

[
a0(x, t)−

−G1

(
x, t, u1(x, t), u2(x, t), u1(x, t− τ(t)),

u2(x, t− τ(t))
)]

≥

≥ inf
(x,t)∈Q

(a0(x, t)− g1(x, t)) = a−0 ,

ĝ+ := sup
(x,t)∈Q

ĝ(x, t) = sup
(x,t)∈Q

G2

(
x, t,

u1(x, t), u2(x, t), u1(x, t−τ(t)), u2(x, t−τ(t))
)
≤

≤ sup
(x,t)∈Q

g2(x, t) = g+2 .

Òàê ÿê â−0 − ĝ+ ≥ a−0 − g+2 , à ç óìîâè íàøî-
ãî òâåðäæåííÿ ìà¹ìî a−0 − g+2 > 0, òî óìîâè
òâåðäæåííÿ 1 âèêîíóþòüñÿ. Îòîæ, äëÿ ôóí-
êöi¨ w, ÿêà çàäîâîëüíÿ¹ ðiâíîñòi (17) � (19),
ïðàâèëüíà íåðiâíiñòü òèïó (13). Çâiäñè âè-
ïëèâà¹ îöiíêà (5). �

Äîâåäåííÿ íàñëiäêó 1. Ïðèïóñòèìî
ïðîòèëåæíå. Íåõàé u1, u2 � äâà ðiçíi ðîçâ'ÿç-
êè çàäà÷i (1)�(3). Òîäi ç òåîðåìè 1 ìà¹ìî,
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ùî 0 ≤ u1(x, t)− u2(x, t) ≤ 0, (x, t) ∈ Q, òîá-
òî u1 = u2 íà Q, à öå ïðîòèði÷èòü íàøî-
ìó ïðèïóùåííþ. Îòîæ, íàøå òâåðäæåííÿ ¹
ïðàâèëüíèì. �

Äîâåäåííÿ íàñëiäêó 2. Äàíå òâåðäæå-
ííÿ áåçïîñåðåäíüî âèïëèâà¹ ç òåîðåìè 1, ïî-
êëàâøè u1 = u, u2 = 0. �

Äîâåäåííÿ íàñëiäêó 3. Ç óìîâè íàñëiä-
êó ìà¹ìî, ùî a−0 − g+2 > 0 i f̃(x, t) ≤
0, (x, t) ∈ Q, h̃(x, t) ≤ 0, (x, t) ∈ Σ. Ç (5)
îòðèìà¹ìî u1(x, t) − u2(x, t) ≤ 0, (x, t) ∈ Q,
òîáòî u1(x, t) ≤ u2(x, t), (x, t) ∈ Q. �

Çàóâàæåííÿ 1. Ïðè âèêîíàííi óìîâ (A1)
� (A3), íàñëiäîê 3 ¹ ïðàâèëüíèì i ó âèïàäêó
g ≡ 0.

Ñïðàâäi, ç óìîâè (A1) òà òîãî, ùî g ≡
0, âèïëèâà¹ âèêîíàííÿ óìîâ íàñëiäêó 3, à
îòæå, ïðàâèëüíiñòü äàíîãî òâåðäæåííÿ.

Äîâåäåííÿ òåîðåìè 2. Ïîêëàäåìî

C1 := max{ 1

a−0 − g+2
sup

(y,s)∈Q
f(y, s), max

(y,s)∈Σ
h(y, s),

max
(y,s)∈Ω×E0

u0(y, s), 0}, (20)

C2 := min{ 1

a−0 − g+2
inf

(y,s)∈Q
f(y, s), min

(y,s)∈Σ
h(y, s),

min
(y,s)∈Ω×E0

u0(y, s), 0}. (21)

Âèçíà÷èìî ïîñëiäîâíiñòü ôóíêöié {vp}∞p=0 ⊂
Cα,α/2

(
Ω × (E0 ∪ (0, T ])

)
∩ C

2+α,1+α/2
loc (Q) òà-

êèì ÷èíîì. Ñïî÷àòêó ïðèéìåìî v0(x, t) =
C1, (x, t) ∈ Ω× (E0∪ (0, T ]). Íàñòóïíi ÷ëåíè
öi¹¨ ïîñëiäîâíîñòi âèçíà÷èìî òàê: ÿêùî âiäî-
ìà ôóíêöiÿ vp−1, òî ôóíêöiþ vp çíàõîäèìî
ÿê ðîçâ'ÿçîê çàäà÷i

P̃ vp(x, t) ≡
∂vp(x, t)

∂t
−

n∑
k,l=1

akl(x, t)
∂vp(x, t)

∂xk∂xl
+

+
n∑
k=1

ak(x, t)
∂vp(x, t)

∂xk
+ a0(x, t)vp(x, t) =

= g
(
x, t, vp−1(x, t), vp−1(x, t− τ(t))

)
+

+ f(x, t), (x, t) ∈ Q, (22)

vp(x, t) = h(x, t), (x, t) ∈ Σ, (23)

vp(x, t) = u0(x, t), x ∈ Ω× E0. (24)

Ïîêàæåìî, ùî òàê âèçíà÷èòè ïîñëiäîâíiñòü
{vp} ìîæíà. Íåõàé p � äîâiëüíå ôiêñîâàíå
íàòóðàëüíå ÷èñëî. Ïîçíà÷èìî

f̃p(x, t) := g
(
x, t, vp−1(x, t), vp−1(x, t− τ(t))

)
+

+ f(x, t), (x, t) ∈ Q. (25)

Îñêiëüêè vp−1 ∈ Cα,α/2
(
Ω×(E0∪(0, T ])

)
, òî ç

óìîâ (B2), (B4) âèïëèâà¹, ùî fp ∈ Cα,α/2(Q).
Çâiäñè, à òàêîæ óìîâ (A1) � (A3) òà (B1) �
(B3), çà òåîðåìîþ 9 ìîíîãðàôi¨ [6, ñò. 93],
ôóíêöiÿ vp ∈ Cα,α/2

(
Q
)
∩ C2+α,1+α/2

loc (Q) çíà-
õîäèòüñÿ îäíîçíà÷íî äëÿ êîæíîãî p ∈ N.
Âèêîðèñòîâóþ÷è óìîâó (24) òà òå, ùî u0 ∈
Cα,α/2(Ω×E0), ëåãêî ïåðåêîíàòèñÿ, ùî ôóí-
êöiÿ vp íàëåæèòü äî ïðîñòîðó Cα,α/2

(
Ω ×

(E0 ∪ (0, T ])
)
∩ C2+α,1+α/2

loc (Q).
Ïîêàæåìî, ùî ïðàâèëüíi íåðiâíîñòi

C2 6 vp+1(x, t) 6 vp(x, t) 6 C1, (x, t) ∈ Q,
(26)

äëÿ äîâiëüíîãî p ∈ N, äå C1, C2 âèçíà÷åíi,
âiäïîâiäíî, â (20), (21). Äëÿ öüîãî âèêîðè-
ñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Äîâå-
äåìî ñïî÷àòêó, ùî v1(x, t) 6 v0(x, t), (x, t) ∈
Q. Ç îçíà÷åííÿ v1 ìà¹ìî

v1(x, t) ≤ C1 = v0(x, t), x ∈ Ω× E0,

v1(x, t) ≤ C1 = v0(x, t), (x, t) ∈ Σ.

Âèêîðèñòîâóþ÷è ëåìó 3 òà óìîâó (A2), à òî-
÷íiøå òå, ùî gξ ≥ 0, gη ≥ 0, g(x, t, 0, 0) = 0,
ìàòèìåìî

P̃ v1(x, t)− P̃ v0(x, t) = g(x, t, C1, C1) + f(x, t)−

−a0(x, t)C1 = f(x, t)− C1

(
a0(x, t)−

−G1(x, t, C1, 0, C1, 0)−G2(x, t, C1, 0, C1, 0)
)
≤

≤ f(x, t)− C1

(
a0(x, t)− g1(x, t)− g2(x, t)

)
≤

≤ f(x, t)− (a−0 − g+2 )C1 =

= f(x, t)− sup
(x,t)∈Q

|f(y, s)| ≤ 0, (x, t) ∈ Q.

Çâiäñè òà iç çàóâàæåííÿ 1 âèïëèâà¹, ùî
v1(x, t) ≤ v0(x, t), (x, t) ∈ Q.

Òåïåð ïîêàæåìî, ùî äëÿ áóäü-
ÿêîãî p ∈ N ç íåðiâíîñòi vp(x, t) ≤
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vp−1(x, t), (x, t) ∈ Q, âèïëèâà¹ íåðiâíiñòü
vp+1(x, t) ≤ vp(x, t), (x, t) ∈ Q.

Çãiäíî ç (23), (24) ìà¹ìî

vp+1(x, t) = vp(x, t) = u0(x, t), x ∈ Ω× E0,

vp+1(x, t) = vp(x, t) = h(x, t), (x, t) ∈ Σ.

Íà ïiäñòàâi ëåìè 3 ëåãêî áà÷èòè, ùî

P̃ vp+1(x, t)− P̃ vp(x, t) =

= g
(
x, t, vp(x, t), vp(x, t− τ(t))

)
−

−g(x, t, vp−1(x, t), vp−1(x, t− τ(t))
)
=

= G2

(
x, t, vp(x, t), vp−1(x, t), vp(x, t− τ(t)),

vp−1(x, t− τ(t))
)
× (vp(x, t)− vp−1(x, t))+

+G2

(
x, t, vp(x, t), vp−1(x, t), vp(x, t− τ(t)),

vp−1(x, t− τ(t))
)
×
(
vp(x, t− τ(t))−

−vp−1(x, t− τ(t))
)
6 0, (x, t) ∈ Q.

Çâiäñè òà iç çàóâàæåííÿ 1 îòðèìà¹ìî
ïîòðiáíå òâåðäæåííÿ. Îòæå, íà ïiäñòàâi
ïðèíöèïó ìàòåìàòè÷íî¨ iíäóêöi¨ ìà¹ìî
vp+1(x, t) 6 vp(x, t) 6 C1, (x, t) ∈ Q, äëÿ äî-
âiëüíîãî p ∈ N.

Çàëèøèëîñü ïîêàçàòè, ùî C2 6
vp(x, t), (x, t) ∈ Q, äëÿ êîæíîãî p ∈ N. Çíîâó
âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨.
Î÷åâèäíî, ùî C2 6 v0(x, t), (x, t) ∈ Q.
Íåõàé C2 6 vp−1(x, t), (x, t) ∈ Q, äëÿ
äåÿêîãî p ∈ N. Äîâåäåìî, ùî òîäi
C2 6 vp(x, t), (x, t) ∈ Q. Ïîêëàäåìî
v∗(x, t) = C2, (x, t) ∈ Ω × (E0 ∪ (0, T ]).
Âðàõîâóþ÷è îçíà÷åííÿ C2, îòðèìà¹ìî

v∗(x, t) = C2 ≤ vp(x, t), (x, t) ∈ Ω× E0,

v∗(x, t) = C2 ≤ vp(x, t), (x, t) ∈ Σ,

P̃ v∗(x, t)− P̃ vp(x, t) = a0(x, t)C2−
−g
(
x, t, vp−1(x, t), vp−1(x, t− τ(t))

)
−

−f(x, t) ≤ C2

(
a0(x, t)− g1(x, t)− g2(x, t)

)
−

−f(x, t) ≤ (a−0 − g+2 )C2 − f(x, t) =

= inf
(x,t)∈Q

|f(y, s)| − f(x, t) ≤ 0, (x, t) ∈ Q.

Çâiäñè íà ïiäñòàâi çàóâàæåííÿ 1 îòðèìà¹ìî

v∗(x, t) 6 vp(x, t), (x, t) ∈ Q,

ùî i ïîòðiáíî áóëî äîâåñòè.
Îòæå, ïîñëiäîâíiñòü {vp} � ìîíîòîííà i

îáìåæåíà. Çâiäñè âèïëèâà¹, ùî iñíó¹ âèçíà-
÷åíà íà Ω× (E0 ∪ (0, T ]) ôóíêöiÿ u òàêà, ùî
äëÿ êîæíî¨ òî÷êè (x, t) ∈ Ω × (E0 ∪ (0, T ])
ìà¹ìî vp(x, t) → u(x, t) ïðè p → ∞ i u çà-
äîâîëüíÿ¹ óìîâè (2), (3). Ïîêàæåìî, ùî u �
øóêàíèé ðîçâ'ÿçîê.

Ç (22) � (24) òà (26) â ñèëó òåîðåìè 10.1
ìîíîãðàôi¨ [3,ñò.238,239] îòðèìà¹ìî

||vp||Qα,α/2 ≤ C3, p ∈ N, (27)

äå C3 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä p.
Îòæå, äëÿ äîâiëüíîãî ôiêñîâàíîãî γ ∈ (0, α)
iñíó¹ ïiäïîñëiäîâíiñòü ïîñëiäîâíîñòi {vp}∞p=1

(öþ ïiäïîñëiäîâíiñòü ïîçíà÷èìî òàê ñàìî,
ÿê i âñþ ïîñëiäîâíiñòü, ÷åðåç {vp}∞p=1) òàêà,
ùî

vp −→
p→∞

u â Cγ,γ/2(Q). (28)

Iç âëàñòèâîñòåé ïðîñòîðiâ Ãåëüäåðà îòðèìà-
¹ìî, ùî u ∈ Cα,α/2(Q). Çâiäñè òà óìîâ (3),
(B2) i òîãî, ùî u(x, 0) = u0(x, 0) âèïëèâà¹,
ùî u ∈ Cα,α/2(Ω× (E0 ∪ (0, T ]).

Òåïåð âiäìiòèìî, ùî ç óìîâ (A1) � (A3),
(B2) � (B4) òà îöiíêè (27) ìà¹ìî

||f̃p||Qα,α/2 6 C4 ∀p ∈ N, (29)

äå C4 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä p.
Äëÿ äîâiëüíîãî δ > 0 ïîçíà÷èìî Ωδ :=

{x ∈ Ω : dist{x, ∂Ω} > δ}. Íåõàé {δk}∞k=1

� ìîíîòîííà ïîñëiäîâíiñòü ÷èñåë òàêà, ùî
0 < δk < T, δk ↓

k→∞
0 i Ωδk � îáëàñòü â

Rn. Î÷åâèäíî, ùî
∞
∪
k=1

Ωδk = Ω. Ïîçíà÷èìî

Qk := Ωδk × (δk, T ]. Âðàõîâóþ÷è (29) i óìîâè
íàøî¨ òåîðåìè, ç òåîðåìè 5 ìîíîãðàôi¨ [6, ñò.
86,87] äëÿ êîæíîãî k ∈ N ìàòèìåìî

||vp||Qk

2+α,1+α/2 6 C5, p ∈ N, (30)

äå C5 > 0 � ñòàëà, ÿêà âiä p íå çàëåæèòü, àëå
çàëåæèòü âiä C3, C4, i ìîæå çàëåæàòè âiä k.

Iç (28) òà (30) âèïëèâà¹, ùî äëÿ äîâiëü-
íîãî ôiêñîâàíîãî γ ∈ (0, α) iç ïîñëiäîâíîñòi
{vp} äiàãîíàëüíèì ìåòîäîì ìîæíà âèáðàòè
òàêó ïiäïîñëiäîâíiñòü {vpj}∞j=1, ùî äëÿ äî-
âiëüíîãî k ∈ N ïîñëiäîâíiñòü {vpj |Qk

} (vpj |Qk
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� çâóæåííÿ vpj íà Qk) çáiãà¹òüñÿ äî u çà íîð-
ìîþ ïðîñòîðó C2+γ,1+γ/2(Qk). Çâiäñè, çîêðå-
ìà, âèïëèâà¹, ùî u ∈ C2+α,1+α/2(Qk) äëÿ êî-
æíîãî k ∈ N, òîáòî u ∈ C

2+α,1+α/2
loc (Q). Ïî-

êëàâøè â (22) p = pj òà ñïðÿìóâàâøè j äî
íåñêií÷åííîñòi, íà ïiäñòàâi ñêàçàíîãî âèùå
ìàòèìåìî, ùî u çàäîâîëüíÿ¹ ðiâíÿííÿ (1).
ßê óæå çàçíà÷àëîñü, u òàêîæ çàäîâîëüíÿ¹
óìîâè (2), (3), à îòæå, öÿ ôóíêöiÿ ¹ ðîçâ'ÿç-
êîì çàäà÷i (1)-(3). �
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