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ÄÂÎÂÈÌIÐÍÎÃÎ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß

Â ÎÁËÀÑÒI Ç ÂIËÜÍÎÞ ÌÅÆÅÞ

Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ ìîëîäøîãî êî-
åôiöi¹íòà äâîâèìiðíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ â îáëàñòi, ðîçòàøóâàííÿ ÷àñòèíè ìåæi ÿêî¨
âèçíà÷à¹òüñÿ íåâiäîìèìè çàëåæíèìè âiä ÷àñó ôóíêöiÿìè.

The unique solvability conditions of the inverse problem of �nding the minor coe�cient in
a two-dimensional parabolic equation in the domain for which the location of boundary part is
described by the unknown time-dependent functions are established.

Îäíèì iç âàæëèâèõ íàïðÿìêiâ ðîçâèòêó
òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿííü ¹ äîñëi-
äæåííÿ îáåðíåíèõ çàäà÷ äëÿ ðiâíÿíü iç ÷à-
ñòèííèìè ïîõiäíèìè. Çäåáiëüøîãî îáåðíåíi
çàäà÷i çâîäÿòüñÿ äî âiäòâîðåííÿ íåâiäîìèõ
ïàðàìåòðiâ ìàòåìàòè÷íèõ ìîäåëåé òàêèõ, ÿê
êîåôiöi¹íòè ðiâíÿííÿ, ãðàíè÷íi ÷è ïî÷àòêî-
âi çíà÷åííÿ íåâiäîìî¨ ôóíêöi¨ òà ií. Êîåôiöi-
¹íòíi îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâ-
íÿíü â îáëàñòÿõ ç âiäîìèìè ìåæàìè âèâ÷åíi
äîñòàòíüî ïîâíî. Çîêðåìà, ó ïðàöÿõ [1]�[5]
äîñëiäæåíî îáåðíåíi çàäà÷i âèçíà÷åííÿ çà-
ëåæíîãî âiä ÷àñó êîåôiöi¹íòà ïðè íåâiäîìié
ôóíêöi¨ ó ïàðàáîëi÷íèõ ðiâíÿííÿõ â îáëà-
ñòÿõ ç âiäîìèìè ìåæàìè. Ðåçóëüòàòè äîñëi-
äæåíü êîåôiöi¹íòíèõ îáåðíåíèõ çàäà÷ äëÿ
ïàðàáîëi÷íèõ ðiâíÿíü ïîêàçàëè, ùî ïèòàííÿ
iäåíòèôiêàöi¨ êîåôiöi¹íòà, ÿêèé çàëåæàâ áè
âiä óñiõ íåçàëåæíèõ çìiííèõ, çàëèøà¹òüñÿ
âiäêðèòèì. Ïåâíèì íàáëèæåííÿì äî âèðiøå-
ííÿ öüîãî ïèòàííÿ ìîæíà ââàæàòè ïîäàí-
íÿ êîåôiöi¹íòà ó âèãëÿäi äîáóòêó äâîõ ôóí-
êöié âiä ðiçíèõ àðãóìåíòiâ, îäíà ç ÿêèõ âiäî-
ìà, à iíøà ïiäëÿãà¹ âèçíà÷åííþ. Ó ðîáîòi [6]
ðîçãëÿíóòî çàäà÷ó îäíî÷àñíîãî âèçíà÷åííÿ
ôóíêöié, ùî çàëåæàòü âiä ðiçíèõ àðãóìåí-
òiâ, ó êîåôiöi¹íòi ïðè íåâiäîìié ôóíêöi¨ â
îäíîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi.

Ïðè ìîäåëþâàííi ïðîöåñiâ iç ôàçîâèìè
ïåðåõîäàìè âèíèêàþòü çàäà÷i ç âiëüíèìè
ìåæàìè, ùî ïðåäñòàâëÿþòü âàæëèâèé ÿê i
òåîðåòè÷íèé, òàê i ïðàêòè÷íèé iíòåðåñ. Ïî-

¹äíàâøè â îäíié çàäà÷i âèçíà÷åííÿ íåâiäî-
ìî¨ ìåæi òà çíàõîäæåííÿ íåâiäîìîãî êîå-
ôiöi¹íòà ðiâíÿííÿ, ìîæíà ðîçãëÿäàòè ¨¨ ÿê
îáåðíåíó çàäà÷ó ç äâîìà íåâiäîìèìè ïàðà-
ìåòðàìè. Ó ðîáîòàõ [7]�[10] âèâ÷åíî îáåðíåíi
çàäà÷i âèçíà÷åííÿ çàëåæíèõ âiä ÷àñó ñòàð-
øèõ êîåôiöi¹íòiâ â îäíî- òà äâîâèìiðíèõ ïà-
ðàáîëi÷íèõ ðiâíÿííÿõ â îáëàñòÿõ ç âiëüíèìè
ìåæàìè. Äîñëiäæåííÿ îáåðíåíèõ çàäà÷ äëÿ
äâîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç íåâiäî-
ìèìè ìîëîäøèìè êîåôiöi¹íòàìè â îáëàñòÿõ
ç âiëüíèìè ìåæàìè ¹ àêòóàëüíèì.
1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëà-

ñòi ΩT = {(x1, x2, t) : 0 < x1 < l(t),
0 < x2 < h(t), 0 < t < T}, äå l = l(t), h = h(t)
� íåâiäîìi ôóíêöi¨, ðîçãëÿäà¹ìî îáåðíåíó
çàäà÷ó âèçíà÷åííÿ íåâiäîìîãî êîåôiöi¹íòà
c(t) ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = ∆u+ c(t)u+ f(x1, x2, t), (1)

(x1, x2, t) ∈ ΩT ,

çà óìîâ

u(x1, x2, 0) = φ(x1, x2), (2)

(x1, x2) ∈ [0, l(0)]× [0, h(0)],

ux1(0, x2, t) = µ1(x2, t),

ux1(l(t), x2, t) = µ2(x2, t),

(x2, t) ∈ [0, h(t)]× [0, T ],

ux2(x1, 0, t) = µ3(x1, t),
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ux2(x1, h(t), t) = µ4(x1, t), (3)

(x1, t) ∈ [0, l(t)]× [0, T ],

l(t)∫
0

h(t)∫
0

u(x1, x2, t)dx2dx1 = µ5(t),

l(t)∫
0

h(t)∫
0

x2u(x1, x2, t)dx2dx1 = µ6(t),

u(0, 0, t) = µ7(t), t ∈ [0, T ]. (4)

Çàìiíîþ çìiííèõ y1 =
x1
l(t)

, y2 =
x2
h(t)

çàäà÷ó (1)�(4) çâîäèìî äî îáåðíåíî¨ çàäà-
÷i ç íåâiäîìèìè (l(t), h(t), c(t), v(y1, y2, t)), äå
v(y1, y2, t) = u(y1l(t), y2h(t), t), â îáëàñòi
QT = {(y1, y2, t) : 0 < y1 < 1, 0 < y2 < 1,
0 < t < T}

vt =
1

l2(t)
vy1y1 +

1

h2(t)
vy2y2 +

y1l
′(t)

l(t)
vy1+

+
y2h

′(t)

h(t)
vy2 + c(t)v + f(y1l(t), y2h(t), t), (5)

(y1, y2, t) ∈ QT ,

v(y1, y2, 0) = φ(y1l(0), y2h(0)), (6)

(y1, y2) ∈ [0, 1]× [0, 1],

vy1(0, y2, t) = l(t)µ1(y2h(t), t),

vy1(1, y2, t) = l(t)µ2(y2h(t), t),

(y2, t) ∈ [0, 1]× [0, T ],

vy2(y1, 0, t) = h(t)µ3(y1l(t), t),

vy2(y1, 1, t) = h(t)µ4(y1l(t), t), (7)

(y1, t) ∈ [0, 1]× [0, T ],

h(t)l(t)

1∫
0

1∫
0

v(y1, y2, t)dy1dy2 = µ5(t), (8)

t ∈ [0, T ],

h2(t)l(t)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2 =

= µ6(t), t ∈ [0, T ], (9)

v(0, 0, t) = µ7(t), t ∈ [0, T ]. (10)

2. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i
(5)�(10).
Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþ-

òüñÿ óìîâè:

1) f ∈ C2,0([0,∞) × [0,∞) × [0, T ]),
µi ∈ C2,1([0,∞) × [0, T ]), i = 1, 2,
µj ∈ C2,1([0,∞) × [0, T ]), j = 3, 4,
µk ∈ C1[0, T ], k = 5, 7, φ ∈ C2([0,∞) ×
[0,∞));

2) f(x1, x2, t) ≥ 0, (x1, x2, t) ∈
[0,∞) × [0,∞) × [0, T ], 0 < φ0 ≤
φ(x1, x2) ≤ φ1 < ∞, (x1, x2) ∈
[0,∞) × [0,∞), µk(t) > 0, k = 5, 7,
t ∈ [0, T ];

3) óìîâè óçãîäæåííÿ íóëüîâîãî òà ïåð-
øîãî ïîðÿäêiâ.

Òîäi ìîæíà âêàçàòè òàêå ÷èñëî T0,
0 < T0 ≤ T , ÿêå âèçíà÷à¹òüñÿ âèõiäíè-
ìè äàíèìè, ùî iñíó¹ ðîçâ'ÿçîê (l, h, c, v) ∈
(C1[0, T0])

2 × C[0, T0] × C2,1(QT0
), l(t) > 0,

h(t) > 0, t ∈ [0, T0], çàäà÷i (5)�(10).
Äîâåäåííÿ. Äëÿ äîâåäåííÿ iñíóâà-

ííÿ ðîçâ'ÿçêó çàäà÷i (5)�(10) çâåäåìî
çàäà÷ó äî åêâiâàëåíòíî¨ ñèñòåìè ðiâ-
íÿíü âiäíîñíî íåâiäîìèõ i çàñòîñó¹ìî
äî íå¨ òåîðåìó Øàóäåðà ïðî íåðóõî-
ìó òî÷êó. Ïîçíà÷èìî wi(y1, y2, t) =
vyi(y1, y2, t), zi(y1, y2, t) = vyiyi(y1, y2, t),
i = 1, 2, z3(y1, y2, t) = vy1y2(y1, y2, t),
p(t) = l′(t), q(t) = h′(t). Ç óìîâ (8), (9)
çíàõîäèìî

h(t) =

µ6(t)
1∫
0

1∫
0

v(y1, y2, t)dy1dy2

µ5(t)
1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2

, (11)

t ∈ [0, T ],

l(t) =

µ2
5(t)

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2

µ6(t)

(
1∫
0

1∫
0

v(y1, y2, t)dy1dy2

)2 , (12)

t ∈ [0, T ].
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Ïðèéíÿâøè â (5) y1 = 0, y2 = 0, îòðèìó¹ìî

c(t) =
1

µ7(t)

(
µ′
7(t)−

z1(0, 0, t)

l2(t)
− z2(0, 0, t)

h2(t)
−

−f(0, 0, t)
)
, t ∈ [0, T ]. (13)

Ïðîäèôåðåíöiþâàâøè óìîâè (8), (9) çà çìií-
íîþ t i âèêîðèñòàâøè (5), îäåðæó¹ìî

p(t) =
h(t)F1(t)− F2(t)

h2(t)
1∫
0

(1− y2)v(1, y2, t)dy2

, (14)

t ∈ [0, T ],

q(t) =

(
F2(t)

1∫
0

v(1, y2, t)dy2 − h(t)F1(t)×

×
1∫

0

y2v(1, y2, t)dy2

)(
l(t)

1∫
0

v(y1, 1, t)dy1×

×h(t)
1∫

0

(1− y2)v(1, y2, t)dy2

)−1

, (15)

t ∈ [0, T ],

äå

F1(t) = µ′
5(t)− h(t)

1∫
0

(µ2(y2h(t), t)−

−µ1(y2h(t), t))dy2 − l(t)

1∫
0

(µ4(y1l(t), t)−

−µ3(y1l(t), t))dy1 − c(t)µ5(t)−

−l(t)h(t)
1∫

0

1∫
0

f(y1l(t), y2h(t), t)dy1dy2,

F2(t) = µ′
6(t)− h2(t)

1∫
0

y2(µ2(y2h(t), t)−

−µ1(y2h(t), t))dy2−l(t)h(t)
1∫

0

µ4(y1l(t), t)dy1+

+l(t)

1∫
0

(v(y1, 1, t)−v(y1, 0, t))dy1− c(t)µ6(t)−

−l(t)h2(t)
1∫

0

1∫
0

y2f(y1l(t), y2h(t), t))dy1dy2.

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà
G22 = G22(y1, y2, t, η1, η2, τ) äðóãî¨ êðàéîâî¨
çàäà÷i äëÿ ðiâíÿííÿ

vt =
1

l2(t)
vy1y1 +

1

h2(t)
vy2y2

ðîçâ'ÿçîê çàäà÷i (5)�(7) ïîäàìî ó âèãëÿäi

v(y1, y2, t) = v0(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, τ)

(
w1(η1, η2, τ)×

×η1p(τ)
l(τ)

+
η2q(τ)

h(τ)
w2(η1, η2, τ) + v(η1, η2, τ)×

×c(τ)
)
dη1dη2dτ, (y1, y2, t) ∈ QT , (16)

äå
Gij(y1, y2, t, η1, η2, τ) =

=
1

4
√
π(θ1(t)− θ1(τ))(θ2(t)− θ2(τ))

×

×
∞∑

m,n=−∞

(
exp

(
− (y1 − η1 + 2n)2

4(θ1(t)− θ1(τ))

)
+

+(−1)i exp

(
− (y1 + η1 + 2n)2

4(θ1(t)− θ1(τ))

))
×

×
(
exp

(
−(y2 − η2 + 2m)2

4(θ2(t)− θ2(τ))

)
+

+(−1)j exp

(
−(y2 + η2 + 2m)2

4(θ2(t)− θ2(τ))

))
,

i, j = 1, 2, θ1(t) =

t∫
0

dσ

l2(σ)
, θ2(t) =

t∫
0

dσ

h2(σ)
,

à v0(y1, y2, t) âèíà÷à¹òüñÿ ðiâíiñòþ

v0(y1, y2, t) =

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, 0)×
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×φ(η1l(0), η2h(0))dη1dη2−

−
t∫

0

1∫
0

G22(y1, y2, t, 0, η2, τ)×

×µ1(η2h(τ), τ)

l(τ)
dη2dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, 1, η2, τ)×

×µ2(η2h(τ), τ)

l(τ)
dη2dτ−

−
t∫

0

1∫
0

G22(y1, y2, t, η1, 0, τ)×

×µ3(η1l(τ), τ)

h(τ)
dη1dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, η1, 1, τ)×

×µ4(η1l(τ), τ)

h(τ)
dη1dτ+

+

t∫
0

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, τ)×

×f(η1l(τ), η2h(τ), τ)dη1dη2dτ.
Âðàõóâàâøè âëàñòèâîñòi ôóíêöi¨ Ãðiíà

−G22τ =
1

l2(τ)
G22η1η1 +

1

h2(τ)
G22η2η2 ,

G22y1 = −G12η1 , G22y2 = −G21η2 ,

ïðîäèôåðåíöi¹ìî (16) çà çìiííèìè y1, y2

z1(y1, y2, t) = v0y1y1(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G12y1(y1, y2, t, η1, η2, τ)

(
η1p(τ)

l(τ)
×

×z1(η1, η2, τ) +
η2q(τ)

h(τ)
z3(η1, η2, τ)+

+

(
c(τ) +

p(τ)

l(τ)

)
w1(η1, η2, τ)

)
dη1dη2dτ, (17)

(y1, y2, t) ∈ QT ,

z2(y1, y2, t) = v0y2y2(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G21y2(y1, y2, t, η1, η2, τ)

(
η1p(τ)

l(τ)
×

×z3(η1, η2, τ) +
η2q(τ)

h(τ)
z2(η1, η2, τ)+

+

(
c(τ) +

q(τ)

h(τ)

)
w2(η1, η2, τ)

)
dη1dη2dτ, (18)

(y1, y2, t) ∈ QT ,

z3(y1, y2, t) = v0y1y2(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G12y2(y1, y2, t, η1, η2, τ)

(
η1p(τ)

l(τ)
×

×z1(η1, η2, τ) +
η2q(τ)

h(τ)
z3(η1, η2, τ)+

+

(
c(τ) +

p(τ)

l(τ)

)
w1(η1, η2, τ)

)
dη1dη2dτ, (19)

(y1, y2, t) ∈ QT ,

äå v0y1y1(y1, y2, t), v0y2y2(y1, y2, t),
v0y1y2(y1, y2, t) ìàþòü âèãëÿä

v0y1y1(y1, y2, t) =

= l2(0)

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, 0)×

×φη1η1(η1l(0), η2h(0))dη1dη2+

+

t∫
0

1∫
0

G22(y1, y2, t, 0, η2, τ)×

×(l(τ)(µ1x2x2(η2h(τ), τ)− µ1τ (η2h(τ), τ)−
−η2q(τ)µ1x2(η2h(τ), τ) + fx1(0, η2h(τ), τ))−

−p(τ)µ1(η2h(τ), τ))dη2dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, 1, η2, τ)×

×(l(τ)(µ2τ (η2h(τ), τ)− µ2x2x2(η2h(τ), τ)+

+η2q(τ)µ2x2(η2h(τ), τ)− fx1(l(τ), η2h(τ), τ))+

+p(τ)µ2(η2h(τ), τ))dη2dτ−
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−
t∫

0

1∫
0

G22(y1, y2, t, η1, 0, τ)×

× l
2(τ)

h(τ)
µ3x1x1(η1l(τ), τ)dη1dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, η1, 1, τ)×

× l
2(τ)

h(τ)
µ4x1x1(η1l(τ), τ)dη1dτ+

+

t∫
0

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, τ)×

×l2(τ)fx1x1(η1l(τ), η2h(τ), τ)dη1dη2dτ,

v0y2y2(y1, y2, t) =

= h2(0)

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, 0)×

×φη2η2(η1l(0), η2h(0))dη1dη2−

−
t∫

0

1∫
0

G22(y1, y2, t, 0, η2, τ)×

×h
2(τ)

l(τ)
µ1x2x2(η2h(τ), τ)dη2dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, 1, η2, τ)×

×h
2(τ)

l(τ)
µ2x2x2(η2h(τ), τ)dη2dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, η1, 0, τ)×

×(h(τ)(µ3x1x1(η1l(τ), τ)− µ3τ (η1l(τ), τ)−
−η1p(τ)µ3x1(η1l(τ), τ) + fx2(η1l(τ), 0, τ))−

−q(τ)µ3(η1l(τ), τ))dη1dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, η1, 1, τ)×

×(h(τ)(µ4τ (η1l(τ), τ)− µ4x1x1(η1l(τ), τ)+

+η1p(τ)µ4x1(η1l(τ), τ)− fx2(η1l(τ), h(τ), τ))+

+q(τ)µ4(η1l(τ), τ))dη1dτ+

+

t∫
0

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, τ)×

×h2(τ)fx2x2(η1l(τ), η2h(τ), τ)dη1dη2dτ,

v0y1y2(y1, y2, t) =

= l(0)h(0)

1∫
0

1∫
0

G11(y1, y2, t, η1, η2, 0)×

×φη1η2(η1l(0), η2h(0))dη1dη2+

+

t∫
0

1∫
0

G11η1(y1, y2, t, 0, η2, τ)×

×h(τ)
l(τ)

µ1x2(η2h(τ), τ)dη2dτ−

−
t∫

0

1∫
0

G11η1(y1, y2, t, 1, η2, τ)×

×h(τ)
l(τ)

µ2x2(η2h(τ), τ)dη2dτ+

+

t∫
0

1∫
0

G11η2(y1, y2, t, η1, 0, τ)×

× l(τ)

h(τ)
µ3x1(η1l(τ), τ)dη1dτ−

−
t∫

0

1∫
0

G11η2(y1, y2, t, η1, 1, τ)×

× l(τ)

h(τ)
µ4x1(η1l(τ), τ)dη1dτ−

−
t∫

0

1∫
0

1∫
0

G11(y1, y2, t, η1, η2, τ)×

×l(τ)h(τ)fx1x2(η1l(τ), η2h(τ), τ)dη1dη2dτ.

Òàêèì ÷èíîì, ïiäñòàâèâøè ðiâíîñòi

w1(y1, y2, t) = l(t)µ1(y2h(t), t)+

y1∫
0

z1(ξ, y2, t)dξ,
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w2(y1, y2, t) = h(t)µ3(y1l(t), t)+

y2∫
0

z2(y1, ξ, t)dξ

â (16)�(19), îäåðæó¹ìî ñèñòåìó ðiâ-
íÿíü (11)�(19) âiäíîñíî íåâiäîìèõ
(h(t), l(t), c(t), p(t), q(t), v(y1, y2, t), z1(y1, y2, t),
z2(y1, y2, t), z3(y1, y2, t)). ßêùî (l, h, c, v) ∈
(C1[0, T ])2 × C[0, T ] × C2,1(QT ) ¹ ðîçâ'ÿçêîì
çàäà÷i (5)�(10), òî (h, l, c, p, q, v, z1, z2, z3) ∈
(C[0, T ])5 × (C(QT ))

4 ¹ ðîçâ'ÿçêîì ñèñòåìè
ðiâíÿíü (11)�(19). Ïðàâèëüíèì ¹ i îáåðíåíå
òâåðäæåííÿ.

Íåõàé (h, l, c, p, q, v, z1, z2, z3) ¹ íåïåðåðâ-
íèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (11)�
(19). Ïðîäèôåðåíöiþ¹ìî (16) çà çìiííè-
ìè y1, y2. Ïðàâi ÷àñòèíè îòðèìàíèõ ðiâ-
íîñòåé òà ðiâíîñòåé (17)�(19) ñïiâïàäà-
þòü, òîìó ìîæåìî çðîáèòè âèñíîâîê, ùî
zi(y1, y2, t) = vyiyi(y1, y2, t), i = 1, 2,
z3(y1, y2, t) = vy1y2(y1, y2, t). Îòæå, ôóíêöiÿ
v ∈ C2,1(QT ) çàäîâîëüíÿ¹ ðiâíÿííÿ

vt =
1

l2(t)
vy1y1 +

1

h2(t)
vy2y2 +

y1p(t)

l(t)
vy1+

+
y2q(t)

h(t)
vy2 + c(t)v + f(y1l(t), y2h(t), t), (20)

(y1, y2, t) ∈ QT ,

òà óìîâè (6), (7) äëÿ äîâiëüíèõ íåïåðåðâíèõ
íà [0, T ] ôóíêöié c(t), h(t), p(t), q(t). Ïðèéìå-
ìî â (20) y1 = 0, y2 = 0. Âiäíÿâøè âiä îòðè-
ìàíî¨ ðiâíîñòi (13), îäåðæó¹ìî óìîâó (10). Ç
ðiâíîñòåé (11), (12) âèïëèâàþòü óìîâè (8),
(9). Ïðèïóùåííÿ òåîðåìè äîçâîëÿþòü íàì
ïðîäèôåðåíöiþâàòè (11), (12) çà t. Âèêîðè-
ñòàâøè òå, ùî ôóíêöiÿ v(y1, y2, t) çàäîâîëü-
íÿ¹ ðiâíÿííÿ (20), òà âiäíÿâøè âiä îòðèìà-
íèõ ðiâíîñòåé (14), (15), îäåðæó¹ìî

µ5(t)((p(t)− l′(t))h(t) + (q(t)− h′(t))l(t)) = 0,

µ6(t)((p(t)− l′(t))h(t)+2(q(t)−h′(t))l(t)) = 0.

Çâiäñè ðîáèìî âèñíîâîê, ùî
p(t) = l′(t), q(t) = h′(t), l, h ∈ (C1[0, T ])2,
ôóíêöiÿ v(y1, y2, t) çàäîâîëüíÿ¹ ðiâíÿííÿ
(5).

Îòæå, åêâiâàëåíòíiñòü çàäà÷i (5)�(10) òà
ñèñòåìè ðiâíÿíü (11)�(19) ó âèùå çàçíà÷åíî-
ìó ñåíñi äîâåäåíî.

Âñòàíîâèìî îöiíêè ðîçâ'ÿçêiâ ñèñòåìè
ðiâíÿíü (11)�(19). Âèçíà÷èìî çíà÷åííÿ íå-
âiäîìèõ ôóíêöié l(t), h(t) ó ïî÷àòêîâèé ìî-
ìåíò ÷àñó. Ç óìîâ (2),(4) îòðèìó¹ìî

l0∫
0

h0∫
0

φ(x1, x2)dx2dx1 = µ5(0),

l0∫
0

h0∫
0

x2φ(x1, x2)dx2dx1 = µ6(0), (21)

l0 = l(0), h0 = h(0). Ïîçíà÷èâøè

l0∫
0

φ(x1, x2)dx1 = ψ(l0, x2),

ñèñòåìó (21) ïîäàìî ó âèãëÿäi

h0∫
0

ψ(l0, x2)dx2 = µ5(0),

h0∫
0

x2ψ(l0, x2)dx2 = µ6(0).

Çãiäíî ç ïðèïóùåííÿìè òåîðåìè

l0φ0 ≤ ψ(l0, x2) ≤ l0φ1.

Òîäi

l0h0φ0 ≤
h0∫
0

ψ(l0, x2)dx2 ≤ l0h0φ1.

Ôóêíöiÿ y =

h0∫
0

ψ(l0, x2)dx2 ïðè äîâiëüíî-

ìó ôiêñîâàíîìó l0 > 0 ìîíîòîííî çðîñòàþ÷à
ñòîñîâíî h0. Òàêèì ÷èíîì, iñíó¹ ¹äèíå çíà-
÷åííÿ h0(l0), ÿêå ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

h0(l0)∫
0

ψ(l0, x2)dx2 = µ5(0).

Òîäi
µ5(0)

l0φ1

≤ h0(l0) ≤
µ5(0)

l0φ0

,
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φ0µ
2
5(0)

2l0φ2
1

≤
h0(l0)∫
0

x2ψ(l0, x2)dx2 ≤
φ1µ

2
5(0)

2l0φ2
0

.

Ôóêíöiÿ y =

h0∫
0

x2ψ(l0, x2)dx2 ìîíîòîííî

ñïàäíà ôóíêöiÿ çìiííî¨ l0, ÿêà ïåðåòíå ïðÿ-
ìó y = µ6(0) òiëüêè â îäíié òî÷öi. Òàêèì
÷èíîì, iñíó¹ ¹äèíèé ðîçâ'ÿçîê l0, h0 ñèñòåìè
(21).

Ç (16) ìîæåìî çðîáèòè âèñíîâîê ïðî iñíó-
âàííÿ òàêîãî ÷èñëà t1, 0 < t1 ≤ T , ùî

v(y1, y2, t) ≥
φ0

2
≡M0 > 0, (22)

(y1, y2, t) ∈ Qt1 .

Î÷åâèäíî, ùî âèêîíàííÿ óìîâè (22) ðiâ-
íîñèëüíå âèêîíàííþ íåðiâíîñòi∣∣∣∣−

t∫
0

1∫
0

G22(y1, y2, t, 0, η2, τ)×

×µ1(η2h(τ), τ)

l(τ)
dη2dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, 1, η2, τ)×

×µ2(η2h(τ), τ)

l(τ)
dη2dτ−

−
t∫

0

1∫
0

G22(y1, y2, t, η1, 0, τ)×

×µ3(η1l(τ), τ)

h(τ)
dη1dτ+

+

t∫
0

1∫
0

G22(y1, y2, t, η1, 1, τ)×

×µ4(η1l(τ), τ)

h(τ)
dη1dτ+

+

t∫
0

1∫
0

1∫
0

G22(y1, y2, t, η1, η2, τ)×

×
(
η1p(τ)

l(τ)
w1(η1, η2, τ)+

+
η2q(τ)

h(τ)
w2(η1, η2, τ) + c(τ)v(η1, η2, τ)+

+f(η1l(τ), η2h(τ), τ)

)
dη1dη2dτ

∣∣∣∣ ≤M0, (23)

(y1, y2, t) ∈ Qt1 .

Âðàõóâàâøè (23), ç (16) îäåðæó¹ìî

v(y1, y2, t) ≤ φ1 +M0 ≡M1 <∞, (24)

(y1, y2, t) ∈ Qt1 .

Òîäi äëÿ ðîçâ'ÿçêiâ ðiâíÿííü (11), (12) ñïðà-
âåäëèâi íåðiâíîñòi

0 < H0 ≤ h(t) ≤ H1 <∞,

0 < L0 ≤ l(t) ≤ L1 <∞, t ∈ [0, t1]. (25)

Ïîçíà÷èìî Zi(t) = max
(y1,y2)∈([0,1])2

|zi(y1, y2, t)|,

i = 1, 3. Ç (13)�(15), âðàõóâàâøè (22), (24),
(25) îäåðæó¹ìî

|c(t)| ≤ C1 + C2Z1(t) + C3Z2(t),

|p(t)| ≤ C4 + C5Z1(t) + C6Z2(t),

|q(t)| ≤ C7 + C8Z1(t) + C9Z2(t), (26)

t ∈ [0, t1].

Âèêîðèñòàâøè (25), (26) òà îöiíêè ôóíêöi¨
Ãðiíà [11], ç (17)�(19) îòðèìó¹ìî

Z1(t) ≤ C10+C11

t∫
0

(1+Z1(τ)+Z2(τ)+Z3(τ)+

+Z1(τ)Z2(τ) + Z1(τ)Z3(τ) + Z2(τ)Z3(τ)+

+Z2
1(τ))

dτ√
t− τ

, t ∈ [0, t1],

Z2(t) ≤ C12+C13

t∫
0

(1+Z1(τ)+Z2(τ)+Z3(τ)+

+Z1(τ)Z2(τ) + Z1(τ)Z3(τ) + Z2(τ)Z3(τ)+

+Z2
2(τ))

dτ√
t− τ

, t ∈ [0, t1],
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Z3(t) ≤ C14+C15

t∫
0

(1+Z1(τ)+Z2(τ)+Z3(τ)+

+Z1(τ)Z2(τ) + Z1(τ)Z3(τ) + Z2(τ)Z3(τ)+

+Z2
1(τ))

dτ√
t− τ

, t ∈ [0, t1].

Çâiäñè äëÿ ôóíêöi¨ R(t) = R1(t) + R2(t) +
R3(t), äå Ri(t) = 1+Zi(t), i = 1, 3, îäåðæó¹ìî
íåðiâíiñòü

R(t) ≤ C16+C17

t∫
0

R(τ) +R2(τ)√
t− τ

dτ, t ∈ [0, t1].

Ìåòîä ðîçâ'ÿçóâàííÿ îñòàííüî¨ íåðiâíîñòi
ïîäàíî â [12]. Çâiäñè îòðèìó¹ìî îöiíêó

R(t) ≤M2 <∞, t ∈ [0, T0],

äå M2 i T0, 0 < T0 ≤ t1, âèçíà÷àþòüñÿ âiäî-
ìèìè âåëè÷èíàìè. Òîäi

|z1(y1, y2, t)| ≤M2, |z2(y1, y2, t)| ≤M2,

|z3(y1, y2, t)| ≤M2, |c(t)| ≤ B1 <∞,

|p(t)| ≤ B2 <∞, |q(t)| ≤ B3 <∞, t ∈ [0, T0].

Ïîäàìî ñèñòåìó ðiâíÿíü (11)�(19) ó âè-
ãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω,

ω = (h(t), l(t), c(t), p(t), q(t), v(y1, y2, t),
z1(y1, y2, t), z2(y1, y2, t), z3(y1, y2, t)), à îïåðà-
òîð P = (P1, . . . , P9) âèçíà÷à¹òüñÿ ïðàâèìè
÷àñòèíàìè ðiâíÿíü (11)�(19). Ïîçíà÷èìî
N = {(h, l, c, p, q, v, z1, z2, z3) ∈ (C[0, T0])

5 ×
(C(QT0

))4 : H0 ≤ h(t) ≤ H1, L0 ≤ l(t) ≤ L1,
|c(t)| ≤ B1, |p(t)| ≤ B2, |q(t)| ≤ B3,
M0 ≤ v(y1, y2, t) ≤ M1, |z1(y1, y2, t)| ≤ M2,
|z2(y1, y2, t)| ≤ M2, |z3(y1, y2, t)| ≤ M2}.
Î÷åâèäíî, ùî ìíîæèíà N çàäîâîëüíÿ¹
óìîâè òåîðåìè Øàóäåðà ïðî íåðóõîìó òî-
÷êó, à îïåðàòîð P ïåðåâîäèòü N â ñåáå. Òå,
ùî îïåðàòîð P öiëêîì íåïåðåðâíèé íà N ,
äîâîäèòüñÿ ÿê ó [12].

Îòæå, çà òåîðåìîþ Øàóäåðà ïðî
íåðóõîìó òî÷êó iñíó¹ ðîçâ'ÿçîê ñè-
ñòåìè ðiâíÿíü (11)�(19), à, îòæå,
iñíó¹ ðîçâ'ÿçîê çàäà÷i (5)�(10) ïðè
(y1, y2, t) ∈ QT0

.

3. �äèíiñòü ðîçâ'ÿçêó çàäà÷i
(5)�(10).
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:

1) f ∈ C1,0([0,∞) × [0,∞) × [0, T ]),
µi ∈ C3,1([0,∞) × [0, T ]), i = 1, 2,
µj ∈ C3,1([0,∞)× [0, T ]), j = 3, 4;

2) 0 < φ0 ≤ φ(x1, x2) ≤ φ1 < ∞, (x1, x2) ∈
[0,∞) × [0,∞), µi(t) > 0, i = 5, 6,
µ7(t) ̸= 0, t ∈ [0, T ].

Òîäi çàäà÷à (5)�(10) íå ìîæå ìàòè äâîõ
ðiçíèõ ðîçâ'ÿçêiâ (l, h, c, v) ∈ (C1[0, t1])

2 ×
C[0, t1] × C2,1(Qt1), l(t) > 0, h(t) > 0,
t ∈ [0, t1], äå t1, 0 < t1 ≤ T , âèçíà÷à¹òüñÿ
âèõiäíèìè äàíèìè.
Äîâåäåííÿ. Ïðèïóñòèìî, ùî

(li(t), hi(t), ci(t), vi(y1, y2, t)), i = 1, 2, �
äâà ðîçâ'ÿçêè çàäà÷i (5)�(10). Ïîçíà÷èìî

l′i(t)

li(t)
= pi(t),

h′i(t)

hi(t)
= qi(t), i = 1, 2,

p(t) = p1(t)− p2(t), q(t) = q1(t)− q2(t),

c(t) = c1(t)− c2(t),

v(y1, y2, t) = v1(y1, y2, t)− v2(y1, y2, t).

Ôóíêöi¨ p(t), q(t), c(t), v(y1, y2, t) çàäîâîëüíÿ-
þòü ðiâíÿííÿ

vt =
1

l21(t)
vy1y1 +

1

h21(t)
vy2y2 + y1p1(t)vy1+

+y2q1(t)vy2 + c1(t)v +

(
1

l21(t)
− 1

l22(t)

)
v2y1y1+

+

(
1

h21(t)
− 1

h22(t)

)
v2y2y2 + y1p(t)v2y1+

+y2q(t)v2y2 + c(t)v2 + f(y1l1(t), y2h1(t), t)−
−f(y1l2(t), y2h2(t), t), (y1, y2, t) ∈ QT , (27)

òà óìîâè
v(y1, y2, 0) = 0, (28)

(y1, y2) ∈ [0, l(0)]× [0, h(0)],

vy1(0, y2, t) = l1(t)µ1(y2h1(t), t)−
−l2(t)µ1(y2h2(t), t),

vy1(1, y2, t) = l1(t)µ2(y2h1(t), t)−
−l2(t)µ2(y2h2(t), t),
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vy2(y1, 0, t) = h1(t)µ3(y1l1(t), t)−

−h2(t)µ3(y1l2(t), t),

vy2(y1, 1, t) = h1(t)µ4(y1l1(t), t)−

−h2(t)µ4(y1l2(t), t), (29)

(y1, y2, t) ∈ [0, 1]× [0, 1]× [0, T ],

1∫
0

1∫
0

v(y1, y2, t)dy1dy2 =

= µ5(t)

(
1

l1(t)h1(t)
− 1

l2(t)h2(t)

)
,

1∫
0

1∫
0

y2v(y1, y2, t)dy1dy2 =

= µ6(t)

(
1

l1(t)h21(t)
− 1

l2(t)h22(t)

)
,

v(0, 0, t) = 0, t ∈ [0, T ]. (30)

Çàäà÷à (27)�(29) åêâiâàëåíòíà ðiâíÿííþ

v(y1, y2, t) = ṽ0(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G̃22(y1, y2, t, η1, η2, τ)(η1p1(τ)×

×vη1(η1, η2, τ) + η2q1(τ)vη2(η1, η2, τ) + c1(τ)×

×v(η1, η2, τ))dη1dη2dτ, (y1, y2, t) ∈ QT , (31)

äå G̃22(y1, y2, t, η1, η2, τ) � ôóíêöiÿ Ãðiíà äðó-
ãî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

vt =
1

l21(t)
vy1y1 +

1

h21(t)
vy2y2 ,

à ṽ0(y1, y2, t) âèçíà÷à¹òüñÿ ðiâíiñòþ

ṽ0(y1, y2, t) = −
t∫

0

1∫
0

G̃22(y1, y2, t, 0, η2, τ)×

×(l1(τ)µ1(η2h1(τ), τ)− l2(τ)µ1(η2h2(τ), τ))×

× 1

l21(τ)
dη2dτ +

t∫
0

1∫
0

G̃22(y1, y2, t, 1, η2, τ)×

×(l1(τ)µ2(η2h1(τ), τ)− l2(τ)µ2(η2h2(τ), τ))×

× 1

l21(τ)
dη2dτ −

t∫
0

1∫
0

G̃22(y1, y2, t, η1, 0, τ)×

×(h1(τ)µ3(η1l1(τ), τ)− h2(τ)µ3(η1l2(τ), τ))×

× 1

h21(τ)
dη1dτ +

t∫
0

1∫
0

G̃22(y1, y2, t, η1, 1, τ)×

×(h1(τ)µ4(η1l1(τ), τ)− h2(τ)µ4(η1l2(τ), τ))×

× 1

h21(τ)
dη1dτ+

t∫
0

1∫
0

1∫
0

G̃22(y1, y2, t, η1, η2, τ)×

×
((

1

l21(τ)
− 1

l22(τ)

)
v2η1η1(η1, η2, τ)+

+

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ)+

+η1p(τ)v2η1(η1, η2, τ) + c(t)v2(η1, η2, τ)+

+η2q(τ)v2η2(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ.

Îñêiëüêè äëÿ ci(t), pi(t), qi(t), i = 1, 2,
ñïðàâäæóþòüñÿ ðiâíîñòi, àíàëîãi÷íi äî (13)�
(15), òî çâiäñè îòðèìó¹ìî

p(t)

1∫
0

v2(1, y2, t)dy2 + q(t)

1∫
0

v2(y1, 1, t)dy1+

+
µ5(t)c(t)

l1(t)h1(t)
= −p1(t)

1∫
0

v(1, y2, t)dy2−

−q1(t)
1∫

0

v(y1, 1, t)dy1 +

(
1

h1(t)
− 1

h2(t)

)
×

×
(
µ′
5(t)

l1(t)
− c2(t)µ5(t)

l1(t)
−

1∫
0

(µ4(y1l2(t), t)−

−µ3(y1l2(t), t))dy1

)
+

(
1

l1(t)
− 1

l2(t)

)
×

×
(
µ′
5(t)

h2(t)
− c2(t)µ5(t)

h2(t)
−

1∫
0

(µ2(y2h2(t), t)−

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2. 99



−µ1(y2h2(t), t))dy2

)
− 1

l1(t)

1∫
0

(µ2(y2h1(t), t)−

−µ2(y2h2(t), t)− µ1(y2h1(t), t)+

+µ1(y2h2(t), t))dy2 −
1

h1(t)

1∫
0

(µ4(y1l1(t), t)−

−µ4(y1l2(t), t)− µ3(y1l1(t), t)+

+µ3(y1l2(t), t))dy1−
1∫

0

1∫
0

(f(y1l1(t), y2h1(t), t)−

−f(y1l2(t), y2h2(t), t))dy1dy2, t ∈ [0, T ], (32)

p(t)

1∫
0

(1− y2)v2(1, y2, t)dy2 +
c(t)

l1(t)h21(t)
×

×(h1(t)µ5(t)− µ6(t)) = − 1

h21(t)

1∫
0

(v(y1, 1, t)−

−v(y1, 0, t))dy1−p1(t)
1∫

0

(1−y2)v(1, y2, t)dy2+

+

(
1

h1(t)
− 1

h2(t)

)(
µ′
5(t)

l1(t)
− c2(t)µ5(t)

l1(t)
+

+

1∫
0

µ3(y1l2(t), t)dy1

)
−
(

1

h21(t)
− 1

h22(t)

)
×

×
(
µ′
6(t)

l1(t)
− c2(t)µ6(t)

l1(t)
+

1∫
0

(v2(y1, 1, t)−

−v2(y1, 0, t))dy1
)
+

(
1

l1(t)
− 1

l2(t)

)(
1

h22(t)
×

×(µ′
5(t)h2(t)− µ′

6(t))−
c2(t)

h22(t)
(µ5(t)h2(t)−

−µ6(t))−
1∫

0

(1− y2)(µ2(y2h2(t), t)−

−µ1(y2h2(t), t))dy2

)
− 1

l1(t)

1∫
0

(1− y2)×

×(µ2(y2h1(t), t)− µ2(y2h2(t), t)−

−µ1(y2h1(t), t) + µ1(y2h2(t), t))dy2+

+
1

h1(t)

1∫
0

(µ3(y1l1(t), t)− µ3(y1l2(t), t))dy1−

−
1∫

0

1∫
0

(1− y2)(f(y1l1(t), y2h1(t), t)−

−f(y1l2(t), y2h2(t), t))dy1dy2, t ∈ [0, T ], (33)

c(t) = − 1

µ7(t)

(
vy1y1(0, 0, t)

l21(t)
+ v2y1y1(0, 0, t)×

×
(

1

l21(t)
− 1

l22(t)

)
+
vy2y2(0, 0, t)

h21(t)
+v2y2y2(0, 0, t)×

×
(

1

h21(t)
− 1

h22(t)

))
, t ∈ [0, T ]. (34)

Çàóâàæèìî, ùî äëÿ vi(y1, y2, t), i = 1, 2,
âèêîíó¹òüñÿ íåðiâíiñòü (22). Òîäi

1∫
0

v2(1, y2, t)dy2 ̸= 0,

1∫
0

y2v2(1, y2, t)dy2 ̸= 0,

1∫
0

v2(y1, 1, t)dy1 ̸= 0, t ∈ [0, t1].

Ïðîäèôåðåíöiþâàâøè (31) çà çìiííèìè
y1, y2, îäåðæó¹ìî

vy1(y1, y2, t) = ṽ0y1(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G̃22y1(y1, y2, t, η1, η2, τ)(η1p1(τ)×

×vη1(η1, η2, τ) + η2q1(τ)vη2(η1, η2, τ) + c1(τ)×
×v(η1, η2, τ))dη1dη2dτ, (y1, y2, t) ∈ QT , (35)

vy2(y1, y2, t) = ṽ0y2(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G̃22y2(y1, y2, t, η1, η2, τ)(η1p1(τ)×

×vη1(η1, η2, τ) + η2q1(τ)vη2(η1, η2, τ) + c1(τ)×
×v(η1, η2, τ))dη1dη2dτ, (y1, y2, t) ∈ QT , (36)

ṽ0y1(y1, y2, t) =

t∫
0

1∫
0

G̃12η1(y1, y2, t, 0, η2, τ)×
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×(l1(τ)µ1(η2h1(τ), τ)− l2(τ)µ1(η2h2(τ), τ))×

× 1

l21(τ)
dη2dτ −

t∫
0

1∫
0

G̃12η1(y1, y2, t, 1, η2, τ)×

×(l1(τ)µ2(η2h1(τ), τ)− l2(τ)µ2(η2h2(τ), τ))×

× 1

l21(τ)
dη2dτ−

t∫
0

1∫
0

G̃12(y1, y2, t, η1, 0, τ)
1

h21(τ)
×

×(l1(τ)h1(τ)µ3x1(η1l1(τ), τ)−µ3x1(η1l2(τ), τ)×

×l2(τ)h2(τ))dη1dτ+
t∫

0

1∫
0

G̃12(y1, y2, t, η1, 1, τ)×

× 1

h21(τ)
(l1(τ)h1(τ)µ4x1(η1l1(τ), τ)−

−l2(τ)h2(τ)µ4x1(η1l2(τ), τ))dη1dτ+

+

t∫
0

1∫
0

1∫
0

G̃22y1(y1, y2, t, η1, η2, τ)×

×
((

1

l21(τ)
− 1

l22(τ)

)
v2η1η1(η1, η2, τ)+

+

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ)+

+η1p(τ)v2η1(η1, η2, τ) + c(t)v2(η1, η2, τ)+

+η2q(τ)v2η2(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ,

ṽ0y2(y1, y2, t) = −
t∫

0

1∫
0

G̃21(y1, y2, t, 0, η2, τ)×

×(l1(τ)h1(τ)µ1x2(η2h1(τ), τ)−

−l2(τ)h2(τ)µ1x2(η2h2(τ), τ))
1

l21(τ)
dη2dτ+

+

t∫
0

1∫
0

G̃21(y1, y2, t, 1, η2, τ)(µ2x2(η2h1(τ), τ)×

×l1(τ)h1(τ)− l2(τ)h2(τ)µ2x2(η2h2(τ), τ))×

× 1

l21(τ)
dη2dτ +

t∫
0

1∫
0

G̃21η2(y1, y2, t, η1, 0, τ)×

×(h1(τ)µ3(η1l1(τ), τ)− h2(τ)µ3(η1l2(τ), τ))×

× 1

h21(τ)
dη1dτ −

t∫
0

1∫
0

G̃21η2(y1, y2, t, η1, 1, τ)×

×(h1(τ)µ4(η1l1(τ), τ)− h2(τ)µ4(η1l2(τ), τ))×

× 1

h21(τ)
dη1dτ+

t∫
0

1∫
0

1∫
0

G̃22y2(y1, y2, t, η1, η2, τ)×

×
((

1

l21(τ)
− 1

l22(τ)

)
v2η1η1(η1, η2, τ)+

+

(
1

h21(τ)
− 1

h22(τ)

)
v2η2η2(η1, η2, τ)+

+η1p(τ)v2η1(η1, η2, τ) + c(t)v2(η1, η2, τ)+

+η2q(τ)v2η2(η1, η2, τ) + f(η1l1(τ), η2h1(τ), τ)−

−f(η1l2(τ), η2h2(τ), τ)
)
dη1dη2dτ.

Âèðàçèìî li(t), hi(t) ÷åðåç pi(t), qi(t)

li(t) = li(0) exp

 t∫
0

pi(τ)dτ

 ,

hi(t) = hi(0) exp

 t∫
0

qi(τ)dτ

 , i = 1, 2,

äå l1(0) = l2(0) = l0, h1(0) = h2(0) = h0.
Çâiäñè, âèêîðèñòàâøè ðiâíîñòi

ex − ey = (x− y)

1∫
0

ey+τ(x−y)dτ,

f(yh1(t))− f(yh2(t)) = y(h1(t)− h2(t))×

×
1∫

0

fy(y(h2(t) + σ(h1(t)− h2(t))), t)dσ,

îòðèìó¹ìî

1

l1(t)
− 1

l2(t)
=

= − 1

l0

t∫
0

p(τ)dτ

1∫
0

exp

(
−

t∫
0

(σp(τ)+
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+p2(τ))dτ

)
dσ,

1

h1(t)
− 1

h2(t)
=

= − 1

h0

t∫
0

q(τ)dτ

1∫
0

exp

(
−

t∫
0

(σq(τ)+

+q2(τ))dτ

)
dσ,

µi(y2h1(t), t)− µi(y2h2(t), t) =

= y2(h1(t)− h2(t))

1∫
0

µix2(y2(h2(t)+

+σ(h1(t)− h2(t))), t)dσ, i = 1, 2,

µj(y1l1(t), t)− µj(y1l2(t), t) =

= y1(l1(t)− l2(t))

1∫
0

µjx1(y1(l2(t)+

+σ(l1(t)− l2(t))), t)dσ, j = 3, 4. (37)

Ïðîäèôåðåíöiþâàâøè (35), (36) çà çìiííèìè
y1, y2, îäåðæó¹ìî

vy1y1(y1, y2, t) = ṽ0y1y1(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G̃22y1y1(y1, y2, t, η1, η2, τ)(η1p1(τ)×

×vη1(η1, η2, τ) + η2q1(τ)vη2(η1, η2, τ) + c1(τ)×

×v(η1, η2, τ))dη1dη2dτ, (y1, y2, t) ∈ QT , (38)

vy2y2(y1, y2, t) = ṽ0y2y2(y1, y2, t)+

+

t∫
0

1∫
0

1∫
0

G̃22y2y2(y1, y2, t, η1, η2, τ)(η1p1(τ)×

×vη1(η1, η2, τ) + η2q1(τ)vη2(η1, η2, τ) + c1(τ)×

×v(η1, η2, τ))dη1dη2dτ, (y1, y2, t) ∈ QT . (39)

Ïiäñòàâèâøè (38), (39) â (32)�(34) i
âèêîðèñòàâøè (37), îòðèìó¹ìî ñèñòåìó
îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåð-
ðà äðóãîãî ðîäó (31)�(36) âiäíîñíî íåâi-
äîìèõ (v(y1, y2, t), c(t), p(t), q(t), vy1(y1, y2, t),

vy2(y1, y2, t)) ç ÿäðàìè, ùî ìàþòü iíòåãðîâ-
íi îñîáëèâîñòi. Ç âëàñòèâîñòåé ðîçâ'ÿçêiâ òà-
êèõ ñèñòåì âèïëèâà¹, ùî ñèñòåìà ìà¹ òiëüêè
òðèâiàëüíèé ðîçâ'ÿçîê.

Îòæå, l1(t) = l2(t), h1(t) = h2(t),
c1(t) = c2(t), v1(y1, y2, t) = v2(y1, y2, t),
(y1, y2, t) ∈ Qt1 .

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Cannon J.R., Lin Y., Wang S. Determination of
a control parameter in a parabolic partial di�erential
equation // J. Austral. Math. Soc. Ser. B. � 1991. �
33, � 2. � P. 149�163.

2. Ìàìàþñóïîâ Î.Ø. Îá îïðåäåëåíèè êîýôôè-
öèåíòà ïàðàáîëè÷åñêîãî óðàâíåíèÿ // Èññëåäîâà-
íèÿ ïî èíòåãðî-äèôôåðåíö. óðàâíåíèÿì (Ôðóíçå).
� 1989. � Âûï. 22. � Ñ. 157�160.

3. Èâàí÷îâ Í.È. Îá îáðàòíîé çàäà÷å îäíîâðå-
ìåííîãî îïðåäåëåíèÿ êîýôôèöèåíòîâ òåïëîïðîâî-
äíîñòè è òåïëîåìêîñòè // Ñèá. ìàò. æóðí. � 1994.
� 35, � 3. � Ñ. 612�621.

4. Koval'chuk S.M. Determination of the coe�ci-
ent of thermal conductivity and heat capacity per unit
volume in a multilayer medium // J. Math. Sci. � 1998.
� 90, � 2. � P. 2042�2047.

5. Ïàáèðiâñüêà Í.Â. Îáåðíåíi çàäà÷i ç iíòåãðàëü-
íèìè óìîâàìè ïåðåâèçíà÷åííÿ // Ìàò. ìåòîäè òà
ôiç.-ìåõ. ïîëÿ. 2000. � 43, � 1. � Ñ. 51�58.

6. Ñàâàòååâ Å.Ã. Ñâåäåíèå îáðàòíîé çàäà÷è äëÿ
óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà // Äîêë. ÐÀÍ. �
1994. � 334, � 5. � Ñ. 562�563.

7. Iâàí÷îâ Ì.I. Îáåðíåíà çàäà÷à ç âiëüíîþ ìå-
æåþ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi // Óêð. ìàò.
æóðí. � 2003. � 55, � 7. � Ñ. 901�910.

8. Áàðàíñüêà I. Âèçíà÷åííÿ ñòàðøîãî êîåôiöi¹í-
òà ó ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi ç íåâiäîìèìè
ìåæàìè // Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2005.
� Âèï. 64. � Ñ. 20�38.

9. Áàðàíñüêà I.�. Îáåðíåíà çàäà÷à â îáëàñòi
ç âiëüíîþ ìåæåþ äëÿ äâîâèìiðíîãî ïàðàáîëi÷íîãî
ðiâíÿííÿ // Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ. � 2007.
� 50, � 2.� Ñ. 17�28.

10 . Áàðàíñüêà I.�., Iâàí÷îâ Ì.I. Îáåðíåíà çà-
äà÷à äëÿ äâîâèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi â
îáëàñòi ç âiëüíèìè ìåæàìè // Óêð. ìàò. âiñíèê. �
2007. � 4, � 4. � Ñ. 457�484.

11. Ëàäûæåíñêàÿ Î.À., Ñîëîííèêîâ Â.À.,
Óðàëüöåâà Í.Í. Ëèíåéíûå è êâàçèëèíåé- íûå
óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà. � Ìîñêâà: Íàóêà,
1967. � 736 ñ.

12. Ivanchov M. Inverse problems for equations of
parabolic type // Lviv: VNTL Publ., 2003. � 238 p. �
(Math. Studies: Monograph Ser. � Vol. 10.)

102 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2.


