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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÏÅÐIÎÄÈ×ÍÈÉ ÐÎÇÂ'ßÇÎÊ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß ÍÀÄ
ÏÎËÅÌ p-ÀÄÈ×ÍÈÕ ×ÈÑÅË

Ðîçãëÿíóòî çàäà÷ó ïðî çíàõîäæåííÿ ïåðiîäè÷íîãî ðîçâ'ÿçêó ïàðàáîëi÷íîãî ðiâíÿííÿ íàä
ïîëåì p-àäè÷íèõ ÷èñåë.

We considered the problem to �nd periodic solutions of parabolic equation over the �eld of
p-adic numbers.

Âñòóï. Ó 90-õ ðîêàõ ìèíóëîãî ñòîëiò-
òÿ ó ìàòåìàòè÷íié ôiçèöi çðiñ iíòåðåñ äî p-
àäè÷íèõ ÷èñåë. Ó òåîði¨ ñóïåðñòðóí (Ì. Ãði-
íà, Äæ. Øâàðöà i Å. Âiòòåíà [2] òà I.Â. Âîëî-
âi÷à, I.ß. Àðåô'¹âî¨ [1]), ÿêà àïåëþ¹ äî ôàí-
òàñòè÷íî ìàëèõ âiäñòàíåé ïîðÿäêó 10−33 ñì,
íåìà¹ ïðè÷èí ââàæàòè, ùî çâè÷àéíi ïðåä-
ñòàâëåííÿ ïðî ïðîñòið-÷àñ òàì ìîæóòü áóòè
çàñòîñîâàíi.

Îäíi¹¨ ç àëüòåðíàòèâíèõ ìîæëèâîñòåé
äëÿ îïèñàííÿ ñòðóêòóðè ïðîñòîðó-÷àñ ¹ âè-
êîðèñòàííÿ ïîëÿ Qp p-àäè÷íèõ ÷èñåë çà-
ìiñòü ìíîæèíè R äiéñíèõ ÷èñåë. Íà ìîæëè-
âiñòü âèêîðèñòàííÿ p-àäè÷íèõ ÷èñåë ó ìàòå-
ìàòè÷íié ôiçèöi áóëî âïåðøå âêàçàíî ó 1984
ð. ó ðîáîòi [3] Âëàäiìiðîâà Â.Ñ. òà Âîëîâi-
÷à I.Â.

Ó ïðàöi [4] ïîáóäîâàíà òåîðiÿ óçàãàëüíå-
íèõ ôóíêöié íàä ïðîñòîðîì ôóíêöié ç Qp â
C, ÿêà çàñòîñîâó¹òüñÿ äî òèõ çàäà÷, ùî âè-
íèêàþòü ó ìàòåìàòè÷íié ôiçèöi. Òåîðiÿ ó áà-
ãàòî ÷îìó àíàëîãi÷íà âiäïîâiäíié òåîði¨ íàä
ìíîæèíîþ R, àëå ¹ ïåâíi ñóòò¹âi âiäìiííî-
ñòi. Îñíîâíó óâàãó ïðèäiëÿ¹òüñÿ òåîði¨ çãîð-
òêè, ïðåäñòàâëåííþ Ôóð'¹, àíàëîãó îïåðàòî-
ðà Ðiìàíà-Ëióâiëëÿ, îá÷èñëåííþ iíòåãðàëiâ.

Ïàðàáîëi÷íi ðiâíÿííÿ íàä ïîëåì p-
îäè÷íèõ ÷èñåë âèâ÷àëèñÿ ó ïðàöi À.Í. Êî÷ó-
áåÿ [5], â ÿêié ïðè ïåâíèõ ïðèïóùåííÿõ âiä-
íîñíî êîåôiöi¹íòiâ ïîáóäîâàíî i äîñëiäæå-
íî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi,
äîâåäåíi iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ó
êëàñàõ çðîñòàþ÷èõ ôóíêöié, çíàéäåíi óìîâè
íåâiä'¹ìíîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó.

1. Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ ðiâíÿííÿ

∂u(t, x)

∂t
+ a(t)(Dαu)(t, x) = f(t, x), (1)

x ∈ Qp, t ≥ 0,

äå Qp � ïîëå p-àäè÷íèõ ÷èñåë (p � ïðîñòå ÷è-
ñëî), êîåôiöi¹íò òà íåîäíîðiäíiñòü ðiâíÿííÿ
¹ íåïåðåðâíèìè ïåðiîäè÷íèìè ôóíêöiÿìè ç
äåÿêèì ïåðiîäîì ω > 0

a(t+ ω) = a(t), f(t+ ω, x) = f(t, x).

Ðîçâ'ÿçîê u(t, x) � äiéñíà ôóíêöiÿ, α ≥ 1,
Dγ (γ > 0) � p-àäè÷íèé àíàëîã îïåðàòîðà
äðîáîâîãî äèôåðåíöiþâàííÿ, ÿêèé ââåäåíèé
Â.Ñ. Âëàäiìiðîâèì [4].

Íàâåäåìî äåÿêi ïîíÿòòÿ p-àäè÷íîãî
àíàëiçó, ÿêi áóäóòü âèêîðèñòîâóâàòèñÿ
ó ïîäàëüøèõ ìiðêóâàííÿõ. Äåòàëüíå ¨õ
âèêëàäåííÿ ìiñòèòüñÿ ó [2, 4, 6].

Íåõàé p � ïðîñòå ÷èñëî, ÿêå áóäå ôiêñî-
âàíèì. Ââåäåìî ó ïîëi Q ðàöiîíàëüíèõ ÷è-
ñåë íîðìó |x|p, ïîêëàäàþ÷è |0|p = 0, |x|p =
p−γ(x), ÿêùî ÷èñëî x ∈ Q ïîäàíî ó âèãëÿäi

x = pγ
m

n
,

äå {m,n, γ} ⊂ Z, m, n íå äiëÿòüñÿ íà p. Äî-
ïîâíåííÿQp ïîëÿQ óòâîðþ¹ ïîëå p-àäè÷íèõ
÷èñåë.

Íîðìà | · |p âîëîäi¹ íàñòóïíèìè âëàñòèâî-
ñòÿìè: |x|p = 0 òîäi i òiëüêè òîäi, êîëè x = 0;
|xy|p = |x|p · |y|p; |x + y|p ≤ max(|x|p, |y|p),
ÿêùî |x|p ̸= |y|p, òî |x+ y|p = max(|xp|, |y|p).

Ìåòðèêà ρ(x, y) = |x − y|p ïåðåòâîðþ¹
Qp ó ïîâíèé ñåïàðàáåëüíèé ëîêàëüíî êîì-
ïàêòíèé ïðîñòið. Ó ïðîñòîði Qp iñíó¹ ¹äèíà,
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ç òî÷íiñòþ äî ìíîæèíè, ìiðà dx, ÿêà iíâà-
ðiàíòíà âiäíîñíî äîäàâàííÿ. ßêùî a ∈ Qp,
a ̸= 0, òî d(xa) = |a|pdx. Ìiðà íîðìó¹òüñÿ
òàê, ùî ∫

|x|p≤1

dx = 1.

Ïðîñòið Qp � öå îá'¹äíàííÿ çëi÷åííî¨ ñiì'¨
ïîïàðíî íåïåðåòèííèõ ìíîæèí

Qp =
∞∪

ν=−∞

{x : |x|p = pν},

ïðè öüîìó ∫
|x|p=pν

dx = pν
(
1− 1

p

)
.

Áiëüøiñòü iíòåãðàëiâ, ùî çóñòði÷àþòüñÿ ó
ðîáîòi, çíàéäåíi â [4].

Ââåäåìî äî ðîçãëÿäó êëàñ Mγ (γ ≥ 0)
êîìïëåêñíîçíà÷íèõ ôóíêöié φ(x) íà Qp, ÿêi
çàäîâîëüíÿþòü óìîâè:

1) |φ(x)| ≤ c(1 + |x|γp);
2) iñíó¹ íàòóðàëüíå ÷èñëîN = N(φ) òàêå,

ùî äëÿ äîâiëüíîãî x ∈ Qp

φ(x+ x′) = φ(x), |x′|p ≤ p−N .

Ôóíêöiÿ φ, ÿêà çàäîâîëüíÿ¹ îñòàííþ óìî-
âó, íàçèâà¹òüñÿ ëîêàëüíîþ êîíñòàíòîþ, à
÷èñëî N íàçèâà¹òüñÿ ïîêàçíèêîì ëîêàëüíî¨
ñòàëîñòi ôóíêöi¨ φ. ßêùî φ çàëåæèòü âiä ïà-
ðàìåòðà t, òî áóäåìî ââàæàòè, ùî φ ∈ Mγ

ðiâíîìiðíî ïî t, ÿêùî êîíñòàíòà C i ïîêà-
çíèê N íå çàëåæàòü âiä t.

Ìíîæèíó ôiíiòíèõ ôóíêöié iç M0 ïîçíà-
÷èìî D. Iç [7] âiäîìî, ùî äëÿ äîâiëüíîãî
êîìïàêòà K ⊂ Qp i äîâiëüíîãî âiäêðèòîãî
ñêií÷åííîãî ïîêðèòòÿ {ui} ìíîæèíè K iñíó-
þòü òàêi ôóíêöi¨ φi ∈ D, ùî φi(x) ≥ 0,
suppφi ⊂ ui,

∑
φi(x) = 1 äëÿ x ∈ K.

Íåõàé χ � íîðìîâàíèé àäèòèâíèé õàðà-
êòåð ïîëÿ Qp. Òîäi χ ∈ M0. Ïåðåòâîðåííÿ
Ôóð'¹ ëîêàëüíî iíòåãðîâíî¨ íà Qp ôóíêöi¨
φ, φ ∈ L1(Qp, dx), âèçíà÷à¹òüñÿ ôîðìóëîþ

φ̃(ξ) =

∫
Qp

χ(ξx)φ(x)dx, ξ ∈ Qp.

Îáåðíåíå ïåðåòâîðåííÿ

φ(x) =

∫
Qp

χ(−ξx)φ̃(ξ)dξ, x ∈ Qp,

ÿêùî φ̃ ∈ L1(Qp, dx).
Ìà¹ ìiñöå ôîðìóëà, íàâåäåíà â [1]∫

Qp

φ(|x|p)χ(ξx)dx =
(
1− 1

p

)
|ξ|−1

p ×

×
∞∑
ν=0

f(p−ν |ξ|−1
p )p−ν − |ξ|−1

p f(P |ξ|−1
p ), (2)

äå ξ ̸= 0 òà ïðèïóñêà¹òüñÿ çáiæíiñòü ðÿäó
∞∑
ν=0

f(p−ν)p−ν .

Îïåðàòîð Dγ äèôåðåíöiþâàííÿ γ > 0 âè-
çíà÷åíèé íà ôóíêöiÿõ φ ∈ D ôîðìóëîþ [4]

(Dγφ)(x) =
1

Γp(−γ)
×

×
{ ∫
|y|p≤1

|y|−γ−1
p (φ(x− y)− φ(x))dx+

+

∫
|y|p>1

|y|−γ−1
p φ(x−y)dy+1− p−1

1− pγ
φ(x)

}
, (3)

äå Γp(s) =
1−ps−1

1−p−s � p-àäè÷íèé àíàëîã ãàììà-
ôóíêöi¨.

ßêùî ó äðóãîìó iíòåãðàëi ôîðìóëè (3)
âiäíÿòè òà äîäàòè |y|−γ−1

p φ(x), i ñêîðèñòàòè-
ñÿ òèì, ùî∫

|y|p>1

|y|−γ−1
p dy =

∞∑
ν=1

∫
|y|p=pν

|y|−γ−1
p dy =

=
(
1− 1

p

) ∞∑
ν=1

p−νγ =
p− 1

p(pγ − 1)
,

îòðèìà¹ìî
(Dγφ)(x) =

=
1

Γp(−γ)

∫
Qp

|y|−γ−1
p (φ(x− y)− φ(x))dy. (4)

ßêùî φ ∈ D, òî ïåðåòâîðåííÿ Ôóð'¹ ôóí-
êöi¨ Dγφ äîðiâíþ¹ |ξ|γφ̃(ξ).
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2. Àíàëîãi÷íî ÿê i â åâêëiäîâîìó âèïàäêó,
ïåðøèé êðîê ïîëÿãà¹ ó âèâ÷åííi ôóíäàìåí-
òàëüíîãî ðîçâ'ÿçêó äëÿ ðiâíÿííÿ

∂u(t, x)

∂t
+ a(t)(Dαu)(t, x) = 0.

Ïîêëàäåìî

G(t, x) =

∫
Qp

χ(−xσ) exp
{
−|σ|αp

t∫
0

a(τ)dτ
}
dσ.

(5)
Çãiäíî ôîðìóëè (2) äëÿ x ̸= 0, îòðèìà¹ìî

G(t, x) =
(
1− 1

p

)
|x|−1

p

∞∑
ν=0

p−ν×

× exp
(
− p−αν |x|−α

p

t∫
0

a(τ)dτ
)
−

−|x|−1
p exp

(
− pα|x|−α

p

t∫
0

a(τ)dτ
)
.

Ðîçêëàäàþ÷è åêñïîíåíòè ó ðÿä, ìiíÿþ÷è
ïîðÿäêè ñóìóâàííÿ òà ïðîñóìóâàâøè ãåîìå-
òðè÷íó ïðîãðåñiþ, îòðèìó¹ìî, ùî äëÿ x ̸= 0

G(t, x) =
∞∑

m=1

(−1)m

m!

1− pαm

1− p−αm−1
×

×
( t∫

0

a(τ)dτ
)m

|x|−αm−1
p . (6)

Iç ôîðìóëè (5) ëåãêî ïîáà÷èòè, ùî ôóí-
êöiÿ G(t, x) íåïåðåðâíà äëÿ x ∈ Qp, t > 0.
Îöiíèìî |G(t, x)| [5].
Ëåìà 1. Íåõàé a(t) ≥ µ > 0, òîäi ìà¹

ìiñöå íåðiâíiñòü

|G(t, x)| ≤ C · t(t1/α + |x|p)−α−1,

x ∈ Qp, t > 0, (7)

äå C íå çàëåæèòü âiä t, x.
Äîâåäåííÿ. Çãiäíî ôîðìóëè (5)

|G(t, x)| ≤
∫
Qp

exp(−µt|σ|αp )dσ.

Íåõàé öiëå ÷èñëî k òàêå, ùî pk−1 ≤ t1/α ≤ pk.
Âèáåðåìî τ ∈ Qp òàê, ùîá |τ |p = pk−1. Òîäi

|G(t, x)| ≤
∫
Qp

exp(−µpα(k−1)|σ|αp )dσ =

=

∫
Qp

exp(−µ|τσ|αp )dσ = |τ |−1
p

∫
Qp

exp(−µ|η|αp )dη =

= p−kp

∫
Qp

exp(−µ|η|αp )dη ≤ Ct−1/α.

Ç iíøî¨ ñòîðîíè, iç (6) îòðèìà¹ìî, ùî äëÿ
t > 0, |x|p ≥ t1/α

|G(t, x)| ≤ |x|−1
p

∞∑
m=1

cm
m!

(t|x|−α
p )m ≤ Ct|x|−α−1

p .

Iç äâîõ îñòàííiõ íåðiâíîñòåé îòðèìó¹ìî
(7), òîáòî ÿêùî |x|p ≥ t1/α, òî

|x|−α−1
p ≤

(1
2
|x|p +

1

2
t1/α
)−α−1

=

= 2α+1(|x|p + t1/α)−α−1.

ßêùî |x|p < t1/α, òî

(t1/α + |x|p)−α−1 ≥ 2−α−1 · t−1−1/α,

àáî
t−1/α ≤ 2α+1(t1/α + |x|p)−α−1.

Ëåìà äîâåäåíà.
Ëåìà 2.Íåõàé âèêîíóþòüñÿ óìîâè ëåìè

1, òîäi ìàþòü ìiñöå íåðiâíîñòi∣∣∣ ∂
∂t
G(t, x)

∣∣∣ ≤ c(t1/α + |x|p)−α−1, (8)

|(Dγ
xG)(t, x)| ≤ c(t1/α + |x|p)−γ−1, (9)

äå c íå çàëåæèòü âiä t, x.
Íåðiâíîñòi (8), (9) äîâîäÿòüñÿ àíàëîãi÷íî,

ÿê i íåðiâíiñòü (7).
3. Ïåðåéäåìî äî ïîáóäîâè ïåðiîäè÷íî-

ãî ðîçâ'ÿçêó ðiâíÿííÿ (1). Â îáðàçàõ Ôóð'¹
ðîçâ'ÿçîê (1) çàïèøåòüñÿ ó âèãëÿäi

V (t, σ) = cQ(t, 0, σ) +

t∫
0

Q(t, τ, σ)f̃(τ, σ)dτ,
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äå

Q(t, τ, σ) = exp
{
− |σ|αp

t∫
τ

a(s)ds
}
,

f̃(t, σ) =

∫
Qp

χ(xσ)f(t, x)dx.

Äëÿ çíàõîäæåííÿ ïåðiîäè÷íîãî ðîçâ'ÿçêó
ñêîðèñòà¹ìîñÿ óìîâîþ

V (t+ ω, σ) = V (t, σ). (10)

Îñêiëüêè (10) âèêîíó¹òüñÿ ïðè äîâiëüíèõ
t ≥ 0, òî ïîêëàäàþ÷è t = 0 îòðèìà¹ìî

c = (1−Q(ω, 0, σ))−1

ω∫
0

Q(ω, τ, σ)f̃(τ, σ)dτ.

Ìà¹ìî

V (t, σ) =

ω∫
0

Q(t, 0, σ)(1−Q(ω, 0, σ))−1×

×Q(ω, τ, σ)f̃(τ, σ)dτ+

+

t∫
0

Q(t, τ, σ)f̃(τ, σ)dτ. (11)

Çàñòîñîâóþ÷è äî (11) îáåðíåíå ïåðåòâî-
ðåííÿ Ôóð'¹, áóäåìî ìàòè çîáðàæåííÿ ïåði-
îäè÷íîãî ðîçâ'ÿçêó ðiâíÿííÿ (1)

u(t, x) =

ω∫
0

dτ

∫
Qp

G1(t, τ, x− ξ)f(τ, ξ)dξ+

+

t∫
0

dτ

∫
Qp

G(t, τ, x− ξ)f(τ, ξ)dξ, (12)

äå ââåäåíî òàêå ïîçíà÷åííÿ

G1(t, τ, x) =

∫
Qp

χ(−σx)Q(t, 0, σ)×

×(1−Q(ω, 0, σ))Q(ω, τ, σ)f̃(τ, σ)dσ,

à G(t, τ, x) âèçíà÷à¹òüñÿ ôîðìóëîþ (5).

Áóäåìî ïðèïóñêàòè, ùî

1−Q(ω, 0, σ) ̸= 0,

òîäi äîïóñòèìå ðîçâèíåííÿ ó ðÿä

(1−Q(ω, 0, σ))−1 =
∞∑
k=0

(Q(ω, 0, σ))k.

Âèêîðèñòîâóþ÷è ëåìó 1, äëÿ ôóíêöi¨
G1(t, τ, x) áóäå ïðàâèëüíà îöiíêà

|G1(t, τ, x)| ≤ C · (t+ ω − τ)×

×((t+ ω − τ)1/α + |x|p)−α−1, (13)

äå x ∈ Qp, t ≥ 0.
Ïåðåéäåìî áåçïîñåðåäíüî äî ðîçãëÿäó

ðîçâ'ÿçêó ðiâíÿííÿ (1). Áóäåìî ïðèïóñêàòè,
ùî f ∈ Mβ ðiâíîìiðíî âiäíîñíî t i íåïåðåðâ-
íà ïî (t, x), 0 ≤ β < α. Ðîçâ'ÿçîê ðiâíÿííÿ
áóäåìî øóêàòè ó êëàñi ôóíêöié u(t, x) íåïå-
ðåðâíèõ ïåðiîäè÷íèõ íà Qp × [0,+∞), íåïå-
ðåðâíèõ äèôåðåíöiéîâíèõ çà çìiííîþ t, ÿêi
íàëåæàòü çà çìiííîþ x ∈ Qp êëàñó Mβ ðiâ-
íîìiðíî âiäíîñíî t.

Ïðàâèëüíà òåîðåìà.
Òåîðåìà. Ïåðiîäè÷íèé ðîçâ'ÿçîê ðiâíÿ-

ííÿ (1) iñíó¹ i ïîäà¹òüñÿ ó âèãëÿäi (12), à
äëÿ G, G1 ìàþòü ìiñöå îöiíêè (5), (8), (9),
(13).

Äîâåäåííÿ òåîðåìè âèïëèâà¹ iç ëåìè 1 òà
ëåìè 2.
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