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ÏÎÒÎ×ÊÎÂI ÃÐÀÍÈÖI ÍÅÏÅÐÅÐÂÍÈÕ ÌÎÍÎÒÎÍÍÈÕ ÔÓÍÊÖIÉ ÒÀ
ÔÓÍÊÖIÉ ÎÁÌÅÆÅÍÎ� ÂÀÐIÀÖI�

Äîâåäåíî àíàëîã òåîðåìè Ãàíà ïðî ïðîìiæíó ôóíêöiþ äëÿ çðîñòàþ÷èõ ôóíêöié i ç äîïî-
ìîãîþ íüîãî ç`ÿñîâàíî, ùî êîæíà çðîñòàþ÷à ôóíêöiÿ f : [a, b] −→ R ¹ ïîòî÷êîâîþ ãðàíèöåþ
ïîñëiäîâíîñòi íåïåðåðâíèõ çðîñòàþ÷èõ ôóíêöié fn : [a, b] −→ R.

An analog of Hahn`s insertion theorem is proven. With its help we obtain that every increasing
function f : [a, b] −→ R is the pointwise limit of a sequence of increasing continuous functions
fn : [a, b] −→ R.

1. Âñòóï. Ðåíå Áåð [1, 2] ââiâ êëàñèôiêà-
öiþ ðîçðèâíèõ äiéñíîçíà÷íèõ ôóíêöié äié-
ñíî¨ çìiííî¨, ÿêà ïîòiì áóëà ïåðåíåñåíà íà
âiäîáðàæåííÿ f : X → Y ìiæ äîâiëüíèìè
òîïîëîãi÷íèìè ïðîñòîðàìè X i Y . Ïðè öüî-
ìó ôóíêöiÿìè íóëüîâîãî êëàñó Áåðà ââàæà-
þòüñÿ íåïåðåðâíi âiäîáðàæåííÿ, ñóêóïíiñòü
ÿêèõ ïîçíà÷à¹òüñÿ ñèìëîâàìè C(X, Y ) =
B0(X, Y ). Ôóíêöiÿ f : X → Y íàëåæèòü äî
ïåðøîãî êëàñó Áåðà, ÿêùî iñíó¹ òàêà ïîñëi-
äîâíiñòü íåïåðåðâíèõ ôóíêöié fn : X → Y ,
ùî fn(x) → f(x) äëÿ êîæíîãî x ∈ X, òîáòî
f ¹ ïîòî÷êîâîþ ãðàíèöåþ ïîñëiäîâíîñòi íå-
ïåðåðâíèõ ôóíêöié fn. Ñóêóïíiñòü âñiõ âiä-
îáðàæåíü f : X → Y ïåðøîãî êëàñó Áå-
ðà ïîçíà÷à¹òüñÿ ñèìâîëîì B1(X,Y ), à ÿêùî
Y = R � öå ÷èñëîâà ïðÿìà, òî ïîêëàäàþòü
B1(X,R) = B1(X), i òàê ñàìî C(X,R) =
C(X). ßêùî X = [a, b] � öå âiäðiçîê ÷è-
ñëîâî¨ ïðÿìî¨, òî äëÿ ñêîðî÷åííÿ çàïèñó ïè-
øóòü C[a, b] çàìiñòü C([a, b]) i B1[a, b] çàìiñòü
B1([a, b]).

Â òåîði¨ ôóíêöié i ôóíêöiîíàëüíîìó àíà-
ëiçi ÷àñòî âèêîðèñòîâó¹òüñÿ êëàñ V [a, b]
ôóíêöié f : [a, b] → R îáìåæåíî¨ âàðiàöi¨
[3, c.86]. Íåõàé V0[a, b] = V [a, b] ∩ C[a, b] i
V1[a, b] � öå ñóêóïíiñòü ôóíêöié f : [a, b] →
R, ÿêi ¹ ïîòî÷êîâèìè ãðàíèöÿìè ïîñëiäîâ-
íîñòåé ôóíêöié fn ç V0[a, b]. Çðîçóìiëî, ùî
V1[a, b] ⊆ B1[a, b]. Âèíèêà¹ ïðèðîäíå ïèòàí-
íÿ: ÷è ìà¹ ìiñöå ðiâíiñòü: V1[a, b] = B1[a, b]?
Âèêîðèñòîâóþ÷è òåîðåìó Âåéåðøòðàññà ïðî
ðiâíîìiðíå íàáëèæåííÿ íåïåðåðâíî¨ ôóíêöi¨

íà [a, b] ìíîãî÷ëåíàìè, íåâàæêî ïåðåêîíàòè-
ñÿ â òîìó, ùî âiäïîâiäü íà öå ïèòàííÿ ñòâåð-
äíà (Òåîðåìà 2).

Ôóíêöi¨ îáìåæåíî¨ âàðiàöi¨ íà [a, b] ïî-
â'ÿçàíi ç ìîíîòîííèìè ôóíêöiÿìè. À ñàìå,
f ∈ V [a, b] òîäi i òiëüêè òîäi, êîëè iñíóþòü
òàêi çðîñòàþ÷i ôóíêöi¨ g, h : [a, b] → R, ùî
f = g − h. Ïîçíà÷èìî ñèìâîëîì M+[a, b]
ìíîæèíó âñiõ çðîñòàþ÷èõ (â íåñòðîãîìó ðî-
çóìiííi) ôóíêöié f : [a, b] → R. Íåõàé
M+

0 [a, b] = M+[a, b] ∩ C[a, b] i M+
1 [a, b] � öå

ñóêóïíiñòü óñiõ ïîòî÷êîâèõ ãðàíèöü ïîñëi-
äîâíîñòåé ôóíêöié (fn)

∞
n=1 ç M+

0 [a, b]. Çðî-
çóìiëî, ùî M+

1 [a, b] ⊆ M+[a, b]. Àëå ÷è ìà¹
òóò ìiñöå ðiâíiñòü? Òóò ìè äàìî ñòâåðäíó
âiäïîâiäü i íà öå ïèòàííÿ, âèêîðèñòîâóþ-
÷è âiäêðèòèé íàìè àíàëîã âiäîìî¨ òåîðå-
ìè Ãàíà ïðî íàïiâíåïåðåðâíi ôóíêöi¨ (òå-
îðåìà 3). Òàê ñàìî ìè ðîçãëÿäà¹ìî êëàñè
M−[a, b],M−

0 [a, b] i M
−
1 [a, b], äå çàìiñòü çðî-

ñòàþ÷èõ ôóíêöié áåðóòüñÿ ñïàäíi, i êëàñè
M [a, b],M0[a, b] i M1[a, b], äå ôiãóðóþòü âæå
äîâiëüíi ìîíîòîííi ôóíêöi¨, i ïîêàçó¹ìî, ùî
M−

1 [a, b] =M−[a, b] i M1[a, b] =M [a, b].

2. Ïîòî÷êîâi ãðàíèöi íåïåðåðâíèõ
ôóíêöié îáìåæåíî¨ âàðiàöi¨ Äîáðå âiäî-
ìî [3, c.91], ùî êîæíà íåïåðåðâíî äèôåðåí-
öiéîâíà ôóíêöiÿ f : [a, b] → R íàëåæèòü äî
V [a, b], àäæå ¨¨ ïîõiäíà f ′ áóäå îáìåæåíîþ
íà [a, b] çà ïåðøîþ òåîðåìîþ Âåéåðøòðàññà
[5, c.134] i òîìó çà ôîðìóëîþ Ëàãðàíæà [5,
c.181] ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó Ëiïøè-
öÿ íà [a, b], à çíà÷èòü, ¹ ôóíêöi¹þ îáìåæåíî¨
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âàðiàöi¨. Çâiäñè ëåãêî âèïëèâà¹
Òåîðåìà 1. Êîæíà íåïåðåðâíà ôóíêöiÿ

f : [a, b] → R ¹ ðiâíîìiðíîþ ãðàíèöåþ ïîñëi-
äîâíîñòi ôóíêöié fn ∈ V0[a, b].
Äîâåäåííÿ. Çà òåîðåìîþ Âåéåðøòðàñ-

ñà [6, ñ. 98] äëÿ íåïåðåðâðíî¨ ôóíêöi¨ f :
[a, b] → R iñíó¹ ïîñëiäîâíiñòü ìíîãî÷ëåíiâ
fn : [a, b] → R, ÿêà ðiâíîìiðíî íà [a, b] çáiãà-
¹òüñÿ äî f . Êîæíèé ìíîãî÷ëåí g ¹ íåïåðåðâ-
íîþ ôóíêöi¹þ, éîãî ïîõiäíà g′ � öå òåæ ìíî-
ãî÷ëåí, îòæå, g ¹ íåïåðåðâíî äèôåðåíöiéîâ-
íîþ ôóíêöi¹þ, à çíà÷èòü, ôóíêöi¹þ îáìå-
æåíî¨ âàðiàöi¨ íà [a,b]. Òîìó fn ∈ V [a, b] i
fn ∈ C[a, b], òîáòî fn ∈ V0[a, b] äëÿ êîæíîãî
n.
Òåîðåìà 2. V1[a, b] = B1[a, b]
Äîâåäåííÿ. Íåõàé f ∈ B1[a, b]. Òîäi

iñíó¹ ïîñëiäîâíiñòü ôóíêöié fn ∈ C[a, b], òà-
êà, ùî fn(x) → f(x) íà [a, b]. Äëÿ êîæíî¨
ôóíêöi¨ fn çà òåîðåìîþ 1 iñíó¹ òàêà ôóíêöiÿ
gn ∈ V0[a, b], ùî |fn(x)− f(x)| < 1/n íà [a, b].
Òîäi äëÿ êîæíîãî x ∈ [a, b]

|f(x)−gn(x)| 6 |f(x)−fn(x)|+|fn(x)−gn(x)| 6

6 |f(x)− fn(x)|+
1

n
.

Àëå |f(x) − fn(x)| + 1/n → 0 ïðè n → ∞,
òîìó i |f(x)− gn(x)| → 0 ïðè n→ ∞, çâiäêè
âèïëèâà¹, ùî gn(x) → f(x) íà [a, b], îòæå,
f ∈ V1[a, b].
3. Àíàëîã òåîðåìè Ãàíà äëÿ çðîñòà-

þ÷èõ ôóíêöié. Íàãàäà¹ìî, ùî ôóíêöiÿ
f : X → R, ÿêà âèçíà÷åíà íà òîïîëîãi÷íî-
ìó ïðîñòîði X, íàçèâà¹òüñÿ íàïiâíåïåðåðâ-
íîþ çâåðõó/çíèçó/ â òî÷öi x0 â X, ÿêùî äëÿ
êîæíîãî ε > 0 iñíó¹ òàêèé îêië U òî÷êè
x0 ∈ X, ùî äëÿ âñiõ x ∈ U âèêîíó¹òüñÿ íå-
ðiâíiñòü f(x) < f(x0) + ε /f(x) > f(x0)− ε/.
Ôóíêöiÿ f : X → R íàçèâà¹òüñÿ íàïiâíåïå-
ðåðâíîþ çâåðõó ÷è çíèçó, ÿêùî âîíà ¹ òàêîþ
ó êîæíié òî÷öi x ç ïðîñòîðó X.

Ã.Ãàí [4] äîâiâ, ùî äëÿ êîæíî¨ ïàðè ôóí-
êöié g, h : X → R, çàäàíèõ íà ìåòðè÷íîìó
ïðîñòîði X i òàêèõ, ùî g(x) 6 h(x) íà X
iñíó¹ òàêà íåïåðåðâíà ôóíêöiÿ f : X → R,
ùî g(x) ≤ f(x) ≤ h(x) íà X. Çðîçóìiëî, ùî
öå òâåðäæåííÿ áóäå ñïðàâåäëèâèì äëÿ ôóí-
êöié, çàäàíèõ íà âiäðiçêó X = [a, b] ÷èñëîâî¨

ïðÿìî¨. Â äàíèé ÷àñ âiäîìî, ùî òåîðåìà Ãàíà
ñïðàâäæó¹òüñÿ i äëÿ íîðìàëüíèõ ïðîñòîðiâ
X i ¹ äëÿ íèõ õàðàêòåðèñòè÷íîþ â êëàñi T1-
ïðîñòîðiâ, âîíà æ ìà¹ i ñâî¨ àíàëîãè (äèâ.
[7] i âêàçàíó òàì ëiòåðàòóðó).

Òóò ìè äîâåäåìî íàñòóïíèé àíàëîã òåî-
ðåìè Ãàíà.
Òåîðåìà 3. Íåõàé g, h : [a, b] → R �

çðîñòàþ÷i ôóíêöi¨, äëÿ ÿêèõ g - íàïiâíåïå-
ðåðâíà çâåðõó, h - íàïiâíåïåðåðâíà çíèçó i
g(x) 6 h(x) íà [a, b]. Òîäi iñíó¹ òàêà çðîñòà-
þ÷à íåïåðåðâíà ôóíêöiÿ f : [a, b] → R, ùî
g(x) 6 f(x) 6 h(x) íà [a, b].
Äîâåäåííÿ. Çà òåîðåìîþ Ãàíà iñíó¹ òà-

êà íåïåðåðâíà ôóíêöiÿ φ : [a, b] → R, ùî
g(x) 6 φ(x) 6 h(x) íà [a, b]. Äëÿ êîæíîãî
x ∈ [a, b] çâóæåííÿ φ|[a,x] � öå íåïåðåðâíà
ôóíêöiÿ. Òîìó ìîæíà ðîçãëÿíóòè ôóíêöiþ:

f(x) = max
a6t6x

φ(t),

ÿêà âèçíà÷åíà íà [a, b]. Ïîêàæåìî, ùî f i
¹ øóêàíîþ ôóíêöi¹þ. Ëåãêî ïåðåâiðèòè, ùî
ôóíêöiÿ f çðîñòà¹. Ñïðàâäi, ÿêùî a 6 x1 6
x2 6 b, òî [a, x1] ⊆ [a, x2], îòæå, {φ(t) : a 6
t 6 x1} ⊆ {φ(t) : a 6 t 6 x2}, à òîìó:

f(x1) = max
a6t6x1

φ(t) 6 max
a6t6x2

φ(t) = f(x2).

Äàëi, îñêiëüêè ôóíêöi¨ g i h çðîñòàþòü i
g(t) 6 φ(t) 6 h(t) íà [a, b], òî i äëÿ êîæíîãî
x ∈ [a, b]

g(x) = max
a6t6x

g(t) 6

6 max
a6t6x

φ(t) 6 max
a6t6x

h(t) = h(x),

îòæå, g(x) 6 f(x) 6 h(x) íà [a, b].
Çàëèøèëîñü äîâåñòè, ùî ôóíêöiÿ f íåïå-

ðåðâíà. Ðîçãëÿíåìî äîâiëüíó òî÷êó x0 ç [a, b]
i äîâåäåìî, ùî ôóíêöiÿ f íåïåðåðâíà â òî÷öi
x0. Çàôiêñó¹ìî ε > 0. Íàì ïîòðiáíî äîâåñòè,
ùî iñíó¹ òàêå δ > 0, ùî |f(x) − f(x0)| < ε,
ÿê òiëüêè x ∈ [a, b] i |x − x0| < δ. Ç íåïå-
ðåâíîñòi ôóíêöi¨ φ ó òî÷öi x0 âèïëèâà¹, ùî
iñíó¹ òàêå δ0 > 0, ùî |φ(x) − φ(x0)| < ε,
ÿê òiëüêè x ∈ [a, b] i |x − x0| < δ0. Îñêiëü-
êè f(x0) = max

a6t6x0

φ(t), òî iñíó¹ òàêà òî÷êà

t0 ∈ [a, x0], ùî f(x0) = φ(t0).
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Íåõàé t0 < x0. Òîäi f(x) = f(x0) íà
[t0, x0], îòæå, äëÿ ÷èñëà δ1 = x0 − t0 > 0
áóäåìî ìàòè, ùî |f(x) − f(x0)| = 0 < ε, ÿê
òiëüêè x0 − δ1 6 x 6 x0.

ßêùî æ t0 = x0, òî f(x0) = φ(x0) i ïðè
x0 − δ0 < x 6 x0 áóäåìî ìàòè:

f(x0)− ε = φ(x0)− ε < φ(x) 6 f(x) 6 f(x0),

îòæå, f(x0) − ε < f(x) 6 f(x0), ÿê òiëüêè
x0 − δ0 < x 6 x0.

Ðîçãëÿíåìî òåïåð òî÷êó x ∈ [a, b], äëÿ
ÿêî¨ x0 6 x < x0 + δ0. Äëÿ íå¨ iñíó¹ òàêà
òî÷êà u ∈ [a, x], ùî f(x) = φ(u). Îñêiëü-
êè f(x) > f(x0), òî φ(u) > f(x0). ßêùî
f(x) = φ(u) = f(x0), òî ôóíêöiÿ f ñòàëà íà
âiäðiçêó [x0, x], îòæå, |f(x)− f(x0)| = 0 < ε.
ßêùî æ φ(u) > f(x0), òî u > x0, àäæå ïðè
u 6 x0 âèêîíóþòüñÿ íåðiâíîñòi:

φ(u) 6 f(u) 6 f(x0),

çâiäêè φ(u) 6 f(x0), ùî ïðèâîäèòü äî ñóïå-
ðå÷íîñòi. Àëå u 6 x, îòæå, x0 < u 6 x <
x0 + δ0. Â òàêìîó ðàçi:

f(x) = φ(u) < φ(x0) + ε 6 f(x0) + ε,

îòæå, ïðè x0 6 x < x0 + δ0 âèêîíó¹òüñÿ íå-
ðiâíiñòü f(x0) 6 f(x) < f(x0) + ε.

Òàêèì ÷èíîì, ïîêëàäàþ÷è δ =
min{δ0, δ1}, ìè áóäåìî ìàòè, ùî ïðè
|x − x0| < δ i x ∈ [a, b] âèêîíó¹òüñÿ íå-
ðiâíiñòü |f(x)− f(x0)| < ε.
4. Ðiâíîìiðíà àïðîêñèìàöiÿ çðîñòà-

þ÷èõ ôóíêöié Ç äîïîìîãîþ òåîðåìè 3 ìè
âñòàíîâèìî äàëi, ùî M+

1 [a, b] =M [a, b]. Äëÿ
öüîãî ìè òóò îòðèìà¹ìî íàñëiäîê òåîðåìè
3 ïðî ðiâíîìiðíó àïðîêñèìàiþ çðîñòàþ÷î¨
ôóíêöi¨ f : X → R íåïåðåðâíîþ çðîñòàþ-
÷îþ ôóíêöi¹þ g : X → R.

Íàãàäà¹ìî, ùî êîëèâàííÿ ωf (x) ôóíêöi¨
f : X → R, çàäàíî¨ íà òîïîëîãi÷íîìó ïðî-
ñòîði X, ó òî÷öi x ∈ X âèçíà÷à¹òüñÿ ôîðìó-
ëîþ

ωf (x) = inf
U∈Ux

ωf (U),

äå Ux − ñèñòåìà âñiõ îêîëiâ òî÷êè x â X, à

ωf (U) = sup
x′,x′′∈U

|f(x′)− f(x′′)|

� öå êîëèâàííÿ ôóíêöi¨ f íà ìíîæèíi U .
Äëÿ çðîñòàþ÷î¨ ôóíêöi¨ f : [a, b] → R ðîç-

ãëÿíåìî ÷èñëà

f(x+ 0) = lim
t→x+0

f(t) ïðè a 6 x < b,

f(b− 0) = f(b),

f(x− 0) = lim
t→x−0

f(t) ïðè a < x 6 b, i

f(a+ 0) = f(a).

ßñíî, ùî f(x− 0) 6 f(x) 6 f(x+0) íà [a, b].
Ëåìà 1. Äëÿ çðîñòàþ÷î¨ íà [a, b] ôóíêöi¨

f êîëèâàííÿ

ωf (x) = f(x+ 0)− f(x− 0)

íà [a, b].
Äîâåäåííÿ. Ïðèïóñòèìî, ùî a < x < b.

Âiçüìåìî äîâiëüíå ε > 0. Îñêiëüêè ωf (x) =
inf

U∈Ux

ωf (U), äå Ux � ñèñòåìà âñiõ îêîëiâ òî÷êè

x, à ωf (U) = sup
x′,x′′∈U

|f(x′)− f(x′′)| � êîëèâàí-

íÿ f íà îêîëi U , òî iñíó¹ òàêèé îêië U òî÷êè
x, ùî ωf (U) < ωf (x)+ε. Çðîçóìiëî, ùî iñíó¹
òàêå δ > 0, ùî Uδ[x] = [x−δ, x+δ] ⊆ (a, b)∩U .
Îñêiëüêè ôóíêöiÿ f çðîñòà¹ íà [a, b], òî

f(x+ δ)− f(x− δ) = ωf (Uδ[x0]) 6 ωf (U) <

< ωf (x) + ε.

ßñíî, ùî f(x + 0) 6 f(x + δ) i f(x − 0) >
f(x− δ), îòæå,

f(x+ 0)− f(x− 0) 6 f(x+ δ)− f(x− δ) <

< ωf (x) + ε,

çâiäêè âèïëèâà¹, ùî f(x + 0) − f(x − 0) <
ωf (x) + ε. Ïåðåéøîâøè ó öié íåðiâíîñòi äî
ãðàíèöi ïðè ε→ 0, îòðèìà¹ìî, ùî f(x+0)−
f(x− 0) 6 ωf (x).

Îñêiëüêè f(x+0) = lim
t→x+0

f(t) i f(x−0) =

lim
t→x−0

f(t), òî iñíó¹ òàêå δ > 0, ùî x ± δ ∈
(a, b),

0 6 f(x+ δ)− f(x+ 0) < ε,

i
0 6 f(x− 0)− f(x− δ) < ε.
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Òîäi

f(x+ 0) > f(x+ δ)− ε,

i
f(x− 0) < f(x− δ) + ε,

îòæå,

f(x+0)−f(x−0) > f(x+δ)−ε−f(x−δ)+ε >

> ωf (Uδ)− 2ε > ωf (x)− 2ε,

à çíà÷èòü, f(x + 0) − f(x − 0) > ωf (x) − 2ε.
Ñïðÿìóâàâøè â öié íåðiâíîñòi ε äî íóëÿ.
îòðèìà¹ìî, ùî f(x+ 0)− f(x− 0) > ωf (x)

Òàêèì ÷èíîì, ωf (x) = f(x+0)− f(x− 0).
Òàê ñàìî ðîçãëÿäàþòüñÿ âèïàäêè x = a i x =
b.
Ëåìà 2. Äëÿ çðîñòàþ÷î¨ ôóíêöi¨ f :

[a, b] → R ôóíêöiÿ y = f(x + 0) íàïiâíåïå-
ðåðâíà çâåðõó, à ôóíêöiÿ y = f(x−0) íàïiâ-
íåïåðåðâíà çíèçó, ïðè öüîìó öi îáèäâi ôóí-
êöi¨ çðîñòàþòü íà [a, b].
Äîâåäåííÿ. Íåõàé x0 ∈ [a, b). Îñêiëüêè

f(x0 + 0) = lim
x→x0+0

f(x), òî äëÿ äàíîãî ε > 0

iñíó¹ òàêå δ > 0, ùî x0 + δ < b i

f(x0 + 0) 6 f(x) < f(x0 + 0) + ε,

ÿê òiëüêè x0 < x < x0 + δ. Äëÿ äàíîãî
x ∈ (x0, x0 + δ) i äîâiëüíîãî u ∈ (x, x0 + δ)
áóäåìî ìàòè, ùî f(u) < f(x0 + 0) + ε. Ïå-
ðåéøîâøè â öié íåðiâíîñòi äî ãðàíèöi ïðè
u → x + 0, îòðèìà¹ìî, ùî f(x + 0) 6
f(x0 + 0) + ε. Ïðè a 6 x 6 x0 áóäåìî ìà-
òè, ùî f(u) < f(x0 +0)+ ε, îòæå, íåðiâíiñòü
f(x+0) 6 f(x0+0)+ ε âèêîíó¹òüñÿ íà îêîëi
U = [a, x0+δ) òî÷êè x0 íà âiäðiçêó [a, b], à öå
i äà¹ íàì íàïiâíåïåðåðâíiñòü çâåðõó ôóíêöi¨
y = f(x + 0) â òî÷öi x0. �¨ íàïiâíåïåðåðâ-
íiñòü çâåðõó ó òî÷öi b âèïëèâà¹ ç òîãî, ùî
f(b+ 0) = max

a6x6b
f(x).

Òàê ñàìî äîâîäèòüñÿ, ùî ôóíêöiÿ y =
f(x− 0) íàïiâíåïåðåðâíà çíèçó. Òå, ùî ôóí-
êöi¨ y = f(x + 0) i y = f(x − 0) çðîñòàþòü
ðàçîì ç ôóíêöi¹þ f îòðèìó¹òüñÿ áåçïîñåðå-
äíiì ãðàíè÷íèì ïåðåõîäîì.
Òåîðåìà 4. Íåõàé f : [a, b] → R � çðî-

ñòàþ÷à ôóíêöiÿ, äëÿ ÿêî¨ ωf (x) 6 ε íà [a, b].

Òîäi iñíó¹ òàêà íåïåðåðâíà i çðîñòàþ÷à ôóí-
êöiÿ φ : [a, b] → R, ùî |f(x) − φ(x)| 6 ε

2
íà

[a, b].
Äîâåäåííÿ. Çà ëåìîþ 2 ôóíêöiÿ g(x) =

f(x+ 0)− ε
2
íàïiâíåïåðåðâíà çâåðõó, à ôóí-

êöiÿ h(x) = f(x − 0) + ε
2
íàïiâíåïåðåðâ-

íà çíèçó, ïðè öüîìó îáèäâi ôóíêöi¨ çðîñòà-
þòü. Äàëi çà ëåìîþ 1 êîëèâàííÿ ωf (x) =
f(x+0)−f(x−0), îòæå, f(x+0)−f(x−0) 6 ε
íà [a, b], çâiäêè âèïëèâà¹, ùî g(x) 6 h(x)
íà [a, b]. Çà òåîðåìîþ 3 iñíó¹ òàêà íåïå-
ðåðâíà çðîñòàþ÷à ôóíêöiÿ φ : [a, b] → R,
ùî g(x) 6 φ(x) 6 h(x) íà [a, b]. Îñêiëüêè
f(x− 0) 6 f(x) 6 f(x+ 0) íà [a, b], òî

f(x)− φ(x) 6 f(x+ 0)− g(x) =

= f(x+ 0)− (f(x+ 0)− ε

2
) =

ε

2

i
f(x)− φ(x) > f(x− 0)− h(x) =

= f(x− 0)− (f(x− 0) +
ε

2
) = −ε

2
,

íà [a, b], îòæå, |f(x) − φ(x)| 6 ε
2
íà [a, b] i φ

� øóêàíà ôóíêöiÿ.
5. Ïîòî÷êîâi ãðàíèöi ïîñëiäîâíîñòåé

íåïåðåðâíèõ çðîñòàþ÷èõ ôóíêöié
Íåõàé A = {a1, . . . , an} � ñêií÷åííà ìíî-

æèíà íà iíòåðâàëi (a, b), ïðè÷îìó a = a0 <
a1 < . . . < an < an+1 = b. Ïîêëàäå-
ìî ∆ak = ak+1 − ak ïðè k = 0, 1, . . . , n i
η = ηA = 1

2
min
k=0,n

∆ak. ßñíî, ùî η > 0.

Äëÿ äîâiëüíîãî δ ∈ (0, η) âèçíà÷èìî ÷èñëà
a+k = ak + δ äëÿ k = 0, 1, ..., n, a−k = ak − δ
äëÿ k = 1, ..., n + 1 i âiäïîâiäíi ¨ì ïðîìiæ-
êè I+k = [ak, a

+
k ], I

−
k = [a−k , ak] i Ik = [a−k , a

+
k ]

ïðè k = 1, ..., n, I0 = I+0 òà In+1 = I−n+1. Ðîç-
ãëÿíåìî òàêîæ ïðîìiæêè Jk = [a+k , a

−
k+1] äëÿ

k = 0, 1, ..., n. Íåõàé I =
n+1∪
k=0

Ik, J =
n∪

k=0

Jk.

Çðîçóìiëî, ùî I ∪ J = [a, b]. Ïîñòàâèìî ó
âiäïîâiäíiñòü êîæíié ôóíêöi¨ f : [a, b] → R
ôóíêöiþ g = LA,δf : [a, b] → R, ùî âèçíà÷à-
¹òüñÿ òàêèì ÷èíîì:

g(x) = f(x), x ∈ J ;

g(x) = f(ak) +
f(a+k )− f(ak)

a+k − ak
(x− ak),
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x ∈ I+k , k = 0, ..., n;

g(x) = f(ak) +
f(a−k )− f(ak)

a−k − ak
(x− ak),

x ∈ I−k , k = 1, ..., n+ 1.

Çàóâàæèìî, ùî âèçíà÷åííÿ ôóíêöi¨ f êî-
ðåêòíå, áî äëÿ òî÷îê a+k i a−k i îäíà, i äðó-
ãà ôîðìóëè äàþòü, ùî g(a+k ) = f(a+k ) i
g(a−k ) = f(a−k ). Êðiì òîãî g(ak) = f(ak) äëÿ
k = 0, 1, . . . , n + 1. Êîëè ôóíêöiÿ f çðîñòà¹,

òî êóòîâi êîåôiöi¹íòè α+
k =

f(a+k )−f(ak)

a+k −ak
≥ 0 i

α−
k =

f(a−k )−f(ak)

a−k −ak
≥ 0 i ëiíiéíi ôóíêöi¨ g|I+k òà

g|I−k çðîñòàþòü, à òîìó i g áóäå çðîñòàþ÷îþ
ôóíêöi¹þ íà [a, b]. Ïðè öüîìó f(ak) 6 g(x) 6
f(a+k ) ïðè x ∈ I+k i f(a−k ) 6 g(x) 6 f(ak) ïðè
x ∈ I−k . Òàê ñàìî f(ak) 6 g(x) 6 f(a+k ) ïðè
x ∈ I+k . Òàê ñàìî f(ak) 6 f(x) 6 f(a+k ) ïðè
x ∈ I+k i f(a−k ) 6 f(x) 6 f(ak) ïðè x ∈ I−k .
Òîìó

|g(x)− f(x)| 6 f(a+k )− f(ak) = ωf (I
+
k ) íà I

+
k

i

|g(x)− f(x)| 6 f(ak)− f(a−k ) = ωf (I
−
k ) íà I

−
k ,

à çíà÷èòü,

|g(x)− f(x)| 6 ωf (Ik) íà Ik.

Äëÿ çðîñòàþ÷î¨ ôóíêöi¨ f : [a, b] → R i ¨ ¨
òî÷êè ðîçðèâó x ïîêëàäåìî ∆(x) =
= (f(x−0), f(x+0)). Ñèìâîëîì D(f) ìè ïî-
çíà÷à¹ìî ìíîæèíó òî÷îê ðîçðèâó ôóíêöi¨ f ,
à ÷åðåç C(f) - ìíîæèíó ¨¨ òî÷îê íåïåðåðâ-
íîñòi.
Ëåìà 3. Íåõàé x1 i x2 � öå ðiçíi òî÷êè ç

D(f). Òîäi ∆(x1) ∩∆(x2) = ∅.
Äîâåäåííÿ. Äëÿ ïåâíîñòi ïðèïóñòèìî,

ùî x1 < x2. Ïîêàæåìî, ùî òîäi f(x1 + 0) 6
f(x2 − 0). Íåõàé ε > 0 i δ0 = x2−x1

2
. Îñêiëüêè

x1 < b, òî f(x1 +0) = lim
x→x1+0

f(x), à çíà÷èòü,

iñíó¹ òàêå δ1 ∈ (0, δ0), ùî f(x) > f(x1+0)−ε,
ÿê òiëüêè x1 < x 6 x1 + δ1. Òàê ñàìî a <
x2, îòæå, f(x2 − 0) = lim

x→x2−0
f(x), à çíà÷èòü,

iñíó¹ òàêå δ2 ∈ (0, δ0), ùî f(x) < f(x2−0)+ε,
ÿê òiëüêè x2 − δ2 6 x < x2. Çàóâàæèìî, ùî
ïðè öüîìó:

x1+δ1 < x1+δ0 =
x1 + x2

2
= x2−δ0 < x2−δ2.

Â òàêîìó ðàçi

f(x1 + 0) < f(x1 + δ1) + ε 6

6 f(x2 + δ2) + ε < f(x2 − 0) + 2ε,

îòæå, f(x1 + 0) < f(x2 − 0) + 2ε, çâiäêè ïðè
ε→ 0 îòðèìà¹ìî íåðiâíiñòü

f(x1 + 0) 6 f(x2 − 0).

Òîìó ∆(x1) ∩∆(x2) = ∅.
Íàñòóïíå òâåðäæåííÿ äîáðå âiäîìå, àëå

ìè äàìî éîãî äîâåäåííÿ äëÿ ïîâíîòè ìiðêó-
âàíü.
Ëåìà 4. Íåõàé f : [a, b] → R � çðîñòàþ÷à

ôóíêöiÿ i ε > 0. Òîäi ìíîæèíà Dε(f) = {x ∈
[a, b] : ωf (x) > ε} ñêií÷åííà.
Äîâåäåííÿ. Çà ëåìîþ 1 ωf (x) =

= f(x+0)− f(x− 0) äëÿ êîæíîãî x ∈ D(f).
Ïðèïóñòèìî, ùî ìíîæèíà Dε(f) ìiñòèòü n
ðiçíèõ òî÷îê x1, ..., xn. Ðîçãëÿíåìî ìíîæèíó

E =
n⊔

k=1

∆(xk) i îöiíèìî ¨¨ ìiðó Ëåáåãà µ(E).

Ìà¹ìî

µ(E) =
n∑

k=1

µ(∆(xk)) =

=
n∑

k=1

(f(xk+0)−f(xk−0)) =
n∑

k=1

ωf (xk) > nε

i µ(E) 6 f(b) − f(a), àäæå E ⊆ [f(a), f(b)].
Òîìó nε 6 f(b) − f(a), à çíà÷èòü, n 6
f(b)−f(a)

ε
. Îòæå ìíîæèíà Dε(f) íå ìîæå ìà-

òè áiëüøå ÿê [f(b)−f(a)
ε

] òî÷îê, à çíà÷èòü, ¹
ñêií÷åííîþ.

Ç ëåìè 4 íåãàéíî âèïëèâà¹, ùî ó çðîñòà-
þ÷î¨ ôóíêöi¨ f : [a, b] → R ìíîæèíà ¨¨ òî÷îê
ðîçðèâó D(f) íå áiëüø íiæ çëi÷åííà, àäæå

D(f) = {x ∈ [a, b] : ωf (x) > 0} =
∞∪
n=1

D1/n(f)

i ìíîæèíè D1/n(f) ñêií÷åííi çà ëåìîþ 4.
Ïðèñòóïèìî òåïåð äî ôîðìóëþâàííÿ i

äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó.
Òåîðåìà 5. Íåõàé f : [a, b] → R � çðîñòà-

þ÷à ôóíêöiÿ. Òîäi iñíó¹ ïîñëiäîâíiñòü íåïå-
ðåðâíèõ çðîñòàþ÷èõ ôóíêöié fn : [a, b] → R,
òàêà, ùî fn(x) → f(x) íà [a, b].
Äîâåäåííÿ. Ðîçãëÿíåìî ñêií÷åííi ìíî-

æèíè An = D1/n(f) \ {a, b} i Bn = An+1 \ An
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ïðè n ∈ N. Îñêiëüêè äëÿ êîæíîãî n ∈ N
ìíîæèíà Bn ñêií÷åííà i Bn ⊆ (a, b), ïðè÷î-
ìó ωf (x) <

1
n
äëÿ êîæíîãî x ∈ Bn, òî iñíó¹

òàêå ÷èñëî εn > 0, ùî äëÿ êîæíîãî x ∈ Bn

âèêîíó¹òüñÿ íåðiâíiñòü ωf ([x− εn, x+ εn]) <
1
n
. Äëÿ êîæíîãî íoìåðà n âèáåðåìî òàêå ÷è-

ñëî δn > 0, ùî δn < min{ 1
n
, ε1, ..., εn, ηAn} i

ðîçãëÿíåìî ôóíêöi¨ gn = LAn,δnf .
Ïîêëàäåìî An = {an,1, ..., an,mn}, äå a =

an,0 < an,1 < ... < an,mn < an,mn+1 = b, a+n,k =

an,k+δn i I
+
n,k = [an,k, a

+
n,k] äëÿ k = 0, 1, ...,mn,

a−n,k = an,k − δn i I−n,k = [a−n,k, an,k] äëÿ k =

1, ...,mn+1, In,k = I−n,k∪I
+
n,k äëÿ k = 1, ...,mn,

In,0 = I+n,0, In,mn+1 = I−n,mn+1. Íåõàé Jn,k =

[a+n,k, a
−
n,k+1] i Jn =

mn∪
k=0

Jn,k.

Íåõàé x ∈ (a, b). Ïîêàæåìî, ùî gn(x) →
g(x) ïðè n → ∞. Íåõàé A = D(f) ∪ {a, b}.
Çðîçóìiëî, ùî A =

∞∪
n=1

An ∪ {a, b}. Çàóâàæè-

ìî, ùî çà ïîáóäîâîþ ôóíêöié gn âèêîíóþ-
òüñÿ ðiâíîñòi gn(x) = f(x) äëÿ x ∈ Ãn =
An ∪ {a, b} i äëÿ x ∈ Jn.

ßêùî x ∈ A, òî iñíó¹ òàêèé íîìåð N , ùî
x ∈ ÃN . Àëå Ãn ⊇ ÃN ïðè n > N . Â òàêîìó
ðàçi gn(x) = f(x) ïðè n > N , îòæå, gn(x) →
f(x) ïðè n→ ∞.

Íåõàé x ∈ [a, b]\A. Âiçüìåìî ε > 0 i âèáå-
ðåìî òàêèé íîìåðN1, ùî 1/N1 < ε. Îñêiëüêè
x /∈ A, òî x /∈ ÃN1 . Ìíîæèíà ÃN1 ñêií÷åííà,
òîìó âiäñòàíü d(x) = d(x, ÃN1) =

1
2
min{|x−

aN1,k| : k = 0, 1, ...,mN1+1} > 0. Îñêiëüêè
0 < δn 6 1

n
äëÿ êîæíîãî n, òî δn → 0, îòæå,

iñíó¹ òàêèé íîìåð N2, ùî δn < d(x), ÿê òiëü-
êè n > N2. Íåõàé N = max{N1, N2} i n ≥ N .
Ïîêàæåìî, ùî òîäi |gn(x)− f(x)| < ε.

ßêùî x ∈ Jn, òî gn(x) = f(x) i |gn(x) −
f(x)| = 0 < ε. Íåõàé x /∈ Jn, òîäi x ∈ In,k
äëÿ äåÿêîãî k = 0, 1, ...,mn+1, çîêðåìà, |x−
an,k| < δn. Îñêiëüêè |x − aN1,k| > d(x) > δn
äëÿ k = 0, 1, ...,mN1 +1, áî n > N2, òî an,k ̸=
aN1,k ïðè k = 0, 1, ...,mN1 + 1, òîáòî an,k /∈
ÃN1 , à çíà÷èòü, an,k ∈ Bm äëÿ äåÿêîãî m,
òàêîãî, ùî N1 6 m < n. Òîäi

|gn(x)− f(x)| 6 ωf (In,k) =

= ωf ([an,k − δn, an,k + δn]) 6

6 ωf ([an,k − δn, an,k + δn]) <
1

m
6 1

N1

< ε.

Òàêèì ÷èíîì, gn(x) → f(x) íà [a,b].
Ç ïîáóäîâè ôóíêöi¨ gn âèïëèâà¹, ùî âî-

íà çðîñòà¹ íà [a, b]. Â òî÷êàõ ç iíòåðâàëiâ
Ion ïðè k = 0, 1, ...,mn i ç ïðîìiæêiâ In,0 =
[a, a + δn) òà In,m+1 = (b − δn, b] ôóíêöiÿ gn
íåïåðåðâíà, îòæå, ωgn(x) = 0 â òàêèõ òî-

÷êàõ. Íà ìíîæèíi Jn =
mn⊔
k=0

Jn,k ìà¹ìî, ùî

gn(x) = f(x). Òîìó íà iíòåðâàëàõ Ion,k îáî-

â'ÿçêîâî ωgn(x) = ωf (x) < 1
n
, áî x /∈ Ãn,

ÿêùî x ∈ Jn,k. ßêùî x0 � êðàéíÿ òî÷êà
ç Jn,k, òî ωgn(x0) 6 ωf (x0) < 1

n
, áî i òóò

x0 /∈ Ãn. Òàêèì ÷èíîì, ñïðàâäi ωgn(x) <
1
n

íà [a, b].
Çà òåîðåìîþ 4 iñíó¹ íåïåðåðâíà çðîñòà-

þ÷à ôóíêöiÿ fn : [a, b] → R, òàêà, ùî
|fn(x) − f(x)| 6 1

2n
íà [a, b]. Çðîçóìiëî, ùî

òîäi fn(x) → f(x) íà [a, b] i òåîðåìà äîâåäå-
íà.
6. Ïîòî÷êîâi ãðàíèöi ïîñëiäîâíîñòåé

ìîíîòîííèõ ôóíêöié
Ç òåîðåìè 5 ëåãêî âèâåñòè íàñòóïíèé ðå-

çóëüòàò.
Òåîðåìà 6. Êîæíà ñïàäíà ôóíêöiÿ f :

[a, b] → R ¹ ïîòî÷êîâîþ ãðàíèöåþ ïîñëóäîâ-
íîñòåé íåïåðåðâíèõ ñïàäíèõ ôóíêöié fn :
[a, b] → R.
Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöiþ g =

−f . Çðîçóìiëî, ùî g � çðîñòàþ÷à ôóíêöiÿ íà
[a, b]. Çà òåîðåìîþ 5 iñíó¹ ïîñëiäîâíiñòü íå-
ïåðåðâíèõ çðîñòàþ÷èõ ôóíêöié gn : [a, b] →
R, òàêà, ùî gn(x) → g(x) íà [a, b]. Ôóíêöi¨
gn(x) = −fn(x) áóäóòü íåïåðåðâíèìè i ñïà-
äíèìè íà [a, b], ïðè÷îìó

fn(x) = −gn(x) → −g(x) = f(x)

íà [a, b].
Äîäàìî äî öüîãî ùå îäèí ðåçóëüòàò.
Òåîðåìà 7. Íåõàé X - íåâèðîäæåíèé

ïðîìiæîê ÷èñëîâî¨ ïðÿìî¨, fn : X → R ìî-
íîòîííi ôóíêöi¨ ïðè n = 1, 2, ... i f : X → R
- öå ïîòî÷êîâà ãðàíèöÿ ïîñëiäîâíîñòi ôóí-
êöié fn. Òîäi:
(i) ôóíêöiÿ f ìîíîòîííà;
(ii) ÿêùî f íå ñòàëà, òî iñíó¹ òàêèé íîìåð
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N , ùî ïðè n > N àáî âñi ôóíêöi¨ fn çðîñòà-
þòü, àáî âñi âîíè ñïàäàþòü;
(iii) ÿêùî f ñòàëà òî ñåðåä ôóíêöié fn áåç-
ëi÷ ôóíêöié ìîæå çðîñòàòè i áåçëi÷ ôóíêöié
ìîæå ñïàäàòè.
Äîâåäåííÿ. à). Ïðèïóñòèìî, ùî ãðà-

íè÷íà ôóíêöiÿ f íå ¹ ìîíîòîííîþ. Òîäi
iñíóþòü òî÷êè x1, x2, x3, x4 ∈ X, ùî x1 <
x2 i f(x1) > f(x2), x3 < x4 i f(x3) <
f(x4). Ðîçãëÿíåìî ÷èñëî ε = 1

2
min{f(x1) −

f(x2), f(x4)−f(x3)} ÿêå, çðîçóìiëî, äîäàòíå.
Îñêiëüêè fn(xi) → f(xi) ïðè n → ∞ äëÿ
i = 1, 2, 3, 4, òî äëÿ êîæíîãî i = 1, 2, 3, 4 iñíó¹
òàêèé íîìåð Ni, ùî |fn(xi)− f(xi)| < ε, ïðè
n > Ni äëÿ âñiõ i = 1, 2, 3, 4. Ðîçãëÿíåìî íî-
ìåð N = max{N1, N2, N3, N4}. Äëÿ ô-öi¨ fN
îòðèìà¹ìî:

fN(x1) > f(x1)−ε > f(x1)−
f(x1)− f(x2)

2
=

=
f(x1) + f(x2)

2
i

fN(x2) < f(x1)+ ε 6 f(x2)+
f(x1)− f(x2)

2
=

=
f(x1) + f(x2)

2
,

Îòæå, fN(x1) > fN(x2). Òàê ñàìî:

fN(x3) < f(x3)+ ε 6 f(x3)+
f(x4)− f(x3)

2
=

=
f(x3) + f(x4)

2
i

fN(x4) > f(x4)−ε > f(x4)−
f(x4)− f(x3)

2
=

=
f(x3) + f(x4)

2
,

Îòæå, fN(x3) < fN(x4). Âèõîäèòü, ùî ôóí-
êöiÿ fN íå ìîíîòîííà, ùî ñóïåðå÷èòü óìîâi.

á). Íåõàé f íå ñòàëà ôóíêöiÿ. Òîäi iñíóþòü
òàêi äâi òî÷êè x1, x2 ∈ X, ùî x1 < x2 i
f(x1) ̸= f(x2).

Ïðèïóñòèìî, ùî f(x1) < f(x2). Ðîçãëÿ-
íåìî äîäàòíå ÷èñëî ε = 1

2
(f(x1) − f(x2)).

Äëÿ i = 1, 2 iñíó¹ íîìåð Ni, òàêèé, ùî
|fn(xi) − f(xi)| < ε äëÿ âñiõ n > Ni. Âiçüìå-
ìî íîìåð N = max{N1, N2}. Íåõàé n > N .
Òîäi:

fn(x1) < f(x1) + ε = f(x1) +
f(x2)− f(x1)

2
=

=
f(x1) + f(x2)

2

fn(x2) > f(x2)− ε = f(x2)−
f(x2)− f(x1)

2
=

=
f(x1) + f(x2)

2
,

îòæå, fn(x1) < fn(x2). Â òàêîìó ðàçi îáî-
â'ÿçêîâî fn(x′) < fn(x

′′), ÿê òiëüêè x′ < x′′

i x′, x′′ ∈ X. Ñïðàâäi, ÿêáè fn(x3) > fn(x4)
äëÿ äåÿêèõ x3 i x4 ç X, òàêèõ, ùî x3 < x4,
òî ôóíêöiÿ fn íå áóëà á ìîíîòîíííîþ, ùî
ñóïåðå÷èòü óìîâi. Òàêèì ÷èíîì, âñi ôóíêöi¨
fn ïðè n ≥ N áóäóòü çðîñòàòè. Ó âèïàäêó
f(x1) > f(x2) òàê ñàìî äîâîäèòüñÿ, ùî âñi
ôóíêöi¨ fn áóäóòü ñïàäíèìè, ïî÷èíàþ÷è ç
äåÿêîãî íîìåðà N .

â). Íåõàé f(x) = c íà X. Ïðèïóñòèìî, ùî
X =< a, b >, òîáòî, ùî X − öå ïðîìiæîê ç
êiíöÿìè a i b ç ðîçøèðåíî¨ ÷èñëîâî¨ ïðÿìî¨
R = R ∪ {−∞,+∞}. Îñêiëüêè ïðîìiæîê X
íåâèðîäæåíèé, òî a < b. Òîäi iñíóþòü òàêi
÷èñëà x1, x0 i x2, ùî a < x1 < x0 < x2 < b i
x0 =

x1+x2

2
. Ïîêëàäåìî gk(x) = c + 1

k
(x− x0)

i hk(x) = c − 1
k
(x − x0) äëÿ äîâiëüíèõ k ∈ N

i x ∈ X. Î÷åâèäíî, ùî ôóíêöi¨ gk ñòðîãî
çðîñòàþòü íà X, à hk ñòðîãî ñïàäàþòü íà X,
ïðè÷îìó gk → c = f(x) i hk → c = f(x) íà
X. Ïîêëàäàþ÷è fn = gk ïðè n = 2k i fn =
hk ïðè n = 2k − 1, ìè îòðèìà¹ìî øóêàíó
ïîñëiäîâíiñòü ôóíêöié.
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