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Äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó, ùî ìiñòÿòü ó ïðàâié ÷àñòèíi íåëiíiéíîñòi ó äåÿêîìó ñåíñi
áëèçüêi äî ñòåïåíåâèõ, âñòàíîâëåíî íåîáõiäíi é äîñòàòíi óìîâè iñíóâàííÿ îäíîãî êëàñó íå-
êîëèâíèõ ðîçâ'ÿçêiâ, à òàêîæ îäåðæàíî àñèìïòîòè÷íi çîáðàæåííÿ äëÿ öèõ ðîçâ'ÿçêiâ òà ¨õ
ïîõiäíèõ.

We provide necessary and su�cient conditions for the existence of a class of non-oscillating
solutions of second order equations containing non-linearities of a power type in the right-hand
side. We also obtain asymptotic representations for these solutions and their derivatives.

Â ìîíîãðàôi¨ I.Ò. Êiãóðàäçå, Ò.À. ×àíòó-
ðiÿ [1] íà îñíîâi äîñëiäæåíü, ùî ïðîâåäå-
íi äî 1990 ðîêó, ðîçðîáëåíà àñèìïòîòè÷íà
òåîðiÿ íåàâòîíîìíèõ çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü. Îäíàê, öÿ òåîðiÿ ùå äàëåêà
âiä ñâîãî îñòàòî÷íîãî çàâåðøåííÿ. Çîêðåìà,
âîíà íå ìîæå áóòè ó ïîâíié ìiði çàñòîñîâà-
íà äëÿ ðiâíÿü ç ïðàâèëüíî çìiííèìè íåëi-
íiéíîñòÿìè, ÿêi ¹ ïðèðîäíèìè óçàãàëüíåí-
íÿìè ðiâíÿíü çi ñòåïåíåâèìè íåëiíiéíîñòÿìè
òà îñòàííiìè äåñÿòèði÷÷ÿìè ïðèâåðòàþòü äî
ñåáå óâàãó áàãàòüîõ óêðà¨íñüêèõ òà çàêîð-
äîííèõ ìàòåìàòèêiâ (äèâ., íàïèêëàä, [2,3]).
Äàíó ðîáîòó ïðèñâÿ÷åíî ðîçâ'ÿçàííþ îäíi¹¨
ç çàäà÷ öüîãî íàïðÿìêó.

Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ

y′′ = α0p(t)φ0(y)φ1(y
′), (1)

ó ÿêîìó α0 ∈ {−1, 1}, p : [a, ω[→]0,+∞[1

(−∞ < a < ω ≤ +∞) � íåïåðåðâíà ôóí-
êöiÿ, φi : ∆Yi

→]0,+∞[ ( i = 0, 1) � íåïå-
ðåðâíi ôóíêöi¨, Yi ∈ {0,±∞},∆Yi

� àáî ïðî-
ìiæîê [y0i , Yi[

2 àáî � ]Yi, y
0
i ]. Êðiì òîãî, ïðè-

ïóñêà¹ìî, ùî êîæíà ç ôóíêöié φi(z) � ïðà-
âèëüíî çìiííà ôóíêöiÿ [3] ïðè z → Yi (z ∈
∆Yi

) ïîðÿäêó σi, ïðè÷îìó σ0 + σ1 ̸= 1.

Ðîçâ'ÿçîê y ðiâíÿííÿ (1) áóäåìî íàçèâà-
òè Pω(Y0, Y1, λ0)-ðîçâ'ÿçêîì, äå −∞ ≤ λ0 ≤

1Ïðè ω > 0 ââàæà¹ìî, ùî a > 0.
2Ïðè Yi = +∞(Yi = −∞) ââàæà¹ìî y0i > 0 (y0i < 0) âiäïî-

âiäíî.

+∞, ÿêùî ïðè êîæíîìó i ∈ {0, 1}

y(i) : [t0, ω[−→ ∆Yi
, lim

t↑ω
y(i)(t) = Yi (2)

i

lim
t↑ω

(y′(t))2

y′′(t)y(t)
= λ0. (3)

Ïðè λ0 ∈ R\{0} ó ðîáîòi [4] áóëî îòðè-
ìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ
Pω(Y0, Y1, λ0)-ðîçâ'ÿçêiâ ðiâíÿííÿ (1), à òà-
êîæ âñòàíîâëåíî íåÿâíi àñèìïòîòè÷íi ôîð-
ìóëè ïðè t ↑ ω äëÿ òàêèõ ðîçâ'ÿçêiâ òà ¨õ
ïîõiäíèõ ïåðøîãî ïîðÿäêó. Ïðîòå, â îñîáëè-
âèõ âèïàäêàõ λ0 ∈ {0,±∞} (äèâ., íàïðè-
êëàä, [5]) äîâîäèëîñÿ íàêëàäàòè äîäàòêîâi
îáìåæåííÿ íà ôóíêöi¨ φ0, φ1. Îïèøåìî äî-
êëàäíiøå öi îáìåæåííÿ.

Íåõàé φ : ∆Y →]0,+∞[ � ïðàâèëüíî
çìiííà ôóíêöiÿ ïðè z → Y (z ∈ ∆Y )
(Y ∈ {0,∞}, ∆Y � äåÿêèé îäíîái÷íèé îêië
Y ) ïîðÿäêó σ. Áóäåìî ãîâîðèòè, ùî φ çàäî-
âîëüíÿ¹ óìîâó S, ÿêùî äëÿ θ(z) = φ(z)|z|−σ

òà äëÿ áóäü-ÿêî¨ íåïåðåðâíî äèôåðåíöiéîâ-
íî¨ ôóíêöi¨ L : ∆Y →]0; +∞[ òàêî¨, ùî

lim
z→Y
z∈∆Y

zL′(z)

L(z)
= 0,

ìà¹ ìiñöå ïðè z → Y , (z ∈ ∆Y ) ñïiââiäíîøå-
ííÿ

θ(zL(z)) = θ(z)(1 + o(1)).
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Äîñòàòíüî âàæëèâèé äëÿ âèâ÷åííÿ êëàñ
Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ ðiâíÿííÿ (1) áóëî äî-
ñëiäæåíî ëèøå äëÿ âèïàäêiâ, êîëè ôóí-
êöiÿ φ1 çàäîâîëüíÿ¹ óìîâó S. Ó äàíié ðî-
áîòi âäàëîñÿ ðîçïîâñþäèòè öi ðåçóëüòàòè
íà âèïàäîê ðiâíÿííÿ (1), â ÿêîìó φ1(z) =
|z|σ1 exp(R(| ln |z||)), R � ïðàâèëüíî çìií-
íà íà íåñêií÷åííîñòi ôóíêöiÿ ïîðÿäêó µ,
0 < µ < 1. Çàçíà÷èìî, ùî ôóíêöiÿ
|z|σ1 exp(R(| ln |z||)) íå çàäîâîëüíÿ¹ óìîâó S.

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:

I(t) =

∫ t

A1
ω

p(τ) dτ,

Aω =

 a, åñëè
∫ ω

a
p(τ) dτ = +∞,

ω, åñëè
∫ ω

a
p(τ) dτ < +∞,

ó âèïàäêó, êîëè lim
t↑ω

y01|I1(t)|
1

1−σ1 = Y1

J(t) =

t∫
Bω

|I(τ)|
1

1−σ1 dτ,

Bω =


b, åñëè

ω∫
b

|I(τ)|
1

1−σ1 dτ = +∞,

ω, åñëè
ω∫
b

|I(τ)|
1

1−σ1 dτ < +∞,

äå b ∈ [a;ω) îáðàíî òàê, ùîá

|I(τ)|
1

1−σ1 sign y01 ∈ ∆Y1 ïðè t ∈ [b;ω).
Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà Íåõàé ó ðiâíÿííi (1) φ1(z) =
|z|σ1 exp(R(| ln |z||)), R � íåïåðåðâíî äèôå-
ðåíöiéîâíà, ç ìîíîòîííîþ ïîõiíîþ, ïðà-
âèëüíî çìiííà íà íåñêií÷åííîñòi ôóíêöiÿ
ïîðÿäêó µ, 0 < µ < 1, φ0 ¹ íåïåðåðâíî äèôå-
ðåíöiéîâíîþ ôóíêöi¹þ ç ìîíîòîííîþ ïîõi-
äíîþ, σ1 ̸= 1, iñíó¹ ñêií÷åííà ÷è íåñêií÷åííà
ãðàíèöÿ lim

t↑ω
πω(t)p(t)

I(t)
òà

lim
t↑ω

| ln |I(t)||µ−1J(t)

πω(t)J
′(t)

= 0. (4)

Òîäi äëÿ iñíóâàííÿ ó ðiâíÿííÿ (1)
Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ íåîáõiäíèì i äî-
ñòàòíiì ¹ âèêîíàííÿ óìîâ

lim
t↑ω

y00|J(t)|
1−σ0

1−σ0−σ1 = Y0, (5)

lim
t↑ω

J ′(t)

y01|J(t)|
= Y1, lim

t↑ω

πω(t)I
′(t)

I(t)
= σ1−1, (6)

òà íåðiâíîñòåé

α0I(t)

y01(1− σ1)
> 0 ïðè t ∈]a, ω[, (7)

y00y
0
1(1− σ1)J(t)

1− σ0 − σ1
> 0 ïðè t ∈ [b, ω[. (8)

Áiëüøå òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿç-
êó ìàþòü ìiñöå ïðè t ↑ ω àñèìïòîòè÷íi
çîáðàæåííÿ

y(t)

| exp (R (| ln |y′(t)||))φ0(y(t))|
1

1−σ1

∼

∼ |1−σ1|
1

1−σ1 sign y01
1−σ1

(1− σ0 − σ1)J(t),

y′(t)
y(t)

∼ (1− σ1)J
′(t)

(1− σ1 − σ0)J(t)
.

(9)

Çàóâàæåííÿ. ßêùî ó ðiâíÿííi (1) p(t) =
|πω(t)|σ1−2 |ln |πω(t)||q L (| ln |πω(t)||), q < −µ,
L - äîâiëüíà ïîâiëüíî çìiííà íà íåñêií÷åí-
íîñòi ôóíêöiÿ, òî óìîâà (3) çàäîâîëüíÿ-
¹òüñÿ. Áiëüøå òîãî, íàâiòü äëÿ âèïàäêó
ñòåïåíåâèõ φ0, φ1 òà ïðàâèëüíî çìiííî¨
ïðè t ↑ ω ôóíêöi¨ p ïîðÿäêó ρ îäíi¹þ ç
íåîáõiäíèõ óìîâ iñíóâàííÿ ó ðiâíÿííÿ (1)
Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ ¹ ðiâíiñòü ρ = σ1−2.

Äîâåäåííÿ òåîðåìè Íåîáõiäíiñòü. Íå-
õàé y : [t0, ω[→ R � Pω(Y0;Y1; 0)-ðîçâ'ÿçîê
ðiâíÿííÿ (1). Ç óìîâ íà ôóíêöi¨ φ0 òà R ç
óðàõóâàííÿì òâåðäæåííÿ 9 ç [3] (ðîçäië 5,
ïóíêò 1, ñòîð. 116) âèïëèâà¹, ùî

lim
z→∞

zR′(z)
R(z)

= µ, lim
z→∞

R′(z) = 0,

lim
z→Y0
z∈∆Y0

zφ′
0(z)

φ0(z)
= σ0.

(10)

Òîäi ç ðiâíîñòi(
y′(t)

φ0(y(t))|y′(t)|σ1 exp(R(| ln |y′(t)||))

)′

=

y′′(t)

φ0(y(t))|y′(t)|σ1 exp(R(| ln |y′(t)||))
×
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×
(
1− σ1 −

(y′(t))2

y′′(t)y(t)
×

×y(t)φ̃
′
0(y(t))

φ̃0(y(t))
−R′((| ln |y′(t)||)sign y01)

)
íà ïiäñòàâi (1), (2) òà (3) ó âèïàäêó, êîëè
ω∫
a

p(τ) dτ = +∞, ìà¹ìî ïðè t ↑ ω

y′(t)
φ0(y(t))|y′(t)|σ1 exp (| ln |y′(t)||µ) =

= α0(1− σ1)I(t)[1 + o(1)].

(11)

Ó iíøîìó âèïàäêó
ω∫
a

p(τ) dτ < +∞, îòðèìà-

¹ìî àáî (11), àáî

lim
t↑ω

y′(t) exp(−R(| ln |y′(t)||))
φ0(y(t))|y′(t)|σ1

= c ̸= 0. (12)

Äîâåäåìî, ùî (12) íå ìîæå ìàòè ìiñöÿ.
Îñêiëüêè σ1 ̸= 1, òî â ñèëó ïåðøî¨ ç óìîâ (2)

òà (10) ôóíêöiÿ
y′(t)

|y′(t)|σ1 exp(R(| ln |y′(t)||))
ìà¹ àáî íóëüîâó àáî íåñêií÷åííó ãðàíèöþ
ïðè t ↑ ω. Ïðè âèêîíàííi óìîâè (12) ôóíêöiÿ
φ0(y(t)) ìàëà áè âiäïîâiäíî íóëüîâó àáî íå-
ñêií÷åííó ãðàíèöþ ïðè t ↑ ω. Òîìó ç âèêîðè-
ñòàííÿì ïðàâèëà Ëîïiòàëÿ ó ôîðìi Øòîëü-
öÿ, (10), (2) òà (3) ìàëè áè

lim
t↑ω

y′(t)

φ0(y(t))|y′(t)|σ1 exp(R(| ln |y′(t)||))
=

= lim
t↑ω

[
1

φ0(y(t))

]′
[
|y′(t)|σ1 exp(R(| ln |y′(t)||))

y′(t)

]′ =
= lim

t↑ω

(y′(t))2

y′′(t)y(t)
×

× y′(t)

φ0(y(t))|y′(t)|σ1 exp(R(| ln |y′(t)||))
×

×y(t)φ
′
0(y(t))

φ0(y(t))
×

× 1

1− σ1 −
y′(t)φ̃′

1(y
′(t))

φ̃1(y′(t))

= 0.

Öå ñïiâiäíîøåííÿ ïðîòèði÷èòü (12). Îòæå,
ðiâíiñòü (11) ìà¹ ìà¹ ìiñöå â îáîõ âèïàäêàõ.

Çàóâàæèìî, ùî (11) ìîæå áóòè ïåðåïèñà-
íî ïðè t ↑ ω ó âèãëÿäi

y′(t)sign y′(t)

|φ0(y(t))|
1

1−σ1

= |1− σ1|
1

1−σ1×

× |exp(R(| ln |y′(t)||))I(t)|
1

1−σ1 [1 + o(1)].
(13)

Êðiì òîãî, âèêîðèñòîâóþ÷è ðiâíÿííÿ (1),
ïåðåïèøåìî (11) ïðè t ↑ ω ó âèãëÿäi

y′′(t)

y′(t)
=

p(t)

(1− σ1)I(t)
[1 + o(1)],

çâiäêè, îñêiëüêè iñíó¹ ñêií÷åííà ÷è íåñêií-
÷åííà ãðàíèöÿ lim

t↑ω
πω(t)y′′(t)

y′(t)
, ÿêà â ñèëó ëåìè

10.6 ç [6] äîðiâíþ¹ (−1), îòðèìà¹ìî óìîâó
(7) òà äðóãó ç óìîâ (6).

Ç ïåðøî¨ ç óìîâ (7) âèïëèâà¹, ùî iñíó¹
òàêà ïîâiëüíî çìiííà íåïåðåðâíî äèôåðåíöi-
éîâíà ôóíêöiÿ L : ∆Y0 →]0; +∞[, ùî y′(t) =
L(πω(t))
πω(t)

. Òîìó ç óðàõóâàííÿì âëàñòèâîñòåé
ëîãàðèôìi÷íî¨ ôóíêöi¨ òà ôóíêöi¨ R, çîêðå-
ìà, (10), ìà¹ìî ïðè t ↑ ω

R′(| ln |y′(t)||) = R′(| ln |πω(t)||)(1 + o(1)).
(14)

Íåõàé

W (t) :=

t∫
Bω

J ′(τ) exp(R(| ln |y′(τ)||)) dτ,

lim
t↑ω

J(t) = J0.

Ïîêàæåìî, ùî ôóíêöiÿ

exp(R(| ln |y(t(J−1(z)))||)),

äå J−1 � ôóíêöiÿ, îáåðíåíà äëÿ J , ¹ ïîâiëü-
íî çìiííîþ ôóíêöi¹þ ïðè z → J0. Ñïðàâäi,
íà ïiäñòàâi óìîâ (4) òà (14) ìà¹ìî

lim
z→J0

z (exp(R(| ln |y′(t(J−1(z))||))′

exp(R(| ln |y(t(J−1(z))||)
=

= lim
t↑ω

J(t)R′(| ln |y′(t)||)
J ′(t)πω(t)sign(ln |y′(t)|)

= 0.
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Çâiäñè ç âèêîðèñòàííÿì òåîðåì ïðî iíòå-
ãðóâàííÿ ïðàâèëüíî çìiííèõ ôóíêöié (òâåð-
äæåííÿ 1 òà 2 ç [3] (ðîçäië 5, ïóíêò 1, ñòîð.
116)) ìà¹ìî

lim
t↑ω

W (t)

exp (R(| ln |y′(t)||)) J(t)
= 1.

Òîìó ç (13) âèïëèâà¹ ïåðøå ç àñèìïòîòè-
÷íèõ çîáðàæåíü (9), çâiäêè ñëiäó¹ (8) òà (5).
Ç ïåðøîãî ç çîáðàæåíü (9) ç óðàõóâàííÿì
(13) îòðèìà¹ìî äðóãå ç çîáðàæåíü (9) òà ïåð-
øó ç óìîâ (6).

Äîñòàòíiñòü. Íåõàé âèêîíàíî óìîâè
(4)−−(8). Ïîçíà÷èìî θ0(z) = φ0(z)|z|−σ0 .

Ðîçãëÿíåìî ôóíêöiþ

f(s1, s2) = θ0(s1) exp (R(| ln |s2||)) ,

Äëÿ êîæíîãî i ∈ {0, 1} ïiäáåðåìî ÷èñëî y1i ∈
∆Yi

òàê, ùîá ïðè zi ∈ ∆1
Yi∣∣∣∣zif ′

zi
(z1, z2)

f(z1, z2)

∣∣∣∣ < |1− σ0 − σ1|
16

,

∆1
Yi
=

 [y1i , Yi[, åñëè ∆Yi
= [y0i , Yi[

]Yi, y
1
i ], åñëè ∆Yi

=]Yi, y
0
i ].

Öå ìîæíà çðîáèòè çàñòîñóâàâøè óìîâè (10).
Ðîçãëÿíåìî çàäàíó íà ìíîæèíi∆ = ∆1

Y0
×

∆1
Y1
ôóíêöiþ

F (s1, s2) =

(
|s1|1−σ0−σ1

f(s1, s2)
,
s1
s2

)
.

Ó [7] ïðè äîâåäåííi äîñòàòíîñòi òåîðåìè 1
âñòàíîâëåíî, ùî F âçà¹ìíî îäíîçíà÷íî âiä-
îáðàæà¹ ∆ íà ìíîæèíó F (∆). Òàêèì ÷èíîì,
iñíó¹ îáåðíåíà ôóíêöiÿ F−1 : F (∆) → ∆.
Îñêiëüêè ÿêîáiàí ôóíêöi¨ F ¹ âiäìiííèì âiä
íóëÿ íà ∆ ôóíêöiÿ F−1 ¹ íåïåðåðâíî äèôå-
ðåíöiéîâíîþ íà F (∆).

Çàñòîñó¹ìî äî ðiâíÿííÿ (1) ïåðåòâîðåííÿ

F (y(t), y′(t)) =(
C0[1 + z1(x)]
|J(t)|σ1−1 ,

C1J
′(t)

J(t)
[1 + z2(x)]

)
,

x = β ln |I(t)|,

(15)

äå

C1 =
1− σ1

1− σ0 − σ1
, C0 = |1− σ1||C1|σ1−1,

β =

 1 åñëè lim
t↑ω

I(t) = +∞,

−1 ïðè lim
t↑ω

I(t) = 0.

Ïåðåïèøåìî (15) ó âèãëÿäi

z′1 = β[1 + z1]H(x) [C1Q0(x, z1, z2)(1 + z2)+

+
R′(| ln |πω(t(x))||)

H(x)
×

×Q1(x, z1, z2)|1 + z2(x)|σ1−1

(1− σ1)(1 + z1)
+ σ1 − 1

]
,

z′2 = β[1 + z2]
(
H(x)

(
1
C1

− 1− z2

)
+

+
|1 + z2|σ1−1

(1− σ1)(1 + z1)
− I(t(x))J ′′(t(x))
I ′(t(x))J ′(t(x))

)
.

(16)
äå

(Y0(x, z1, z2), Y1(x, z1, z2)) =

= F−1

(
C0[1 + z1]

|J(t)|σ1−1
,
C1J

′(t)

J(t)
[1 + z2(x)]

)
,

Q0(x, z1, z2) =

=
Y0(x, z1, z2)

∂F
∂s1

(Y0(x, z1, z2), Y1(x, z1, z2))

F (Y0(x, z1, z2), Y1(x, z1, z2))
,

Q1(x, z1, z2) =
R′(Y1(x, z1, z2))

R′(| ln |πω(t)||)
,

H(x) =
I(t(x))J ′(t(x))

p(t(x))J(t(x))
.

Â ñèëó (6) òà (5) ìîæíà âèáðàòè ÷èñëî t0 ∈
[a, ω[ òàê, ùîá äëÿ áóäü-ÿêèõ |ξj| ≤ 1

2
, j =

1, 2 ïðè t ∈ [t0, ω[

(C0|J(t)|1−σ1 [1 + ξ1],
C1J

′(t)

J(t)
[1 + ξ2]) ∈ F (∆).

Òåïåð ðîçãëÿíåìî ñèñòåìó ðiâíÿíü (16) íà
ìíîæèíi

Ω = [x0,+∞[×D, ãäå x0 = β ln |J(t2)|,

D = {(z1, z2) : |zi| ≤
1

2
, i = 1, 2}.

Îñêiëüêè çà óìîâîþ òåîðåìè iñíó¹ íåñêií-
÷åííà ÷è ñêií÷åííà ãðàíèöÿ lim

t↑ω
πω(t)p(t)

I1(t)
, òî

â ñèëó ëåìè 10.6 ç [6] òà âèäó ôóíêöi¨ J ç
óðàõóâàííÿì ïåðøî¨ ç óìîâ (7) ìà¹ìî

lim
t↑ω

πω(t)J
′(t)

J(t)
= 0, (17)
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lim
t↑ω

πω(t)J
′′(t)

J ′(t)
= −1, (18)

lim
x→∞

H(x) = 0. (19)

Êðiì òîãî, ç óðàõóâàííÿì âëàñòèâîñòåé
ôóíêöi¨ F−1 òà âûáîðó ∆ ÿê i â [7] îòðè-
ìà¹ìî

lim
x→∞

Yi(x, z1, z2) = Yi (i = 0, 1)

ðiâíîìiðíî ïî |zj| < 1
2
, j = 1, 2.

Îòæå,

lim
x→∞

Q0(x, z1, z2) = 1− σ0 − σ1 (20)

ðiâíîìiðíî ïî |zj| < 1
2
, j = 1, 2.

Â ñèëó ïåðøî¨ ç óìîâ (7) òà (4)

lim
x→∞

R′(| ln |πω(t(x))||)
H(x)

= 0. (21)

Ââåäåìî ïîçíà÷åííÿ:

F−1(w1, w2) = (F−1
1 (w1, w2), F

−1
2 (w1, w2))

Pi(w1, w2) =
wi

∂F−1
2

∂wi
(w1, w2)

F−1
2 (w1, w2)

, i = 1, 2.

Ç âëàñòèâîñòåé ôóíêöi¨ F âèïëèâà¹, ùî
ôóíêöi¨ P1, P2 ¹ îáìåæåíèìè íà F (∆).
Îñêiëüêè äëÿ áóäü-ÿêèõ ñòàëèõ ξ1, ξ2: |ξj| <
1
2
, j = 1, 2

πω(t) (Y1(x(t), ξ1, ξ2))
′
t

Y1(x(t), ξ1, ξ2)
=

= P1

(
C0|J(t)|1−σ1 [1 + ξ1],

C1J
′(t)

J(t)
[1 + ξ2]

)
×

×(1− σ1)
πω(t)J

′(t)

J(t)
+

+P2

(
C0|J(t)|1−σ1 [1 + ξ1],

C1J
′(t)

J(t)
[1 + ξ2]

)
×

×
(
πω(t)J

′′(t)

J ′(t)
− πω(t)J

′(t)

J(t)

)
,

ç óðàõóâàííÿì (17) òà (18) îòðèìó¹ìî, ùî
ôóíêöiÿ |Q1| ¹ îáìåæåíîþ ïðè x ∈ [x0,+∞[
ðiâíîìiðíî ïî |zj| < 1

2
, j = 1, 2.

Ïåðåïèøåìî ñèñòåìó (16) ó âèãëÿäi
z′1 = H(x)

(
A12z2 +

2∑
j=1

Rj(x, z1, z2)

)
,

z′2 =
2∑

j=1

A2jzj +
4∑

j=3

Rj(x, z1, z2),

(22)
äå

A12 = β(1− σ1),

A21 =
β

1− σ1
, A22 = −β,

R1(x, z1, z2) = βz1z2(1− σ1),

R2(x, z1, z2) = β[1 + z1][1 + z2]×
×(Q0(x, z1, z2)− 1 + σ0 + σ1)+

+
R′(| ln |πω(t(x))||)

βH(x)
×

×Q1(x, z1, z2)|1 + z2(x)|σ1−1

(1− σ1)

R3(x, z1, z2) =

= β[1 + z2]H(x)

(
1

C1

− 1− z1

)
+

+β[1 + z2]

(
1

1− σ1
− I(t(x))J ′′(t(x))

I ′(t(x))J ′(t(x))

)
,

R4(x, z1, z2) = β×

×
(

|1 + z2|σ1−1

(1− σ1)(1 + z1)
− 1− z1 + σ1z2

1− σ1

)
.

Âðàõîâóþ÷è (19), (20) òà (21) ìà¹ìî

lim
|z1|+|z2|→0

Ri(x, z1, z2)

|z1|+ |z2|
= 0 (i = 1, 4)

ðiâíîìiðíî ïî x ∈ [x0,+∞[,

lim
x→+∞

Rj(x, z1, z2) = 0 (j = 2, 3)

ðiâíîìiðíî ïî z1, z2 : (z1, z2) ∈ D.
Çàñòîñó¹ìî äî (22) ïåðåòâîðåííÿ

z2 = w2, z1 = w1 +
1

1− σ1
h(x)w2, (23)

äå w1, w2 � íîâi íåâiäîìi ôóíêöi¨,

h(x) =
πω(t(x))J

′(t(x))

J(t(x))
. (24)
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Áóäåìî ìàòè ç óðàõóâàííÿì (17) òà (18)

lim
x→+∞

h(x) = 0, lim
x→+∞

h(x)
H(x)

= σ1 − 1,

lim
x→+∞

h′(x)
H(x)

= lim
x→+∞

β×

×
(
1 +

πω(t(x))J
′′(t(x))

J ′(t(x))
− h(x)

)
= 0.

(25)
Â ðåçóëüòàòi ïåðåòâîðåííÿ (23) îòðèìà¹-

ìî ñèñòåìó ðiâíÿíü

w′
1 = H(x)

(
h(x)

(σ1 − 1)H(x)
A21w1+

+

(
A12 +

h(x)A22

(σ1 − 1)H(x)

)
w2

)
+

+H(x)N1(x,w1, w2)

w′
2 = A21(x)w1 + (A22 + Ch(x)A21)w2+

+N2(x,w1, w2),
(26)

äå

N1(x,w1, w2) = − h2(x)

(σ1 − 1)2H(x)
A21w2+

+
h(x)N2(x,w1, w2)

(σ1 − 1)H(x)
+

+
2∑

j=1

Rj

(
x,w1 +

1

1− σ1
h(x)w2, w2

)
,

N2(x,w1, w2) =

=
4∑

j=3

Rj

(
x,w1 +

1

1− σ1
h(x)w2, w2

)
.

Âðàõîâóþ÷è (24) òà (25), à òàêîæ âëàñòè-
âîñòi ôóíêöié R1, R2, R3, R4 îòðèìó¹ìî, ùî
äëÿ ñèñòåìè (26) âèêîíàíî âñi óìîâè òåîðå-
ìè 2.8 ç [8], à îòæå öÿ ñèñòåìà ìà¹ õî÷à á
îäèí ðîçâ'çîê {z∗i }2i=1 : [x1,+∞[−→ R2 (x1 ≥
x0), ùî ïðÿìó¹ äî íóëÿ ïðè x→ +∞. Éîìó â
ñèëó (15) òà (23) âiäïîâiäà¹ ðîçâ'ÿçîê y óðàâ-
íåíèÿ (1), ùî äîïóñêà¹ ïðè t ↑ ω àñèìïòîòè-
÷íi çîáðàæåííÿ (9). Îòæå, y ¹ Pω(Y0, Y1, 0)-
ðîçâ'ÿçêîì. Òåîðåìó äîâåäåíî.
Âèñíîâêè. Ó äàíié ðîáîòi îòðèìà-

íî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàí-
íÿ Pω(Y0, Y1, λ0)-ðîçâ'ÿçêiâ ó îñîáëèâîìó âè-
ïàäêó λ0 = 0 äëÿ êëàñiâ ñóòò¹âî íåëiíiéíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi ðàíiøå íå ðîç-
ãëÿäàëèñÿ.

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ
1. Êèãóðàäçå È.Ò., ×àíãóðèÿ Ò.À. Àñèìïòîòè÷å-

ñêèå ñâîéñòâà ðåøåíèé íåàâòîíîìíûõ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. � Ì.: Íàóêà,
1990. � 430 ñ.

2. Åâòóõîâ Â.Ì., Ñàìîéëåíêî À.Ì. Àñèì-
ïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèé íåàâòîíîì-
íûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ïðàâèëüíî ìåíÿþùèìèñÿ íåëèíåéíîñòÿìè // Äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ � 2011. � 47, Âûï. 5. �
Ñ. 627-650.

3. Maric V. Regular Variation and Di�erential
Equations � Springer, 2000. � 138 p.

4. Áåëîçåðîâà Ì.À. Àñèìïòîòè÷åñêèå ïðåäñòàâ-
ëåíèÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé âòî-
ðîãî ïîðÿäêà ñ ïðàâèëüíî ìåíÿþùèìèñÿ â îêðåñòíî-
ñòÿõ îñîáûõ òî÷åê íåëèíåéíîñòÿìè // Âiñíèê Îäå-
ñüêîãî íàö. óíiâåðñèòåòó. Ìàòåìàòèêà i ìåõàíiêà. �
2010. � 15, Âèï. 18. � Ñ. 7-21.

5. Áåëîçåðîâà Ì.À. Àñèìïòîòè÷íi çîáðàæåííÿ
ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿä-
êó ç íåëiíiéíîñòÿìè ó äåÿêîìó ñåíñi áëèçüêèìè äî
ñòåïåíåâèõ // Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíi-
âåðñèòåòó. - ×åðíiâöi : "Ðóòà". � 2008. � Âèï. 374. �
Ñ. 34-43.

6. Åâòóõîâ Â.Ì. Àñèìïòîòè÷åñêèå ïðåäñòàâëå-
íèÿ ðåøåíèé íåàâòîíîìíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé: äèñ. äîêò. ôèç.-ìàò. íàóê:
01.01.02 � Êèåâ, 1998. � 295 c.

7. Áåëîçåðîâà Ì.À. Àñèìïòîòè÷åñêèå ïðåäñòàâ-
ëåíèÿ ðåøåíèé ñ ìåäëåííî ìåíÿþùèìèñÿ ïðîèçâî-
äíûìè ñóùåñòâåííî íåëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé âòîðîãî ïîðÿäêà // Âiñíèê Îäå-
ñüêîãî íàö. óíiâåðñèòåòó. Ìàòåìàòèêà i ìåõàíiêà. �
2015. � 20, Âèï. 1 (25) � Ñ.7-19.

8. Åâòóõîâ Â. Ì., Ñàìîéëåíêî À. Ì. Óñëîâèÿ ñó-
ùåñòâîâàíèÿ èñ÷åçàþùèõ â îñîáîé òî÷êå ðåøåíèé ó
âåùåñòâåííûõ íåàâòîíîìíèõ ñèñòåì êâàçèëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé // Óêð. ìàò. æóðí. �
2010. � 62, �1. � Ñ. 52-80.

12 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2.


