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Îïèñàíî àëãîðèòì ïîáóäîâè ãëîáàëüíîãî ðîçâ'ÿçêó äëÿ ïåâíîãî íåîäíîðiäíîãî äèôåðåí-
öiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè iç âiäõèëåííÿì àðãóìåíòó òà íàâåäåíî óìîâè
éîãî iñíóâàííÿ.

We provide the algorithm of constructing a global solution for some nonhomogeneous partial
di�erential equation with deviating argument in the time variable. We justify this algorithm and
study existence conditions of this solution.

Îñòàííiì ÷àñîì çíà÷íà óâàãà äîñëiäíè-
êiâ ïðèäiëÿ¹òüñÿ ðiâíÿííÿì iç ÷àñòèííèìè
ïîõiäíèìè, ÿêi ìiñòÿòü âiäõèëåííÿ çà ÷àñî-
âèìè àáî ïðîñòîðîâèìè çìiííèìè. Öå ïîâ'ÿ-
çàíå iç ðîçøèðåííÿì îáëàñòåé çàñòîñóâàííÿ
òàêèõ ðiâíÿíü, çîêðåìà, âîíè âèêîðèñòîâó-
þòüñÿ äëÿ îïèñó ðiçíèõ ïðîöåñiâ ó áiîëîãi¨,
áiîôiçèöi, áiîõiìi¨, ìåäèöèíi, òåîði¨ óïðàâëi-
ííÿ, òåîði¨ êëiìàòè÷íèõ ìîäåëåé i áàãàòüîõ
iíøèõ. Ïîäiáíi ðiâíÿííÿ ÷àñòî äîâîäèòüñÿ
ðîçãëÿäàòè ïðè ðîçâ'ÿçóâàííi áàëiñòè÷íèõ
òà âàðiàöiéíèõ çàäà÷, âîíè çóñòði÷àþòüñÿ â
ìàòåìàòè÷íié òåîði¨ øòó÷íèõ íåéðîííèõ ìå-
ðåæ, ðåçóëüòàòè ÿêî¨ âèêîðèñòîâóþòüñÿ äëÿ
îáðîáêè ñèãíàëiâ i çîáðàæåíü òà ïðîáëåì
ðîçïiçíàâàííÿ îáðàçiâ.

Âðàõóâàííÿ âiäõèëåííÿ â êëàñè÷íèõ çà-
äà÷àõ ìàòåìàòè÷íî¨ ôiçèêè ïðèâîäèòü äî
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè iç âiäõè-
ëåííÿì òiëüêè çà ÷àñîì. Â áàãàòüîõ âèïàä-
êàõ äî öèõ çàäà÷ ìîæå áóòè çàñòîñîâàíî ìå-
òîä âiäîêðåìëåííÿ çìiííèõ iç äåÿêèìè ìîäè-
ôiêàöiÿìè [1]. Êðàéîâi çàäà÷i äëÿ äèôåðåí-
öiàëüíèõ ðiâíÿíü ç âiäõèëåííÿì àðãóìåí-
òó ðîçãëÿäàëèñÿ â ðîáîòàõ Ë.Å. Åëüñãîëü-
öà, Ñ.Á. Íîðêiíà, Ì. Ìåäæèòîâà, Ã.À. Êà-
ìåíñüêîãî, Ç.Á. Ñåiäîâà, À.Ì. Ñàìîéëåíêà,
Ì.É. Ðîíòî òà iíøèõ [2�7].

Â äàíié ðîáîòi îïèñàíî àëãîðèòì ïîáóäî-
âè ãëîáàëüíîãî ðîçâ'ÿçêó äëÿ äåÿêîãî íåî-
äíîðiäíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíè-
ìè iç âiäõèëåííÿì àðãóìåíòó òà íàâåäåíî

óìîâè éîãî iñíóâàííÿ.
Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

ut(x, t) =

0∫
−µ

p(t, s)uxx(x, t+ s)ds+

+q(x, t), (x, t) ∈ Q, (1)

ç íóëüîâèìè êðàéîâèìè óìîâàìè

u(0, t) = u(l, t) = 0, t ∈ R, (2)

äå Q = {(x, t) : 0 < x < l, t ∈ R}, p(t, ·)
ïðè êîæíîìó t ∈ R âèìiðíà, à p(·, s) ïðè
êîæíîìó s ∈ [−µ, 0] íåïåðåðâíà ôóíêöiÿ.
Âèçíà÷åííÿ ñòðóêòóðè ðîçâ'ÿçêó çà-

äà÷i (1), (2). Ðàíiøå áóëî âñòàíîâëåíî [1],
ùî äëÿ âiäïîâiäíî¨ îäíîðiäíî¨ çàäà÷i

ut(x, t) =

0∫
−µ

p(t, s)uxx(x, t+ s)ds

âëàñíi ôóíêöi¨ i âëàñíi çíà÷åííÿ ìàþòü âiä-
ïîâiäíî âèãëÿä

Xk(x) = sin
kπx

l
, λk = (

πk

l
)2, k = 1, ..., n,

ç äåÿêèì n ≥ 1.
Ðîçãëÿíåìî íåîäíîðiäíå ðiâíÿííÿ (1). Áó-

äåìî øóêàòè ãëîáàëüíèé ðîçâ'ÿçîê u(x, t)
çàäà÷i (1), (2) ó âèãëÿäi ñóìè

u(x, t) =
n∑

k=1

Tk(t)sin
kπx

l
. (3)
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Êðàéîâi óìîâè, î÷åâèäíî, çàäîâîëüíÿþòüñÿ.
Áóäåìî ïðèïóñêàòè, ùî ôóíêöiÿ q(x, t)

ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi ñóìè ïåð-
øèõ n äîäàíêiâ ðÿäó Ôóð'¹:

q(x, t) =
n∑

k=1

qk(t)sin
kπx

l
, (4)

äå

qk(t) =
2

l

l∫
0

q(ξ, t)sin
kπξ

l
dξ.

Ïiäñòàâèìî (3) â ðiâíÿííÿ (1), âðàõîâóþ÷è
(4):

n∑
k=1

[
T ′
k(t) + λk

0∫
−µ

p(t, s)Tk(t+ s)ds−

−qk(t)
]
sin

kπx

l
= 0.

Öå ðiâíÿííÿ çàäîâîëüíÿ¹òüñÿ, ÿêùî âñi êîå-
ôiöi¹íòè ðîçêëàäó ðiâíi íóëþ, òîáòî

T ′
k(t)+λk

0∫
−µ

p(t, s)Tk(t+ s)ds−qk(t) = 0, (5)

ïðè k = 1, ..., n.
Ó ïðàöi [8] áóëî ïîêàçàíî, ùî äëÿ òàêî-

ãî ðiâíÿííÿ ìîæíà ïîáóäóâàòè ðiâíÿííÿ áåç
âiäõèëåííÿ àðãóìåíòó, âñi ðîçâ'ÿçêè ÿêîãî
áóäóòü ãëîáàëüíèìè ðîçâ'ÿçêàìè ðiâíÿííÿ
(5). Òàêå ðiâíÿííÿ ìàòèìå âèãëÿä

T ′
k(t) + p̄k(t)Tk(t)− q̄k(t) = 0. (6)

Çãiäíî àëãîðèòìó, íàâåäåíîìó â [9], çíà-
éäåìî p̄(t) òà q̄(t). Çàãàëüíèé ðîçâ'ÿçîê ðiâ-
íÿííÿ (6) âèçíà÷à¹òüñÿ ôîðìóëîþ Êîøi

Tk(t) = Tk,0e
−

t∫
t0

p̄k(r)dr

+

t∫
t0

q̄k(τ)e
−

t∫
τ
p̄k(r)dr

dτ,

äå
Tk,0 = Tk(t0), t, t0 ∈ R,

ÿêà áóäå çàäîâîëüíÿòè ðiâíÿííÿ (5), êîëè

T ′
k(t) = −p̄k(t)

[
Tk,0e

−
t∫

t0

p̄k(r)dr

+

+

t∫
t0

q̄k(τ)e
−

t∫
τ
p̄k(r)dr

dτ

]
+ q̄k(t) =

= −λk

0∫
−µ

p(t, s)

[
Tk,0e

−
t+s∫
t0

p̄k(r)dr

+

+

t+s∫
t0

q̄k(τ)e
−

t+s∫
τ

p̄k(r)dr
dτ

]
ds+ qk(t), t ∈ R.

(7)
Ïîêëàäàþ÷è â (7) Tk,0 = 0, îòðèìà¹ìî

−p̄k(t)
[ t∫

t0

q̄k(τ)e
−

t∫
τ
p̄k(r)dr

dτ

]
+ q̄k(t) =

= −λk

0∫
−µ

p(t, s)

[ t+s∫
t0

q̄k(τ)e
−

t+s∫
τ

p̄k(r)dr
dτ

]
ds+

+qk(t), t ∈ R. (8)

Âðàõîâóþ÷è (7) òà (8), îäåðæèìî

p̄k(t)e
−

t∫
t0

p̄k(r)dr

= λk

0∫
−µ

p(t, s)e
−

t+s∫
t0

p̄k(r)dr

ds,

çâiäêè

p̄k(t) = λk

0∫
−µ

p(t, s)e
−

t+s∫
t

p̄k(r)dr
ds, k ≤ n, t ∈ R.

(9)
Ïiäñòàâèìî (9) â (8):

−λk

0∫
−µ

p(t, s)e

t∫
t+s

p̄k(r)dr

ds×

×
[ t∫

t0

q̄k(τ)e
−

t∫
τ
p̄k(r)dr

dτ

]
+ q̄k(t) =

= −λk

0∫
−µ

p(t, s)

[ t+s∫
t0

q̄k(τ)e
−

t+s∫
τ

p̄k(r)dr
dτ

]
ds+

+qk(t),

q̄k(t) = qk(t)+
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+λk

0∫
−µ

t∫
t+s

p(t, s)q̄k(τ)e

τ∫
t+s

p̄k(r)dr

dτds, (10)

äå k ≤ n, t ∈ R. Òîäi ðîçâ'ÿçîê Tk(t) ðiâíÿ-
ííÿ (6) çàïèøåìî ó âèãëÿäi

Tk(t) = cke
−

t∫
0

p̄k(s)ds
+

t∫
0

q̄k(τ)e
−

t∫
τ
p̄k(s)ds

dτ,

(11)
ââàæà¹ìî, ùî ck � äîâiëüíi ñòàëi, t0 = 0, p̄k(t)
i q̄k(t) çíàõîäèìî iç ðiâíÿíü (9), (10).

ßêùî âñi ðîçâ'ÿçêè ðiâíÿííÿ (6) ¹ ãëî-
áàëüíèìè ðîçâ'ÿçêàìè ðiâíÿííÿ (5), òî ôóí-
êöiÿ p̄ çàäîâîëüíÿ¹ ðiâíÿííÿ (9), à ôóíêöiÿ
q̄ � (10). Òàêèì ÷èíîì, íåîáõiäíîþ i äîñòà-
òíüîþ óìîâîþ òîãî, ùîá âñi ðîçâ'ÿçêè ðiâíÿ-
ííÿ (6) áóëè ãëîáàëüíèìè ðîçâ'ÿçêàìè ðiâ-
íÿííÿ (5), ¹ iñíóâàííÿ ðîçâ'ÿçêiâ ðiâíÿíü
(9), (10).

Çíàéäåìî óìîâè, ïðè âèêîíàííi ÿêèõ
ðîçâ'ÿçîê ðiâíÿííÿ (6) áóäå ãëîáàëüíèì
ðîçâ'ÿçêîì ðiâíÿííÿ (5). Äëÿ öüîãî äîâåäå-
ìî íàñòóïíó òåîðåìó.
Òåîðåìà. Íåõàé ôóíêöiÿ p çàäîâîëüíÿ¹

íàêëàäåíi âèùå óìîâè,

|p(t, s)| < α, α = const, t ∈ R, s ∈ [−µ, 0],

i âèêîíó¹òüñÿ íåðiâíiñòü

1− ρ

1 + ρ
(ρeρ+1 + 1) < 1, ρ =

√
1− αλnµ2,

äå n � öiëà ÷àñòèíà ÷èñëà 0.8047425 l
π
√
αµ
, à

µ < 1√
αλn

.

Òîäi iñíó¹ ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i
(1), (2) âèãëÿäó (3).
Äîâåäåííÿ. Ðîçãëÿíåìî ðiâíÿííÿ (9).

Éîãî ðîçâ'ÿçîê áóäå íåïåðåðâíîþ ôóíêöi¹þ
âíàñëiäîê óìîâ, ÿêi íàêëàäåíî íà p(t, s). Âè-
êîðèñòîâóþ÷è ïðèíöèï ñòèñêàþ÷èõ âiäîáðà-
æåíü, çíàéäåìî óìîâè, ïðè ÿêèõ öå ðiâíÿííÿ
ìàòèìå ¹äèíèé ðîçâ'ÿçîê.

Äëÿ íåïåðåðâíî¨ íà R ôóíêöi¨ p̄k âèçíà-
÷èìî îïåðàòîð (Sp̄k)(t)

(Sp̄k)(t) = λk

0∫
−µ

p(t, s)e
−

t+s∫
t

p̄k(r)dr
ds.

Áóäåìî øóêàòè ðîçâ'ÿçîê â ïðîñòîði C(γ).
Íåõàé ∥p̄k∥0 = sup

t∈R
|p̄k(t)| ≤ γ. Òîäi äëÿ

(Sp̄k)(t) ñïðàâåäëèâà îöiíêà

∥Sp̄k∥0 = sup
t∈R

|λk

0∫
−µ

p(t, s)e
−

t+s∫
t

p̄k(r)dr
ds| ≤

≤ αλk
γ

|eµγ − 1|.

ßêùî âèêîíó¹òüñÿ íåðiâíiñòü

αλk
γ

|eµγ − 1| ≤ γ, (12)

òî îïåðàòîð (Sp̄k)(t) âiäîáðàæà¹ ïðîñòið
C(γ) â ñåáå.

Îöiíèìî ðiçíèöþ (Sp̄k,1)(t)− (Sp̄k,2)(t):

|(Sp̄k,1)(t)− (Sp̄k,2)(t)| =

= |λk

0∫
−µ

p(t, s)e
−

t+s∫
t

p̄k,1(r)dr
ds−

−λk

0∫
−µ

p(t, s)e
−

t+s∫
t

p̄k,2(r)dr
ds| ≤

≤ αλk|
0∫

−µ

(e
−

t+s∫
t

p̄k,1(r)dr
− e

−
t+s∫
t

p̄k,2(r)dr
)ds| ≤

≤ αλk
γ2

|eµγ(µγ − 1) + 1|∥p̄k,1 − p̄k,2∥0.

Òàêèì ÷èíîì, (Sp̄k)(t) áóäå îïåðàòîðîì ñòè-
ñêó â ïðîñòîði C(γ) ïðè âèêîíàííi íåðiâíî-
ñòi

αλk
γ2

|eµγ(µγ − 1) + 1| < 1. (13)

Áóäåìî âèìàãàòè, ùîá îäíî÷àñíî âèêîíó-
âàëèñü óìîâè (12) òà (13).

Ðîçãëÿíåìî ðiâíÿííÿ

αλk
γ

|eµγ − 1| = γ.

Âîíî áóäå ìàòè ðîçâ'ÿçêè, òàêi, ùî

αλk
γ2

|( γ
2

αλk
+ 1)(µγ − 1) + 1| < 1.
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Àëå òiëüêè äëÿ

γ ≤
√

1− αλkµ2 + 1

|µ|

áóäóòü âèêîíóâàòèñü óìîâè ñòèñêó i âiäîáðà-
æåííÿ îïåðàòîðîì (Sp̄k)(t) ïðîñòîðó C(γ) â
ñåáå. Âðàõîâóþ÷è öå, îòðèìà¹ìî îöiíêó:

1− ρ

1 + ρ
(ρeρ+1+1) < 1, ρ =

√
1− αλkµ2. (14)

Îòæå, ïðè âèêîíàííi öi¹¨ óìîâè ïðîñòið
C(γ) áóäå ïîâíèì íîðìîâàíèì ïðîñòîðîì, i
îïåðàòîð S áóäå ìàòè â íüîìó ¹äèíó íåðóõî-
ìó òî÷êó, òîáòî ðîçâ'ÿçîê ðiâíÿííÿ (9) áóäå
iñíóâàòè i âií áóäå ¹äèíèì.

Ðîçãëÿíåìî ðiâíÿííÿ (10). Çäiéñíèìî â
íüîìó çàìiíó çìiííèõ

q̄k(t) = qk(t) + zk(t).

Îòðèìà¹ìî:
zk(t) =

= λk

0∫
−µ

t∫
t+s

p(t, s)e

τ∫
t+s

p̄k(r)dr

(qk(τ) + zk(τ))dτds,

(15)
ïðè k ≤ n, t ∈ R. Áåç âòðàòè çàãàëüíîñòi,
áóäåìî ââàæàòè, ùî |q(x, t)| ≤ 1

2
.

Âèçíà÷èìî îïåðàòîð S1 â ïðîñòîði C(M)
ôóíêöié zk = zk(t), çàäàíèõ i íåïåðåðâíèõ
íà R, òàêèõ ùî

∥zk∥0 = sup
t∈R

|zk(t)| ≤M.

(S1zk)(t) � íåïåðåðâíà íà R ôóíêöiÿ, ïðè÷î-
ìó âèêîíóþòüñÿ îöiíêè

∥S1zk∥0 ≤
λkα(1 +M)

γ2
|eµγ − µγ − 1|,

|(Szk,1)(t)− (Szk,2)(t)| ≤

≤ λk

0∫
−µ

t∫
t+s

|p(t, s)||e
τ∫

t+s

p̄k(r)dr

|dτds×

×∥zk,1 − zk,2∥0 ≤
λkα

γ2
|eµγ − µγ − 1|,

äå zk,1, zk,2 � äîâiëüíi ôóíêöi¨ iç C(M).

Âíàñëiäîê (12) ïðè

M ≥
λkα
γ2 |eµγ − µγ − 1|

1− λkα
γ2 |eµγ − µγ − 1|

îïåðàòîð S1 âiäîáðàæà¹ C(M) â ñåáå i ¹
îïåðàòîðîì ñòèñêó. Ïðîñòið C(M) ¹ ïîâ-
íèì íîðìîâàíèì ïðîñòîðîì. Öüîãî äîñòà-
òíüî, ùîá îïåðàòîð S1 ìàâ â C(M) ¹äèíó
íåðóõîìó òî÷êó. Âîíà i ¹ ¹äèíèì â C(M)
ðîçâ'ÿçêîì ðiâíÿííÿ (15).

Çíàéäåìî äiàïàçîí çíà÷åíü äëÿ k. Îñêiëü-
êè λk = (πk

l
)2, òî iç óìîâè (14) ìîæíà íàáëè-

æåíî çíàéòè îöiíêó äëÿ ïàðàìåòðà k

k < 0.8047425
l

π
√
αµ

. (16)

Òîìó k ∈ [1, n], äå n � öiëà ÷àñòèíà
0.8047425 l

π
√
αµ
.

Îòîæ, ãëîáàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (5)
áóäå ìàòè âèãëÿä (11), äå p̄k(t) i q̄k(t) çíàõî-
äÿòüñÿ iç ðiâíÿíü (9), (10).

Òîìó

u(x, t) =
n∑

k=1

(
cke

−
t∫
0

p̄k(r)dr
+

+

t∫
0

q̄k(τ)e
−

t∫
τ

¯̄pk(r)dr
dτ
)
sin

kπx

l
.

Ðiâíÿííÿ (9), (10) äëÿ p̄k(t) i q̄k(t) ðîçâ'ÿ-
æåìî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü. Çà
ïî÷àòêîâi íàáëèæåííÿ âiçüìåìî p̄(0)k (t) = 0

i q̄(0)k (t) = qk(t). Òîäi

p̄
(m)
k (t) = λk

0∫
−µ

p(t, s)e
−

t+s∫
t

p̄
(m−1)
k (r)dr

ds, (17)

äå m = 1, 2, ....

q̄
(ν)
k (t) = qk(t)+

+λk

0∫
−µ

t∫
t+s

p(t, s)q̄
(ν−1)
k (τ)e

τ∫
t+s

p̄
(m)
k (r)dr

dτds,

ν = 1, 2, ..., k ≤ n, t ∈ R. (18)
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Ïîñëiäîâíîñòi (17) i (18) ¹ ðiâíîìiðíî çái-
æíèìè íà R âíàñëiäîê âèêîíàííÿ óìîâ òåî-
ðåìè, òîìó

p̄k = lim
m→∞

p̄
(m)
k , q̄k = lim

ν→∞
q̄
(ν)
k ,

Âðàõîâóþ÷è òå, ùî |p(t, s)| < α, ìîæíà
îòðèìàòè íàñòóïíi îöiíêè:

|p̄(1)k (t)− p̄
(0)
k (t)| ≤ α|µ|λk,

|q̄(1)k (t)− q̄
(0)
k (t)| ≤ αλkµ

2

(
√

1− αλkµ2 + 1)2
×

×|e
√

1−αλkµ2+1 −
√
1− αλkµ2 − 2)|,

Çãiäíî îöiíîê ìåòîäó ïîñëiäîâíèõ íàáëè-
æåíü äëÿ êîæíîãî íàñòóïíîãî íàáëèæåííÿ
ìà¹ ìiñöå òàêà îöiíêà

|p̄(m)
k − p̄k| ≤

δm|p̄(1)k − p̄
(0)
k |

1− δ
,

|q̄(ν)k − q̄k| ≤
δν |q̄(1)k − q̄

(0)
k |

1− δ
,

Ó íàøîìó âèïàäêó δ =
1−
√

1−αλkµ2

1+
√

1−αλkµ2
(
√

1− αλkµ2e
√

1−αλkµ2+1 + 1),

òîäi îòðèìà¹ìî:

|p̄(m)
k − p̄k| ≤

δmα|µ|λk
1− δ

,

|q̄(ν)k − q̄k| ≤
δναλkµ

2

(1− δ)(
√

1− αλkµ2 + 1)2
×

×|e
√

1−αλkµ2+1 −
√
1− αλkµ2 − 2)|,

k = 1, n, t ∈ R.
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