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Âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâîëþ-
öiéíèõ ðiâíÿíü ç ãàðìîíiéíèì îñöèëÿòîðîì òà ôóíêöiÿìè âiä òàêîãî îïåðàòîðà ó ïðîñòîðàõ
òèïó S òà S′.

We establish the well-posedness of a nonlocal multipoint with respect to time problem for an
evolution equation with a harmonic oscillator and functions of such an operator in S and S′ type
spaces.

Ó ðîçâèòêó áàãàòüîõ âàæëèâèõ íàïðÿìiâ
ìàòåìàòèêè i ôiçèêè çíà÷íó ðîëü âiäiãðà-
ëè ïîíÿòòÿ òà ìåòîäè, ÿêi âèíèêëè ïðè âè-
â÷åííi ðiâíÿííÿ Øòóðìà-Ëióâiëëÿ òà ïîâ'ÿ-
çàíîãî ç öèì ðiâíÿííÿì îïåðàòîðà Øòóðìà-
ËióâiëëÿA = −d2/dx2+q(x). Âîíè áóëè äæå-
ðåëîì íîâèõ iäåé òà çàäà÷ äëÿ ñïåêòðàëüíî¨
òåîði¨ îïåðàòîðiâ i ñóìiæíèõ ðîçäiëiâ àíàëi-
çó. Ã.Ãàðäíåð, Ì.Êðóñêàë i Ð.Ìióðà çíàéøëè
çâ'ÿçîê ñïåêòðàëüíî¨ òåîði¨ îïåðàòîðiâ ç äå-
ÿêèìè íåëiíiéíèìè åâîëþöiéíèìè ðiâíÿííÿ-
ìè ç ÷àñòèííèìè ïîõiäíèìè. Æ.Äåëüñàðò òà
Á.Ì.Ëåâiòàí ó òåîði¨ îïåðàòîðiâ óçàãàëüíå-
íîãî çñóâó âèêîðèñòàëè îïåðàòîðè ïåðåòâî-
ðåííÿ, ÿêi âèíèêëè â ïðîöåñi âèâ÷åííÿ ðiâ-
íÿíü Øòóðìà-Ëióâiëëÿ. Â.À.Ìàð÷åíêî çà-
ñòîñóâàâ îïåðàòîðè ïåðåòâîðåííÿ ïðè äîñëi-
äæåííi îáåðíåíèõ çàäà÷ ñïåêòðàëüíîãî àíà-
ëiçó òà àñèìïòîòè÷íî¨ ïîâåäiíêè ñïåêòðàëü-
íî¨ ôóíêöi¨ îïåðàòîðà Øòóðìà-Ëióâiëëÿ.

ÎïåðàòîðØòóðìà-Ëióâiëëÿ ïîðîäæó¹ ði-
çíi êðàéîâi çàäà÷i: ðåãóëÿðíi (x ïåðåáiãà¹
ñêií÷åííèé iíòåðâàë) òà ñèíãóëÿðíi (âèïà-
äîê íåñêií÷åííîãî ïðîìiæêó). Âîíè, ÿê âiäî-
ìî, âiäðiçíÿþòüñÿ ïîñòàíîâêàìè çàäà÷, ìå-
òîäàìè äîñëiäæåííÿ òà ñôåðàìè çàñòîñó-
âàíü. Ôóíêöi q íàçèâà¹òüñÿ ïîòåíöiàëîì;
ÿêùî q(x) = x2, x ∈ R, òî îïåðàòîð A íà-
çèâà¹òüñÿ ãàðìîíiéíèì îñöèëÿòîðîì. Âiäî-
ìî [1], ùî ãàðìîíiéíèì îñöèëÿòîð ¹ íåâiä'¹ì-
íèì ñàìîñïðÿæåíèì îïåðàòîðîì â ïðîñòîði
L2(R). Åâîëþöiéíå ðiâíÿííÿ

u′(t) + Au(t) = 0, t ∈ (0, T ], (1)

ç òàêèì îïåðàòîðîì âiäíîñèòüñÿ äî ðiâíÿíü
ïàðàáîëi÷íîãî òèïó, êîåôiöi¹íòè ÿêèõ íåî-
áìåæåíî çðîñòàþòü ïðè |x| → ∞. Ì.Ë. Ãîð-
áà÷óêîì, Â.I. Ãîðáà÷óê, Î.I. Êàøïiðîâñüêèì
[1] äîâåäåíî, ùî ðîçâ'ÿçîê ðiâíÿííÿ (1) çàâ-
æäè ìà¹ ãðàíè÷íå çíà÷åííÿ u(0) = lim

t→+0
u(t)

ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié íåñêií-
÷åííîãî ïîðÿäêó òèïó óëüòðàðîçïîäiëiâ (òè-
ïó S ′) i çà íèì çàâæäè îäíîçíà÷íî âiäíîâ-
ëþ¹òüñÿ. Ó ïðàöÿõ Ì.Ë. Ãîðáà÷óêà, Ï.I. Äó-
äíèêîâà, Ñ.Ä. Iâàñèøåíà, Â.Â. Ãîðîäåöüêî-
ãî, Â.À. Ëiòîâ÷åíêà òà ií. äîâåäåíî, ùî ïðî-
ñòîðè òèïó S ′ ¹ ìíîæèíàìè ïî÷àòêîâèõ äà-
íèõ çàäà÷i Êîøi äëÿ øèðîêèõ êëàñiâ ðiâ-
íÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íî-
ãî òèïó (äî ÿêèõ âiäíîñèòüñÿ i ðiâíÿííÿ (1)),
ïðè ÿêèõ ðîçâ'ÿçêè ¹ íåñêií÷åííî äèôåðåí-
öiéîâíèìè çà ïðîñòîðîâèìè çìiííèìè ôóí-
êöiÿìè. Ó ïðàöi [2] äîñëiäæó¹òüñÿ åâîëþöié-
íå ðiâíÿííÿ u′(t) + φ(A)u(t), t ∈ (0, T ], äå
φ(A) òðàêòó¹òüñÿ ÿê ãàðìîíiéíèé îñöèëÿòîð
íåñêií÷åííîãî ïîðÿäêó. Çíàéäåíî çîáðàæå-
ííÿ ãëàäêèõ ðîçâ'ÿçêiâ âêàçàíîãî ðiâíÿííÿ,
îïèñàíî ìíîæèíè ïî÷àòêîâèõ çíà÷åíü òàêèõ
ðîçâ'ÿçêiâ, íà ïiäñòàâi ÷îãî âñòàíîâëþ¹òüñÿ
êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi ç ïî÷à-
òêîâîþ ôóíêöi¹þ, ÿêà ¹ åëåìåíòîì ïðîñòîðó
óëüòðàðîçïîäiëiâ òèïó S ′.

Óçàãàëüíåííÿì çàäà÷i Êîøi ¹ íåëîêàëüíà
áàãàòî÷êîâà çà ÷àñîì çàäà÷à, êîëè ïî÷àòêî-
âà óìîâà u(t, ·)|t=0 = f çàìiíþ¹òüñÿ óìîâîþ
m∑
k=0

αku(t, ·)|t=tk = f , äå t0 = 0, {t1, ..., tm} ⊂
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(0, T ], {α0, α1, ..., αm} ⊂ R,m ∈ N - ôiêñîâàíi
÷èñëà (ÿêùî α0 = 1, α1 = α2 = ... = αm = 0,
òî ìà¹ìî, î÷åâèäíî, çàäà÷ó Êîøi).

Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà-
÷à âiäíîñèòüñÿ äî íåëîêàëüíèõ êðàéîâèõ çà-
äà÷ äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè,
òåîðiÿ ÿêèõ iíòåíñèâíî ðîçâèâà¹òüñÿ ç ñiì-
äåñÿòèõ ðîêiâ ìèíóëîãî ñòîëiòòÿ. Äîñëiäæå-
ííÿ òàêèõ çàäà÷ çóìîâëåíå áàãàòüìà çàñòî-
ñóâàííÿìè ó ìåõàíiöi, ôiçèöi, õiìi¨, áiîëîãi¨,
åêîëîãi¨ òà iíøèõ ïðèðîäíè÷î-íàóêîâèõ äè-
ñöèïëiíàõ, ÿêi âèíèêàþòü ïðè ìàòåìàòè÷íî-
ìó ìîäåëþâàííi òèõ ÷è iíøèõ ïðîöåñiâ [3-6].
Íà äîöiëüíiñòü âèêîðèñòàííÿ íåëîêàëüíèõ
óìîâ ç òî÷êè çîðó çàãàëüíî¨ òåîði¨ êðàéîâèõ
çàäà÷ âïåðøå âêàçàâ Î.Î.Äåçií [7], ÿêèé äî-
ñëiäæóâàâ ðîçâ'ÿçíi ðîçøèðåííÿ äèôåðåíöi-
àëüíèõ îïåðàòîðiâ, ïîðîäæåíèõ çàãàëüíîþ
äèôåðåíöiàëüíîþ îïåðàöi¹þ çi ñòàëèìè êî-
åôiöi¹íòàìè. Âií ïîêàçàâ, ùî äëÿ ïîñòàíîâ-
êè êîðåêòíî¨ êðàéîâî¨ çàäà÷i íåîáõiäíî âè-
êîðèñòîâóâàòè ïîðó÷ ç ëîêàëüíèìè i íåëî-
êàëüíi óìîâè. À.Õ.Ìàìÿí âñòàíîâèâ [8], ùî
iñíóþòü ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè
â øàði, äëÿ ÿêèõ íåìîæëèâî ñôîðìóëþâàòè
æîäíî¨ êîðåêòíî¨ ëîêàëüíî¨ çàäà÷i; âîäíî÷àñ
êîðåêòíi çàäà÷i iñíóþòü, ÿêùî çàëó÷èòè íå-
ëîêàëüíi óìîâè.

Ó äàíié ðîáîòi âñòàíîâëþ¹òüñÿ êîðåêòíà
ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà
÷àñîì çàäà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü ç ãàð-
ìîíiéíèì îñöèëÿòîðîì òà ôóíêöiÿìè âiä
òàêîãî îïåðàòîðà ó âèïàäêó, êîëè ãðàíè-
÷íà ôóíêöiÿ ¹ óçàãàëüíåíîþ ôóíêöi¹þ òè-
ïó óëüòðàðîçïîäiëiâ i îòîòîæíþ¹òüñÿ ç ïåâ-
íèì ôîðìàëüíèì ðÿäîì Ôóð'¹-Åðìiòà. Çà-
çíà÷èìî, ùî òàêà ïîñòàíîâêà çàäà÷i ¹ ïðèðî-
äíîþ, îñêiëüêè ãðàíè÷íà ôóíêöiÿ ìîæå ìà-
òè îñîáëèâiñòü â îäíié àáî äåêiëüêîõ òî÷êàõ
i äîïóñêà¹ ðåãóëÿðèçàöiþ ó òîìó ÷è iíøîìó
ïðîñòîði óçàãàëüíåíèõ ôóíêöié òèïó ðîçïî-
äiëiâ, óëüòðàðîçïîäiëiâ, ãiïåðôóíêöié òîùî.
Çíàéäåíî òàêîæ çîáðàæåííÿ ðîçâ'ÿçêó âêà-
çàíî¨ çàäà÷i.
1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-

íèõ åëåìåíòiâ.
Íåõàé A - íåâiä'¹ìíèé ñàìîñïðÿæåíèé

îïåðàòîð ç äèñêðåòíèì ñïåêòðîì ó ñåïàðà-
áåëüíîìó ãiëüáåðòîâîìó ïðîñòîði H çi ñêà-

ëÿðíèì äîáóòêîì (·, ·) òà íîðìîþ ||·||, {ek, ≥
1} - îðòîíîðìîâàíèé áàçèñ ç éîãî âëàñíèõ
âåêòîðiâ, {λk, k ≥ 1} - ïîñëiäîâíiñòü âiäïî-
âiäíèõ âëàñíèõ ÷èñåë, ðîçìiùåíèõ ó ïîðÿä-
êó çðîñòàííÿ; ïðè öüîìó êîæíå âëàñíå ÷è-
ñëî áåðåòüñÿ ñòiëüêè ðàçiâ, ÿêîþ¹ éîãî êðà-
òíiñòü,

∑
k:λk ̸=0

λ−pk <∞ ïðè äåÿêîìó p > 0.

Ïîçíà÷èìî

Φm = {φ ∈ H|φ =
m∑
k=1

ck,φek, ck,φ ∈ C},

Φ = lim
m→∞

indΦm

(î÷åâèäíî, ùî Φ ëåæèòü ùiëüíî â H i ¹ ií-
âàðiàíòíèì âiäíîñíî A), à ÷åðåç Φ′ - ïðîñòið
óñiõ àíòèëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíà-
ëiâ íà Φ çi ñëàáêîþ çáiæíiñòþ. Çiñòàâëåííÿ

H ∋ φ→ fφ ∈ Φ′ :< fφ, ψ >= (φ, ψ), ∀ψ ∈ Φ,

âèçíà÷à¹ âêëàäåííÿ H ⊂ Φ′ (< f, φ > ïîçíà-
÷à¹ äiþ ôóíêöiîíàëó f íà åëåìåíò φ). Åëå-
ìåíòè ç Φ′ íàçèâàòèìåìî óçàãàëüíåíèìè.

Íåõàé s - ïðîñòið óñiõ ÷èñëîâèõ ïîñëiäîâ-
íîñòåé {sk, k ≥ 1} (sk ∈ C) ç ïîêîîðäèíà-
òíîþ çáiæíiñòþ. Âiäîáðàæåííÿ

Φ ∋ f
F→{ck(f) =< f, ek >, k ≥ 1} ∈ s

¹ içîìîðôiçìîì [9]; ïðè öüîìó çáiæíiñòü ó Φ′

ðiâíîñèëüíà ïîêîîðäèíàòíié çáiæíîñòi âiä-
ïîâiäíèõ ïîñëiäîâíîñòåé â s. Çàóâàæèìî, ùî
F âiäîáðàæà¹ Φ íà ìíîæèíó ôiíiòíèõ ïî-
ñëiäîâíîñòåé â s, à H - íà l2; ïðè öüîìó
îïåðàòîðó A âiäïîâiäà¹ îïåðàöiÿ {sk, k ≥
1} → {λksk, k ≥ 1} i éîãî ìîæíà ïðîäîâ-
æèòè íà Φ′ äî íåïåðåðâíîãî îïåðàòîðà Â:
Âf = F−1{λkck(f), k ≥ 1}.

Íåõàé f ∈ Φ′. Ðÿä
∞∑
k=1

ckek, äå

ck =< f, ek >, íàçèâà¹òüñÿ ðÿäîì Ôóð'¹
åëåìåíòà f ∈ Φ′, à ÷èñëà ck - éîãî êîåôi-
öi¹íòàìè Ôóð'¹. Äëÿ äîâiëüíîãî åëåìåíòà
f ∈ Φ′ éîãî ðÿä Ôóð'¹ çáiãà¹òüñÿ â Φ′ äî f .

Íàâïàêè, äîâiëüíèé ðÿä
∞∑
k=1

ckek çáiãà¹òüñÿ

â Φ′ äî äåÿêîãî åëåìåíòà f ∈ Φ′ i öåé ðÿä
¹ ðÿäîì Ôóð'¹ äëÿ [9]. Îòæå, Φ′ ìîæíà
ðîçóìiòè ÿê ïðîñòið ôîðìàëüíèõ ðÿäiâ
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âèãëÿäó
∞∑
k=1

ckek. Çâiäñè âèïëèâà¹ òàêîæ, ùî

Φ ëåæèòü ùiëüíî â Φ′.
Ââåäåìî äåÿêi êëàñè åëåìåíòiâ, ïîâ'ÿçàíi

ç îïåðàòîðîì A. Ïîçíà÷èìî

H∞(A) = lim
α→+∞

prHα(A), Hα(A) = D(Aα)

(D(Aα) - îáëàñòü âèçíà÷åííÿ îïåðàòîðà Aα,

D(Aα) = {φ ∈ H|
∞∑
k=1

λ2αk |ck(φ)| <∞,

ck(φ) = (φ, ek), k ∈ N}

Aαφ =
∞∑
k=1

λαk ck(φ)ek, φ ∈ D(Aα)),

(φ, ψ)Hα := (φ, ψ) + (Aαφ,Aαψ),

{φ, ψ} ⊂ D(aα),

Gβ,B(A) := {φ ∈ H∞(A)|∃c, B > 0 ∀n ∈ N :

||Anφ|| ≤ cBnnnβ},
äå β > 0 - ôiêñîâàíèé ïàðàìåòð. Gβ,B(A) -
áàíàõîâèé ïðîñòið âiäíîñíî íîðìè

||φ||β,B = sup
n
(||Anφ||/(Bnnnβ))

Ïðîñòið G{β}{A} := lim
B→∞

indGβ,B(A) íà-

çèâà¹òüñÿ ïðîñòîðîì Æåâðå ïîðÿäêó β,
ïîðîäæåíèì îïåðàòîðîì A. ßêùî ÷åðåç
(H∞(A))′, (G{β}(A))

′ ïîçíà÷èòè ïðîñòîðè,
òîïîëîãi÷íî ñïðÿæåíi ç ïðîñòîðàìè H∞(A),
G{β}(A) âiäïîâiäíî, òî, çãiäíî ç [9], ïðèéäå-
ìî äî ëàíöþæêà ùiëüíèõ i íåïåðåâíèõ âêëà-
äåíü

Φ ⊂ G{β}(A) ⊂ H∞(A) ⊂ H ⊂ (H∞(A))′ ⊂

⊂ (G{β})
′ ⊂ Φ′, β > 1.

ÑèìâîëîìHα,β ïîçíà÷èìî ñóêóïíiñòü òèõ
åëåìåíòiâ f ∈Φ′, äëÿ ÿêèõ ïðè äåÿêîìó α>0

||f ||2Hα,β
:=

∞∑
k=1

exp(2αλ
1/β
k )|ck|2 <∞,

ck =< f, ek >, k ∈ N,
i ïîêëàäåìî H{β} := lim

α→+0
indHα,β. Âiäïîâiä-

íî, (H{β})
′ = lim

α→+0
pr(Hα,β)

′, ïðè÷îìó, ÿêùî

f ∈ (H{β})
′, òî (äèâ. [9]) äëÿ äîâiëüíîãî

α > 0

||f ||2(Hα,β)′
:=

∞∑
k=1

exp(−2αλ
1/β
k )|ck|2 <∞,

ck =< f, ek >, k ∈ N,

ßê äîâåäåíî â [9], G{β}(A) = H{β},
(G{β}(A))

′ = (H{β})
′.

Ïðîñòîðè G{β}(A), (G{β}(A))
′ ç òî÷êè çî-

ðó ïîâåäiíêè êîåôiöi¹íòiâ Ôóð'¹ ¨õíiõ åëå-
ìåíòiâ îïèñóþòüñÿ òàê [9]:

(f ∈ G{β}(A)) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ N :

|ck(f)| ≤ c exp(−µλ1/βk )),

(f ∈ (G{β}(A))
′) ⇔ (∀µ > 0 ∃c = c(µ) > 0

∀k ∈ N : |ck(f)| ≤ c exp(µλ
1/β
k )).

Íåõàé

{f1, f2}⊂Φ, f1=
∞∑
k=1

ck(f1)ek, f2=
∞∑
k=1

ck(f2)ek.

Ó ïðîñòîði Φ′ âèçíà÷èìî îïåðàöiþ ” ∗ ”,
ÿêó íàçâåìî �àáñòðàêòíîþ çãîðòêîþ� (àáî
ïðîñòî çãîðêîþ), çà ïðàâèëîì

f1 ∗ f2 =
∞∑
k=1

ck(f1)ck(f2)ek ≡
∞∑
k=1

ck(f1 ∗ f2)ek.

òîáòî f1 ∗ f2 - óçàãàëüíåíèé åëåìåíò ç ïðî-
ñòîðó Φ′, êîåôiöi¹íòè Ôóð'¹ ÿêîãî ïîâ'ÿçà-
íi ç êîåôiöi¹íòàìè Ôóð'¹ óçàãàëüíåíèõ åëå-
ìåíòiâ f1, f2 ñïiââiäíîøåííÿì ck(f1 ∗ f2) =
ck(f1) · ck(f2).
Çàóâàæåííÿ 1. Íåõàé H = L2[0, 2π] -

ãiëüáåðòiâ ïðîñòið 2π-ïåðiîäè÷íèõ ôóíêöié,
çàäàíèõ íà R. Ó öüîìó âèïàäêó

Φm = {φ ∈ H|φ =
m∑

k=−m

ck,φe
ikx,

ck,φ ∈ C, x ∈ R},m ∈ Z+,

òîáòî êîæíèé åëåìåíò ç Φm ¹ òðèãîíîìå-
òðè÷íèì ïîëiíîìîì ñòåïåíÿ m, Φ′ - ïðî-
ñòið óñiõ ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿ-
äiâ, ÿêi îòîòîæíþþòüñÿ iç óçàãàëüíåíèìè
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2π-ïåðiîäè÷íèìè ôóíêöiÿìè ÿê àíòèëiíié-
íèìè íåïåðåðâíèìè ôóíêöiîíàëàìè, çàäà-
íèìè íà ïðîñòîði òðèãîíîìåòðè÷íèõ ïîëiíî-
ìiâ. Çãîðòêà äâîõ óçàãàëüíåíèõ ïåðiîäè÷íèõ
ôóíêöié {f, g} ⊂ Φ′ âèçíà÷à¹òüñÿ òàê [1]:

< f ∗ g, φ >=< fx, < gy, φ(x+ y) >>,∀φ ∈ Φ.

Âîíà ìà¹ çìiñò, áî

< gy, φ(x+ y) >=< gy,

m∑
k=−m

ck,φe
ik(x+y) >=

=
m∑

k=−m

ck,φ < g, eiky > eikx ∈ Φ,

ïðè öüîìó

ck(f ∗ g) =< f ∗ g, e−ikx >=

=< f,< gy, e
−ik(x+y) >>=

=< f,< g, e−iky > e−ikx >=

= ck(f)ck(g), ∀{f, g} ⊂ Φ′.

Çâiäñè âèïëèâà¹ êîìóòàòèâíiñòü òà àñîöià-
òèâíiñòü çãîðòêè â Φ′, òîáòî Φ′ - êiëüöå (âiä-
íîñòíî çãîðòêè) ç îäèíèöåþ, ðîëü ÿêî¨ âè-
êîíó¹ äåëüòà-ôóíêöiÿ Äiðàêà. Òàêèì ÷èíîì,
f ∗ g - óçàãàëüíåíà 2π-ïåðiîäè÷íà ôóíêöiÿ
ç ïðîñòîðó Φ′, ÿêà îòîòîæíþ¹òüñÿ ç ðÿäîì
Ôóð'¹ âèãëÿäó

+∞∑
k=−∞

ck(f ∗ g)eikx =
+∞∑

k=−∞

ck(f)ck(g)e
ikx,

à çãîðòêà â Φ′ çáiãà¹òüñÿ ç �àáñòðàêòíîþ
çãîðòêîþ�, ââåäåíîþ ðàíiøå.

Iç ðåçóëüòàòiâ, íàâåäåíèõ â [10], âïëèâà-
þòü òàêi âëàñòèâîñòi àáñòðàêòíî¨ çãîðòêè: à)
f1 ∗ f2 ∈ (G{β}(A))

′ äëÿ äîâiëüíèõ f1, f2 ∈
(G{β}(A))

′; β ∈ (0, 1]; á) ÿêùî f ∈ (G{β}(A))
′,

òî f ∗ φ ∈ G{β}(A) òîäi é ëèøå òîäi, êîëè
φ ∈ G{β}(A), β ∈ (0, 1].
2. Ôóíêöi¨ Åðìiòà. Ôîðìàëüíi ðÿäè

Ôóð'¹-Åðìiòà
Ôóíêöiÿ F : R → R íàçèâà¹òüñÿ âàãîâîþ,

ÿêùî âîíà íåâiä'¹ìíà i òàêà, ùî àáñîëþòíî
çáiæíèìè ¹ iíòåãðàëè αn =

∫
R
xnF (x)dx, n ∈

Z+, ÿêi íàçèâàþòüñÿ ñòåïåíåâèìè ìîìåíòà-
ìè ôóíêöi¨ F . Çà F , çîêðåìà, ìîæíà âçÿòè

ôóíêöiþ exp(−x2), x ∈ R. Çà äîïîìîãîþ ìå-
òîäó ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà äîâåñòè
(äèâ. [11]), ùî

(e−x
2

)(n) = e−x
2

[n/2]∑
k=0

(−1)n−kn!

k!(n− 2k)!
(2x)n−2k,

n ∈ Z+, x ∈ R.
Îòæå, ôóíêöiÿ

Hn(x) = (−1)nex
2

(e−x
2

)(n), n ∈ Z+,

¹ ìíîãî÷ëåíîì ñòåïåíÿ n. Öåé ìíîãî÷ëåí íà-
çèâà¹òüñÿ ñòàíäàðòèçîâàíèì ìíîãî÷ëåíîì
Åðìiòà, à âiäïîâiäíà ôîðìóëà - ôîðìóëîþ
Ðîäðiãà. Ìíîãî÷ëåíè Hn, n ∈ Z+, îðòîãî-
íàëüíi íà R ç âàãîâîþ ôóíêöi¹þ F ; ïðè öüî-
ìó ∫

R

e−x
2

Hn(x)dx =
√
π · 2nn!, n ∈ Z+.

Îòæå, îðòîíîðìîâàíi ìíîãî÷ëåíè Åðìiòà
Ĥn, n ∈ Z+, ìàþòü âèãëÿä

Ĥn(x) =
hn(x)√√
π2nn!

=
(−1)n√√
π2nn!

ex
2

(e−x
2

)(n),

n ∈ Z+, x ∈ R.

Ìíîãî÷ëåíè Ĥn, n ∈ Z+, ïîáóäîâàíi çà
âàãîâîþ ôóíêöi¹þ F (x) = e−x

2
, x ∈ R,

óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó ïðîñòî-
ði L2(R, e−x

2
). Ó ïðîñòîði æ L2(R) îðòîíîð-

ìîâàíèé áàçèñ óòâîðþþòü ôóíêöi¨ Åðìiòà

hn(x) = e−x
2/2Ĥn(x) =

= (−1)nπ−1/4(2nn!)−1/2ex
2/2(e−x

2

)(n),

n ∈ Z+, x ∈ R.
Ôóíêöi¨ Åðìiòà äîïóñêàþòü ïðîäîâæåííÿ

â êîìïëåêñíó ïëîùèíó, ïðè öüîìó, ÿê äîâå-
äåíî â [12, ñ.39-43], äëÿ ôóíêöié Åðìiòà êîì-
ïëåêñíîãî àðãóìåíòó ïðàâèëüíèìè ¹ îöiíêè

|hn(x+ iy)| ≤

≤ cτ,n exp

(
− eτ − 1

4(eτ + 1)
x2 +

eτ + 1

eτ − 1
y2
)

≡

≡ cτ,n exp

(
−1

4
th(τ/2)x2 + cth(τ/2)y2

)
,
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n ∈ Z+, (2)

äå τ > 0 - äîâiëüíî ôiêñîâàíèé ïàðàìåòð,

cτ,n = max{eπ−1/2, π−1/4(e2τ − 1)−1/4}×

× exp

(
n+ 1

2
τ

)
.

Ó ïðîñòîði H = L2(R) ðîçãëÿíåìî ãàð-
ìîíiéíèé îñöèëÿòîð - íåâiä¹ìíèé ñàìîñïðÿ-
æåíèé îïåðàòîð A, ÿêèé ¹ çàìèêàííÿì îïå-
ðàòîðà −d2/dx2 + x2, çàäàíîãî íà ìíîæèíi
ôiíiòíèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R
ôóíêöié. Ñïåêòð öüîãî îïåðàòîðà äèñêðå-
òíèé, éîãî âëàñíi çíà÷åííÿ - ÷èñëà λ = 2k+
1, k ∈ Z+, à âiäïîâiäíèìè âëàñíèìè ôóíêöi-
ÿìè ¹ ôóíêöi¨ Åðìiòà hk, k ∈ Z+ [1]. Ïðîñòið
Φ ó äàíîìó âèïàäêó ñêëàäà¹òüñÿ ç ôóíêöié
âèãëÿäó

φ(x) =
m∑
k=0

ck,φhk(x), ck,φ ∈ C, k ∈ R,m ∈ Z+.

Îñêiëüêè

h′k(x) =

√
k

2
hk−1(x)−

√
k + 1

2
hk+1(x),

k ∈ N, x ∈ R,

h′0(x) = − 1√
2
h1(x), x ∈ R,

òî φ′ ∈ Φ, ÿêùî φ ∈ Φ, ïðè÷îìó φ′
ν → φ′,

ν → ∞, ó ïðîñòîði Φ, êîëè φν → φ, ν → ∞,
ó ïðîñòîði Φ. Îòæå, ó ïðîñòîði Φ âèçíà÷åíà
i íåïåðåðâíà îïåðàöiÿ äèôåðåíöiþâàííÿ.

Ó ïðîñòîði Φ′, òîïîëîãi÷íî ñïðÿæåíîìó ç
Φ, îïåðàöiÿ äèôåðåíöiþâàííÿ âèçíà÷à¹òüñÿ
ôîðìóëîþ

∀f ∈ Φ′ :< f (n), φ >= (−1)n < f, φ(n) >,

φ ∈ Φ, n ∈ N.

Öÿ îïåðàöiÿ ëiíiéíà i íåïåðåðâíà â Φ′,
îñêiëüêè òàêîæ ¹ âiäïîâiäíà îïåðàöiÿ â ïðî-
ñòîði Φ. Îòæå, êîæíèé åëåìåíò ç ïðîñòîðó
Φ′ ¹ íåñêií÷åííî äèôåðåíöiéîâíèì.

Ðÿä
∞∑
k=0

ckhk, äå ck =< f, hk >, íàçèâà¹-

òüñÿ ðÿäîì Ôóð'¹-Åðìiòà ôóíêöiîíàëó f ∈

Φ′, à ÷èñëà ck, k ∈ Z+ - éîãî êîåôiöi¹íòà-
ìè Ôóð'¹ (íàäàëi åëåìåíòè ïðîñòîðó Φ′ íà-
çèâàòèìåìî óçàãàëüíèìè ôóíêöiÿìè). Ïðî-
ñòið Φ′ ó äàíîìó êîíêðåòíîìó âèïàäêó ìî-
æíà ðîçóìiòè ÿê ïðîñòið ôîðìàëüíèõ ðÿäiâ

âèãëÿäó
∞∑
k=0

ckhk.

3. Ïðîñòîðè òèïó S òà S ′

I.Ì.Ãåëüôàíä i Ã.�.Øèëîâ ââåëè â [13] ñå-
ðiþ ïðîñòîðiâ, íàçâàíèõ íèìè ïðîñòîðàìè
òèïó S. Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äè-
ôåðåíöiéîâíèõ íà R ôóíêöié, íà ÿêi íàêëà-
äàþòüñÿ ïåâíi óìîâè ñïàäàííÿ íà íåñêií÷åí-
íîñòi. Öi óìîâè çàäàþòüñÿ çà äîïîìîãîþ íå-
ðiâíîñòåé

|xkφ(n)| ≤ ckn, {k, n} ⊂ Z+, x ∈ R,

äå {ckn} - äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äî-
äàòíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâ-
íîñòi {ckn} íå íàêëàäàþòüñÿ íiÿêi îáìåæåí-
íÿ (òîáòî ckn çìiíþþòüñÿ äîâiëüíèì ÷èíîì
ðàçîì ç ôóíêöi¹þ φ), òî ìà¹ìî, î÷åâèäíî,
ïðîñòið S Ë.Øâàðöà øâèäêî ñïàäíèõ íà íå-
ñêií÷åííîñòi ôóíêöié. ßêùî æ ÷èñëà ckn çà-
äîâîëüíÿþòü ïåâíi óìîâè, òî âiäïîâiäíi êîí-
êðåòíi ïðîñòîðè ìiñòÿòüñÿ â S i íàçèâàþòüñÿ
ïðîñòîðàìè òèïó S. Îçíà÷èìî äåÿêi ç íèõ.

Äëÿ äîâiëüíèõ ôiêñîâàíèõ α, β > 0 ïî-
êëàäåìî

Sαβ (R) ≡ Sαβ :≡
{
φ ∈ S|∃c > 0 ∃A > 0

∃B > 0 ∀{k, n} ⊂ Z+

}
∀x ∈ R : |xkφ(n)| ≤ cAkBnkkαnnβ.

Ââåäåíi ïðîñòîðè ìîæíà îõàðàêòåðèçóâàòè
ùå é òàê [13].
Sαβ ñêëàäà¹òüñÿ ç òèõ é ëèøå òèõ íåñêií-

÷åííî äèôåðåíöiéîâíèõ íà ôóíêöié, ÿêi çà-
äîâîëüíÿþòü íåðiâíîñòi

|φ(n)(x)| ≤ cBnnnβ exp(−a|x|1/α),

n ∈ Z+, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c, b i a, çàëå-
æíèìè ëèøå âiä ôóíêöi¨ φ.

ßêùî 0 < β < 1 i α ≥ 1 − β, òî Sβα ñêëà-
äà¹òüñÿ ç òèõ i òiëüêè òèõ ôóíêöié φ, ÿêi
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àíàëiòè÷íî ïðîäîâæóþòüñÿ â C i çàäîâîëü-
íÿþòü íåðiâíiñòü

|φ(x+ iy)| ≤ c exp(−a|x|1/α + b|y|1/(1−β)),

c, a, b > 0.

Ïðîñòið S1
α, α > 0, ñêëàäà¹òüñÿ ç ôóíêöié

φ, ÿêi àíàëiòè÷íî ïðîäîâæóþòüñÿ â äåÿêó
ñìóãó |y| < δ (çàëåæíó âiä φ) i ïðè öüîìó

|φ(x+iy)| ≤ c exp(−a|x|1/α), c, a, δ > 0, x ∈ R.

Ïðîñòîðè Sβα íå ¹ òðèâiàëüíèìè çà óìîâè
α + β ≥ 1 i óòâîðþþòü ùiëüíi â L2(R) ìíî-
æèíè. Ïðè β > 1 ïðîñòið Sβα ìiñòèòü ôiíiòíi
ôóíêöi¨.

Òîïîëîãi÷íà ñòðóêòóðà â ïðîñòîði Sβα âè-
çíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,Bα,A ïîçíà÷èìî
ñóêóïíiñòü ôóíêöié φ ∈ Sβα, ÿêi çàäîâîëüþòü
óìîâó:

∀δ > 0 ∀ρ > 0 ∃cδρ :

|xkφ(n)(x)| ≤ cδρ(A+ δ)k(B + ρ)nkkαnnβ,

{k, n} ⊂ Z+, x ∈ R.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé
çëi÷åííî-íîðìîâàíèé ïðîñòið, ÿêùî â íié
ââåñòè ñèñòåìó íîðì

||φ||δ,ρ = sup
x,k,n

|xkφ(n)(x)

(A+ δ)k(B + ρ)nkkαnnβ
,

{δ, ρ} ⊂
{
1,

1

2
,
1

3
, ...
}
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

α,A1
íåïåðåðâíî

âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβα =

∪
A,B>0

Sβ,Bα,A .

ßêùî P - äåÿêèé ôiêñîâàíèé ìíîãî÷ëåí,
òî ó ïðîñòîði Sβα âèçíà÷åíà i íåïåðåðâíà
îïåðàöiÿ ìíîæåííÿ íà P . Çîêðåìà, çâiä-
ñè âèïëèâà¹, ùî ôóíêöi¨ Åðìiòà hk, k ∈
Z+, íàëåæèòü äî ïðîñòîðó S

1/2
1/2 . Ñïðàâäi,

| exp(−z2/2)| = exp(−x2/2 + y2/2), ÿêùî
z = x + iy i 1/α = 1/(1 − β) = 2, òîáòî
α = β = 1/2, à êîæíà ôóíêöiÿ Åðìiòà ìà¹
âèãëÿä P (x) exp(−x2/2), äå P - ìíîãî÷ëåí
Åðìiòà. Çàóâàæèìî, ùî öåé æå ôàêò âèïëè-
âà¹ òàêîæ ç îöiíêè (2).

Â Sβα âèçíà÷åíi i íåïåðåðâíi îïåðàöi¨ çñó-
âó àðãóìåíòó i äèôåðåíöiþâàííÿ, ÿêi ïåðå-
âîäÿòü Sβα â ñåáå. Âiäçíà÷èìî òàêîæ, ùî ïðî-
ñòîðè Sβα ¹ äîñêîíàëèìè [13], òîáòî ïðîñòî-
ðàìè, óñi îáìåæåíi ìíîæèíè ÿêèõ êîìïà-
êòíi.

Ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóí-
êöiîíàëiâ íà Sβα çi ñëàáêîþ çáiæíiñòþ ïî-
çíà÷à¹òüñÿ ñèìâîëîì (Sβα)

′. Åëåìåíòè ç (Sβα)
′

íàçèâàþòüñÿ óëüòðàðîçïîäiëàìè Æåâðå ïî-
ðÿäêó β.

Ó ïðàöi [1] äîâåäåíî, ùî Sβ/2β/2 = G{β}(A)

ïðè β ≥ 1, äå A - ãàðìîíiéíèé îñöèëÿ-
òîð. Òîäi, ÿê âèïëèâà¹ iç çàãàëüíî¨ òåîði¨ íå-
âiä'¹ìíèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ ç äèñ-
êðåòíèì ñïåêòðîì (äèâ. ï.1), ïðîñòîðè Sββ ,

(Sββ )
′, β ≥ 1/2, ìîæíà îõàðàêòåðèçóâàòè òàê.

ßêùî f =
∞∑
k=0

ckhk ∈ Φ′, ck =< f, hk >,

òî ïðàâèëüíèì ¹ òàêi ñïiââiäíîøåííÿ åêâi-
âàëåíòíîñòi:

a)(f ∈ Sββ ) ⇔
(
∃µ > 0 ∃c > 0 ∀k ∈ Z+ :

|ck| ≤ c exp(−µ(2k + 1)1/(2β))
)
; (3a)

á) f ∈ (Sββ )
′) ⇔

(
∀µ > 0∃c = c(µ) > 0

∀k ∈ Z+ : |ck| ≤ c exp(µ(2k + 1)1/(2β))
)
. (3á)

4. Ôóíêöi¨ âiä ãàðìîíiéíîãî îñöèëÿ-
òîðà

Íåõàé A - íåâiä'¹ìíèé ñàìîñïðÿæåíèé
îïåðàòîð â ñåïàðàáåëüíîìó ãiëüáåðòîâîìó
ïðîñòîði H çi ùiëüíîþ â H îáëàñòþ âèçíà-
÷åííÿ D(A), f : [0,∞) → [0,∞) - äåÿêà
íåïåðåðâíà ôóíêöiÿ, ìîíîòîííî çðîñòà¹ íà
[0,∞), lim

λ→+∞
f(λ) = +∞. Çà ôóíêöi¹þ f òà

îïåðàòîðîì A íà ìíîæèíi

D(f(A)) = {φ ∈ H|
∞∫
0

f 2(λ)d(Eλφ, φ) <∞},

äå Eλ, λ ∈ [0,∞) - ðîçêëàä îäèíèöi (ñïå-
êòðàëüíà ôóíêöiÿ) îïåðàòîðà A, ïîáóäó¹ìî
îïåðàòîð f(A):

f(A)φ =

∞∫
0

f(λ)dEλφ, φ ∈ D(f(A)), (4)
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ÿêèé òàêîæ ¹ íåâiä'¹ìíèì i ñàìîñïðÿæåíèì
â H, ïðè öüîìó D(f(A)) = H [1]. Iíòåãðàë
(4) áåðåòüñÿ, ôàêòè÷íî, ëèøå ïî ñïåêòðó
σ(A) îïåðàòîðà A, òîáòî

f(A)φ =

∫
σ(A)

f(λ)dEλφ, φ ∈ D(f(a)).

ßêùî A - ãàðìîíiéíèé îñöèëÿòîð, òî
σ(A) = {λk, k ∈ Z+}, äå λk = 2k + 1.
Ñïåêòðàëüíà ôóíêöiÿ Eλ, λ ∈ [0,∞), îïå-
ðàòîðà A êóñêîâî-ñòàëà i ìà¹ ðîçðèâè ëè-
øå â òî÷êàõ λk, k ∈ Z+, ïðè÷îìó ñòðèáîê
Eλk+0 − Eλk ¹ îïåðàòîðîì ïðîåêòóâàííÿ íà
âëàñíèé ïiäïðîñòið îïåðàòîðà A, ùî âiäïî-
âiäà¹ âëàñíîìó çíà÷åííþ λk. Öåé ïiäïðî-
ñòið îäíîâèìiðíèé, âiäïîâiäíà ôóíêöiÿ Åð-
ìiòà hk óòâîðþ¹ éîãî áàçèñ. Îòæå,

(Eλk+0 − Eλk)φ = (φ, hk) · hk = ck(φ)hk;

ñïåêòðàëüíà ôóíêöiÿ Eλ, λ ∈ [0,∞), ó öüîìó
âèïàäêó ìà¹ âèãëÿä

(Eλφ)(x) =
∑
λk<λ

ck(φ)hk(x), φ ∈ L2(R),

à iíòåãðàëà (4) ¹ òàêèì:

(f(A)φ)(x)=
∞∑
k=0

f(λk)ck(φ)hk(x), φ ∈ D(f(A)),

ïðè öüîìó

D(f(A)) =
{
φ ∈ L2(R)|

∞∑
k=0

f 2(λk)×

×|ck(φ)|2 <∞, λk = 2k + 1
}

f(λk) - âëàñíi çíà÷åííÿ îïåðàòîðà f(A).
Íàäàëi âèêîðèñòîâóâàòèìåìî ïîçíà÷åí-

íÿ: f(A) := Af .
Îïåðîòîð f(A) ïðîäîâæèìî íà Φ′ äî íå-

ïåðåðâíîãî îïåðàòîðà f̂(A):

f̂(A)φ = F−1{f(λk)ck(φ)}∞k=0,

Φ′ ∋ φ =
∞∑
k=0

ck(φ)hk.

Ðîçãëÿíåìî óçàãàëüíåíèé åëåìåíò (óçà-
ãàëüíåíó ôóíêöiþ) Gf ç ïðîñòîðó Φ′,

ïîáóäîâàíèé çà ôóíêöi¹þ f : Gf =
∞∑
k=0

f(λk)hk(x). Òîäi f̂(A) - îïåðàòîð çãîðòêè,

ÿêèé äi¹ ó ïðîñòîði Φ′ çà ïðàâèëîì:

f̂(A)φ = Gα ∗ φ =
∞∑
k=0

f(λk)ck(φ)hk.

Îïåðàòîð f(A) ≡ Af ðîçóìiòèìåìî ÿê
çâóæåííÿ îïåðàòîðà f(A) íà ïðîñòið S1/2

1/2 =

G{1}(A).
Ëåìà 1.Îïåðàòîð Af íåïåðåðâíèé ó ïðî-

ñòîði S
1/2
1/2 òîäi é ëèøå òîäi, êîëè Gf ∈

(S
1/2
1/2)

′.

Äîâåäåííÿ. Íåõàé Gf ∈ (S
1/2
1/2)

′. Ïåðåä-
óñiì çàçíà÷èìî, ùî ç âëàñòèâîñòåé àáñòðà-
êòíî¨ çãîðòêè (äèâ. ï.1) âèïëèâà¹, ùî Gf ∗
φ ∈ (S

1/2
1/2)

′ äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ (S
1/2
1/2)

′.

Îòæå, îïåðàòîð Af âiäîáðàæà¹ ïðîñòið S
1/2
1/2

â ñåáå. Äîâåäåìî, ùî Af íåïåðåðâíèé îïåðà-
òîð ó ïðîñòîði S1/2

1/2 , òîáòî êîæíó îáìåæåíó
ìíîæèíó öüîãî ïðîñòîðó âií âiäîáðàæà¹ ó
îáìåæåíó ìíîæèíó öüîãî æ ïðîñòîðó (çà-
çíà÷èìî, ùî ó ïðîñòîði S1/2

1/2 êëàñ íåïåðåðâ-
íèõ îïåðàòîðiâ ñïiâïàäà¹ ç êëàñîì îáìåæå-
íèõ îïåðàòîðiâ [13]).

Îñêiëüêè Gf ∈ (S
1/2
1/2)

′, òî

∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+ :

f(λk) ≤ ceµλk , λk = 2k + 1, k ∈ Z+. (5)

Íåõàé L - îáìåæåíà ìíîæèíà â ïðîñòîði
S
1/2
1/2 = G{1}(A) =

∪
α>0

Hα,1. Òîäi L - îáìåæåíà

ìíîæèíà â ãiëüáåðòîâîìó ïðîñòîði Hα,1 ïðè
äåÿêîìó α > 0, òîáòî

∃b > 0 ∀ψ ∈ L : ∥ψ∥2Hα,1
=

=
∞∑
k=0

e2α(2k+1)|ck(ψ)|2 ≤ b,

àáî

∃b1 > 0 ∀ψ ∈ L : |ck(ψ)| ≤ b1e
−α(2k+1), k ∈ Z+.

Â íåðiâíîñòi (5) ïîêëàäåìî µ = α/2. Òîäi

|ck(Afψ)| = f(2k + 1)|ck(ψ)| ≤
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≤ cb1e
−(α−µ)(2k+1) =

= b2e
−α1(2k+1), α1 = α/2, b2 = cb1

i

|ck(Afψ)|e
α1
2
(2k+1) ≤ b2e

−α1
2
(2k+1), k ∈ Z+.

Çâiäñè âæå âèïëèâà¹ çáiæíiñòü ðÿäó
∞∑
k=0

|ck(Afψ)|2 exp(α1(2k+ 1)). Îòæå, ìíîæè-

íà AfL îáìåæåíà â ïðîñòîði Hα1
2
,1 = Hα

4
,1,

òîáòî â ïðîñòîði S1/2
1/2 . Îáåðíåíå òâåðäæåííÿ

äîâîäèòüñÿ àíàëîãi÷íî.
Çàóâàæåííÿ 2. Óìîâà Gf ∈ (S

1/2
1/2) åêâi-

âàëåíòíà òàêié óìîâi íà ôóíêöiþ f :

∀µ > 0 ∃c = c(µ) > 0 : 0 ≤ f(α) ≤ ceµλ,

λ ∈ [0,∞). (6)

Çàçíà÷èìî òàêîæ, ùî ÿêùî f(λ) = λn,
λ ∈ [0,∞) (n ∈ N - ôiêñîâàíå), òî f çàäî-
âîëüíÿ¹ óìîâó (6), òîáòî îïåðàòîð f(A) =
An = (−d2/dx2 + x2)n îáìåæåíèé (íåïåðåðâ-
íèé) â ïðîñòîði S1/2

1/2 . Öåé æå ðåçóëüòàò âè-
ïëèâà¹ ç òàêèõ ìiðêóâàíü. Âiäîìî [1], ÿêùî
φ ∈ S, òî An, äå A - ãàðìîíiéíèé îñöèëÿòîð,
äi¹ íà φ çà ïðàâèëîì

(Anφ)(x) =
∑

0≤p+q≤2n

c(n)p,qx
pφ(q)(x), x ∈ R (7)

ïðè öüîìó êîåôiöi¹íòè c
(n)
p,q çàäîâîëüíÿþòü

íåðiâíîñòi
|c(n)p,q | ≤ 10nnn−

1
2
(p+q).

Îñêiëüêè â ïðîñòîði S1/2
1/2 âèçíà÷åíi i ¹ íåïå-

ðåðâíèìè îïåðàöi¨ ìíîæåííÿ íà íåçàëåæíó
çìiííó òà äèôåðåíöiþâàííÿ, òî ç (7) âèïëè-
âà¹ íåïåðåðâíiñòü îïåðàòîðà An ó ïðîñòîði
S
1/2
1/2 .
Íàäàëi ââàæàòèìåìî, ùî ôóíêöiÿ f äî-

äàòêîâî çàäîâîëüíÿ¹ óìîâó

∃d0 > 0 ∀λ ∈ [0,∞) : f(λ) ≥ d0λ. (8)

5. Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷à-
ñîì çàäà÷à

Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ

∂u

∂t
+ Afu = 0, (t, x) ∈ (0, T ]× R ≡ Ω, (9)

äå Af - îïåðàòîð, ïîáóäîâàíèé ó ï.4. Ïiä
ðîçâ'ÿçêîì ðiâíÿííÿ (9) ðîçóìiòèìåìî ôóí-
êöiþ u(t, ·) ∈ C1((0, T ], S

1/2
1/2), ÿêà çàäîâîëü-

íÿ¹ öå ðiâíÿííÿ.
Ïîñòàâèìî çàäà÷ó: çíàéòè ôóíêöiþ u,

ÿêà ¹ ðîçâ'ÿçêîì ðiâííÿííÿ (9) òà çàäîâîëü-
íÿ¹ óìîâó

µu(0, ·)−
m∑
k=1

µku(tk, ·) = g, g ∈ L2(R), (10)

äå m ∈ N, {µ, µ1, ..., µm} ⊂ (0,∞),
{t1, ..., tm} ⊂ (0, T ] - ôiêñîâàíi ÷èñëà, µ >
m∑
k=1

µk, t1 < t2 < ... < tm ≤ T . Ïðè öüî-

ìó u(0, ·) ðîçóìi¹ìî ÿê lim
t→+0

u(t, ·), äå ãðà-

íèöÿ ðîçãëÿäà¹òüñÿ â L2(R), òîáòî ââàæà-
¹ìî, ùî iñíó¹ ôóíêöiÿ u0(·) ∈ L2(R) òà-
êà, ùî ∥u(t, ·) − u0(·)∥L2(R) → 0, t → +0,
u0(x) ≡ u(0, x).

Íàäàëi çàäà÷ó (9), (10) íàçèâàòèìåìî íå-
ëîêàëüíîþ áàãàòîòî÷êîâîþ çà ÷àñîì çàäà-
÷åþ äëÿ ðiâíÿííÿ (9).

Íåõàé u - ðîçâ'ÿçîê ðiâíÿííÿ (9). Îñêiëü-
êè u(t, ·) ∈ S

1/2
1/2 ⊂ L2(R) ïðè êîæíîìó t ∈

(0, T ], òî

u(t, x) =
∞∑
k=0

c̃k(t)hk(x), (t, x) ∈ Ω,

c̃k(t) ≡ ck(u(t, ·)) = (u(t, ·), hk)H ,

h = L2(R), k ∈ Z+,

ïðè÷îìó

∥u(t, ·)∥2 =
∞∑
k=0

|c̃k(t)|2, t ∈ (0, T ].

Äëÿ âiäøóêàííÿ c̃k(t) äîìíîæèìî (9) ñêà-
ëÿðíî íà hk, k ∈ Z+; â ðåçóëüòàòi ïðèéäåìî
äî ñïiââiäíîøåííÿ

(u′t, hk) + (Afu, hk) = 0.

Ïðè ôiêñîâàíîìó k ∈ Z+ ìà¹ìî:

(Afu, hk) = (u,Afhk) = (u, f(λk)hk) =

= f(λk)(u, hk) = f(λk)c̃k(t), λk = 2k + 1,
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(òóò âðàõîâàíî, ùî hk - âëàñíà ôóíêöiÿ îïå-
ðàòîðà Af , à f(λk) - éîãî âëàñíå ÷èñëî).

Iç äèôåðåíöiéîâíîñòi u(t, ·) (çà çìiííîþ
t ∈ (0, T ]) âèïëèâà¹ äèôåðåíöiéîâíiñòü ôóí-
êöié c̃k(t) = (u(t, ·), hk) íà (0, T ]. Îòæå,

d

dt
c̃k(t) =

d

dt
(u(t, ·), hk) =

( d
dt
u(t, ·), hk

)
,

k ∈ Z+.
Çàóâàæèìî òàêîæ, ùî iñíó¹ lim

t→+0
c̃k(t) =

c̃k(0) = ck(u(0.·)). Ñïðàâäi,

c̃k(t) = (u(t, ·), hk), c̃k(0) = (u(0, ·), hk),

|c̃k(t)− c̃k(0)| = |(u(t, ·)− u(0, ·), hk)| ≤
≤ ∥u(t, ·)− u(0, ·)∥ → 0, t→ +0.

Ôóíêöiÿ c̃k(t) çàäîâîëüíÿ¹ ðiâíÿííÿ

c̃k
′(t) + f(λk)c̃k(t) = 0, k ∈ Z+,

çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ìà¹ âèãëÿä:

c̃k(t) = ck exp(−tf(λk)), ck = const, k ∈ Z+.

Òîäi

u(t, x)=
∞∑
k=0

ck exp(−tf(λk))hk(x), (t, x) ∈ Ω.

(11)
Äëÿ âiäøóêàííÿ ck, k ∈ Z+, ïîìíîæèìî

(10) ñêàëÿðíî íà hk, k ∈ Z+; ó ðåçóëüòàòi
ïðèéäåìî äî ñïiââiäíîøåííÿ:

µc̃k(0)−
m∑
n=1

µkc̃k(tn) = ck(g),

ck(g) = (g, hk), k ∈ Z+.

Óðàõóâàâøè âèãëÿä c̃k(t) çíàéäåìî, ùî

ck

(
µ−

m∑
n=1

µn exp(−tnf(λk))
)
= ck(g).

Îòæå,

ck = ck(g)
(
µ−

m∑
n=1

µn exp(−tnf(λk))
)−1

,

k ∈ Z+.
Ââåäåìî ïîçíà÷åííÿ:

Q1(t, λk) := exp(−tf(λk)),

Q2(λk) :=
(
µ−

m∑
n=1

µn exp(−tnf(λk))
)−1

≡

≡
(
µ−

m∑
n=1

µnQ1(tn, λk)
)−1

.

Òîäi

c̃k(t) ≡ ck(u(t, ·)) = Q1(t, λk)q2(λk)ck(g),

u(t, x) =
∞∑
k=0

c̃k(t)hk(x) =

=
∞∑
k=0

Q1(t, λk)Q2(λk)ck(g)hk(x) = (12)

= G(t, x) ∗ g(x), (t, x) ∈ Ω,

äå

g(x) =
∞∑
k=0

ck(g)hk(x),

G(t, x) =
∞∑
k=0

Q1(t, λk)Q2(λk)hk(x).

Iç îáìåæåíü, íàêëàäåíèõ íà ôóíêöiþ f òà
ïàðàìåòðè çàäà÷i (9), (10) âèïëèâà¹, ùî ïðè
êîæíîìó t ∈ (0, T ] ñïðàâäæóþòüñÿ íåðiâíî-
ñòi

|ck(G)| = |Q1(t, λk)| · |Q2(λk)| ≤

≤ c1 exp(−d0tλk)
(
µ−

m∑
n=1

µn exp(−d0tnλk)
)−1

≤

≤ c1

(
µ−

m∑
n=1

µn

)−1

exp(−d0tλk),

λk = 2k + 1, k ∈ Z+

(òóò âðàõîâàíî, ùî µ >
m∑
n=1

µn). Çâiäñè òà

ç õàðàêòåðèñòèêè êëàñó S
1/2
1/2 âèïëèâà¹, ùî

G(t, ·) ∈ S
1/2
1/2 ïðè êîæíîìó t ∈ (0, T ]. Îñêiëü-

êè u(t, ·) = G(t, ·) ∗ g, äå g ∈ H ⊂ (S
1/2
1/2)

′ =

(G{1}(A))
′, òî íà ïiäñòàâi âiäïîâiäíî¨ âëà-

ñòèâîñòi àáñòðàêòíî¨ çãîðòêè òâåðäèìî, ùî
u(t, ·) ∈ S

1/2
1/2 ïðè êîæíîìó t ∈ (0, T ].

Ðîçâ'ÿçîê çàäà÷i (9), (10) ¹äèíèé. Äëÿ
äîâåäåííÿ öi¹¨ âëàñòèâîñòi ñêîðèñòà¹ìîñÿ
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òèì, ùî ðîçâ'ÿçîê ðiâíÿííÿ (9) çîáðàæà¹-
òüñÿ ôîðìóëîþ (11), òîáòî

u(t, x) =
∞∑
k=0

ck(G1)ck(g̃)hk(x) ≡

≡ G1(t, x) ∗ g̃(x), (13)

äå g̃ =
∞∑
k=0

ck(g̃)hk(x), ck(g̃) = (g̃, hk),

G1(t, x) :=
∞∑
k=0

Q1(t, λk)hk(x), G1(t, x) - ôi-

êñîâàíà ôóíêöiÿ ç ïðîñòîðó S
1/2
1/2 (ïðè êî-

æíîìó t ∈ (0, T ]), g̃ - äîâiëüíà ôóíêöiÿ ç
L2(R) (òå, ùî G1(t, ·) ∈ S

1/2
1/2 âèïëèâà¹ ç îöií-

êè |Q1(t, λk)| ≤ c exp(−d0tλk) òà òâåðäæåííÿ
3à))

Çàóâàæèìî, ùî ïðàâèëüíèì ¹ i îáåðíåíå
òâåðäæåííÿ: ÿêùî ôóíêöiÿ u(t, x) ìà¹ âè-
ãëÿä (13) (àáî æ (11)), òî âîíà ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (9). Ñïðàâäi,

Afu =
∞∑
k=0

f(λk)ck(u)hk =

=
∞∑
k=0

ckf(λk) exp(−tf(λk))hk.

Ôóíêöiÿ u(t, x) äèôåðåíöiéîâíà ïî t (ïðè êî-
æíîìó x ∈ R). Ñïðàâäi, íåõàé t ∈ [ε, T ], äå
ε > 0. Äîâåäåìî, ùî ðÿä

−
∞∑
k=0

ckf(λk) exp(−tf(λk))hk(x) :=γ(t, x)(14)

çáiãà¹òüñÿ ðiâíîìiðíî ïî t (ïðè ôiêñîâàíîìó
x ∈ R), áî òîäi ∂u(t, x)/∂t = γ(t, x), t ∈ [ε, T ].
Îñêiëüêè |hk(x)| ≤ 1, k ∈ Z+, x ∈ R, òî,
âíàñëiäîê (8) çíàéäåìî, ùî

| − ckf(λk) exp(−tf(λk))hk(x)| ≤

≤ |ck|f(λk) exp(−εf(λk)) ≤

≤ 2c

ε
exp

(
− εd0

2
λk

)
, λk = 2k + 1, k ∈ Z+.

(òóò âðàõîâàíî òàêîæ, ùî
∞∑
k=0

|ck|2 ≤ c <

+∞). Îòæå, ðÿä (14) çáiãà¹òüñÿ ðiâíîìið-
íî ïðè t ≥ ε. Öèì äîâåäåíî, ùî ôóí-
êöiÿ u(t, x) äèôåðåíöiéîâíà ïî t íà âiäðiçêó

[ε, T ]. Îñêiëüêè ε > 0 - äîâiëüíå, òî ôóí-
êöiÿ u(t, x) äèôåðåíöiéîâíà ïî t íà ïðîìiæ-
êó (0, T ], ïðè öüîìó ïðàâèëüíèì ¹ ñïiââiäíî-
øåííÿ ∂u(t, x)/∂t = γ(t, x), t ∈ (0, T ], x ∈ R.
Çâiäñè âæå âèïëèâà¹, ùî u - ðîçâ'ÿçîê ðiâ-
íÿííÿ (9).

Òàêèì ÷èíîì, ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿç-
êîì ðiâíÿííÿ (9) òîäi é ëèøå òîäi, êîëè âî-
íà çîáðàæà¹òüñÿ ôîðìóëîþ (11) (àáî (13)).
Ó çâ'ÿçêó ç öèì çàäà÷ó (9), (10) ìîæíà ðîçó-
ìiòè òàê: ó ìíîæèíi ðîçâ'ÿçêiâ ðiâíÿííÿ (9)
âèãëÿäó (11) (àáî (13)) çíàéòè ôóíêöiþ, ÿêà
çàäîâîëüíÿ¹ óìîâó (10). Öÿ ôóíêöiÿ äà¹òüñÿ
ôîðìóëîþ (12), ïðè öüîìó ck(g)Q2(λk) =
ck(g̃), k ∈ Z+. ßêùî g = 0, òî ck(g) = 0,
∀k ∈ Z+, çâiäêè é âèïëèâà¹ ñïiââiäíîøåí-
íÿ u(t, x) = 0 äëÿ êîæíîãî t ∈ (0, T ], ùî é
äîâîäèòü ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (9), (10).

Äîâåäåìî òåïåð, ùî ðîçâ'ÿçîê çàäà÷i (9),
(10) íåïåðåðâíî çàëåæèòü âiä óìîâè (10).
Íåõàé {g, gn, n ≥ 1} ⊂ H, H = L2(R), ïðè-
÷îìó gn → g, n → ∞, ó ïðîñòîði H, òîáòî
∥gn − g∥ → 0 ïðè n → ∞. Öå ðiâíîñèëüíî

òîìó, ùî
∞∑
k=0

|ck(gn − g)|2 → 0, n→ ∞.

Íåõàé un - ðîçâ'ÿçîê çàäà÷i (9), (10), ÿêèé
âiäïîâiäà¹ ôóíêöi¨ gn, çà äîïîìîãîþ ÿêî¨ çà-
äà¹òüñÿ óìîâà (10). Òîäi

∥un−u∥2=∥G∗(gn−g)∥2=
∞∑
k=0

|ck(G)|·|ck(gn−g)|2.

Iç äîâåäåíîãî ðàíiøå âèïëèâà¹, ùî |ck(G)| ≤
c̃, k ∈ Z+, äå c̃ = c

(
µ−

m∑
p=1

µp

)−1

. Îòæå,

||un − u||2 ≤ c̃2
∞∑
k=0

|ck(gn − g)|2 →, n→ ∞,

ùî é ïîòðiáíî áóëî äîâåñòè.
Ïiäñóìó¹ìî îäåðæàíi ðåçóëüòàòè ó âèãëÿ-

äi òàêîãî òâåðäæåííÿ.
Òåîðåìà 1. Íåëîêàëüíà áàãàòîòî÷êîâà

çà ÷àñîì çàäà÷à (9), (10) êîðåêòíî ðîçâ'ÿ-
çíà, ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = G(t, x) ∗ g(x), (t, x) ∈ Ω,

äå

G(t, x) =
∞∑
t=0

Q1(t, λk)Q2(λk)hk(x),
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g =
∞∑
k=0

ck(g)hk ∈ L2(R),

ïðè öüîìó {G(t, ·), u(t, ·)} ⊂ S
1/2
1/2 , t ∈ (0, T ].

Îïåðàöiþ ” ∗ ” ìîæíà ðîçãëÿäàòè i ó âè-
ïàäêó, êîëè g ∈ (S

1/2
1/2)

′ = (G{1}(A))
′ ïðè

öüîìó, çíîâó æ òàêè âíàñëiäîê âiäïîâiäíî¨
âëàñòèâîñòi âêàçàíî¨ îïåðàöi¨ ìàòèìåìî, ùî
u(t, ·) = G(t, ·) ∗ g ∈ S

1/2
1/2 ïðè êîæíîìó

t ∈ (0, T ]. Äîâåäåìî, ùî òîäi ôóíêöiÿ u(t, ·)
¹ ðîçâ'ÿçêîì ðiâíÿííÿ (9), àëå óìîâó (10), äå
g ∈ (S

1/2
1/2)

′, u(t, ·) çàäîâîëüíÿ¹ â òîìó ðîçó-
ìiííi, ùî

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = g,

g ∈ (S
1/2
1/2)

′, (15)

ãðàíèöi ðîçãëÿäàþòüñÿ â ïðîñòîði (S1/2
1/2)

′.
Ëåìà 2. Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê

àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷å-

ííÿìè â ïðîñòîði S
1/2
1/2 , äèôåðåíöiéîâíà ïî t.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíî t ∈
(0, T ]. Îñêiëüêè

S
1/2
1/2 = G{1}(A) = H{1} =

∪
α>0

Hα,1 =
∪
α>0

Hα,

äå A - ãàðìîíiéíèé îñöèëÿòîð, òî äëÿ äîâå-
äåííÿ òâåðäæåííÿ äîñèòü ïîêàçàòè, ùî

Φ∆t :=
1

∆t
[G(t+∆t, x)−G(t, x)]−→

∆t→0

∂

∂t
G(t, x)

ó ïðîñòîði H{1} (ÿêùî ∆t < 0, òî ââàæà¹ìî
∆t òàêèì, ùî t+∆t ≥ t/2).Öå îçíà÷à¹, ùî:

1) ìíîæèíà ôóíêöié {Φ∆t : |∆t| ≤
ε0, ∆t ∋ 0} (ε > 0 - äîñèòü ìàëå ôiêñîâà-
íå ÷èñëî) îáìåæåíà â ïðîñòîði H{1}, òîáòî

∃c > 0 ∀δt (|∆t| ≤ ε0,∆t ̸= 0) : ||Φ∆t||2 ≤ c

ïðè äåÿêîìó α > 0;
2) Φ∆t → ∂

∂t
G(t, ·) ïðè ∆t → 0 ó ïðîñòîði

H{1}, òîáòî∥∥∥Φ∆t −
∂

∂t
G(t, ·)

∥∥∥2
Hα

→ 0, ∆ → 0.

Ïåðåäóñiì çàçíà÷èìî, ùî ôóíêöiÿ G(t, x)
äèôåðåíöiéîâíà ïî t ∈ (0, T ] ïðè êîæíîìó

x ∈ R. Äîâåäåííÿ öi¹¨ âëàñòèâîñòi àíàëîãi-
÷íå äîâåäåííþ äèôåðåíöiéîâíîñòi ôóíêöi¨,
ÿêà äà¹òüñÿ ôîðìóëîþ (13); ïðè öüîìó

∂G(t, x)

∂t
= −

∞∑
t=0

f(λk)Q1(t, λk)Q2(λk)hk(x).

Îñêiëüêè

Φ∆t(x) =
∞∑
k=0

1

∆t

[
t−(t+∆t)f(λk) − e−tf(λk)

]
×

×Q2(λk)hk(x) = −
∞∑
k=0

f(λk)e
−(t+θ∆t)f(λk)×

×Q2(λk)hk(x), 0 < θ < 1,

òî

ck(Φ∆t) = −f(λk)Q1(t+ θ∆t, λk)Q2(λk)

(ÿêùî ∆t < 0, òî âíàñëiäîê äîìîâëåíîñòi
ùîäî ∆t ìà¹ìî, ùî t + θ∆t > t +∆t ≥ t/2).
Òîäi äëÿ äîâiëüíîãî ôiêñîâàíîãî α < td0/2
(d0 - ñòàëà ç íåðiâíîñòi (8)) ñïðàâäæóþòüñÿ
ñïiââiäíîøåííÿ:

||Φ∆t||2Hα
=

∞∑
k=0

exp(2αλk)|ck(Φ∆t)|2 =

=
∞∑
k=0

f 2(λk) exp(2αλk) exp(−2(t+θ∆t)f(λk))×

×Q2
2(λk) ≤ (µ− µ0)

−2

∞∑
k=0

f 2(λk) exp(2αλk)×

× exp(−2tf(λk)), µ0 =
m∑
k=1

µk.

Îñêiëüêè

f 2(λk) exp(−2tf(λk)) ≤
2

t2
exp(−tf(λk)) ≤

≤ 2

t2
exp(−td0λk), k ∈ Z+,

òî

||Φ∆t||2Hα
≤ 2

t2
(µ− µ0)

−2×

×
∞∑
k=0

(−(td0 − 2α)λk) <∞, λk = 2k + 1.
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Îòæå, ìíîæèíà ôóíêöié {Φ∆t, |∆t| ≤
ε0,∆t ̸= 0} îáìåæåíà â ïðîñòîði H{1}.

Ïåðåâiðèìî âèêîíàííÿ óìîâè 2). Íåõàé
Ψ∆t(x) := Φ∆t(x)− ∂

∂t
G(t, x). Òîäi

Ψ∆t(x) =
∞∑
k=0

[
t−tf(λk) − e−(t+θ∆t)f(λk)

]
×

×Q2(λk)f(λk)hk(x).

Çâiäñè âèïëèâà¹, ùî

||Ψ∆t|2H2
=

∞∑
k=0

e2αλk |ck(Ψ∆t)|2 =
∞∑
k=0

e2αλk×

×|e−tf(λk) − e−(t+θ∆t)f(λk)|2Q2
2(λk)f

2(λk) ≤

≤
∞∑
k=0

e2αλk · e−2(t+θ1∆t)f(λk)f 4(λk)×

×θ2(∆t)2Q2
2(λk) ≤ (µ− µ0)

−2×

×
∞∑
k=0

e2αλke−2tf(λk)f 4(λk)(∆t)2, 0 < θ1 < 1.

Îñêiëüêè f 4(λk) exp(−tf(λk)) ≤ 4!/t4 i α <
td0/2, òî

||Ψ∆t||2Hα
≤ 4!(µ− µ0)

−2t−4×

×
∞∑
k=0

e−(td0−2α)λk(∆t)2 ≤ c̃(∆t)2,

äå

c̃ = 4!(µ− µ0)
−2t−4

∞∑
k=0

e−(td0−2α)λk < +∞

Îòæå, ||Ψ∆t||Hα ïðè ∆t → 0 (äëÿ α ∈
(0, td0/2)), òîáòî Φ∆t → ∂

∂t
G(t, ·) ïðè ∆t→ 0

ó ïîîñòîði H{1} = s
1/2
1/2.

Ëåìà äîâåäåíà.
Ëåìà 3. Äëÿ ôóíêöi¨

u(t, x) = G(t, x) ∗ g =
∞∑
k=0

Q1(t, λk)Q2(λk)×

×ckhk(x), (t, x) ∈ Ω, (16)

äå

G(t, x) =
∞∑
k=0

Q1(t, λk)Q2(λk)hk(x),

g =
∞∑
k=0

ckhk ∈ (S
1/2
1/2)

′, ck =< g, hk >, k ∈ Z+,

ïðàâèëüíèì ¹ çîáðàæåííÿ

u(t, x) =< g, G̃t,x(·) >,

G̃t,x(y) =
∞∑
k=0

Q1(t, λk)Q2(λk)hk(x)hk(y).

Äîâåäåííÿ. Íåõàé

Sn,t,x :=
n∑
k=0

Q!(t, λk)Q2(λk)hk(x)hk(y).

Òâåðäæåííÿ ëåìè âèïëèâà¹ ç òîãî, ùî ïî-
ñëiäîâíiñòü ÷àñòèííèõ ñóì Sn,t,x çáiãà¹òüñÿ
äî G̃t,x ïðè n → ∞ ó ïðîñòîði S1/2

1/2 = H{1}

ïðè ôiêñîâàíèõ t > 0, x ∈ R (ïðè äî-
âåëäåííi âêàçàíî¨ âëàñòèâîñòi âèêîðèñòîâó-
þòüñÿ îöiíêè hk : |hk(x)| ≤ 1, k ∈ Z+, x ∈ R
[11]) òà ôóíêöié Q1(t, λk), Q2(λk).

Ñïðàâäi, âíàñëiäîê ëiíiéíîñòi òà íåïå-
ðåðâíîñòi ôóíêöiîíàëó g

u(t, x) =
∞∑
k=0

Q1(t, λk)Q2(λk)ck(g)hk(x) =

=
∞∑
k=0

Q1(t, λk)Q2(λk) < g, hk(y) > hk(x) =

= lim
n→∞

n∑
k=0

Q1(t, λk)Q2(λk) <g, hk(y)>hk(x) =

= lim
n→∞

< g,

n∑
k=0

Q1(t, λk)Q2(λk)hk(x)hk(y) >=

lim
n→∞

< g, Sn,t,x(·) >=< g, lim
n→∞

Sn,t,x(·) >=

=< g, G̃t,x(·) > .

Ëåìà 4. Ôóíêöiÿ u(t, x), ÿêà çîáðàæà¹-
òüñÿ ôîðìóëîþ (16), äèôåðåíöiéîâíà ïî t,
ïðè öüîìó

∂u(t, x)

∂t
=< g,

∂

∂t
G̃t,x(·) >=

∂

∂t
G(t, x) ∗ g.

Äîâåäåííÿ. Iç ëåìè 2 âèïëèâà¹, ùî ôóí-
êöiÿ G̃t,x, ÿê àáñòðàêòíà ôóíêöiÿ àðãóìåíòó
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t iç çíà÷åííÿìè â ïðîñòîði S1/2
1/2 , äèôåðåíöi-

éîâíà ïî t (ïðè ôiêñîâàíîìó x ∈ R). Îòæå,

Φ̃∆t,t,x(y) :=
1

∆t

[
G̃t+∆t,x(y)− G̃t,x(y)

]
→

→ ∂

∂t
G̃t,x(y)

ïðè ∆t → 0 ó ïðîñòîði S1/2
1/2 . Òîäi, âðàõóâàâ-

øè íåïåðåðâíiñòü ôóíêöiîíàëó g, ïðèéäåìî
äî ñïiââiäíîøåíü:

∂u(t, x)

∂t
= lim

∆→0

1

∆t
[u(t+∆t, x)− u(t, x)] =

= lim
∆t→0

< g,
1

∆t
[G̃t+∆t,x(·)− G̃t,x(·)] >=

= lim
∆t→0

< g, Φ̃∆t,t,x(·) >=

=< g, lim
∆t→0

Φ̃∆t,t,x(·) >=< g,
∂

∂t
G̃t,x(·) > .

Òîé ôàêò, ùî ∂u/∂t ìîæíà òàêîæ ïîäàòè ó
âèãëÿäi çãîðòêè ∂G(t,·)

∂t
∗g, äîâîäèòüñÿ çà ñõå-

ìîþ äîâåäåííÿ ëåìè 2. Ëåìà äîâåäåíà.
Ëåìà 5. Íåõàé

u(t, x) = G(t, x) ∗ g, g ∈ (S
1/2
1/2)

′, (t, x) ∈ Ω;

òîäi â ïðîñòîði (S
1/2
1/2)

′ ñïðàâäæó¹òüñÿ ãðà-

íè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = g. (17)

Äîâåäåííÿ. Äëÿ äîâåäåííÿ (17)
âiçüìåìî äîâiëüíèé åëåìåíò ψ(x) =
∞∑
k=0

ck((ψ)hk(x) ∈ S
1/2
1/2 i çàçíà÷èìî, ùî

âíàñëiäîê íåïåðåðâíîñòi âêëàäåííÿ S
1/2
1/2 ó

ïðîñòîði (S1/2
1/2)

′ òà îðòîíîðìîâàíîñòi áàçèñó
{hk, k ∈ Z+}

⟨u(t, ·), ψ⟩ =(u(t, ·), ψ) =
∞∑
k=0

ck(u(t, ·))ck(ψ) =

=
∞∑
k=0

Q1(t, λk)Q2(λk)ck(g)ck(ψ), λk = 2k + 1.

Òîäi

µ lim
t→+0

< u(t, ·), ψ >−
m∑
n=1

µn lim
t→tn

< u(t, ·), ψ >=

= µ lim
t→+0

∞∑
k=0

ck(u(t, ·))ck(ψ)−

−
m∑
n=1

µn lim
t→tn

∞∑
k=0

ck(u(t, ·))ck(ψ);

ïðè öüîìó ðÿä
∞∑
k=0

ck(u(t, ·))ck(ψ) çáiãà¹òüñÿ

ðiâíîìiðíî íà (0,T]. Öåé ôàêò âèïëèâà¹ ç
âèãëÿäó êîåôiöi¹íòiâ ck(u(t, ·)), k ∈ Z+, òà
íåðiâíîñòi

|ck(u(t, ·))| · |ck(ψ)| ≤ c̃|ck(g)| · |ck(ψ)|,

t ∈ (0, T ], k ∈ Z+.

Ñïðàâäi, çà óìîâîþ, g ∈ (S
1/2
1/2)

′, òîáòî

∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+ :

|ck(g)| ≤ ceµ(2k+1).

Ôóíêöiÿ ψ ∈ S
1/2
1/2 , òîìó, âíàñëiäîê óìîâè

3à),
∃µ0 > 0 ∃c0 > 0 ∀k ∈ Z+ :

|ck(ψ)| ≤ c0e
−µ0(2k+1).

Ïîêëàäåìî µ = µ0/2. Òîäi

|ck(g)||ck(ψ)| ≤ cc0 exp
(
−µ0

2
(2k+1)

)
, k ∈ Z+.

Iç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹ ñôîðìóëüî-
âàíà âëàñòèâiñòü.

Òàêèì ÷èíîì,

lim
t→tn

∞∑
k=0

ck(u(t, ·))ck(ψ) =
∞∑
k=0

ck(u(tn, ·))ck(ψ) =

=
∞∑
k=0

Q1(t, λk)Q2(λk)ck(g)ck(ψ). (18)

lim
t→+0

∞∑
k=0

ck(u(t, ·))ck(ψ) =
∞∑
k=0

ck(u(0, ·))ck(ψ) =

=
∞∑
k=0

Q2(λk)ck(g)ck(ψ). (19)
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Óðàõóâàâøè (18), (19) çíàéäåìî, ùî

µ lim
t→+0

< u(t, ·), ψ > −

−
m∑
n=1

µn lim
t→tn

< u(t, ·), ψ >=

=
∞∑
k=0

[(
µ−

m∑
n=1

µnQ1(tn, λk)
)
Q2(λk)

]
×

×ck(g)ck(ψ) =

=
∞∑
k=0

µ−
m∑
n=1

µnQ1(tn, λk)

µ−
m∑
n=1

µnQ1(tn, λk)
ck(g)ck(ψ) =

=
∞∑
k=0

ck(g)ck(ψ) =< g, ψ >,

ψ ∈ S
1/2
1/2 , g =

∞∑
k=0

ck(g)hk ∈ (S
1/2
1/2)

′,

ùî é ïîòðiáíî áóëî äîâåñòè.
Ëåìà 5 äîçâîëÿ¹ ñòàâèòè áàãàòîòî÷êîâó

çàäà÷ó äëÿ ðiâíÿííÿ (9) ó ðîçóìiííi (15).
Ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.
Òåîðåìà 2. Áàãàòîòî÷êîâà çàäà÷à (9),

(15) êîðåêòíî ðîçâ'ÿçíà, ðîçâ'ÿçîê äà¹òüñÿ
ôîðìóëîþ

u(t, x) = g ∗G(t, x), (t, x) ∈ Ω, g ∈ (S
1/2
1/2)

′,

u(t, ·) ∈ S
1/2
1/2 ïðè êîæíîìó t ∈ (0, T ].

Äîâåäåííÿ. Iç âëàñòèâîñòåé àáñòðàêòíî¨
çãîðòêè âèïëèâà¹, ùî u(t, ·) ∈ S

1/2
1/2 ïðè êî-

æíîìó t ∈ (0, T ].
Ôóíêöiÿ u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹

ðiâíÿííÿ (9). Ñïðàâäi

Af (g ∗G(t, x))=
∞∑
k=0

f(λk)ck(g ∗G(t, x))hk(x) =

=
∞∑
k=0

f(λk)ck(G)ck(g)hk(x)=

=
∞∑
k=0

f(λk)ck(g)Q1(t, λk)Q2(λk)hk(x).

Ç iíøîãî áîêó (äèâ. ëåìó 4),

∂u(t, x)

∂t
= g ∗ ∂

∂t
G(t, x) =

=
∞∑
k=0

ck(
∂

∂t
G)ck(g)hk(x) =

= −
∞∑
k=0

f(λk)Q1(t, λk)Q2(λk)ck(g)hk(x).

Çâiäñè âæå âèïëèâà¹, ùî ôóíêöiÿ u(t, x) =
g∗G(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (9). Êðiì òî-
ãî, ç ëåìè 5 âèïëèâà¹, ùî u(t, x) çàäîâîëüíÿ¹
óìîâó (15) (ó âêàçàíîìó ñåíñi). Îòæå, u(t, x)
- ðîçâ'ÿçîê çàäà÷i (9), (15).

Äîâåäåìî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (9),
(15). Äëÿ öüîãî ðîçãëÿíåìî çàäà÷ó Êîøi

∂u

∂t
− Afu = 0, (t, x) ∈ [0, t0)× R ≡ Ω′,

0 ≤ t < t0 ≤ T, (20)

u(t, ·)|t=t0 = ψ, ψ ∈ (S
1/2
1/2)

′. (21)

Óìîâó (21) ðîçóìi¹ìî â ñëàáîìó ñåíñi, òîáòî
< u(t, ·), ω >→< ψ, ω >, t → t0, äëÿ äîâiëü-
íî¨ ôóíêöi¨ ω ∈ S

1/2
1/2 . Çàäà÷à Êîøi (20), (21)

êîðåêòíî ðîçâ'ÿçíà, ïðè öüîìó u(t, ·) ∈ S
1/2
1/2

ïðè êîæíîìó t ∈ [0, t0) (äèâ [2]).
Íåõàé Qt

t0
: (S

1/2
1/2)

′ → S
1/2
1/2 - îïåðàòîð,

ÿêèé çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈ (S
1/2
1/2)

′

ðîçâ'ÿçîê çàäà÷i (20), (21). Îïåðàòîð Qt
t0
-

ëiíiéíèé i íåïåðåðâíèé, âií âèçíà÷åíèé äëÿ
äîâiëüíèõ t i t0 òàêèõ, ùî 0 ≤ t < t0 ≤ T ;
ïðè öüîìó

dQt
t0
ψ

dt
− AfQ

t
t0
ψ = 0, lim

t→t0
Qt
t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (S1/2
1/2)

′).
Äàëi ðîçâ'ÿçîê çàäà÷i (9), (15) ðîçóìiòè-

ìåìî ÿê ðåãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó
(S

1/2
1/2)

′ ⊃ S
1/2
1/2 . Äîâåäåìî, ùî çàäà÷à (9), (15)

ìà¹ ¹äèíèé ðîçâ'ÿçîê ó ïðîñòîði (S1/2
1/2)

′. Äëÿ
öüîãî äîñèòü äîâåñòè, ùî ¹äèíèì ðîçâ'ÿç-
êîì ðiâíÿííÿ ïðè íóëüîâié ãðàíè÷íié ôóí-
êöi¨ ìîæå áóòè ëèøå ôóíêöiîíàë u(t, x) ≡ 0.
Çàñòîñó¹ìî ôóíêöiîíàë u(t, x) äî ôóíêöi¨
Qt
t0
g̃ ∈ S

1/2
1/2 ⊂ (S

1/2
1/2)

′, äå g̃ - äîâiëüíî ôiêñî-

âàíèé åëåìåíò ïðîñòîðó S1/2
1/2 , 0 < t < t0 ≤ T .

Äèôåðåíöiþþ÷è ïî t, âèêîðèñòîâóþ÷è ðiâ-
íÿííÿ (9), (20) òà ñàìîñïðÿæåíiñòü îïåðàòî-
ðà Af , çíàõîäèìî, ùî

d

dt
<u(t, ·), Qt

t0
g̃>=<

du

dt
,Qt

t0
g̃>+<u,

d

dt
Qt
t0
g̃>=

=< −Afu,Qt
t0
g̃ > + < u,AfQ

t
t0
g̃ >=
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= − < Afu,Q
t
t0
g̃ > + < Afu,Q

t
t0
g̃ >= 0,

g̃ ∈ S
1/2
1/2 , 0 < t < t0 ≤ T.

Çâiäñè âèïëèâà¹, ùî < u(t, ·), Qt
t0
g̃ > ¹

ñòàëîþ âåëè÷èíîþ.
Iç âëàñòèâîñòåé àáñòðàêòíèõ ôóíêöié [13]

âèïëèâà¹ ñïiââiäíîøåííÿ

lim
t→t0

< u(t, ·), Qt
t0
g̃ >=< u(t, ·), g̃ >= const ≡ c,

ó äîâiëüíié òî÷öi t0 ∈ (0, T ]. Îòæå, ÿêùî â
(15) g = 0, òî

µ lim
t→+0

< u(t, ·), g̃ >−
m∑
k=1

µk lim
t→tk

< u(t, ·), g̃ >=

= c
(
µ−

m∑
k=1

µk

)
= 0,

òîáòî c = 0. Òàêèì ÷èíîì, < u(t, ·), g̃ >=

0 äëÿ äîâiëüíîãî g̃ ∈ S
1/2
1/2 , òîáòî u(t0, x)

- íóëüîâèé ôóíêöiîíàë ç ïðîñòîðó (S
1/2
1/2)

′.
Îñêiëüêè t0 ∈ (0, T ] i t0 âèáðàíî äîâiëüíèì
÷èíîì, òî u(t, ·) ≡ 0 äëÿ âñiõ t ∈ (0, T ].

Çàëèøà¹òüñÿ ïåðåêîíàòèñÿ â òîìó, ùî
ðîçâ'ÿçîê çàäà÷i (9), (15) íåïåðåðâíî çàëå-
æèòü âiä ãðàíè÷íî¨ óìîâè. Íåõàé {g, gn, n ≥
1} ⊂ (S

1/2
1/2)

′, ïðè÷îìó gn → g, n → ∞, ó

ïðîñòîði (S1/2
1/2)

′. Çâiäñè âèïëèâà¹, ùî

ck(gn) =< gn, hk > −→
n→∞

< g, hk >= ck(g)

äëÿ êîæíîãî k ∈ Z+. Êðiì òîãî,
{u(t, ·), uN(t, ·)} ⊂ S

1/2
1/2 äëÿ êîæíîãî

t ∈ (0, T ], äå un(t, ·) - ðîçâ'ÿçîê çàäà-
÷i (9), (15), ÿêèé âiäïîâiäà¹ ãðàíè÷íîìó
åëåìåíòó gn ∈ (S

1/2
1/2)

′. Òîäi

∀φ ∈ S
1/2
1/2 : ⟨un, φ⟩ =

∞∑
k=0

ck(G)ck(gn)ck(φ)−→
n→+∞

→
∞∑
k=0

ck(G)ck(g)ck(φ) = (u, φ) =< u,φ > .

Îòæå, un → u ïðè n→ ∞ ó ïðîñòîði (S1/2
1/2)

′.
Òåîðåìà äîâåäåíà.
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