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ÏÎÐßÄÊÓ

Ðîçãëÿäà¹òüñÿ ïî÷àòêîâî-êðàéîâà çàäà÷à äëÿ ñèñòåìè n+m ñèíãóëÿðíî çáóðåíèõ íàïiâëi-
íiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó íà ïëîùèíi. Ïîáóäîâàíî òà îá ðóí-
òîâàíî àñèìïòîòè÷íå ðîçâèíåííÿ äîâiëüíîãî ïîðÿäêó ðîçâ'ÿçêó ñèñòåìè çà ñòåïåíÿìè ìàëîãî
ïàðàìåòðà.

An initial-boundary value problem for a system of n+m singularly perturbed semilinear partial
di�erential equations of the �rst order in the plane is considered. We construct and justify an
asymptotic expansion of an arbitrary order solution with the powers of a small parameter.

Âñòóï. Ìiøàíi çàäà÷i äëÿ ãiïåðáîëi÷íèõ
ñèñòåì ðiâíÿíü ïåðøîãî ïîðÿäêó ¹ äîñòàòíüî
âèâ÷åíèìè [1]-[5] i ìàþòü âàæëèâi çàñòîñóâà-
ííÿ [4].

Íîâèé êëàñ çàäà÷, ùî âèâ÷àþòüñÿ ó ôiçè-
öi òâåðäîãî òiëà çàïðîïîíîâàíî â ðîáîòi [4].
Îñîáëèâiñòü öèõ çàäà÷ ïîëÿãà¹ â òîìó, ùî
õàðàêòåðèñòèêè ãiïåðáîëi÷íî¨ ñèñòåìè ¹ ÿê
ïîõèëi, òàê i ãîðèçîíòàëüíi àáî âåðòèêàëü-
íi. Ç ïîãëÿäó ôiçèêè öå îçíà÷à¹, ùî ÷àñòèíà
çáóðåíü ó ñåðåäîâèùi ïîøèðþ¹òüñÿ çi ñêií-
÷åíîþ øâèäêiñòþ, à ÷àñòèíà � ç íåîáìåæå-
íîþ. Òàêi ñèñòåìè ðiâíÿíü ìîæóòü áåçïîñå-
ðåäíüî âèíèêàòè ÿê ìàòåìàòè÷íå òðàêòóâà-
ííÿ ôiçè÷íèõ ïðîöåñiâ, à òàêîæ ÿê ïðîìiæíi
ðiâíÿííÿ, îòðèìàíi ïiä ÷àñ àíàëiçó iíøèõ,
íàïðèêëàä, áàãàòîâèìiðíèõ [4].

Ïåðåõiä âiä ïîõèëèõ õàðàêòåðèñòèê äî
ãîðèçîíòàëüíèõ àáî âåðòèêàëüíèõ i íàâïà-
êè õàðàêòåðèçó¹òüñÿ åôåêòîì ïðèìåæîâîãî
øàðó [5].

Ó öié ïðàöi çàïðîïîíîâàíî çàäà÷ó ç ìà-
ëèì ïàðàìåòðîì äëÿ ãiïåðáîëi÷íî¨ ñèñòåìè
íàïiâëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó. Ó
âèðîäæåíîìó âèïàäêó çàäà÷i (ε = 0) îäåð-
æó¹ìî çàäà÷ó ç ãîðèçîíòàëüíèìè òà âåðòè-
êàëüíèìè äî îñåé êîîðäèíàò õàðàêòåðèñòè-
êàìè [4], [8].

Ïðè ðîçâ'ÿçóâàíi ñôîðìóëüîâàíî¨ çàäà÷i
âèêîðèñòàíî ïiäõiä, çàïðîïîíîâàíèé â [6].
Ïîñòàíîâêà çàäà÷i. Â îáëàñòi Π =

{(x, t) : 0 < x, t < ∞} ðîçãëÿíåìî ìiøà-
íó çàäà÷ó äëÿ ãiïåðáîëi÷íî¨ ñèñòåìè n + m

ðiâíÿíü Â îáëàñòi Π = {(x, t) : 0 < x <

l, 0 < t < T <∞} ðîçãëÿíåìî çàäà÷ó
ε
∂ui
∂t

+
∂ui
∂x

=Fi(x, t, u, v; ε), i = 1, n,

∂vs
∂t

+ ε
∂vs
∂x

=Gs(x, t, u, v; ε), s = 1,m,

(1)

ui(x, 0; ε) = ui(0, t; ε) = 0, i = 1, n,
(2)

vs(x, 0; ε) = vs(0, t; ε) = 0, s = 1,m.

Çà ïåâíèõ, íàâåäåíèõ íèæ÷å, óìîâ ãëàäêîñòi
íà âèõiäíi äàíi òà óìîâ ïîãîäæåííÿ â òî÷öi
(0, 0) äëÿ ðîçâ'ÿçêó çàäà÷i (1)�(2) ïîáóäó¹ìî
ãëàäêó àñèìïòîòèêó äîâiëüíîãî ïîðÿäêó.

Ðîçãëÿäà¹ìî êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i
(1)�(2), òîáòî ðîçâ'ÿçîê, ÿêèé íåïåðåðâíèé â
çàìèêàííi îáëàñòi Π i ìà¹ íåïåðåðâíi ïîõiäíi
ïåðøîãî ïîðÿäêó, ùî çàäîâîëüíÿþòü ñèñòå-
ìó (1), à òàêîæ êðàéîâi óìîâè (2). Âèìàãà-
òèìåìî òàêîæ, ùîá êðàéîâi óìîâè (2) äëÿ
ui (i = 1, n), vs (s = 1,m) ïîãîäæóâàëèñü
äî íåïåðåðâíîñòi â êóòîâié òî÷öi (0,0), à òà-
êîæ çàäîâîëüíÿëè ñèñòåìó (1) ó öié òî÷öi,
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ùî ïðèâîäèòü äëÿ âñiõ ε > 0 äî âèêîíàííÿ
óìîâ:

Fi(0, 0, 0, 0; ε) = 0, i = 1, n,
(H1)

Gs(0, 0, 0, 0; ε) = 0, s = 1,m;

(H2) Ôóíêöi¨ Fi i Gs : Π×R3 → R, ¹ N +2

ðàçè äèôåðåíöiéîâíi â Π çà âñiìà çìiííèìè,
N - äîâiëüíå íàòóðàëüíå ÷èñëî.

Îñîáëèâiñòü ðîçâ'ÿçêó çàäà÷i (1)�(2) i éî-
ãî àñèìïòîòèêè ïîëÿãà¹ â òîìó, ùî âií ìà¹
ïðèìåæîâèé õàðàêòåð â îêîëi âiäðiçêiâ {0 6
x 6 l, t = 0} i {x = 0, 0 6 t 6 T}, îñêiëüêè
ïðè ε = 0 â ïåðøèõ n ðiâíÿííÿõ çàëèøà¹-

òüñÿ ëèøå ïîõiäíà
∂u

∂x
, à â ðåøòè m ðiâíÿ-

ííÿõ
∂v

∂t
. Òîìó äëÿ âèðîäæåíî¨ ñèñòåìè(ïðè

ε = 0) iç 2(n +m) êðàéîâèõ óìîâ çàëèøàþ-
òüñÿ òiëüêè n+m, à ñàìå:

ui(0, t; 0) = 0, i = 1, n;
(3)

vs(x, 0; 0) = 0, s = 1,m.

Iíøi n+m êðàéîâèõ óìîâ

ui(x, 0; 0) = 0, i = 1, n,

vs(0, t; 0) = 0, s = 1,m

íå çàäoâîëüíÿþòü âèðîäæåíó ñèñòåìó
∂ui
∂x

= Fi(x, t, u, v; 0), i = 1, n,

∂vs
∂t

= Gs(x, t, u, v; 0), s = 1,m.

Çàäà÷à õàðàêòåðíà òèì, ùî õî÷à ïðèìåæîâi
ôóíêöi¨ âèçíà÷àþòüñÿ ÿê ðîçâ'ÿçîê ðiâíÿíü
ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó, à
ìåæà, íà ÿêié çàäàíî êðàéîâi óìîâè, ìiñòèòü
êóòîâó òî÷êó (0,0), ùî âïëèâà¹ íà ãëàäêiñòü
ðîçâ'ÿçêó, òèì íå ìåíøå, ìîæíà ïîáóäóâàòè
áåç áóäü-ÿêèõ iíøèõ óìîâ ïîãîäæåííÿ, êðiì
(H1), àñèìïòîòèêó ðîçâ'ÿçêó äîâiëüíîãî ïî-
ðÿäêó N , ðiâíîìiðíó â Π.

Ïiäêðåñëèìî, ùî íåëiíiéíiñòü ïðàâèõ ÷à-
ñòèí â ñèñòåìi (1) çíà÷íî óñêëàäíþ¹ îáãðóí-
òóâàííÿ àñèìïòîòèêè ïîðiâíÿíî ç ëiíiéíèì
âèïàäêîì [7].

Ïîáóäîâà íóëüîâîãî íàáëèæåííÿ.
Àíàëîãi÷íî äî ñèñòåìè ëiíiéíèõ ðiâíÿíü [7]
àñèìïòîòèêó ðîçâ'ÿçêó çàäà÷i (1)�(2) øóêà-
¹ìî ó âèãëÿäi ñóìè ôóíêöié ðåãóëÿðíî¨ ÷à-
ñòèíè òà äâîõ ïðèìåæîâèõ øàðiâ

ui(x, t; ε) =
∞∑
h=0

εh[ūih(x, t)+

+P u
ih(x, τ) +Qu

ih(ξ, t)], i = 1, n,

vs(x, t; ε) =
∞∑
h=0

εh[v̄sh(x, t)+

+P v
sh(x, τ) +Qv

sh(ξ, t)], s = 1,m.

(4)

Ïiäñòàâèìî (4) â ñèñòåìó (1) òà êðàéîâi óìî-
âè (2). Äëÿ âñiõ i = 1, n òà s = 1,m óâåäåìî
ïîçíà÷åííÿ

u(x, t; ε) = (u1(x, t; ε),

u2(x, t; ε), . . . , un(x, t; ε)),

v(x, t; ε) = (v1(x, t; ε),

v2(x, t; ε), . . . , vm(x, t; ε)),

Fi = F i + PFi +QFi,

Gs = Gs + PGs +QGs,

äå

F i = Fi(u, v, x, t; ε) =

= Fi0 + εF i1 + . . .+ εrF ir + . . . ,

PFi = Fi(u(x, ετ) + P u(x, τ), v(x, ετ)+

+ P v(x, τ), x, ετ ; ε)−
− Fi(u(x, ετ), v(x, ετ), x, ετ ; ε) =

= PFi0 + εPFi1 + . . .+ εrPFir + . . . ,

QFi = Fi(u(εξ, t) +Qu(ξ, t), v(εξ, t)+

+Qv(ξ, t), εξ, t; ε)−
− Fi(u(εξ, t), v(εξ, t), εξ, t; ε) =

= QFi0 + εQFi1 + . . .+ εrQFir + . . . .

Àíàëîãi÷íî ìîæíà çàïèñàòè ôóíêöi¨
Gs, PGs, QGs.

Çàäà÷i äëÿ êîåôiöi¹íòiâ àñèìïòîòè÷íîãî
ðîçêëàäó (4) îòðèìà¹ìî ñòàíäàðòíèì ñïîñî-
áîì [5].

Ïåðåõîäèìî äî ïîáóäîâè ãîëîâíèõ ÷ëåíiâ

104 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2.



àñèìïòîòèêè. Äëÿ âñiõ (x, t) ∈ Π ðåãóëÿðíó
÷àñòèíó àñèìïòîòèêè áóäó¹ìî ó âèãëÿäi:

ui(x, t) ∼ ūi0(x, t), vs(x, t) ∼ v̄s0(x, t), (5)

äëÿ ÿêî¨, ïîçíà÷èâøè

u0(x, t) = (u10(x, t), u20(x, t), . . . , um0(x, t)),

v0(x, t) = (v10(x, t), v20(x, t), . . . , vn0(x, t)),

îäåðæèìî çàäà÷ó

∂ūi0
∂x

= F i0 ≡

≡ Fi0(ū0(x, t), v̄0(x, t), x, t; 0),

i = 1, n,

∂v̄s0
∂t

= Gs0 ≡

≡ Gs0(ū0(x, t), v̄0(x, t), x, t; 0),

s = 1,m,

ūi0(0, t) = 0, i = 1, n,

v̄s0(x, 0) = 0, s = 1,m.

(6)

Çàäà÷à (6), çà âêàçàíèõ âèùå ïðèïóùåíü,
ìà¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê ūi0, v̄s0 ó
âñié îáëàñòi Π [8].

Ç ôîðìóëþâàííÿ çàäà÷i äëÿ âèçíà÷åííÿ
ūi0, v̄s0, ÿêi ¹ íàáëèæåííÿì ðîçâ'ÿçêó çàäà÷i
(1)�(2), î÷åâèäíî, ùî íå âñi óìîâè âèêîíóþ-
òüñÿ.

Ïiäïðàâèìî (5) ôóíêöi¹þ ïðèìåæîâîãî
øàðó òàê, ùîá âèêîíóâàëàñü ïåðøà óìîâà
(2){
ui(x, t)∼ui0(x, t), i = 1, n,

vs(x, t)∼vs0(x, t) +Qv
s0(ξ, t), s = 1,m.

(7)

ç ðåãóëÿðèçóþ÷îþ çìiííîþ

ξ =
x

ε
.

Ðîçâèíåìî ïðàâi ÷àñòèíè ñèñòåìè (1) â ðÿä
çà ñòåïåíÿìè ε i ïiäñòàâèìî (7) ó ñèñòåìó (1)
òà êðàéîâi óìîâè (2), ïðèðiâíÿâøè êîåôiöi-
¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε. Òàêèì ÷è-

íîì, îäåðæèìî çàäà÷ó äëÿ âèçíà÷åííÿ Qv
s0:

∂Qv
s0

∂t
+
∂Qv

s0

∂ξ
= QGs0 ≡

≡ Gs(ū0(0, t), v̄0(0, t)+

+Qv
0(ξ, t), 0, t; 0)−

−Gs(ū0(0, t), v̄0(0, t), 0, t; 0),

(ξ, t) ∈ Dξ = {ξ > 0, 0 6 t 6 T},
Qv

s0(ξ, 0) = 0,

Qv
s0(0, t) = −v̄s0(0, t), s = 1,m,

(8)

äå

Qv
0(x, t)=(Q

v
10(x, t), Q

v
20(x, t), . . . , Q

v
m0(x, t)).

Ó ïiäîáëàñòi D∞ = {ξ > t, 0 6 t 6 T}
ðîçâ'ÿçîê Qv

s0(ξ, t) âèçíà÷à¹òüñÿ êðàéîâîþ
óìîâîþ Qv

s0(ξ, 0) = 0 i òîìó â öié ïiäîáëàñòi
ôóíêöiÿ Qv

s0(ξ, t) = 0. À â ïiäîáëàñòi D0 =

{0 6 ξ 6 t 6 T} ðîçâ'ÿçîê Qv
s0(ξ, t) âèçíà÷à-

¹òüñÿ êðàéîâîþ óìîâîþ Qv
s0(0, t) = −v̄s0(0, t)

[8].
Îòæå, äëÿ âèçíà÷åííÿ ôóíêöié ïðèìåæî-

âîãî øàðó Qv
s0 îòðèìàíî êðàéîâi çàäà÷i ó ãî-

ðèçîíòàëüíié ïiâñìóçi äëÿ ñèñòåìè ãiïåðáî-
ëi÷íèõ ðiâíÿíü ïåðøîãî ïîðÿäêó. Ãëàäêiñòü
ðîçâ'ÿçêiâ çàäà÷ (8) çàëåæèòü âiä âèêîíàííÿ
óìîâ ïîãîäæåííÿ â êóòîâié òî÷öi. Ïåðåâiðè-
ìî âèêîíàííÿ óìîâ ïîãîäæåííÿ ðîçâ'ÿçêiâ
Qv

s0 ó êóòîâié òî÷öi (0, 0) íóëüîâîãî òà ïåð-
øîãî ïîðÿäêiâ. Äëÿ íüîãî ïîâèííi âèêîíóâà-
òèñü íàñòóïíi ðiâíîñòi

Qv
s0(ξ, 0)|ξ=0 = Qv

s0(0, t)|t=0, s = 1,m.

Î÷åâèäíèì ¹ òå, ùî ëiâà ÷àñòèíà ðiâíîñòi
äîðiâíþ¹ íóëåâi â êóòîâié òî÷öi, à âèêîðè-
ñòàâøè ïî÷àòêîâó óìîâó (6), îäåðæèìî

0 = −v̄s0(0, t)|t=0 = 0, s = 1,m.

Ïåðåéäåìî äî ïåðåâiðêè óìîâè ïîãîäæåí-
íÿ ïåðøîãî ïîðÿäêó. Äëÿ öüîãî ïîâèííà âè-
êîíóâàòèñü ðiâíiñòü

∂Qv
s0

∂t
|(0,0) +

∂Qv
s0

∂ξ
|(0,0) =

= Gs(ū0(0, t), v̄0(0, t) +Qv
0(ξ, t), 0, t; 0)|(0,0)−

−Gs(ū0(0, t), v̄0(0, t), 0, t; 0)|(0,0).
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Âèêîðèñòàâøè óìîâó (8), çàëèøèëîñü ïî-

êàçàòè, ùî
∂v̄s0
∂t

= 0. Ç óìîâ (6) îäåðæèìî

∂v̄s0
∂t

|(0,0) = Gs0(0, 0, 0, 0; 0), à ïðàâà ÷àñòèíà

ðiâíîñòi ðiâíà íóëåâi, ùî âèïëèâà¹ ç óìîâè
(H1).

Ôóíêöiÿ Qv
s0 ìà¹ ïðèìåæîâèé õàðàêòåð.

Äiéñíî, íà ïiäñòàâi îäíîðiäíîñòi êðàéîâî¨
óìîâè (8), ôóíêöiÿ Qv

s0 ïiä õàðàêòåðèñòè-
êîþ ξ = x ðiâíÿííÿ (8) ïðèéìà¹ íóëüîâi
çíà÷åííÿ. Ïðè ε→ 0 õàðàêòåðèñòèêà íàáëè-
æà¹òüñÿ äî âåðòèêàëüíîãî ïîëîæåííÿ, òîáòî
ôóíêöiÿ Qv

s0 âiäìiííà âiä íóëÿ âçäîâæ ìåæi
x = 0 îáëàñòi Π.

Çàâåðøèìî ïîáóäîâó íóëüîâîãî íàáëèæå-
ííÿ ðîçâ'ÿçêó çàäà÷i (1)�(2) çíàõîäæåííÿì
ïðèìåæîâîãî øàðó â îòî÷åííi ìåæi t = 0

îáëàñòi Π. Çà äîïîìîãîþ öi¹¨ ôóíêöi¨ ñêîðè-
ãó¹ìî ðîçâ'ÿçîê ui0, vs0 òàê, ùîá âèêîíóâà-
ëàñü êðàéîâà óìîâà ïðè t = 0, à òîìó ui0, vs0
ìàòèìóòü âèãëÿä{
ui(x, t)∼ui0(x, t) + P u

i0(x, τ), i = 1, n

vs(x, t)∼vs0(x, t) +Qv
s0(ξ, t), s = 1,m.

(9)

Óâåäåìî òåïåð ùå îäíó ðåãóëÿðèçóþ÷ó
çìiííó

τ =
t

ε
,

ïiäñòàâèâøè (9) ó ñèñòåìó (1) i ïðèðiâíÿâ-
øè êîåôiöi¹íòè ïðè íàéíèæ÷èõ ñòåïåíÿõ ε,
îäåðæèìî çàäà÷ó äëÿ P u

i0

∂P u
i0

∂τ
+
∂P u

i0

∂x
= PFi0 ≡

≡ Fi(ū0(x, 0) + P u
0 (x, τ),

v̄0(x, 0), x, 0, 0)−
−Fi(ū0(x, 0), v̄0(x, 0), x, 0, 0),

(x, t) ∈ Sτ = {τ > 0, 0 6 x 6 l},
P u
i0(0, τ)= 0,

P u
i0(x, 0)= −ūi0(x, 0), i = 1, n.

(10)

Î÷åâèäíî, ùî P u
i0 ≡ 0 â ïiäîáëàñòi S∞ =

{0 6 x 6 l, τ > x }, à äëÿ iíøî¨ ïiäîáëàñòi
S0 = {0 6 x 6 l, 0 6 τ 6 x} ðiâíÿííÿ (10) ç

êðàéîâîþ óìîâîþ P u
i0(x, 0) = −ūi0(x, 0), i =

1, n ìà¹ ¹äèíèé ðîçâ'ÿçîê [8].
Äëÿ ïðîäîâæåííÿ ïîáóäîâè àñèìïòîòèêè

íóëüîâîãî ïîðÿäêó ðîçâ'ÿçêó çàäà÷i (1)�(2)
ïîòðiáíî çáåðiãàòè äîñòàòíþ ãëàäêiñòü íà-
áëèæåíü, ùî äîñÿãà¹òüñÿ âèêîíàííÿì óìîâ
ïîãîäæåííÿ íóëüîâîãî i ïåðøîãî ïîðÿäêiâ
äëÿ çàäà÷i (10) i äîâîäèòüñÿ àíàëîãi÷íî ÿê
i â çàäà÷i äëÿ Qv

s0.
Ïîáóäîâà íàáëèæåííÿ ïåðøîãî ïî-

ðÿäêó. Àñèìïòîòè÷íå ðîçâèíåííÿ ïåðøîãî
ïîðÿäêó ðîçâ'ÿçêó (u, v) çàäà÷i (1)�(2) äëÿ
âñiõ i = 1, n òà s = 1,m áóäó¹ìî ó âèãëÿäi

ui(x, t) ∼ ui0(x, t) + P u
i0(x, τ)+

+ui1(x, t) + P u
i1(x, τ) +Qu

i1(ξ, t),

vs(x, t) ∼ vs0(x, t) +Qv
s0(ξ, t)+

+vs1(x, t) + P v
s1(x, τ) +Qv

s1(ξ, t).

(11)

Ïiäñòàâëÿ¹ìî (11) â ñèñòåìó (1)�(2). Òîäi çà-
äà÷i äëÿ Qu

i1 ìàòèìóòü âèãëÿä

∂Qu
i1

∂ξ
= QFi0 ≡

≡ Fi (ū0(0, t), v̄0(0, t) +Qv
0(ξ, t), 0, t; 0)−

− Fi (ū0(0, t), v̄0(0, t), 0, t; 0) , (ξ, t) ∈ Dξ,

Qu
i1(∞, t) = 0, i = 1, n.

Ïðîiíòåãðó¹ìî ðiâíÿííÿ äëÿ Qu
i1, i = 1, n,

âðàõîâóþ÷è óìîâè Qv
s0(ξ, t) = 0, s = 1,m,

ξ > t, òîäi îäåðæèìî ðîçâ'ÿçîê

Qu
i1(ξ, t) =


ξ∫
t

QFi0(Q
v
0(ς, t), t)dς,

(ξ, t) ∈ D0, i = 1, n,

0, (ξ, t) ∈ D∞.

(12)

Àíàëîãi÷íî äëÿ P v
s1, s = 1,m, âèêîðèñòàâ-

øè, ùî P u
i0(x, τ) = 0, i = 1, n, τ > x, îäåð-

æèìî

P v
s1(x, τ) =


τ∫
x

PGs0(P
u
0 (x, s), x)ds,

(x, τ) ∈ S0, s = 1,m,

0, (x, τ) ∈ S∞.

(13)
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Çàïèøåìî ðiâíÿííÿ äëÿ çíàõîäæåííÿ
ðåãóëÿðíèõ ÷ëåíiâ ïåðøîãî íàáëèæåííÿ
ūi1 i v̄s1, øóêàþ÷è âiäïîâiäíi ÷àñòèííi ïî-
õiäíi ó òî÷öi (ū0(x, t), v̄0(x, t), x, t; 0),



∂ūi1
∂x

=
n∑

j=1

Fiu · ūj1(x, t)+

+
m∑
l=1

Fiv · v̄l1(x, t)+

+f̄i1(x, t), i = 1, n,

∂v̄s1
∂t

=
n∑

j=1

Gsu · ūj1(x, t)+

+
m∑
l=1

Gsv · v̄l1(x, t)+

+ḡs1(x, t), s = 1,m,

(14)

äå f̄i1(x, t) = Fiε (ū0(x, t), v̄0(x, t), x, t; 0) −
∂ūi0
∂t

, (i = 1, n); ḡs1(x, t) =

= Gsε(ū0(x, t), v̄0(x, t), x, t; 0) −∂v̄s0
∂x

, (s =

1,m), à çíàéäåíi ôóíêöi¨ Qu
i1 i P v

s1 äîçâîëÿ-
þòü çàäàòè êðàéîâi óìîâè

{
ūi1(0, t) = −Qu

i1(0, t), i = 1, n,

v̄s1(x, 0) = −P v
s1(x, 0), s = 1,m.

(15)

Çàäà÷ó (14)�(15), àíàëîãi÷íî ÿê i çàäà÷ó
(6), ìîæåìî ðîçâ'ÿçàòè, çâiâøè äî ñèñòåìè
iíòåãðàëüíèõ ðiâíÿíü òèïó Âîëüòåððà äðó-
ãîãî ðîäó.

Äëÿ Qv
s1 (s = 1,m) îäåðæèìî çàäà÷ó



∂Qv
s1

∂t
+
∂Qv

s1

∂ξ
= Qs1G ≡

≡
m∑
l=1

Gsv(ξ, t)Q
v
l1 + qs1(ξ, t),

(ξ, t) ∈ Dξ,

Qv
s1(ξ, 0) = 0,

Qv
s1(0, t) = −v̄s1(0, t), s = 1,m,

(16)

äå

qs1(ξ, t) = Gsu(ξ, t)×

×
n∑

j=1

(
∂ūj0
∂x

(0, t)ξ + ūj1(0, t) +Qu
j1(ξ, t))+

+Gsv(ξ, t) ·
m∑
l=1

(
∂v̄l0
∂x

(0, t)ξ + v̄l1(0, t)

)
+

+Gsx(ξ, t)ξ +Gsε(ξ, t)−

− Ḡsu(0, t) ·
n∑

j=1

(
∂ūj0
∂x

(0, t)ξ + ūj1(0, t)

)
−

− Ḡsv(0, t) ·
m∑
l=1

(
∂v̄l0
∂x

(0, t)ξ + v̄l1(0, t)

)
−

− Ḡsx(0, t)ξ − Ḡsε(0, t).

Çàóâàæèìî, ùî ïîõiäíi
Gsu (ξ, t), Gsv (ξ, t), Gsx(ξ, t), Gsε (ξ, t) îá-
÷èñëþþòüñÿ â òî÷öi (ū0(0, t), v̄0(0, t) +

Qv
0(ξ, t), 0, t; 0), à ïîõiäíi Ḡsu(0, t),

Ḡsv(0, t), Ḡsx(0, t), Ḡsε(0, t) � â òî÷öi
(ū0(0, t), v̄0(0, t), 0, t; 0).

Îñêiëüêè ñèñòåìà (16) íå ¹ îäíîðiäíîþ,
òî äëÿ iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó
îäåðæàíî¨ çàäà÷i ïîòðiáíî, ùîá âèêîíóâà-
ëèñü íå ëèøå óìîâè ïîãîäæåííÿ íóëüîâîãî
òà ïåðøîãî ïîðÿäêiâ â êóòîâié òî÷öi (0,0),
àëå i âiäïîâiäíà ãëàäêiñòü ôóíêöi¨ qs1(ξ, t),
òîáòî iñíóâàííÿ ¨¨ íåïåðåðâíèõ ïîõiäíèõ
ïåðøîãî ïîðÿäêó. Àëå ÷àñòèííi ïîõiäíi
iñíóþòü, íà ïiäñòàâi óìîâè (H2) i ãëàäêîñòi
ôóíêöié Qv

s0, Q
u
i1 â óñié îáëàñòi Dξ.

Äîâåäåìî âèêîíàííÿ óìîâ ïîãîäæå-
ííÿ íóëüîâîãî ïîðÿäêó, Qv

s1(ξ, 0)|ξ=0=

Qv
s1(0, t)|t=0. Ðiâíiñòü íóëåâi ëiâî¨ ÷àñòèíè

âèïëèâà¹ ç îäíîðiäíî¨ êðàéîâî¨ óìîâè (16),
à ðiâíiñòü íóëåâi ïðàâî¨ ÷àñòèíè ïîêàæåìî,
âèêîðèñòàâøè óìîâè (15),(10) ïîñëiäîâíî,
òîáòî

0 = −v̄s1(0, t)|t=0 = −P v
s1(x, 0)|x=0 = 0,

s = 1,m.

Òîìó êðàéîâi óìîâè ñèñòåìè (16) ïîãîäæå-
íi äî íåïåðåðâíîñòi â êóòîâié òî÷öi (0,0).
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Ùîá êðàéîâi óìîâè çàäîâîëüíÿëè ñèñòåìó
ðiâíÿíü â òî÷öi (0,0) ïîâèííà âèêîíóâàòèñü
ðiâíiñòü

∂Qv
s1

∂t
|(0,0) +

∂Qv
s1

∂ξ
|(0,0) =

=
m∑
l=1

Gsv ·Qv
l1|(0,0) + qs1|(0,0), s = 1,m.

Âèêîðèñòàâøè óìîâè (8), (12),(16), ïðèéäå-
ìî äî ðiâíîñòi

0− ∂v̄s1
∂t

|(0,0) =
m∑
l=1

Gsv · 0 + 0, s = 1,m.

Çàëèøèëîñÿ ïîêàçàòè, ùî ïîõiäíà v̄s1 çà t

ðiâíà íóëåâi. Ç óìîâè (14) ìà¹ìî

∂v̄s1
∂t

|(0,0) =
n∑

j=1

Gsu · ūj1|(0,0)+

+
m∑
l=1

Gsv · v̄l1|(0,0) + ḡs1|(0,0) = 0, s = 1,m,

à âèêîðèñòàâøè óìîâè (H1) i (3), îäåðæè-

ìî ḡs1(0, 0) = Gsε(0, 0) −
∂v̄s0
∂x

= 0. Òå, ùî

vs1|(0,0)=−P v
s1(0, 0) = 0, îäåðæàíî ç óìîâ (15)

òà (13). Îñêiëüêè âèêîíóþòüñÿ (15) òà (12),
òî ui1|(0,0)= − Qu

i1(0, 0) = 0. Îòæå, âñi óìîâè
äëÿ iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i
(16) âèêîíóþòüñÿ.

Äëÿ P u
i1 (i = 1, n) çàäà÷à ìàòèìå âèãëÿä



∂P u
i1

∂t
+
∂P u

i1

∂ξ
= Pi1F ≡

≡
n∑

j=1

Fiu(x, τ)P
u
j1 + pi1(x, τ),

(x, τ) ∈ Sτ ,

P u
i1(0, τ) = 0,

P u
i1(x, 0) = −ūi1(x, 0),

i = 1, n,

(17)

äå äëÿ âñiõ i = 1, n

pi1(x, τ) = Fiv(x, τ)×

×
m∑
l=1

(
∂v̄l0
∂t

(x, 0)τ + v̄l1(x, 0) + P v
l1(x, τ)

)
+

+ Fiu(x, τ) ·
n∑

j=1

(
∂ūj0
∂t

(x, 0)τ + ūj1(x, 0)

)
+

+ Fit(x, τ)τ + Fiε(x, τ)−

− F̄iv(x, 0) ·
m∑
l=1

(
∂v̄l0
∂t

(x, 0)τ + v̄l1(x, 0)

)
−

− F̄iu(x, 0) ·
n∑

j=1

(
∂ūj0
∂t

(x, 0)τ + ūj1(x, 0)

)
−

− F̄it(x, 0)τ − F̄iε(x, 0).

Çàóâàæèìî, ùî ïîõiäíi Fiv(x, τ), Fiu(x, τ),

Fit(x, τ), Fiε(x, τ) îá÷èñëþþòüñÿ â òî÷öi
(ū0(x, 0) + P u

0 (x, τ), v̄0(x, 0), x, 0; 0), à ïîõi-
äíi F̄iu(x, 0), F̄iv(x, 0), F̄it(x, 0), F̄iε(x, 0)

� â òî÷öi (ū0(x, 0), v̄0(x, 0), x, 0; 0). À òàêîæ
P u
i1 ≡ 0 â ïiäîáëàñòi S∞. ßê i â çàäà÷i (16)

ìîæíà ïðîâåñòè àíàëîãi÷íi ìiðêóâàííÿ i äî-
âåñòè iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i
(17) äëÿ ôóíêöi¨ P u

i1.
Îòæå, ïîáóäîâàíî âñi ÷ëåíè àñèìïòîòèêè

ïåðøîãî íàáëèæåííÿ, ÿêi ¹ ãëàäêèìè ôóí-
êöiÿìè ñâî¨õ àðãóìåíòiâ.

Ïîáóäîâà àñèìïòîòèêè äîâiëüíîãî
ïîðÿäêó. Ïîâíå àñèìïòîòè÷íå ðîçâèíåííÿ
ðîçâ'ÿçêó (ui, vs) çàäà÷i (1)�(2) áóäó¹ìî ó
âèãëÿäi (4). Îïèøåìî àëãîðèòì âèçíà÷åí-
íÿ ôóíêöié àñèìïòîòè÷íîãî íàáëèæåííÿ äî-
âiëüíîãî ïîðÿäêó h > 1. Äîïîìiæíi çàäà-
÷i îòðèìó¹ìî ñòàíäàðòíèì ñïîñîáîì òåîði¨
ñèíãóëÿðíèõ çáóðåíü [5], àíàëîãi÷íî âèùå-
íàâåäåíîìó, òîìó ïðîïóñòèìî îïèñ ñïîñîáó
¨õ îòðèìàííÿ.

Ñïî÷àòêó âèçíà÷à¹ìî ôóíêöi¨ Qu
ih =

(Qu
1h, . . . , Q

u
nh) ÿê ðîçâ'ÿçêè çàäà÷i

∂Qu
ih

∂ξ
= quih(ξ, t), ξ > 0, 0 < t 6 T,

Qu
ih(∞, t) = 0, 0 6 t 6 T, i = 1, n,

(18)
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äå quih(ξ, t) = QFi,h−1 −
∂Qu

i h−2

∂t
, i = 1, n,

à ξ � âèùå çàäàíå ðåãóëÿðèçóþ÷å ïåðåòâî-
ðåííÿ. Ôóíêöi¨ quih(ξ, t) (i = 1, n) ¹ âiäîìèìè
íåïåðåðâíèìè i ðiâíi íóëåâi ïiä õàðàêòåðè-
ñòèêîþ ξ = t, ùî âèïëèâà¹ ç ¨õ ñòðóêòóðè.
Òîìó ðîçâ'ÿçîê Qu

ih çàäà÷ (18) äëÿ êîæíîãî
i = 1, n çàïèøåìî ó ÿâíîìó âèãëÿäi

Qu
ih(ξ, t) =



ξ∫
t

quih(ζ, t)dζ,

(ξ, t) ∈ D0, i = 1, n,

0, (ξ, t) ∈ D∞.

(19)

Çàäà÷à äëÿ P v
sh iç óìîâàìè P

v
sh(x,∞) = 0,

s = 1,m çàïèñó¹òüñÿ ó ÿâíîìó âèãëÿäi

P v
sh(x, τ) =



τ∫
x

pvsh(x, ϑ)dϑ,

(x, τ) ∈ S0, s = 1,m,

0, (x, τ) ∈ S∞,

(20)

äå pvsh(x, τ) = PGs,h−1 −
∂P v

s h−2

∂x
, s = 1,m.

Òóò pvsh (s = 1,m) � âiäîìi íåïåðåðâíi ôóí-
êöi¨, ðiâíi íóëåâi íàä õàðàêòåðèñòèêîþ τ =

x.
Çàçíà÷èìî, ùî ãëàäêiñòü ôóíêöié Qu

ih i
P v
sh (i = 1, n, s = 1,m), çîêðåìà i íà õàðà-

êòåðèñòèêàõ ξ = t òà x = τ , âiäïîâiäíî, âè-
ïëèâà¹ áåçïîñåðåäíüî iç ¨õ ñòðóêòóðè.

Ôóíêöi¨ ðåãóëÿðíî¨ ÷àñòèíè àñèìïòîòèêè
(ūh, v̄h) äëÿ âñiõ (x, t) ∈ Π ¹ ðîçâ'ÿçêàìè òà-

êî¨ çàäà÷i

∂ūih
∂x

=
n∑

j=1

Fiu(x, t)ūjh+

+
m∑
l=1

Fiv(x, t)v̄lh+

+f̄ih(x, t), i = 1, n,

∂v̄sh
∂t

=
n∑

j=1

Gsu(x, t)ūjh+

+
m∑
l=1

Gsv(x, t)v̄lh+

+ḡsh(x, t), s = 1,m,

(21)

{
ūih(0, t) = −Qu

ih(0, t), i = 1, n,

v̄sh(x, 0) = −P v
sh(x, 0), s = 1,m,

(22)

äå f̄ih(x, t), ḡsh(x, t) � âiäîìi ôóíêöi¨, ùî ðå-
êóðåíòíî âèðàæàþòüñÿ ÷åðåç ūih̄, v̄sh̄ (h̄ <

h).
Çàäà÷à (21)�(22), àíàëîãi÷íî äî çàäà÷i

(14)�(15), ðîçâ'ÿçó¹òüñÿ ìåòîäîì çâåäåííÿ
äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü òèïó Âîëü-
òåððà äðóãîãî ðîäó [8].

Äëÿ Qv
sh ìà¹ìî çàäà÷ó

∂Qv
sh

∂t
+
∂Qv

sh

∂ξ
= QGsh ≡

≡
m∑
l=1

Gsv(ξ, t)Q
v
lh + qvsh,

(ξ, t) ∈ Dξ, s = 1,m,

Qv
sh(ξ, 0) = 0, (ξ, t) ∈ D∞,

Qv
sh(0, t) = −v̄sh(0, t),

(ξ, t) ∈ D0, s = 1,m,

(23)

äå qvsh(ξ, t) � âiäîìà ãëàäêà ôóíêöiÿ â Dξ, ùî
ðåêóðåíòíî âèðàæà¹òüñÿ ÷åðåç Qu

ih̄
, Qv

sh̄
(h̄ <

h) i qvsh(ξ, t) = 0 â ïiäîáëàñòi D∞.

Àíàëîãi÷íî, ÿê ó çàäà÷i (16), äëÿ äîâå-
äåííÿ iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà-
÷i (23) ïîòðiáíî, ùîá ôóíêöiÿ qvsh(ξ, t) áóëà
ãëàäêîþ é âèêîíóâàëèñü óìîâè ïîãîäæåííÿ
íóëüîâîãî òà ïåðøîãî ïîðÿäêiâ ó êóòîâié òî-
÷öi (0,0). ×àñòèííi ïîõiäíi ôóíêöié qvsh(ξ, t)
iñíóþòü, îñêiëüêè ôóíêöiÿ ¹ ñóìîþ ãëàäêèõ
ôóíêöié.
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Ïåðåéäåìî äî ïåðåâiðêè âèêîíàííÿ óìîâ
ïîãîäæåííÿ, ÿêi âèïëèâàþòü iç (20) òà (22):

0 = Qv
sh(ξ, 0)

∣∣∣∣
ξ=0

=

= Qv
sh(0, t)

∣∣∣∣
t=0

= −vsh(0, t)
∣∣∣∣
t=0

,

0 = −vsh(0, 0) = P v
sh(0, 0) = 0, s = 1,m.

Îòæå, êðàéîâi óìîâè ïîãîäæåíi äî íåïå-
ðåðâíîñòi â êóòîâié òî÷öi (0,0). Ïåðåâiðèìî,
÷è ïî÷àòêîâi óìîâè çàäîâîëüíÿþòü ñèñòåìó
(23) â òî÷öi (0,0), òîáòî

∂Qv
sh

∂t

∣∣∣∣
(0,0)

+
∂Qv

sh

∂ξ

∣∣∣∣
(0,0)

=

=
m∑
l=1

Gsv(ξ, t)Q
v
lh

∣∣∣∣
(0,0)

+ qvsh

∣∣∣∣
(0,0)

, s = 1,m,

àáî, âèêîðèñòàâøè ïî÷àòêîâó òà êðàéîâi
óìîâè çàäà÷i (23), îñòàíí¹ ìîæíà çàïèñàòè
ó âèãëÿäi

−∂v̄sh(0, t)
∂t

∣∣∣∣
t=0

= 0 ·Gsv(0, 0) + qvsh(0, 0),

s = 1,m.

Ïðàâà ÷àñòèíà öüîãî ñïiââiäíîøåííÿ ðiâíà
íóëåâi, îñêiëüêè qvsh(ξ, t) = 0 (s = 1,m) ïðè
ξ > t > 0, ùî âèïëèâà¹ iç ¨õíiõ âëàñòèâîñòåé.
Âèêîðèñòàâøè äðóãå ðiâíÿííÿ (21) òà óìîâè
(22), ìà¹ìî

∂v̄sh(0, t)

∂t

∣∣∣∣
t=0

= −
n∑

j=1

Gsu(0, 0)Q
u
jh(0, t)

∣∣∣∣
t=0

−

−
m∑
l=1

Gsv(0, 0)P
v
lh(x, 0)

∣∣∣∣
x=0

+

+ ḡsh(0, 0), s = 1,m, (x, t) ∈ Π.

Íà ïiäñòàâi (19) òà (20) ïåðøi äâà äîäàíêè
ñïðàâà îñòàííüîãî âèðàçó ðiâíi íóëåâi. Çàëè-
øèëîñü ïîêàçàòè, ùî ḡsh(x, t) â êóòîâié òî-
÷öi ðiâíà íóëåâi. Ôóíêöiÿ ḡsh â òî÷öi (0, 0)
ðiâíà íóëåâi iç-çà âèêîíàííÿ óìîâ uih̄(0, 0) =

vsh̄(0, 0) = 0 (h̄ < h) i
∂hGs

∂εh
(0, 0, 0, 0; 0) = 0.

À ç êðàéîâî¨ óìîâè äëÿ ôóíêöi¨ v̄s, h−1(0, 0)

ìàòèìåìî
∂v̄s, h−1(0, 0)

∂x
=

∂Ps, h−1(0, 0)

∂x
=

0, s = 1,m. Îñòàííÿ ðiâíiñòü ñïðàâåäëè-
âà òîìó, ùî P v

s,h−1(x, τ) = 0 äëÿ τ > x, îòæå
∂P v

s,h−1

∂x
(x, τ) = 0, ÿêùî τ > x (s = 1,m). Âè-

êîíàííÿ óìîâè ïîãîäæåííÿ ïåðøîãî ïîðÿä-
êó â êóòîâié òî÷öi (0,0) çàáåçïå÷ó¹ ãëàäêiñòü
ðîçâ'ÿçêó çàäà÷i (23) â îáëàñòi ξ > 0, 0 <

t 6 T . Êðiì òîãî, âiäçíà÷èìî, ùî ôóíêöi¨
Qv

sh (s = 1,m) ìàþòü ïðèìåæîâèé õàðàêòåð,
òîáòî âiäìiííi âiä íóëÿ â îêîëi ìåæi x = 0

îáëàñòi Π i ïðè ε → 0 õàðàêòåðèñòèêà t = ξ

ðiâíÿííÿ (23) ïðÿìó¹ äî âåðòèêàëüíîãî ïî-
ëîæåííÿ.

Äëÿ âèçíà÷åííÿ íàáëèæåíü ôóíêöié ïðè-
ìåæîâèõ øàðiâ P u

ih â îêîëi ìåæi t = 0 îáëàñòi
Π îäåðæèìî êðàéîâó çàäà÷ó

∂P u
ih

∂τ
+
∂P u

ih

∂x
= PFih ≡

≡
n∑

j=1

Fiu(x, τ)P
u
jh + puih,

(x, τ) ∈ Sτ ,

P u
ih(0, τ) = 0, (x, τ) ∈ S0,

P u
ih(x, 0) = −ūih(x, 0),

(x, τ) ∈ S∞, i = 1, n,

(24)

äå puih(x, τ) � âiäîìà ãëàäêà ôóíêöiÿ â Sτ , ùî
ðåêóðåíòíî âèðàæåíà ÷åðåç P u

ih̄
, P v

sh̄
(h̄ < h).

Çàçíà÷èìî, ùî puih(x, τ) = 0 â ïiäîáëàñòi S∞.

Äîâåäåííÿ iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿç-
êó P u

ih äëÿ êîæíîãî i = 1, n òà h > 1 çàäà÷i
(24) ïðîâîäèòüñÿ àíàëîãi÷íî ÿê äëÿ çàäà÷i
(23). Ôóíêöi¨ P u

ih (i = 1, n) âiäìiííi âiä òî-
òîæíîãî íóëÿ íèæ÷å õàðàêòåðèñòèêè τ = x

ðiâíÿííÿ (24), ÿêà ïðè ε → 0 ïðÿìó¹ äî ãî-
ðèçîíòàëüíîãî ïîëîæåííÿ. Öå ñâiä÷èòü ïðî
ïðèìåæîâèé õàðàêòåð ïîâåäiíêè P u

ih.
Îòæå, ôîðìàëüíå àñèìïòîòè÷íå íàáëè-

æåííÿ äîâiëüíîãî ïîðÿäêó ðîçâ'ÿçêó (ui, vs)

çàäà÷i (1)�(2) ïîáóäîâàíî. Ïåðåéäåìî äî îá-
ãðóíòóâàííÿ îòðèìàíî¨ àñèìïòîòèêè.
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Îöiíêà çàëèøêîâîãî ÷ëåíà. Íåõàé
N > 0 � äîâiëüíå íàòóðàëüíå ÷èñëî. Âèäiëè-
ìî â àñèìïòîòèöi (4) ðîçâ'ÿçêó (ui, vs) çàäà÷i
(1)-(2) ÷àñòèííi ñóìè ïîðÿäêó N i ïîçíà÷è-

ìî ¨õ, âðàõóâàâøè, ùî τ =
t

ε
, ξ =

x

ε
,



UN
i (x, t, ε) =

N∑
h=0

εh[ūih(x, t)+

+P u
ih(x, τ)+

+Qu
ih(ξ, t)], i = 1, n,

V N
s (x, t, ε) =

N∑
h=0

εh[v̄sh(x, t)+

+P v
sh(x, τ)+

+Qv
sh(ξ, t)], s = 1,m.

(25)

Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè

(H1)-(H2), òî äëÿ äîñòàòíüî ìàëèõ ε >

0 çàäà÷à (1)-(2) ìà¹ ¹äèíèé êëàñè÷íèé

ðîçâ'ÿçîê (ui, vs), äëÿ ÿêîãî UN
i (x, t, ε) òà

V N
s (x, t, ε) ¹ ðiâíîìiðíi àñèìïòîòè÷íi íà-

áëèæåííÿ ç òî÷íiñòþ O(εN+1) â îáëàñòi Π,

òîáòî

max
Π

|ui − UN
i | = O(εN+1),

max
Π

|vs − V N
s | = O(εN+1).

Äîâåäåííÿ. Çàëèøêîâi ÷ëåíè ðîçâèíåí-
íÿ (4) ïîçíà÷à¹ìî ÷åðåç Ru

i = uεi − UN+1
i i

Rv
s = vεs −V N+1

s , âiäïîâiäíî äëÿ íèõ îòðèìà-
¹ìî çàäà÷i ïîäiáíi äî (1)-(2)

ε
∂Ru

i

∂t
+
∂Ru

i

∂x
= F̂i(R

u, Rv, x, t; ε),

i = 1, n,

∂Rv
s

∂t
+ ε

∂Rv
s

∂x
= Ĝs(R

u, Rv, x, t; ε),

s = 1,m,

(26)

{
Ru

i (x, 0; ε)= Ru
i (0, t; ε) = 0, i = 1, n,

Rv
s(x, 0; ε)= Rv

s(l, t; ε) = 0, s = 1,m,
(27)

äå

F̂i =−ε∂U
N+1
i

∂t
− ∂UN+1

i

∂x
+

+Fi(U
N+1 +Ru, V N+1 +Rv, x, t; ε),

Ĝs =−∂V
N+1
s

∂t
− ε

∂V N+1
s

∂x
+

+Gs(U
N+1 +Ru, V N+1 +Rv, x, t; ε).

Ru = (Ru
1 , . . . R

u
n) , R

v = (Rv
1, . . . R

v
m) ,

UN+1 =
(
UN+1
1 , . . . UN+1

n

)
,

V N+1 =
(
V N+1
1 , . . . V N+1

m

)
.

Ç òîãî ùî UN+1, V N+1 çàäîâîëüíÿþòü ðiâíÿ-
ííÿ (1) ç òî÷íiñòþ O(εN+1), F̂i(0, 0, x, t; ε) =

O(εN+1), Ĝs(0, 0, x, t; ε) = O(εN+1) ìàþòü
ðiâíîìiðíi îöiíêè ó âñié îáëàñòi Π. Ç òîãî,

ùî UN+1 = V N+1 =
∂UN+1

∂t
=

∂V N+1

∂t
=

∂UN+1

∂x
=
∂V N+1

∂x
= 0 ó êóòîâié òî÷öi (0, 0) i

âèêîíó¹òüñÿ óìîâà (H1), ñïðàâåäëèâi ðiâíî-
ñòi F̂i(0, 0, 0, 0; ε) = 0, Ĝs(0, 0, 0, 0; ε) = 0.

Çàïèøåìî (26) ó âèãëÿäi

ε
∂Ru

i

∂t
+
∂Ru

i

∂x
− Fiu(M)

n∑
j=1

Ru
j−

− Fiv(M)
m∑
l=1

Rv
l = Πu

i (R
u, Rv, x, t; ε),

i = 1, n,
(28)

∂Rv
s

∂t
+ ε

∂Rv
s

∂x
−Gsu(M)

n∑
j=1

Ru
j−

−Gsv(M)
m∑
l=1

Rv
l = Πv

s(R
u, Rv, x, t; ε),

s = 1,m,

äå M� òî÷êà ç êîîðäèíàòàìè (ui0(x, t) +

P u
i0(x, τ), vs0(x, t)+Q

u
s0(ξ, t), 0, t; 0), à ôóíêöi¨

Πu
i ,Π

v
s ìàþòü âèãëÿä

Πu
i (R

u, Rv, x, t; ε) = F̂i−

− Fiu(M)
n∑

j=1

Ru
j − Fiv(M)

m∑
l=1

Rv
l ,
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Πv
s(R

u, Rv, x, t; ε) = Ĝs−

−Gsu(M)
n∑

j=1

Ru
j −Gsv(M)

m∑
l=1

Rv
l .

Çàóâàæèìî, ùî ç âëàñòèâîñòåé ôóíêöié
F̂i, Ĝs îòðèìà¹ìî àíàëîãi÷íi âëàñòèâîñòi i
äëÿ Πu

i ,Π
v
s(i = 1, n, s = 1,m), òîáòî ôóíêöi¨

Πu
i (0, 0, x, t; ε) = O(εN+1), Πv

s(0, 0, x, t; ε) =

O(εN+1) ðiâíîìiðíi â Π i Πu
i (0, 0, 0, 0; ε) =

0, Πv
s(0, 0, 0, 0; ε) = 0 (i = 1, n, s = 1,m).

ßêùî |R̄u
i | 6 C1ε (i = 1, n), i |R̄v

s | 6
C1ε (s = 1,m), |R̃u

i | 6 C1ε (i = 1, n), i
|R̃v

s | 6 C1ε (s = 1,m) äå C1� äîäàòí¹ ÷è-
ñëî, òî iñíóþòü C2 > 0, ε0 > 0, òàêi ùî ïðè
0 < ε 6 ε0∣∣∣Πu

i (R̄
u, R̄v, x, t; ε)− Πu

i (R̃
u, R̃v, x, t; ε)

∣∣∣ 6
6 C2ε

(
n∑

j=1

∣∣∣R̄u
j − R̃u

j

∣∣∣+ m∑
l=1

∣∣∣R̄v
l − R̃v

l

∣∣∣) ,∣∣∣Πv
s(R̄

u, R̄v, x, t; ε)− Πv
s(R̃

u, R̃v, x, t; ε)
∣∣∣ 6

6 C2ε

(
n∑

j=1

∣∣∣R̄u
j − R̃u

j

∣∣∣+ m∑
l=1

∣∣∣R̄v
l − R̃v

l

∣∣∣) .
Ïåðåéäåìî äî äîâåäåííÿ iñíóâàííÿ êëà-

ñè÷íîãî ðîçâ'ÿçêó çàäà÷i
(26) - (27) ïðè äîñòàòíüî ìàëèõ ε, ïðè÷î-
ìó Ru

i = O(εN+1) (i = 1, n) òà Rv
s =

O(εN+1) (s = 1,m). Íà ïiäñòàâi ðiâíîñòåé

ui − UN
i = (ui − UN+1

i ) + (UN+1
i − UN

i ) =

= Ru
i +O(εN+1), i = 1, n,

vs − V N
s = (vs − V N+1

s ) + (V N+1
s − V N

s ) =

= Rv
s +O(εN+1), s = 1,m,

ñïðàâåäëèâèì ¹ òâåðäæåííÿ òåîðåìè.
Çàïèøåìî (28) â îïåðàòîðíîìó âèãëÿäi

Lu
i [R

u, Rv] = Πu
i (R

u, Rv, x, t; ε), i = 1, n,

Lv
s [R

u, Rv] = Πv
s(R

u, Rv, x, t; ε), s = 1,m

i çàñòîñó¹ìî ìåòîä ïîñëiäîâíèõ íàáëèæåíü:

Ru
i
(0) = 0, Rv

s
(0) = 0

Lu
i [R

u, Rv] = Πu
i (R

u(k−1), Rv(k−1), x, t; ε),

Lv
s [R

u, Rv] = Πv
s(R

u(k−1), Rv(k−1), x, t; ε), (29)

R
u(k)
i |t=0 = 0, R

u(k)
i |x=0 = 0, i = 1, n,

Rv(k)
s |t=0 = 0, Rv(k)

s |x=0 = 0, s = 1,m,

k = 1, 2, . . . .

Ç ðiâíîñòåé Πu
i (0, 0, 0, 0; ε) = 0,

Πv
s(0, 0, 0, 0; ε) = 0 (i = 1, n, s = 1,m)

äëÿ çàäà÷i (29) äëÿ äîâiëüíîãî k âèêîíóþ-
òüñÿ óìîâè ïîãîäæåííÿ ïåðøîãî ïîðÿäêó â
êóòîâié òî÷öi (0, 0).

Ç (29) ïðè k = 1, ìà¹ìî

Lu
i [R

u(1), Rv(1)] = Πu
i (0, 0, x, t; ε),

Lv
s [R

u(1), Rv(1)] = Πv
s(0, 0, x, t; ε), (30)

R
u(1)
i |t=0 = 0, R

u(1)
i |x=0 = 0, i = 1, n,

Rv(1)
s |t=0 = 0, Rv(1)

s |x=0 = 0, s = 1,m,

Ïðàâi ÷àñòèíè ôóíêöié Πu
i (0, 0, x, t; ε) òà

Πv
s(0, 0, x, t; ε) ñèñòåìè (30) íåïåðåðâíi ó âñié

îáëàñòi Π i âèêîíóþòüñÿ óìîâè ïîãîäæåí-
íÿ ïåðøîãî ïîðÿäêó â êóòîâié òî÷öi (0, 0).
Îòæå, çàäà÷à (30) ìà¹ ¹äèíèé êëàñè÷íèé
ðîçâ'ÿçîê. Òå æ ñàìå âiäíîñèòüñÿ äî çàäà÷
(29) äëÿ âñiõ k > 1.

Äëÿ ðîçâ'ÿçêó çàäà÷i (30) ñïðàâåäëèâà
îöiíêà [5]

max
Π

{|Ru(1)
i (x, t; ε)|, |Rv(1)

s (x, t; ε)|} 6
(31)

6 C3max
i,s

(
max
Π

{|Πu
i | , |Πv

s|}
)
,

äå Πu
i = Πu

i (0, 0, x, t; ε), Π
v
s = Πv

s(0, 0, x, t; ε),
à C3� äîäàòíîâèçíà÷åíà ñòàëà, ùî íå çàëå-
æèòü âiä ε. Íàäàëi ÷åðåç C4, C5, . . . áóäåìî
ïîçíà÷àòè ñòàëi, ùî íå çàëåæàòü âiä ε.

Âèêîðèñòàâøè òå, ùî Πu
i (0, 0, x, t; ε) =

O(εN+1), Πv
s(0, 0, x, t; ε) = O(εN+1) ðiâíîìið-

íi â Π, ç (31) äëÿ âñiõ (x, t) ∈ Π ñïðàâäæó¹-
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òüñÿ∣∣∣Ru(1)
i (x, t; ε)

∣∣∣ 6 C4ε
N+1, (i = 1, n),

(32)∣∣Rv(1)
s (x, t; ε)

∣∣ 6 C4ε
N+1, (s = 1,m).

Âèçíà÷åìî íîâi ñòàëi C0 =

max{C3, C4}, C1 = 2C0. Ñòàëié C1 âiä-
ïîâiäàþòü äåÿêi C2 i ε0 iç âëàñòèâîñòåé
ôóíêöié Πu

i òà Πv
s . Âèáåðåìî ε0 äîñòà-

òíüî ìàëèì, ùîá âèêîíóâàëàñü íåðiâíiñòü

2C2C0ε0 6
1

2
. Ïîêàæåìî, ùî äëÿ äîâiëüíîãî

k ïðè 0 < ε 6 ε0 âèêîíóþòüñÿ íåðiâíîñòi

max
Π

|Ru(k)
i | 6

(
1 +

1

2
+ . . .+

1

2k−1

)
×

× C0ε
N+1, i = 1, n,

(33)

max
Π

|Rv(k)
s | 6

(
1 +

1

2
+ . . .+

1

2k−1

)
×

× C0ε
N+1, s = 1,m,

max
Π

∣∣∣zu(k)i

∣∣∣ ≡ max
Π

∣∣∣Ru(k)
i −R

u(k−1)
i

∣∣∣ 6
6 1

2k−1
C0ε

N+1, i = 1, n,

(34)
max
Π

∣∣zv(k)s

∣∣ ≡ max
Π

∣∣Rv(k)
s −Rv(k−1)

s

∣∣ 6
6 1

2k−1
C0ε

N+1 i = 1, n.

Ïðè k = 1 âèêîíàííÿ öèõ íåðiâíîñòåé î÷å-
âèäíå. Ç ðiâíÿííÿ (29) ïðè k = 2 äëÿ zu(2)i i
z
v(2)
s (i = 1, n, s = 1,m) îòðèìà¹ìî çàäà÷i

Lu
i [z

u(2), zv(2)] = Πu
i (R

u(1), Rv(1), x, t; ε)−
− Πu

i (R
u(0), Rv(0), x, t; ε),

Lv
s [z

u(2), zv(2)] = Πv
s(R

u(1), Rv(1), x, t; ε)− (35)

− Πv
s(R

u(0), Rv(0), x, t; ε),

z
u(2)
i |t=0 = 0, z

u(2)
i |x=0 = 0, i = 1, n,

zv(2)s |t=0 = 0, zv(2)s |x=0 = 0, s = 1,m.

Îñêiëüêè
∣∣∣Ru(0)

i

∣∣∣ = 0 6 C1ε, òà
∣∣∣Rv(0)

s

∣∣∣ = 0 6
C1ε, (i = 1, n, s = 1,m, ) òî ç âðàõóâàííÿì

âëàñòèâîñòåé ôóíêöié Πu
i òà Πv

s , ìà¹ìî

|Πu
i (R

u(1), Rv(1), x, t; ε)−
− Πu

i (R
u(0), Rv(0), x, t; ε)| 6

6 C2ε(
n∑

j=1

max
Π

|Ru(1)
j |+

+
m∑
l=1

max
Π

|Rv(1)
l |) 6

6 2C2εC0ε
N+1 6 1

2
εN+1,

|Πv
s(R

u(1), Rv(1), x, t; ε)− (36)

− Πv
s(R

u(0), Rv(0), x, t; ε)| 6

6 C2ε(
n∑

j=1

max
Π

|Ru(1)
j |+

+
m∑
l=1

max
Π

|Rv(1)
l |) 6

6 2C2εC0ε
N+1 6 1

2
εN+1.

Óìîâó 2C2C0ε0 6 1

2
âèêîíó¹ìî çà ðàõóíîê

âèáîðó ìàëîãî ε0.
Çàñòîñóâàâøè äî çàäà÷ (36) óìîâè (31),

îäåðæèìî íåðiâíîñòi

max
Π

∣∣∣Ru(2)
i

∣∣∣ 6 1

2
C3ε

N+1 6 1

2
C0ε

N+1, i = 1, n,

max
Π

∣∣Rv(2)
s

∣∣ 6 1

2
C3ε

N+1 6 1

2
C0ε

N+1, s = 1,m.

Ç íåðiâíîñòi òðèêóòíèêà ìàòèìåìî

max
Π

∣∣∣Ru(2)
i

∣∣∣ = max
Π

∣∣∣Ru(1)
i + z

u(2)
i

∣∣∣ 6
6 max

Π

∣∣∣Ru(1)
i

∣∣∣+max
Π

∣∣∣zu(2)i

∣∣∣ 6
6
(
1 +

1

2

)
C0ε

N+1, i = 1, n,

max
Π

∣∣Rv(2)
s

∣∣ = max
Π

∣∣Rv(1)
s + zv(2)s

∣∣ 6
6 max

Π

∣∣Rv(1)
s

∣∣+max
Π

∣∣zv(2)s

∣∣ 6
6
(
1 +

1

2

)
C0ε

N+1, s = 1,m.

Âèêîíàííÿ íåðiâíîñòåé (33), (34) ïðè k = 2

äîâåäåíî.
Çðîáèìî ïðèïóùåííÿ ìàòåìàòè÷íî¨ iíäó-

êöi¨, ùî íåðiâíîñòi (33), (34) âèêîíóþòüñÿ
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äëÿ âñiõ k = 1, . . . , q i äîâåäåìî âèêîíàííÿ
äëÿ k = q + 1. Îòæå, ç (29)

Li[z
u(q+1), zv(q+1)] =

= Πu
i (R

u(q), Rv(q), x, t; ε)−
− Πu

i (R
u(q−1), Rv(q−1), x, t; ε),

Ls[z
u(q+1), zv(q+1)] =

= Πv
s(R

u(q), Rv(q), x, t; ε)− (37)

− Πv
s(R

u(q−1), Rv(q−1), x, t; ε),

z
u(q+1)
i |t=0 = 0, z

u(q+1)
i |x=0 = 0, i = 1, n,

zv(q+1)
s |t=0 = 0, zv(q+1)

s |x=0 = 0, s = 1,m.

Ç òîãî, ùî óìîâè (33), (34) âèêîíóþòüñÿ
äëÿ k = q − 1 i k = q ñïðàâåäëèâèì ¹

max
Π

∣∣∣Ru(q−1)
i

∣∣∣ 6 C1ε, max
Π

∣∣∣Rv(q−1)
s

∣∣∣ 6 C1ε,

max
Π

∣∣∣Ru(q)
i

∣∣∣ 6 C1ε, max
Π

∣∣∣Rv(q)
s

∣∣∣ 6 C1ε,

max
Π

∣∣∣zu(q)i

∣∣∣ 6 1

2q−1
C0ε

N+1, max
Π

∣∣∣zv(q)S

∣∣∣ 6
1

2q−1
C0ε

N+1, òîìó

|Πu
i (R

u(q), Rv(q), x, t; ε)−
− Πu

i (R
u(q−1), Rv(q−1), x, t; ε)| 6

C2ε(
n∑

j=1

max
Π

|Ru(q)
j |+

m∑
l=1

max
Π

|Rv(q)
l |) 6

6 2C2εC0
1

2q−1
εN+1 6 1

2q
εN+1, i = 1, n,

(38)
|Πv

s(R
u(q), Rv(q), x, t; ε)

− Πv
s(R

u(q−1), Rv(q−1), x, t; ε)| 6

C2ε(
n∑

j=1

max
Π

|Ru(q)
j |+

m∑
l=1

max
Π

|Rv(q)
l |) 6

6 2C2εC0
1

2q−1
εN+1 6 1

2q
εN+1, s = 1,m.

Çàñòîñóâàâøè îöiíêó (31) äî çàäà÷i (37),
îòðèìà¹ìî

max
Π

∣∣∣Ru(q+1)
i

∣∣∣ 6 1

2q
C0ε

N+1.

max
Π

∣∣Rv(q+1)
s

∣∣ 6 1

2q
C0ε

N+1.

Òåïåð ç íåðiâíîñòi òðèêóòíèêà ìàòèìåìî

max
Π

|Ru(q+1)
i | = max

Π
|Ru(q)

i + z
u(q+1)
i |

6 max
Π

|Ru(q)
i |+max

Π
|zu(q+1)

i | 6

6 (1 +
1

2
+ . . .+

1

2q
)C0ε

N+1, i = 1, n.

max
Π

|Rv(q+1)
s | = max

Π
|Rv(q)

s + zv(q+1)
s | 6

max
Π

|Rv(q)
s |+max

Π
|zv(q+1)

s | 6

6 (1 +
1

2
+ . . .+

1

2q
)C0ε

N+1, s = 1,m.

Äîâåäåíî, ùî äëÿ k = q + 1 âèêîíóþòüñÿ
íåðiâíîñòi (33), (34).

Âèêîíàííÿ óìîâè (34) çàáåçïå-
÷ó¹ ðiâíîìiðíó çáiæíiñòü â Π ðÿäiâ
∞∑
k=1

z
u(k)
i ,

∞∑
k=1

z
v(k)
s , (i = 1, n, s = 1,m)

ùî åêâiâàëåíòíå çáiæíîñòi ïîñëiäîâ-
íîñòåé {Ru(k)

i }, {Rv(k)
s }. Âiäïîâiäíî

lim
k→∞

R
u(k)
i (x, t; ε) = Ru

i (x, t; ε) (i = 1, n) òà

lim
k→∞

R
v(k)
s (x, t; ε) = Rv

s(x, t; ε) (s = 1,m)�

íåïåðåðâíi ôóíêöi¨ â Π i ç óìîâè
(33) ìà¹ìî îöiíêè |Ru

i | 6 2C0ε
N+1,

|Rv
s | 6 2C0ε

N+1 à çâiäñè ìà¹ìî äîâå-
äåíó ðiâíîìiðíó îöiíêó Ru

i = O(εN+1),
Rv

s = O(εN+1) (i = 1, n, s = 1,m) â Π.
Êðiì íåïåðåðâíîñòi ôóíêöié Ru

i , R
v
s (i =

1, n, s = 1,m), äëÿ äîâåäåííÿ iñíóâàííÿ
êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (26)�(27), íàì
íåîáõiäíî äîâåñòè íåïåðåðâíiñòü ¨õ ÷àñòèí-
íèõ ïîõiäíèõ i âèêîíàííÿ óìîâ ïîãîäæåííÿ
ïåðøîãî ïîðÿäêó äëÿ ðiâíÿíü (28) â îáëàñòi
Π.

Äëÿ öüîãî äîñòàòíüî â Π ïîêàçàòè
ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòåé{
∂R

u(k)
i

∂t

}
,

{
∂R

v(k)
s

∂t

}
i

{
∂R

u(k)
i

∂x

}
,

{
∂R

v(k)
s

∂x

}
(i = 1, n, s = 1,m).

Ïðîäèôåðåíöiþ¹ìî (29) çà çìiííîþ

t i ââåäåìî ïîçíà÷åííÿ
∂R

u(k)
i

∂t
= µ

u(k)
i ,

∂R
v(k)
s

∂t
= µ

v(k)
s . Îäåðæèìî ïîñëiäîâíiñòü
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ðiâíÿíü

µ
u(0)
i = 0, µv(0)

s = 0,

i = 1, n, s = 1,m k = 1, 2, . . . ,

Lu
i [µ

u(k), µv(k)] = αu
i [R

u(k−1), Rv(k−1)]+

+ βu
i [µ

u(k−1), µv(k−1), Ru(k−1), Rv(k−1)], (39)

Lv
s [µ

u(k), µv(k)] = αv
s [R

u(k−1), Rv(k−1)]+

+ βv
s [µ

u(k−1), µv(k−1), Ru(k−1), Rv(k−1)],

äå, Lu
i , L

v
s� òi æ îïåðàòîðè, ùî i â (29),

αu
1 [R

u, Rv] =
∂

∂t
(F1u(M))

n∑
j=1

Ru
j ,+

+
∂

∂t
(F1v(M))

m∑
l=1

Rv
l ,

βu
1 [µ

u, µv, Ru, Rv] =

= {F1u(U
N+1 +Ru, V N+1 +Rv, x, t; ε)−

− F1u(M)}
n∑

j=1

µu
j+

+ {F1v(U
N+1 +Ru, V N+1 +Rv, x, t; ε)−

− F1v(M)}
m∑
l=1

µs
l − αu

1 [R
u, Rv]+

+ F1u(U
N+1 +Ru, V N+1+

+Rv, x, t; ε)
n∑

j=1

∂UN+1
j

∂t
+

+ F1v(U
N+1 +Ru, V N+1+

+Rv, x, t; ε)
m∑
l=1

∂V N+1
l

∂t
+

+ F1t(U
N+1 +Ru, V N+1+

+Rv, x, t; ε)− ∂

∂t

[
ε
∂UN+1

1

∂t
+
∂UN+1

1

∂x

]
,

αu
i , β

u
i (i = 2, n), αv

s , β
v
s ; (s = 1,m) âèðàæà-

þòüñÿ àíàëîãi÷íî.
Äëÿ αu

1 ñïðàâåäëèâà îöiíêà

|α1[R
u, Rv]| 6 (40)

6 C5

ε
(

n∑
j=1

|Ru
j |+

m∑
l=1

|Rv
l |),

îñêiëüêè
∂

∂t
(F1u(M)) = O

(
1

ε

)
,

∂

∂t
(F1v(M)) = O

(
1

ε

)
, àíàëîãi÷íî äëÿ

âñiõ αu
i , α

v
s (i = 2, n, s = 1,m). À ôóíêöi¨

βu
i , β

v
s (i = 2, n, s = 1,m) ÿê i βu

1 çàäîâîëü-
íÿþòü óìîâè

a) β1(0, 0, 0, 0) = O(εN) ðiâíîìiðíå â Π;
b) ßêùî |µ̄u

i | 6 C6ε, |µ̄v
s| 6 C6ε,

|µ̃u
i | 6 C6ε, |µ̃v

s| 6 C6ε, |R̄u
i | 6 C6ε,

|R̄v
s | 6 C6ε, |R̃u

i | 6 C6ε, |R̃v
s | 6 C6ε òî

çíàéäóòüñÿ C7 > 0, ε0 > 0, òàêi ùî ïðè
0 < ε 6 ε0

|β1[µ̄u, µ̄v, R̄u, R̄v]− β1[µ̃u, µ̃u, R̃u, R̃v]| 6

6 C7[ε(
n∑

j=1

|µ̄u
j − µ̃u

j |+
m∑
l=1

|µ̄v
l − µ̃v

l |)+

+
n∑

j=1

|R̄u
j − R̃u

j |+
m∑
l=1

|R̄v
l − R̃v

l |].

Ïðè k = 1 ç (29) îòðèìà¹ìî êðàéîâi óìîâè

µ
u(k)
i |x=0 = 0, µv(k)

s |x=0 = 0,

µ
u(k)
i |t=0 =

1

ε
Πu

i (0, 0, x, 0; ε) = O(εN),

i = 1, n, (41)

µv(k)
s |t=0 = Πv

s(0, 0, x, 0; ε) = O(εN + 1),

s = 1,m.

Ðîçãëÿíåìî çàäà÷ó (39)�(41) ïðè k = 1.
Ç óìîâè (40), îöiíîê |Ru(1)

i | = O(εN+1),
|Rv(1)

s | = O(εN+1) i âëàñòèâîñòåé ôóíêöié βu
i

òà βv
s (i = 1, n, s = 1,m), çàñòîñóâàâøè

îöiíêè (31), îòðèìà¹ìî

max
Π

|µu(1)
i | 6 C8ε

N , (i = 1, n).

(42)

max
Π

|µv(1)
s | 6 C8ε

N , (s = 1,m).

Íåõàé C9 = max
Π

{C0, C3, C8}, C0, C3, C8�

âiäïîâiäíi ñòàëi ç íåðiâíîñòåé (33), (31),
(42) i íåõàé C6 = 2C9, ÿêîìó âiäïîâiä-
àþòü C7, ε0 ç âëàñòèâîñòi b) ôóíêöié βu

i ,
βv
s (i = 1, n, s = 1,m). Âèáåðåìî ε0 äî-
ñòàòíüî ìàëèì, ùîá âèêîíóâàëàñü íåðiâíiñòü
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(C5 + 2C7(1 + ε0))C9ε0 6 1

2
, äå C5� ñòàëà ç

íåðiâíîñòi (40). Òîäi

max
Π

∣∣∣µu(k)
i

∣∣∣ 6 (1 + 1

2
+ . . .+

1

2k−1

)
C9ε

N−1,

(43)

max
Π

∣∣∣µu(k)
i − µ

u(k−1)
i

∣∣∣ 6 1

2k−1
C9ε

N−1,

i = 1, n.

Ç óìîâè (42) âèïëèâà¹ âèêîíàííÿ íåðiâíî-
ñòåé (43) äëÿ k = 1, à ìåòîäîì ìàòåìàòè÷íî¨
iíäóêöi¨ ìîæíà äîâåñòè äëÿ äîâiëüíîãî k

àíàëîãi÷íî ÿê (33) (34). Äëÿ ôóíêöié
µ
v(k)
s (s = 1,m) îòðèìà¹ìî àíàëîãi÷íi îöií-

êè.
Íà ïiäñòàâi (43), ïîñëiäîâíîñòi

{µu(k)
i }, {µv(k)

s } (i = 1, n, s = 1,m) ðiâ-
íîìiðíî çáiæíi â îáëàñòi Π, çâiäêè é
âèëèâà¹ íåïåðåðâíiñòü ÷àñòèííèõ ïîõiäíèõ
∂Ru

i

∂t
,
∂Rv

s

∂t
(i = 1, n, s = 1,m) â Π.

Òåïåð ç (29) âèïëèâà¹ ðiâíîìiðíà

çáiæíiñòü ïîñëiäîâíîñòåé

{
∂Riu(k)

∂x

}
,{

∂Rsv(k)

∂x

}
(i = 1, n, s = 1,m) â îáëàñòi Π,

à îòæå i íåïåðåðâíiñòü ÷àñòèííèõ ïîõiäíèõ
∂Ru

i

∂x
,
∂Rv

s

∂x
(i = 1, n, s = 1,m).

Òåîðåìà äîâåäåíà.
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