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Äëÿ äîäàòíîãî, çáiæíîãî äëÿ âñiõ x ≥ 0 ðÿäó F (x) =
∑+∞

n=0 ane
xλn+τ(x)βn , an ≥ 0, (n ≥

0), äå τ(x) � äîäàòíà çðîñòàþ÷à äèôåðåíöiéîâíà ôóíêöiÿ òàêà, ùî τ ′(x) ≥ 1 (x > 0), à
(λn), (βn) � íåâiä'¹ìíi ïîñëiäîâíîñòi, îòðèìàíî óìîâè äîñòàòíi äëÿ òîãî, ùîá ñïiââiäíîøåííÿ
lnµ(x, F ) ∼ lnµ(x, Fw) âèêîíóâàëîñü ïðè x → +∞ çîâíi äåÿêî¨ ìíîæèíè ñêií÷åííî¨ ìiðè
Ëåáåãà, äå Fw(x) =

∑+∞
n=0 ane

w(λn+βn)+xλn+τ(x)βn , µ(x, F ) = max{anexλn+τ(x)βn : n ≥ 0}, à w(t)
� äîäàòíà çðîñòàþ÷à äî +∞ íà [0,+∞) ôóíêöiÿ.

We establish conditions for the asymptotic relation lnµ(x, F ) ∼ lnµ(x, Fw) as x → +∞ outside
of some exceptional set of �nite Lebesgue measure for a positive functional series of the form
F (x) =

∑+∞
n=0 ane

xλn+τ(x)βn , an ≥ 0, (n ≥ 0), convergent for x ≥ 0, where τ(x) is a positive
increase di�erentiable function such that τ ′(x) ≥ 1 (x > 0), (λn), (βn) are positive sequences,
Fw(x) =

∑+∞
n=0 ane

w(λn+βn)+xλn+τ(x)βn , µ(x, F ) = max{anexλn+τ(x)βn : n ≥ 0}, and w(t) is an
increasing to +∞ in interval [0,+∞) function.

1. Âñòóï.ÍåõàéD(λ)� êëàñ àáñîëþòíî çái-
æíèõ â óñié êîìïëåêñíié ïëîùèíi C ðÿäiâ
Äiðiõëå

F (z) =
+∞∑
n=0

ane
zλn , (1)

äå λ = (λn) � äåÿêà ïîñëiäîâíiñòü òàêà, ùî
0 = λ0 < λn ↑ +∞ (1 ≤ n ↑ +∞), à ÷å-
ðåç D+(λ) ïîçíà÷èìî ïiäêëàñ êëàñó D(λ), â
ÿêèé âõîäÿòü ðÿäè Äiðiõëå âèãëÿäó (1) òàêi,
ùî an ≥ 0 (n ≥ 0).

Íåõàé S(λ, β, τ) êëàñ çáiæíèõ äëÿ âñiõ
x ≥ 0 ðÿäiâ âèãëÿäó

F (x) =
+∞∑
n=0

ane
xλn+τ(x)βn , an ≥ 0 (n ≥ 0),

äå λ = (λn), β = (βn) íåâiä'¹ìíi ïîñëiäîâ-
íîñòi, τ(x) � äîäàòíà íåñïàäíà íà [0; +∞)
ôóíêöiÿ. Çðîçóìiëî, ùî S(λ, 0, 0) = D+(λ) ó
âèïàäêó, êîëè 0 ≤ λ0 < λn ↑ +∞ (1 ≤ n ↑
+∞).

Äëÿ x ≥ 0 i F ∈ S(λ, β, τ) âèçíà÷èìî

µ(x, F ) = max{anexλn+τ(x)βn : n ≥ 0},
òîáòî, µ(x, F ) = max{|an|exλn : n ≥ 0} ó

âèïàäêó F ∈ D(λ).
Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (bn), bn ∈ C\

{0} (n ≥ 0) i ôóíêöi¨ F ∈ D(λ), ââåäåìî â
ðîçãëÿä ðÿäè Äiðiõëå

B+(z) =
+∞∑
n=0

anbne
zλn , B−(z) =

+∞∑
n=0

anb
−1
n ezλn .

Çðîçóìiëî, ùî ó âèïàäêó, êîëè ïîñëiäîâ-
íiñòü (bn) çàäîâîëüíÿ¹ óìîâó

b = lim
n→+∞

1

λn
ln(|bn|+ |bn|−1) < +∞, (2)

òî F ∈ D(λ) ⇔ B+ ∈ D(λ) ⇔ B− ∈ D(λ).
ßêùî ñïiââiäíîøåííÿ

lnµ(x, F ) = (1 + o(1)) lnµ(x,B+) =

= (1 + o(1)) lnµ(x,B−) (3)

âèêîíóþòüñÿ ïðè x→ +∞ çîâíi äåÿêî¨ ìíî-
æèíè ñêií÷åííî¨ ìiðè, òî ÿê i â [1,2] ãîâîðè-
òèìåìî, ùî ìàêñèìàëüíèé ÷ëåí µ(x, F ) ðÿäó
Äiðiõëå (1) ¹ ñòiéêèì (ñòiéêèì çà Ãàéñè-
íèì).

Íåõàé L � êëàñ äîäàòíèõ íåïåðåðâíèõ
íà R+ := [0,+∞) ôóíêöié l(t) òàêèõ, ùî
l(t) → +∞ (t → +∞); L+ � ïiäêëàñ L, â
ÿêèé âõîäÿòü çðîñòàþ÷i äî+∞ ïðè x→ +∞
ôóíêöi¨.

×åðåçW ïîçíà÷èìî êëàñ ôóíêöié w ∈ L+

òàêèõ, ùî ∫ +∞

1

x−2w(x)dx < +∞.

Ó ñòàòòi [2] âêàçàíi òàêi äîñòàòíi óìîâè
ñòiéêîñòi çà Ãàéñèíèì.
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Òåîðåìà 1 (Ñêàñêiâ, Òðàêàëî [2]). Íåõàé
{F,B+, B−} ⊂ D(λ), w ∈ L+ i âèêîíó¹òüñÿ
óìîâà

ln(|bn|+ |bn|−1) ≤ w(λn) (n ≥ n1). (4)

ßêùî ∫ +∞

0

ln ν(t)

t2
dt < +∞, (5)

äå ν(t) =
t∫
0

ew(x)dn(x), n(x) =
∑

λn≤x

1, òî ìà-

êñèìàëüíèé ÷ëåí µ(x, F ) ¹ ñòiéêèì.

Íåñêëàäíî ïîìiòèòè, ùî ln ν(t) ≤ w(t) +
lnn(t) (t ≥ 0), òîìó óìîâà (5) âèïëèâà¹ ç
óìîâ (6) i w ∈ W .

Íàñëiäîê 2 (Ñêàñêiâ, Òðàêàëî [2]).
Íåõàé äëÿ λ = (λn) âèêîíó¹òüñÿ óìîâà

+∞∫
0

lnn(t)

t2
dt < +∞, n(t)

def
=
∑
λn≤t

1. (6)

ßêùî {F,B+, B−} ⊂ D(λ), w ∈ W , à
äëÿ (bn)� óìîâà (4), òî ìàêñèìàëüíèé ÷ëåí
µ(x, F ) ¹ ñòiéêèì.

Ó ñòàòòi [2, òåîðåìà 3] äîâåäåíî, ùî òâåð-
äæåííÿ Íàñëiäêó 1 íå ìîæíà ïîêðàùèòè ó
òîìó ñåíñi, ùî çà óìîâè (6), iñíó¹ F ∈ D+(λ)
òàêà, ùî, ÿêùî äëÿ ôóíêöi¨ w ∈ L+ óìîâà
(5) íå âèêîíó¹òüñÿ, òî äëÿ ôóíêöi¨

Bw(z) =
+∞∑
n=0

ane
w(λn)+zλn

îòðèìó¹ìî, ùî iñíó¹ d > 0 òàêå,ùî äëÿ âñiõ
x ≥ x0 :

lnµ(x,Bw) ≥ (1 + d) lnµ(x, F ), (7)

òîáòî ìàêñèìàëüíèé ÷ëåí µ(x, F ) íå ¹ ñòié-
êèì.

Ìåòà äàíî¨ ñòàòòi îòðèìàòè óìîâè ñòié-
êîñòi çà Ãàéñèíèì ìàêñèìàëüíîãî ÷ëåíà ðÿ-
äiâ ç êëàñó S(λ, β, τ). Äëÿ ôóíêöié F ∈
S(λ, β, τ) i w ∈ L+ ðîçãëÿíåìî ðÿä

Bw(x) =
+∞∑
n=0

ane
w(λn+βn)+xλn+τ(x)βn .

Ïðàâèëüíå òàêå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé äèôåðåíöiéîâíà ôóíêöiÿ
τ(x) òàêà, ùî τ ′(x) ≥ 1 (x > 0), à ôóí-
êöiÿ w ∈ L+ òàêà, ùî ln ν1 ∈ W , äå ν1(t) =
t∫
0

ew(x)dn∗(x), n∗(x) =
∑

λn+βn≤x

1. ßêùî Bw ∈

S(λ, β, τ), òî ñïiââiäíîøåííÿ

lnµ(x, F ) = (1 + o(1)) lnµ(x,Bw) (8)

âèêîíó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíî-
æèíè E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè.

Çàóâàæèìî, ùî ç óìîâè Bw ∈ S(λ, β, τ)
âèïëèâà¹, ùî F ∈ S(λ, β, τ).
2. Äîïîìiæíi òâåðäæåííÿ. Íåõàé ν � áî-
ðåëåâà ìiðà íà R+ = [0,+∞), òîáòî, íåâiä'-
¹ìíà çëi÷åííî-àäèòèâíà ìiðà íà σ−àëãåáði
B(R+) áîðåëåâèõ ïiäìíîæèí R+. Ðîçãëÿíå-
ìî íà R+ òàêi ôóíêöi¨: äîäàòíi ôóíêöi¨ λ =
λ(x), β = β(x) i äèôåðåíöiéîâíó ôóíêöiþ
τ = τ(x) òàêó, ùî τ ′(x) ≥ 1 (x ≥ x0). ×åðåç
I(ν, λ, β, τ) ïîçíà÷èìî êëàñ ôóíêöié F : R →
R+, ùî çîáðàæàþòüñÿ äëÿ âñiõ x ∈ R iíòå-
ãðàëàìè âèãëÿäó

F (x) =

∫ +∞

0

a(t)eλ(t)x+β(t)τ(x)ν(dt),

äå a = a(t) : R+ → R+ äåÿêà âèìiðíà (áîðå-
ëåâà) ôóíêöiÿ.

Äîâåäåííÿ òåîðåìè 2 âèêîðèñòîâó¹ òó æ
iäåþ, ùî é ó ñòàòòÿõ [2,3] i ïîëÿãà¹ ó çàñòîñó-
âàííi òâåðäæåííÿ ïðî ñïiââiäíîøåííÿ òèïó
Áîðåëÿ äëÿ âiäïîâiäíèõ iíòåãðàëüíèõ çîáðà-
æåíü ðÿäiâ, ùî ðîçãëÿäàþòüñÿ. Ó íàøîìó
âèïàäêó, äëÿ iíòåãðàëiâ ç êëàñó I(ν, λ, β, τ).
Âëàñíå, äîâåäåìî ñïî÷àòêó òàêå òâåðäæåí-
íÿ.

Òåîðåìà 3. Íåõàé τ � äîäàòíà äèôåðåíöi-
éîâíà íà [0; +∞) ôóíêöiÿ òàêà, ùî τ ′(x) ≥ 1
(x ≥ x0). ßêùî F ∈ I(ν, λ, β, τ) i∫ +∞

0

d ln ν0(t)

t
< +∞, (9)

äå ν0(x) = ν{t : λ(t)+β(t) ≤ x}, òî iñíó¹ òà-
êà ìíîæèíà E ⊂ R+ ñêií÷åííî¨ ìiðè Ëåáåãà,
ùî ñïiââiäíîøåííÿ

lnF (x) ≤ (1 + o(1)) lnµ∗(x, F ) (10)

âèêîíó¹òüñÿ ïðè x→ +∞ (x /∈ E), äå

µ∗(x, F ) = sup{a(t)exλ(t)+τ(x)β(t) : t ∈ supp ν}.

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2. 79



Âiäêðèòèì çàëèøà¹òüñÿ ïèòàííÿ ïðî
íåîáõiäíiñòü óìîâè (9), òîáòî, ÷è äëÿ êîæíî¨
ìiðè, äëÿ ÿêî¨ óìîâà (9) íå âèêîíó¹òüñÿ iñíó¹
ôóíêöiÿ F ∈ I(ν, λ, β, τ), äëÿ ÿêî¨ íà ìíî-
æèíi íåñêií÷åííî¨ ìiðè Ëåáåãà âèêîíó¹òüñÿ
íåðiâíiñòü

lnF (x) > (1 + d) lnµ∗(x, F ) (11)

ç äåÿêèì d > 0. Âiäçíà÷èìî, ùî ó âèïàä-
êó êëàñó I(ν) := I(ν, λ∗, 0, 0), λ∗(t) ≡ t,
òîáòî, ôóíêöié F : R+ → R+, çîáðàæóâà-
íèõ äëÿ âñiõ x ≥ 0 iíòåãðàëàìè âèãëÿäó
F (x) =

∫
R+
a(t)extν(dt), ó ñòàòòi [2] äîâåäå-

íî, ùî äëÿ êîæíî¨ ìiðè ν, äëÿ ÿêî¨ óìîâà
(9) ç ν0(t) = ν{x ≥ 0: x ≤ t} íå âèêîíó¹òüñÿ,
iñíó¹ òàêà ôóíêöiÿ F ∈ I(ν), ùî íåðiâíiñòü
(11) ïðè äåÿêîìó d > 0 âèêîíó¹òüñÿ äëÿ âñiõ
äîñòàòíüî âåëèêèõ x ≥ x0. Çâiäñè, çîêðåìà,
âèïëèâà¹, ùî óìîâó (9) â êëàñi I(ν, λ, β, τ)
iñòîòíî ïîñëàáèòè íå ìîæíà. Âëàñíå, âîíà ¹
íåîáõiäíîþ â óñüîìó êëàñi

I0(ν) := ∪λ ∪β ∪τI(ν, λ, β, τ)
äëÿ òîãî, ùîá äëÿ êîæíî¨ ôóíêöi¨ F ∈ I0(ν)
ñïiââiäíîøåííÿ (10) âèêîíóâàëîñü ïðè x →
+∞ çîâíi äåÿêî¨ ìíîæèíè ñêií÷åííî¨ ìiðè.

Äëÿ äîâåäåííÿ òåîðåìè 3 íàì ïîòðiáíå
òàêå äîïîìiæíå òâåðäæåííÿ.

Ëåìà 1. Íåõàé τ ′(x) ≥ 0 (x > 0) i F ∈
I(ν, λ, β, τ). Äëÿ âñiõ x > 0 âèêîíó¹òüñÿ íå-
ðiâíiñòü

F (x) ≤ 2

∫
G

a(t)exλ(t)+τ(x)β(t)ν(dt), (12)

äå G := {t > 0: λ(t) + τ ′(x)β(t) ≤ 2g′(x)},
g(x) := lnF (x).
Äîâåäåííÿ. Âiäçíà÷èìî ñïî÷àòêó, ùî

ôóíêöiÿ F íåñïàäíà íà R+ i, òîìó, F ′(x) ≥ 0
äëÿ âñiõ x > 0, à òàêîæ, ùî F ′(x) < +∞ (x >
0). Çàóâàæèìî, ùî ïðè ôiêñîâàíîìó x > 0

1

F (x)

∫
R+\G

a(t)exλ(t)+τ(x)β(t)ν(dt) ≤

≤ 1

2F ′(x)

+∞∫
0

(λ(t) + τ ′(x)β(t))×

×a(t)exλ(t)+τ(x)β(t)ν(dt) = 1/2.

Çâiäñè,

F (x) ≤ F (x)/2+

+

∫
G

a(t)exλ(t)+τ(x)β(t)ν(dt)

i, îòæå, ëåìó 1 äîâåäåíî.
Ñôîðìóëþ¹ìî òàêîæ äåùî iíøèé âàðiàíò

ëåìè 1.

Ëåìà 2. Íåõàé τ ′(x) ≥ 0 (x > 0) i F ∈
I(ν, λ, β, τ). Äëÿ âñiõ x > 0 âèêîíó¹òüñÿ íå-
ðiâíiñòü (12) ç G = G0 := {t > 0: λ(t) ≤
2g′(x)}, g(x) := lnF (x).
Äîâåäåííÿ. Çàóâàæèìî, ùî G ⊂ G0

ïðè ôiêñîâàíîìó x > 0. Çàëèøà¹òüñÿ çàñòî-
ñóâàòè ëåìó 1.
Äîâåäåííÿ òåîðåìè 3. Ñêîðèñòàâøèñü

óìîâîþ τ ′(x) ≥ 1, çà ëåìîþ 1 îòðèìà¹ìî

F (x) ≤
≤ 2µ∗(x, F )ν{t : λ(t) + τ ′(x)β(t) ≤ 2g′(x)} ≤
≤ 2µ∗(x, F )ν({t : λ(t) + β(t) ≤ 2g′(x)}) ≤

≤ 2µ∗(x, F )ν0(2g
′(x)), (13)

ïîçàÿê {t : λ(t) + τ ′(x)β(t) ≤ 2g′(x)} ⊂
{t : λ(t) + β(t) ≤ 2g′(x)} äëÿ êîæíîãî x > 0.

Ç óìîâè (9) âèïëèâà¹ çáiæíiñòü iíòåãðàëó∫ +∞ ln ν0(t)

t2
dt < +∞.

Çâiäñè, îòðèìó¹ìî [4], ùî iñíó¹ äîäàòíà çðî-
ñòàþ÷à äî +∞ íåïåðåðâíà íà R+ ôóíêöiÿ
ψ(t) òàêà, ùî âèêîíóþòüñÿ óìîâè∫ +∞

0

dt

ψ(t)
< +∞,

ln ν0(t) = o(ψ−1(t)) (t→ +∞). (14)

Äëÿ ôóíêöié ψ0(t) = ψ(t)/2 i g(x) = lnF (x)
îçíà÷èìî ìíîæèíó

E = {x > 0: g′(x) ≥ ψ0(g(x))}.

Òîäi, äëÿ ìiðè Ëåáåãà öi¹¨ ìíîæèíè çà óìî-
âîþ (14) ìà¹ìî

meas E =

∫
E

dx ≤
∫
E

g′(x)

ψ0(g(x))
dx ≤

≤
∫
g(E)

du

ψ0(u)
≤
∫ +∞

0

du

ψ0(u)
< +∞,
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òîáòî, ìíîæèíà E ìà¹ ñêií÷åííó ìiðó Ëå-
áåãà. Îòæå, ïðè x → +∞ (x ∈ R+ \ E) ç
íåðiâíîñòi (13) çà óìîâîþ (14) îòðèìó¹ìî

lnF (x) ≤ ln 2 + lnµ∗(x, F ) + ln ν0(ψ(g(x))) =

= ln 2 + lnµ∗(x, F ) + o(ψ−1(ψ(g(x)))) =

= ln 2 + lnµ∗(x, F ) + o(lnF (x)).

Îñòàíí¹ ñïiââiäíîøåííÿ ïîâíiñòþ äîâîäèòü
íàøå òâåðäæåííÿ.

Öiëêîì ïîäiáíî äî òåîðåìè 3 äîâîäèòüñÿ
òàêå òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé τ � äîäàòíà äèôåðåíöi-
éîâíà íà [0; +∞) ôóíêöiÿ òàêà, ùî τ ′(x) ≥ 0
(x ≥ x0). ßêùî F ∈ I(ν, λ, β, τ) i âèêîíó¹-
òüñÿ óìîâà (9) ç ν0(x) = ν{t : λ(t) ≤ x}, òî
iñíó¹ òàêà ìíîæèíà E ⊂ R+ ñêií÷åííî¨ ìiðè
Ëåáåãà, ùî ñïiââiäíîøåííÿ (10) âèêîíó¹òüñÿ
ïðè x→ +∞ (x /∈ E).

Äîâåäåííÿ. Çà ëåìîþ 2 äëÿ âñiõ x ≥
x0 çàìiñòü íåðiâíîñòi (13) îòðèìó¹ìî íåðiâ-
íiñòü F (x) ≤ 2µ∗(x, F )ν0(2g

′(x)), ν0(x) =
ν{t : λ(t) ≤ x}. Ïîäàëüøå äîâåäåííÿ ¹ äî-
ñëiâíèì ïîâòîðîì äîâåäåííÿ òåîðåìè 3.

3. Íàñëiäêè äëÿ iíòåãðàëiâ Ëàïëàñà
òà ðÿäiâ ïîäiáíèõ äî ðÿäiâ Òåéëîðà-
Äiðiõëå. Îòðèìà¹ìî äåÿêi íàñëiäêè ç òåî-
ðåìè 3.

Íàñëiäîê 2. Íåõàé τ � äîäàòíà äèôåðåí-
öiéîâíà íà [0; +∞) ôóíêöiÿ, òàêà, ùî 0 <
τ ′(x) ≤ 1 (x ≥ x0), à F ∈ I(ν, λ, β, τ). ßêùî
âèêîíó¹òüñÿ óìîâà (9), òî ñïiââiäíîøåííÿ
(10) âèêîíó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨
ìíîæèíè E1 ñêií÷åííî¨ τ−ìiðè, òîáòî,

τ −meas(E1) :=

∫
E1

dτ(x) < +∞.

Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi
ââàæà¹ìî, ùî τ(0) = 0. Çàñòîñó¹ìî òâåðäæå-
ííÿ òåîðåìè 3 äî ôóíêöi¨

F1(r) = F (τ−1(r)) =

=

∫ +∞

0

a(t)eτ
−1(r)λ(t)+rβ(t)ν(dt),

äå τ−1 � îáåðíåíà ôóíêöiÿ äî ôóíêöi¨ τ . Çðî-
çóìiëî, ùî F1 ∈ I(ν, β, λ, τ−1), µ∗(r, F1) =

µ∗(τ
−1(r), F ). Îòæå, çà òåîðåìîþ 3 ñïiââiä-

íîøåííÿ

lnF1(r) ≤ (1 + o(1)) lnµ∗(r, F1)

âèêîíó¹òüñÿ ïðè r → +∞ çîâíi äåÿêî¨ ìíî-
æèíè E ñêií÷åííî¨ ìiðè Ëåáåãà. Çâiäñè íå-
ãàéíî îòðèìó¹ìî, ùî ñïiââiäíîøåííÿ (10)
âèêîíó¹òüñÿ ïðè x → +∞ çîâíi ìíîæèíè
E1 = τ−1(E). Àëå, òîäi

τ −meas(E1) =

∫
E1

dτ(x) =

∫
E

dr < +∞.

Íàñëiäîê 3 ( [5]). Íåõàé äîäàòíà ôóíêöiÿ
τ(x) òàêà, ùî àáî a) τ ′(x) ≥ 1 (x > 0),
àáî b) 0 < τ ′(x) ≤ 1 (x > 0). ßêùî ïîñëi-
äîâíiñòü (λn + βn) íå ìà¹ îäèíàêîâèõ åëå-
ìåíòiâ i âèêîíó¹òüñÿ óìîâà (9) ç ν0(t) =
n0(t) :=

∑
λn+βn≤t 1, òî äëÿ êîæíî¨ ôóíêöi¨

F ∈ S(λ, β, τ) ñïiââiäíîøåííÿ Áîðåëÿ

lnF (x) = (1 + o(1)) lnµ(x, F ) (15)

âèêîíó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíî-
æèíè E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè ó âèïàäêó
a) i ñêií÷åííî¨ τ−ìiðè ó âèïàäêó b).
Äîâåäåííÿ. Çàóâàæèìî, ùî çà óìîâîþ

(9) ν0(t) < +∞ äëÿ êîæíîãî t ≥ 0, òî-
ìó, ïîñëiäîâíiñòü (λn + βn) íå ìà¹ ñêií÷åí-
íèõ òî÷îê ñêóï÷åííÿ. Íåõàé ìiðà ν ¹ ìiðîþ
Ëåáåãà-Ñòiëò'¹ñà, ïîáóäîâàíîþ çà ôóíêöi¹þ
n∗(t) (n∗ � ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi
(λn + βn)). Íåõàé ôóíêöi¨ λ(t), β(t), a(t) òà-
êi, ùî λ(t) = λn, β(t) = βn, a(t) = an ïðè
t = λn + βn äëÿ êîæíîãî n ≥ 0 i λ(t) =
β(t) = a(t) = 0 äëÿ t /∈ {λn + βn : n ∈ Z+}.
Öåé âèáið ¹ ìîæëèâèì, ïîçàÿê ñåðåä åëåìåí-
òiâ (λn+βn) íåìà îäíàêîâèõ. Çðîçóìiëî, ùî
òîäi

+∞∑
n=0

ane
xλn+τ(x)βn =

∫
R+

a(t)exλ(t)+τ(x)β(t)ν(dt),

à òàêîæ ν0(x) = ν{t : λ(t) + β(t) ≤
x} = n∗(x). Çàëèøà¹òüñÿ ñêîðèñòàòèñÿ òå-
îðåìîþ 3 i íàñëiäêîì 2.

Íàñëiäîê 4 ( [6]). Íåõàé äîäàòíà ôóíêöiÿ
τ(x) òàêà, ùî τ ′(x) ≥ 0 (x > x0). ßêùî
ïîñëiäîâíiñòü (λn) íå ìà¹ îäèíàêîâèõ åëå-
ìåíòiâ i âèêîíó¹òüñÿ óìîâà (9) ç ν0(t) =
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nλ(t) :=
∑

λn≤t 1, òî äëÿ êîæíî¨ ôóíêöi¨
F ∈ S(λ, β, τ) ñïiââiäíîøåííÿ Áîðåëÿ (15)
âèêîíó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíî-
æèíè E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè.
Äîâåäåííÿ. Çà óìîâîþ (9) ν0(t) < +∞

äëÿ êîæíîãî t ≥ 0, òîìó, ïîñëiäîâíiñòü
(λn) íå ìà¹ ñêií÷åííèõ òî÷îê ñêóï÷åííÿ. Íå-
õàé ìiðà ν ¹ ìiðîþ Ëåáåãà-Ñòiëò'¹ñà, ïîáó-
äîâàíîþ çà ôóíêöi¹þ nλ(t) (nλ � ëi÷èëü-
íà ôóíêöiÿ ïîñëiäîâíîñòi (λn)). Íåõàé ôóí-
êöi¨ λ(t), β(t), a(t) òàêi, ùî λ(t) = λn, β(t) =
βn, a(t) = an ïðè t = λn äëÿ êîæíîãî n ≥ 0 i
λ(t) = β(t) = a(t) = 0 äëÿ t /∈ {λn : n ∈ Z+}.
Öåé âèáið ¹ ìîæëèâèì, ïîçàÿê ñåðåä åëåìåí-
òiâ (λn) íåìà îäíàêîâèõ. Çðîçóìiëî, ùî òî-
äi çíîâó F (x) =

∫
R+
a(t)exλ(t)+τ(x)β(t)ν(dt), i

êðiì öüîãî ν0(x) = ν{t : λ(t) ≤ x} = nλ(x).
Çàëèøà¹òüñÿ ñêîðèñòàòèñÿ òåîðåìîþ 4.

Çàóâàæèìî, ùî ïðè âèêîíàííi óìîâ íà-
ñëiäêó 3 óìîâà (9) ¹ åêâiâàëåíòíîþ äî óìîâè∑+∞

n=1
1/(n(λn + βn)) < +∞, (16)

à ó íàñëiäêó 4 � äî óìîâè∑+∞

n=1
1/(nλn) < +∞, (17)

Äîâåäåííÿ òåîðåìè 2. Íåõàé αn :=
λn+βn (n ≥ 0), à a(t), b(t), λ(t), β(t) � âèìiðíi
íåâiä'¹ìíi ôóíêöi¨ íà R+ òàêi, ùî a(t) = |an|,
b(t) = ew(t), λ(t) = λn, β(t) = βn ïðè t = αn i

µ(x, F ) = sup{a(t)exλ(t)+τ(x)β(t) : t ∈ R+},
µ(σ,Bw) = sup{a(t)b(t)exλ(t)+τ(x)β(t) : t ∈ R+}.

Äëÿ öüîãî äîñòàòíüî ïðèéíÿòè, ùî a(t) = 0
äëÿ t /∈ {λn + βn : n ≥ 0}.

Òîäi, äëÿ âñiõ x ∈ R

µ(x, F ) ≤ µ(x,Bw) ≤ Bw(x) = (18)

=
+∞∑
n=0

|an|b(αn)e
xλn+τ(x)βn =

=

+∞∫
0

a(t)exλ(t)+τ(x)β(t)ν(dt), (19)

äå ìiðà ν òàêà, ùî

ν(G) =
+∞∑
n=0

b(αn)δαn(G)

äëÿ êîæíî¨ îáìåæåíî¨ ìíîæèíè G ⊂ R+, à
δα(G) � îäèíè÷íà ìiðà Äiðàêà, çîñåðåäæåíà
â òî÷öi α ∈ R+, òîáòî, δα(G) = 1 ïðè α ∈ G
i δα(G) = 0 ïðè α ̸∈ G. Çðîçóìiëî, ùî

ν0(x) = ν({t > 0: λ(t) + β(t) ≤ x}) ≤

≤
∑
αn≤x

b(αn) =
∑
αn≤x

ew(αn) = ν1(x)

i, òîìó, ç óìîâè ln ν1 ∈ W íåãàéíî îòðèìó¹-
ìî, ùî âèêîíó¹òüñÿ óìîâà (9) ç òåîðåìè 3. Çà
òåîðåìîþ 3, çàñòîñîâàíîþ äî iíòåãðàëà (19),
ïðè x→ +∞ çîâíi äåÿêî¨ ìíîæèíè ñêií÷åí-
íî¨ ìiðè Ëåáåãà, ç (18)�(19) îòðèìà¹ìî

lnµ(x, F ) ≤ lnµ(x,Bw) ≤ (1 + o(1)) lnµ∗(x),

äå µ∗(x) = sup{a(t)exλ(t)+τ(x)β(t) : t ∈ supp ν}.
Çà âèáîðîì ôóíêöi¨ a(t) âèêîíó¹òüñÿ µ∗(x) =
µ(x, F ), òîìó, çâiäñè îòðèìà¹ìî ñïiââiäíîøå-
ííÿ (8). Òåîðåìó 2 äîâåäåíî.

Íåõàé äëÿ w ∈ L+

B−w(x) :=
+∞∑
n=0

|an|e−w(λn+βn)+xλn+τ(x)βn .

Ç òåîðåìè 2 íåãàéíî âèïëèâà¹ òàêå òâåð-
äæåííÿ.

Òâåðäæåííÿ 1. Íåõàé äèôåðåíöiéîâíà
ôóíêöiÿ τ(x) òàêà, ùî τ ′(x) ≥ 1 (x > 0),
à ôóíêöiÿ w ∈ L+ òàêà, ùî ln ν1 ∈ W , äå

ν1(t) =
t∫
0

ew(x)dn∗(x), n∗(x) =
∑

λn+βn≤x

1. Òîäi

äëÿ êîæíî¨ ôóíêöi¨ F ∈ S(λ, β, τ) ñïiââiäíî-
øåííÿ

lnµ(x, F ) = (1 + o(1)) lnµ(x,B−w) (20)

âèêîíó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíî-
æèíè E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè.

Ñïðàâäi, çà òåîðåìîþ 2, çàñòîñîâàíîþ
äî ôóíêöi¨ B−w, ïðè x → +∞ çîâ-
íi äåÿêî¨ ìíîæèíè ñêií÷åííî¨ ìiðè Ëåáå-
ãà îòðèìó¹ìî lnµ(x,B−w) = (1 + o(1))×
× lnµ(x, (B−w)w) = (1 + o(1)) lnµ(x, F ), ïî-
çàÿê µ(x, (B−w)w) = µ(x, F ). Òîáòî, òâåð-
äæåííÿ 1 äîâåäåíî.

5. Ùå êiëüêà òâåðäæåíü i çàêëþ÷íi êî-
ìåíòàði ïðî ñòiéêiñòü çà Ãàéñèíèì.

Íàñëiäîê 5. Íåõàé äèôåðåíöiéîâíà ôóíê-
öiÿ τ(x) òàêà, ùî τ ′(x) ≥ 1 (x > 0). ßêùî
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w ∈ W , lnn∗ ∈ W , äå n∗(x) =
∑

λn+βn≤x

1 i

F ∈ S(λ, β, τ), òî ñïiââiäíîøåííÿ (8) âèêî-
íó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíîæèíè
E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè.
Äîâåäåííÿ. Íåõàé αn = λn + βn. Çà-

óâàæèìî ñïî÷àòêó, ùî ç óìîâ lnn∗ ∈ W ,
w ∈ W , ïîçàÿê, ν1(x) ≤ ew(x)

∑
αn≤x 1 =

ew(x)n∗(x), âèïëèâà¹, ùî ln ν1 ∈ W , à òàêîæ,
ùî ln ν∗(x) = o(x), w(x) = o(x) (x → +∞).
Çâiäñè, çîêðåìà òàêîæ, ìà¹ìî lnn = o(αn)
(n → +∞). Îñêiëüêè ç óìîâ F ∈ S(λ, β, τ) i
τ ′(x) ≥ 1 âèïëèâà¹, ùî

lim
n→+∞

− ln an
αn

= +∞,

òî

lim
n→+∞

− ln(ane
w(αn))

αn

= +∞,

i, îòæå, âðàõîâóþ÷è, ùî x ≤ τ(x), äëÿ êî-
æíîãî ôiêñîâàíîãî x > 0 i ïðè n → +∞
îòðèìà¹ìî

ane
w(αn)+xλn+τ(x)βn ≤ ane

w(αn)+τ(x)αn ≤

≤ exp
{
− (1 + o(1))

(
− ln(ane

w(αn)
)}

≤

≤ exp{−2αn} ≤ exp{−2 lnn},

òîìó Bw ∈ S(λ, β, τ). Äëÿ çàâåðøåííÿ äî-
âåäåííÿ íàñëiäêó 5 çàëèøèëîñü çàñòîñóâàòè
òåîðåìó 2.

Ïîäiáíî äî òîãî, ÿê òåîðåìó 2 i òâåðäæå-
ííÿ 1 áóëî îòðèìàíî ç òåîðåìè 3, çà äîïîìî-
ãîþ òåîðåìè 4 îòðèìó¹ìî òàêå òâåðäæåííÿ.

Íåõàé äëÿ w ∈ L+

Bλ
±w(x) :=

+∞∑
n=0

|an|e±w(λn)+xλn+τ(x)βn .

Òåîðåìà 5. Íåõàé äèôåðåíöiéîâíà ôóíêöiÿ
τ(x) òàêà, ùî τ ′(x) ≥ 0 (x > 0), à ôóí-
êöiÿ w ∈ L+ òàêà, ùî ln ν1 ∈ W , äå ν1(t) =
t∫
0

ew(x)dnλ(x), nλ(x) =
∑

λn≤x

1. ßêùî Bλ
w ∈

S(λ, β, τ), òî ñïiââiäíîøåííÿ (8) i (20) âèêî-
íóþòüñÿ ïðè x→ +∞ çîâíi äåÿêî¨ ìíîæèíè
E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè.

Äîâåäåííÿ. Íåõàé a(t), b(t), λ(t), β(t) �
âèìiðíi íåâiä'¹ìíi ôóíêöi¨ íà R+ òàêi, ùî

a(t) = |an|, b(t) = ew(t), λ(t) = λn, β(t) = βn
ïðè t = λn i

µ(x, F ) = sup{a(t)exλ(t)+τ(x)β(t) : t ∈ R+},
µ(σ,Bλ

w) = sup{a(t)b(t)exλ(t)+τ(x)β(t) : t ∈ R+}.

Äëÿ öüîãî, ÿê i âèùå, äîñòàòíüî ïðèéíÿòè,
ùî a(t) = 0 äëÿ t /∈ {λn : n ≥ 0}.

Òîäi, µ(x, F ) ≤ µ(x,Bw) ≤ Bλ
w(x) =

+∞∫
0

a(x)exλ(t)+τ(x)β(t)ν(dt), äëÿ âñiõ x ∈ R, äå

ìiðà ν òàêà, ùî ν(G) =
∑+∞

n=0 b(λn)δλn(G)
äëÿ êîæíî¨ îáìåæåíî¨ ìíîæèíè G ⊂ R+, à
δλ(G) � îäèíè÷íà ìiðà Äiðàêà, çîñåðåäæå-
íà â òî÷öi λ ∈ R+. Çðîçóìiëî, ùî ν0(x) =
ν({t ≥ 0: λ(t) ≤ x}) ≤

∑
αn≤x b(αn) =∑

αn≤x e
w(αn) = ν1(x) i, òîìó, ç óìîâè ln ν1 ∈

W íåãàéíî îòðèìó¹ìî, ùî âèêîíóþòüñÿ óìî-
âè òåîðåìè 4. Çàâåðøó¹ äîâåäåííÿ ïðàêòè-
÷íî äîñëiâíå ïîâòîðåííÿ âiäïîâiäíèõ ìiñöü
ó äîâåäåííÿõ òåîðåìè 2 i òâåðäæåííÿ 1. Òå-
îðåìó 5 äîâåäåíî.

Ç òåîðåìè 5 íåñêëàäíî, ïîâòîðþþ÷è ìið-
êóâàííÿ ç äîâåäåííÿ íàñëiäêó 4, îòðèìàòè
òàêèé éîãî àíàëîã.

Íàñëiäîê 6. Íåõàé äèôåðåíöiéîâíà ôóíê-
öiÿ τ(x) òàêà, ùî τ ′(x) ≥ 0 (x > 0). ßêùî
w ∈ W , lnnλ ∈ W , äå nλ(x) =

∑
λn≤x

1 i

F ∈ S(λ, β, τ), òî ñïiââiäíîøåííÿ (8) âèêî-
íó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíîæèíè
E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè.

Ç öèòîâàíîãî âèùå òâåðäæåííÿ çi ñòàòòi
[2, òåîðåìà 3] âèïëèâà¹, ùî ÿêùî lnnλ ∈ W ,
òî óìîâà w ∈ W ¹ i íåîáõiäíîþ äëÿ òî-
ãî, ùîá äëÿ êîæíî¨ ôóíêöi¨ F ∈ S(λ) :=
∪β ∪τ S(λ, β, τ) ñïiââiäíîøåííÿ (8) âèêîíó-
âàëîñü ïðè x → +∞ çîâíi äåÿêî¨ ìíîæèíè
E ñêií÷åííî¨ ëåáåãîâî¨ ìiðè.

Ç òåîðåìè 2 i òâåðäæåííÿ 1, à òàêîæ ç
òåîðåìè 5, íåãàéíî îòðèìó¹ìî òàêîæ òàêi
òâåðäæåííÿ ïðî ñïiââiäíîøåííÿ (3) äëÿ ðÿ-
äiâ òèïó Òåéëîðà-Äiðiõëå.

Íåõàé F ∈ S(λ, β, τ), (bn) � äîâiëüíà ïî-
ñëiäîâíiñòü òàêà, ùî bn > 0 (n ≥ 0), w ∈ L+.
Ïîçíà÷èìî

F± =
+∞∑
n=0

anb
±1
n exλn+τ(x)βn .
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Òåîðåìà 6. Íåõàé F ∈ S(λ, β, τ), äå τ
� äèôåðåíöiéîâíà ôóíêöiÿ. Ìàêñèìàëüíèé
÷ëåí µ(x, F ) ¹ ñòiéêèì (òîáòî, ñïiââiäíîøå-
ííÿ lnµ(x, F ) = (1 + o(1)) lnµ(x, F±) âèêî-
íóþòüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíîæè-
íè ñêií÷åííî¨ ëåáåãîâî¨ ìiðè), ÿêùî âèêîíó-
¹òüñÿ îäíà ç òàêèõ äâîõ ãðóï óìîâ:
10. Ôóíêöiÿ τ(x) òàêà, ùî τ ′(x) ≥ 1 (x > 0),
à ôóíêöiÿ w ∈ L+ òàêà, ùî ln ν1 ∈ W , äå

ν1(t) =
t∫
0

ew(x)dn∗(x), n∗(x) =
∑

λn+βn≤x

1, Bw ∈

S(λ, β, τ), à òàêîæ

ln(|bn|+ |bn|−1) ≤ w(λn + βn) (n ≥ n1).

20. Ôóíêöiÿ τ(x) òàêà, ùî τ ′(x) ≥ 0 (x > 0),
à ôóíêöiÿ w ∈ L+ òàêà, ùî ln ν1 ∈ W , äå

ν1(t) =
t∫
0

ew(x)dnλ(x), nλ(x) =
∑

λn≤x

1, Bλ
w ∈

S(λ, β, τ), à òàêîæ

ln(|bn|+ |bn|−1) ≤ w(λn) (n ≥ n1).

×åðåç åëåìåíòàðíiñòü, äîâåäåííÿ òåîðåìè
6 ìè íå íàâîäèìî.

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Ãàéñèí À.Ì. Îöåíêà ðÿäà Äèðèõëå ñ ëàêóíà-
ìè Ôåéåðà // Äîêë. ÐÀÍ. � 2000. � Ò.370, �6.
� Ñ.735�737.

2. Ñêàñêiâ Î.Á., Òðàêàëî Î.Ì. Ïðî ñòiéêiñòü
ìàêñèìàëüíîãî ÷ëåíà öiëîãî ðÿäó Äiðiõëå //
Óêð. ìàò. æóðí. � 2005. � Ò.57, �4. � Ñ.571-
�576.

3. Ñêàñêiâ Î.Á. Ñòiéêiñòü ìàêñèìóìà
ïîñëiäîâíîñòi ëiíiéíèõ ôóíêöié // Ìàòåì.
âiñí. ÍÒØ. � 2004. � Ò.1. � Ñ.120�129.

4. Ñêàñêèâ Î.Á. Î íåêîòîðûõ ñîîòíîøåíèÿõ ìå-
æäó ìàêñèìóìîì ìîäóëÿ è ìàêñèìàëüíûì
÷ëåíîì öåëîãî ðÿäà Äèðèõëå // Ìàò. çàìåòêè.
� 1999. � Ò.66, �2. � Ñ.282�292.

5. Ñêàñêiâ Î.Á., Òðóñåâè÷ Î.Ì. Ïðî òåîðåìó
òèïó Áîðåëÿ äëÿ ðÿäiâ, ïîäiáíèõ äî ðÿäiâ
Òåéëîðà-Äiðiõëå // Ìàò. Ñòóä. � 2000. � Ò.13,
�1. � Ñ.79�82.

6. Òðóñåâè÷ Î.Ì. Àíàëîãè òåîðåìè Áîðåëÿ äëÿ
îäíîãî êëàñó äîäàòíèõ ôóíêöiîíàëüíèõ ðÿäiâ
// Âiñíèê Ëüâiâ. óí-òó

’
ñåð. ìåõ.-ìàò. � 1999. �

Âèï.53. � Ñ.45�47.

84 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2.


