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ÇÀÄÀ×À Ç IÍÒÅÃÐÎ-ÊÐÀÉÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ÑÈÑÒÅÌÈ
ÐIÂÍßÍÜ ËßÌÅ Ó ÏÐÎÑÒÎÐÀÕ ÌÀÉÆÅ ÏÅÐIÎÄÈ×ÍÈÕ ÔÓÍÊÖIÉ

Ó øàði [0, T ]× Rp äîñëiäæåíî çàäà÷ó ç iíòåãðî-êðàéîâèìè óìîâàìè çà ÷àñîâîþ êîîðäè-
íàòîþ t ∈ [0, T ] äëÿ óçàãàëüíåíî¨ ñèñòåìè ðiâíÿíü Ëÿìå äèíàìi÷íî¨ òåîði¨ ïðóæíîñòi ó êëàñi
ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè x1, . . . , xp ôóíêöié. Çíàéäåíî êðèòåðié ¹äèíî-
ñòi òà íåîáõiäíi, íåîáõiäíi i äîñòàòíi, à òàêîæ äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i.
Äëÿ ðîçâ'ÿçàííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ, ÿêi âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i,
âèêîðèñòàíî ìåòðè÷íèé ïiäõiä.

In the strip [0, T ]× Rp, we investigate a problem with integral-boundary conditions in time
coordinate t ∈ [0, T ] for generalized system of Lam�e equations of dynamic elasticity theory, in the
class of almost periodical functions in spatial variables x1, . . . , xp. We found a uniqueness criterion,
and necessary, necessary and su�cient, and su�cient existence conditions for the solution of this
problem. To solve the problem of small denominators arising while constructing a solution of the
problem, we use the metrical approach.

Âñòóï. Áàãàòî ôiçè÷íèõ, áiîëîãi÷íèõ òà
ií. ïðîöåñiâ ìîäåëþþòüñÿ çàäà÷àìè ç íåëî-
êàëüíèìè óìîâàìè äëÿ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè. Òàêèìè óìîâàìè, çîêðåìà,
¹ iíòåãðàëüíi óìîâè, ÿêi ìîæíà òðàêòóâàòè
ÿê âèìiðþâàííÿ ñåðåäíiõ çíà÷åíü ðîçâ'ÿçêó
(ëîêàëüíi óìîâè òðàêòóþòüñÿ ÿê âèìiðþâàí-
íÿ â îêðåìèõ òî÷êàõ).

Âèâ÷åííþ çàäà÷ ç iíòåãðàëüíèìè óìîâà-
ìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè
ïðèñâÿ÷åíî âåëèêó êiëüêiñòü ðîáiò (äèâ., íà-
ïðèêëàä, [1�10] i áiáëiîãðàôiþ òàì).

Öi çàäà÷i, âçàãàëi, ¹ íåêîðåêòíèìè çà Àäà-
ìàðîì, à ¨õ ðîçâ'ÿçíiñòü ó âiäïîâiäíèõ ïðîñ-
òîðàõ ôóíêöié ïîâ'ÿçàíà ç îöiíêàìè çíè-
çó ìàëèõ çíàìåííèêiâ ñêëàäíî¨ íåëiíiéíî¨
ñòðóêòóðè [11, 12].

Çàäà÷à çíàõîäæåííÿ ìàéæå ïåðiîäè÷íèõ
çà ïðîñòîðîâèìè êîîðäèíàòàìè ðîçâ'ÿçêiâ
ñèñòåìè ðiâíÿíü äèíàìi÷íî¨ òåîði¨ ïðóæ-
íîñòi [13, ñ. 175] iç óìîâàìè çà ÷àñîâîþ çìií-
íîþ, ùî ¹ ëiíiéíèìè êîìáiíàöiÿìè iíòåã-
ðàëüíèõ óìîâ òèïó ìîìåíòiâ òà ëîêàëüíèõ
êðàéîâèõ óìîâ íà ÷àñîâîìó iíòåðâàëi [0, T ]
âèâ÷àëàñÿ ó ðîáîòi [14]. Çàäà÷ó Êîøi äëÿ öi-
¹¨ ñèñòåìè ðîçãëÿíóòî ó ðîáîòàõ [15, 16].

Ó öié ðîáîòi âèâ÷à¹òüñÿ çàäà÷à ç iíòåãðî-
êðàéîâèìè óìîâàìè çà ÷àñîâîþ çìiííîþ íà

[0, T ] äëÿ óçàãàëüíåíî¨ ñèñòåìè ðiâíÿíü Ëÿ-
ìå ó ïðîñòîðàõ ìàéæå ïåðiîäè÷íèõ ôóíêöié.

Ïîñòàíîâêó çàäà÷i çðîáëåíî ó ïåðøîìó
ïóíêòi ðîáîòè, çâåäåííÿ ¨¨ äî çàäà÷i äëÿ çâè-
÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ïà-
ðàìåòðîì� ó äðóãîìó ïóíêòi, äîñëiäæåííÿ
îñòàííüî¨ çàäà÷i � ó òðåòüîìó ïóíêòi. Ó ÷åò-
âåðòîìó ïóíêòi ïðîâîäèòüñÿ ïîáóäîâà òà îöi-
íþâàííÿ ðîçâ'ÿçêó âèõiäíî¨ çàäà÷i. Øîñòèé
ïóíêò ïðèñâÿ÷åíèé ôîðìóëþâàííþ i äîâå-
äåííþ òåîðåì ïðî óìîâè ðîçâ'ÿçíîñòi çàäà-
÷i ó øêàëàõ ïðîñòîðiâ ìàéæå ïåðiîäè÷íèõ
ôóíêöié; ïðè öüîìó âèêîðèñòîâóþòüñÿ äî-
ïîìiæíi ëåìè, à òàêîæ îöiíêè òà ñïiââiäíî-
øåííÿ ç ï'ÿòîãî ïóíêòó. Çàâåðøó¹òüñÿ ðîáî-
òà ïóíêòîì âèñíîâêiâ.

1. Ïîñòàíîâêà çàäà÷i. Ó öüîìó ïóíêòi
ââåäåíî îáëàñòü, ó ÿêié ðîçãëÿäà¹òñÿ çàäà-
÷à, ñèñòåìó ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè (ñèñòåìó Ëÿìå) òà iíòåãðî-êðàéîâi óìî-
âè, ïðîñòîðè ìàéæå ïåðiîäè÷íèõ ôóíêöié i
îçíà÷åííÿ ðîçâ'ÿçêó.

Â îáëàñòi Q = [0, T ] × Rp, p ∈ N, T > 0,
çìiííèõ (t, x) = (t, x1, . . . , xp) ðîçãëÿäà¹òüñÿ
çàäà÷à ïðî çíàõîäæåííÿ ìàéæå ïåðiîäè÷íî-
ãî (çà âåêòîðíîþ çìiííîþ x) çi ñïåêòðîì

M = {µk = (µk1, . . . , µkp) ∈ Rp : k ∈ Zp}
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ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü ç ÷àñòèííèìè ïî-
õiäíèìè

σ∂2t u = µ∗∂x∂
†
xu+ (λ∗ + µ∗)∂†x∂xu, (1)

ÿêèé çàäîâîëüíÿ¹ iíòåãðî-êðàéîâi óìîâè íà
âiäðiçêó [0, T ]

α1u(0, x) + β1

∫ T

0

tr1

r1!
u(t, x) dt = φ1(x),

α2u(T, x) + β2

∫ T

0

tr2

r2!
u(t, x) dt = φ2(x),

(2)

äå x = (x1, . . . , xp) ∈ Rp, ∂x =
(

∂
∂x1
, . . . , ∂

∂xp

)
,

∂t = ∂
∂t
, ïàðàìåòðè ñèñòåìè σ, λ∗, µ∗ �äî-

äàòíi ÷èñëà, âåêòîðíi ïàðàìåòðè

α⃗ = (α1, α2), β⃗ = (β1, β2)

óìîâ (2) ¹ êîìïëåêñíèìè, à âåêòîðíèé ïà-
ðàìåòð r⃗ = (r1, r2)�öiëî÷èñëîâèé, çîêðåìà
∥α⃗∥ > 0, ∥β⃗∥ > 0, r1 ≥ 0, r2 ≥ 0, † � îïåðàöiÿ
òðàíñïîíóâàííÿ, ∥ · ∥� åâêëiäîâà íîðìà.

Çàäàíi ôóíêöi¨ φ1 i φ2 òà øóêàíèé ðîçâ'ÿ-
çîê u� âåêòîðè ðîçìiðó p.

Ó ÷àñòèííîìó âèïàäêó p = 3 ñèñòåìà
(1) íàçèâà¹òüñÿ ñèñòåìîþ Ëÿìå [13, 14], ùî
îïèñó¹ íàïðóæåíèé ñòàí içîòðîïíîãî îäíî-
ðiäíîãî ïðóæíîãî òiëà ó ïåðåìiùåííÿõ, äå
σ� ãóñòèíà ñåðåäîâèùà, λ∗, µ∗ �êîåôiöi¹í-
òè Ëÿìå, t�÷àñ, x�ïðîñòîðîâà òî÷êà.

ßêùî β⃗ = 0, òî ôóíêöi¨ φ1 i φ2 â óìîâàõ
(2) ìîæíà ââàæàòè âèìiðþâàííÿì ôóíêöi¨
u = u(t, ·) ó êðàéíiõ òî÷êàõ âiäðiçêà [0, T ],
äëÿ ïðîòèëåæíîãî âèïàäêó âèìiðþâàííÿ â
îêðåìèõ òî÷êàõ äîïîâíþ¹òüñÿ iíòåãðàëüíè-
ìè âèìiðþâàííÿìè ìîìåíòiâ ïîðÿäêiâ r1 òà
r2 ôóíêöi¨ u íà âñüîìó âiäðiçêó [0, T ].

ßêùî α⃗ = 0, òî òî÷êîâi âèìiðþâàííÿ íå
ïðîâîäÿòüñÿ.

Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿ-
äi ôóíêöiþ çìiííî¨ t çi çíà÷åííÿìè ó øêàëi
{Hq

M}q∈R ãiëüáåðòîâèõ ïðîñòîðiâ Hq
M ìàé-

æå ïåðiîäè÷íèõ çi ñïåêòðîìM ôóíêöié [14],
îòðèìàíèõ ïîïîâíåííÿì ìíîæèíè HM òðè-
ãîíîìåòðè÷íèõ âåêòîðíèõ ìíîãî÷ëåíiâ

v(x) =
∑

vk exp (iµk, x) ≡

≡
∑

vk exp (iµk1x1 + . . .+ iµkpxp),

çà íîðìîþ

∥v;Hα
M∥ =

(∑
k∈Zp

∥vk∥2
(
1 + ∥µk∥2

)α)1/2
,

äå µk = (µk1, . . . , µkp) ∈ M , ∥ · ∥� åâêëiäî-
âà íîðìà. Íà ñïåêòð M ìàéæå ïåðiîäè÷íèõ
ôóíêöié çi øêàëè ïðîñòîðiâ Hα

M íàêëàäà¹-
ìî óìîâó íåïîâòîðþâàíîñòi (µk̃ ̸= µ˜̃

k
ó ðàçi

k̃ ̸= ˜̃k) åëåìåíòiâ ñïåêòðó i óìîâó çðîñòàííÿ

d1∥k∥θ1 ≤ ∥µk∥ ≤ d2∥k∥θ2 (3)

ç äiéñíèìè ïàðàìåòðàìè d⃗ = (d1, d2) i θ⃗ =
(θ1, θ2), äå 0 < d1 ≤ d2, 0 < θ1 ≤ θ2 (çâiäñè
ìà¹ìî µ0 = 0).

Ïîçíà÷èìî H2,α
M ïðîñòið òàêèõ ôóíêöié

u = u(t, x), ùî ∂jtu ∈ C([0, T ];Hα−j
M ), i ââà-

æà¹ìî, ùî

∥u;H2,α
M ∥2 =

2∑
j=0

∥∂jtu;C([0, T ];Hα−j
M )∥2.

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1), (2)
ââàæà¹ìî ôóíêöiþ u ∈ C2([0, T ];H′

M), äå
ïðîñòið H′

M ñïðÿæåíèé äî ïðîñòîðó HM ,
ÿêà íà [0, T ] çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i óìî-
âè (2) ó ïðîñòîði H′

M òà íàëåæèòü äî
ïðîñòîðó H2,q

M , q ∈ R.

Ç îçíà÷åííÿ âèïëèâà¹, ùî âêëþ÷åííÿ

{φ1, φ2} ⊂ Hq
M (4)

¹ íåîáõiäíîþ óìîâîþ iñíóâàííÿ ðîçâ'ÿçêó
çàäà÷i (1), (2) ó ïðîñòîði H2,q

M .

2. Çâåäåííÿ äî çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü. ßêùî u�ðîçâ'ÿçîê çà-
äà÷i (1), (2), òî

u ≡ uα⃗,β⃗ =
∑
k∈Zp

uk(t)e
i(µk,x) (5)

i uk ∈ C2[0, T ] äëÿ êîæíîãî k ∈ Zp òà ¹
ðîçâ'ÿçêîì òàêî¨ çàäà÷i:

σu′′k + µ∗∥µk∥2uk + (λ∗ + µ∗)µ†
kµkuk = 0, (6)

α1uk(0) + β1

∫ T

0

tr1

r1!
uk(t) dt = φ1k,

α2uk(T ) + β2

∫ T

0

tr2

r2!
uk(t) dt = φ2k,

(7)
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äå ′ = d/dt, φ1k, φ2k �êîåôiöi¹íòè Ôóð'¹,
çîêðåìà φj =

∑
k∈Zp φjke

i(µk,x), j = 1, 2.
Ïåðåòâîðèìî ðiâíÿííÿ (6). Íåõàé ìàòðè-

öÿ ïåðåñòàíîâîê Pk âèçíà÷åíà ðiâíiñòþ

Pkµ
†
k = (0, νk)

†,

äå âåêòîð νk = (νk1, . . . , νkpk), 1 ≤ pk ≤ p,
ñêëàäåíî ç íåíóëüîâèõ åëåìåíòiâ âåêòîðà µk,
óïîðÿäêîâàíèõ çà çðîñòàííÿì, à ñàìå

|νk1| ≤ |νk2| ≤ · · · ≤ |νkpk |,

à P0 � îäèíè÷íà ìàòðèöÿ Ip ïîðÿäêó p.
Î÷åâèäíî, ùî ∥µ0∥ = 0, µ†

0µ0 = 0,

Pkµ
†
kµkP

†
k =


(
0 0

0 ν†kνk

)
, ÿêùî pk < p,

ν†kνk , ÿêùî pk = p,

òà ∥µk∥ = ∥νk∥ > 0 äëÿ k ̸= 0, òîìó îòðèìó-
¹ìî ðiâíÿííÿ (P0u0)

′′ = 0 äëÿ k = 0, à äëÿ
k ̸= 0 ðiâíÿííÿ

(Pkuk)
′′ + γ20∥µk∥2Pkuk+

+ (γ21 − γ20)∥µk∥2
(

0 0
0 ν†kνk

)
Pkuk = 0,

äå 0 < γ20 = µ∗/σ < γ21 = (λ∗ + 2µ∗)/σ.
Ðàíã ñèìåòðè÷íî¨ ìàòðèöi ν†kνk, k ̸= 0, äî-

ðiâíþ¹ îäèíèöi, âîíà ìà¹ ïîðÿäîê pk, ïðîñòó
ñòðóêòóðó i äîäàòíå âëàñíå çíà÷åííÿ ∥µk∥2.
Ìàòðèöþ Hk ¨¨ âëàñíèõ âåêòîðiâ òàêó, ùî

ν†kνkHk = Hk diag(0, . . . , 0, ∥µk∥2)

i 1 ≤ detHk ≤ pk ≤ p, çàäà¹ ôîðìóëà

Hk =



1 0 . . . 0 νk1
νkpk

−νk1
νk2

1 . . . 0 νk2
νkpk

0 −νk2
νk3

. . . 0 νk3
νkpk

...
...

. . .
...

...
0 0 . . . 1

νk,pk−1

νkpk

0 0 . . . −νk,pk−1

νkpk
1


.

Ìàòðèöÿ Hk ¹ äîáóòêîì íèæíüîòðèêóò-
íî¨ ìàòðèöi, ÿêà âiäðiçíÿ¹òüñÿ âiä îäèíè÷íî¨
Ipk åëåìåíòàìè

−νk1
νk2

,− νk2
νkpk

, . . . ,−νk,pk−1

νkpk

ïiääiàãîíàëi, i âåðõíüîòðèêóòíî¨, ÿêà âiäðiç-
íÿ¹òüñÿ âiä îäèíè÷íî¨ îñòàííiì ñòîâïöåì(

− ν2k1
νk1νkpk

,−ν
2
k1 + ν2k2
νk2νkpk

, . . . ,

−
ν2k1 + · · ·+ ν2k,pk−1

νk,pk−1νkpk
,
∥µk∥2

ν2kpk

)†
.

Òîìó H−1
k ¹ äîáóòêîì (áëî÷íî¨) ìàòðèöiIpk−1

(∑j
α=1

−ν2kα
νkj∥µk∥

)
j=1,...,pk−1

0 νkpk/∥µk∥


i (áëî÷íî¨) ìàòðèöi(

H̃−1
k 0(

νkj/∥µk∥
)
j=1,...,pk−1

νkpk/∥µk∥

)
,

â ÿêié H̃−1
k ¹ íèæíüîòðèêóòíîþ ìàòðèöåþ

ïîðÿäêó pk − 1 ç íåíóëüîâèìè åëåìåíòàìè
νkβ/νkα, äå 1 ≤ β ≤ α ≤ pk − 1

Åëåìåíòè ìàòðèöi H−1
k îáìåæåíi çà ìîäó-

ëåì ÷èñëîì pk, à ìàòðèöi Hk � îäèíèöåþ.
Âåêòîð vk = (vk1, . . . , vkp)

†, k ∈ Zp, íîâèõ
íåâiäîìèõ ââåäåìî çà ôîðìóëîþ

vk = Qkuk, (8)

äå Q0 = Ip, Qk =
(

Ip−pk
0

0 H−1
k

)
Pk äëÿ pk < p, i

Qk = H−1
k Pk äëÿ pk = p, òîäi äëÿ êîìïîíåíò

âåêòîðà vk îòðèìó¹ìî çàäà÷ó

v′′kj + γ20∥µk∥2vkj = 0, j = 1, . . . , p− 1,

v′′kp + γ21∥µk∥2vkp = 0,
(9)

α1vkj(0) + β1

∫ T

0

tr1

r1!
vkj(t) dt = ψj

1k,

α2vkj(T ) + β2

∫ T

0

tr2

r2!
vkj(t) dt = ψj

2k,

(10)

ïðè÷îìó j = 1, . . . , p,

(ψ1
βk, . . . , ψ

p
βk)

† = ψβk = Qkφβk, β = 1, 2.

Îòæå, äîñëiäæåííÿ çàäà÷i (9), (10) çâåëîñÿ
äî ïîáóäîâè i äîñëiäæåííÿ ðîçâ'ÿçêó çàäà÷i

v′′ + γ2v = 0,

α1v(0) + β1

∫ T

0

tr1

r1!
v(t) dt = ψ1,

α2v(T ) + β2

∫ T

0

tr2

r2!
v(t) dt = ψ2

(11)
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äëÿ äîâiëüíèõ ïàð {ψ1, ψ2} ⊂ C i γ ≥ 0,
à òàêîæ äî âèâ÷åííÿ éîãî àñèìïòîòèêè äëÿ
âåëèêèõ γ.

3. Äîñëiäæåííÿ çàäà÷i äëÿ çâè÷àé-
íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ. Âè-
áåðåìî ôóíäàìåíòàëüíi ñèñòåìè ðîçâ'ÿçêiâ
ðiâíÿííÿ v′′ + γ2v = 0, çîêðåìà {1, t} äëÿ
γ = 0 i {eiγt, e−iγt} äëÿ γ ̸= 0. Òîäi ó ïîçíà-
÷åííÿõ

I±(r) ≡ I±(r, γ) =

∫ T

0

tr

r!
e±iγt dt, (12)

It,±(r) = eiγtI−(r)± e−iγtI+(r) =

= 2

∫ T

0

τ r

r!

{
cos γ(t− τ)

i sin γ(t− τ)
dτ, (13)

I±(r⃗) = I+(r1)I−(r2)± I−(r1)I+(r2) =

=

∫ T

0

tr1

r1!
It,±(r2) dt = ±

∫ T

0

tr2

r2!
It,±(r1) dt,

(14)

äå r, r1, r2 �íåâiä'¹ìíi öiëi ÷èñëà, îòðèìó¹ìî
âèçíà÷íèêè ∆(γ), γ ≥ 0, çàäà÷i (11)

∆(0) = α1α2T+

+ α1β2
(r2 + 1)T r2+2

(r2 + 2)!
+ α2β1

T r1+2

(r1 + 2)!
+

+ β1β2
(r2 − r1)T

r1+r2+3

(r1 + 2)!(r2 + 2)!
, (15)

∆(γ) =

=

∣∣∣∣∣ α1 + β1I+(r1) α1 + β1I−(r1)

α2e
iγT + β2I+(r2) α2e

−iγT + β2I−(r2)

∣∣∣∣∣ =
= −2iα1α2 sin γT + α1β2I0,−(r2)−

− α2β1IT,−(r1) + β1β2I−(r⃗), (16)

ÿêi ¹ áiëiíiéíèìè ôîðìàìè àðãóìåíòiâ α1, β1
òà α2, β2 i öiëèìè ôóíêöiÿìè ùîäî T òà γ.

Ðîçâ'ÿçîê v = v(t) = vα⃗,β⃗(t, γ) çàäà÷i (11)
iñíó¹ äëÿ äîâiëüíèõ ÷èñåë ψ1 ∈ C i ψ2 ∈ C
ëèøå òîäi, êîëè ∆(γ) ̸= 0; âií ¹äèíèé i ìà¹
âèãëÿä

v(t) =
g1(t, γ)

∆(γ)
ψ1 +

g2(t, γ)

∆(γ)
ψ2, (17)

äå

g1(t, γ) = 2iα2 sin γ(t− T ) + β2It,−(r2), (18)

g2(t, γ) = −2iα1 sin γt − β1It,−(r1) (19)

ïðè γ ̸= 0 i

g1(t, 0) = α2(T − t)+

+ β2
T r2+2

(r2 + 2)!

(
r2 + 1− (r2 + 2)

t

T

)
, (20)

g2(t, 0) = α1t−

− β1
T r1+2

(r1 + 2)!

(
r1 + 1− (r1 + 2)

t

T

)
, (21)

çîêðåìà äëÿ γ > 0

vα⃗,⃗0(t) =
sin γt

sin γT

ψ2

α2

− sin γ(t− T )

sin γT

ψ1

α1

, (22)

v0⃗,β⃗(t) =
It,−(r2)

I−(r⃗)

ψ1

β1
− It,−(r1)

I−(r⃗)

ψ2

β2
. (23)

Âèêîðèñòîâóþ÷è äëÿ γ äâà çíà÷åííÿ

γ = γ0∥µk∥ i γ = γ1∥µk∥, k ̸= 0,

ç ðiâíîñòi (17) äëÿ êîìïîíåíò ðîçâ'ÿçêó
vkj = vkj(t) çàäà÷i (9), (10) ìà¹ìî ôîðìóëè

vkj(t) =

=
g1(t, γ0∥µk∥)
∆(γ0∥µk∥)

ψj
1k +

g2(t, γ0∥µk∥)
∆(γ0∥µk∥)

ψj
2k (24)

äëÿ iíäåêñiâ j = 1, . . . , p− 1 i

vkp(t) =

=
g1(t, γ1∥µk∥)
∆(γ1∥µk∥)

ψp
1k +

g2(t, γ1∥µk∥)
∆(γ1∥µk∥)

ψp
2k. (25)

4. Ïîáóäîâà ðîçâ'ÿçêó çàäà÷i (1), (2).
Ç ðiâíîñòåé (24) i (25) äëÿ ðîçâ'ÿçêiâ vkj, äå
k ̸= 0, çàäà÷i (9), (10) çà ôîðìóëîþ (8) áó-
äó¹ìî âåêòîð uk �ðîçâ'ÿçîê çàäà÷i (6), (7):

uk(t) = Q−1
k

2∑
j=1

diag
(gj(t, γ0∥µk∥)

∆(γ0∥µk∥)
Ip−1,

gj(t, γ1∥µk∥)
∆(γ1∥µk∥)

)
ψjk =

2∑
j,l=1

gj(t, γl∥µk∥)
∆(γl∥µk∥)

Πl
kφjk,
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òóò Π1
k ≡ Π(µk)�ïðîåêòîð íà îäíîâèìiðíèé

ïiäïðîñòið, çàäàíèé âåêòîðîì µk, òîáòî

Π1
k =

µ†
kµk

∥µk∥2
, à òàêîæ Π0

k = Ip − Π(µk),

à çà ôîðìóëîþ (5) áóäó¹ìî ðîçâ'ÿçîê çàäà-
÷i (1), (2):

u =
∑
k∈Zp

ei(µk,x)

2∑
j,l=1

gj(t, γl∥µk∥)
∆(γl∥µk∥)

Πl
kφjk, (26)

äå

g1(t, γl∥µk∥) = 2iα2 sin γl∥µk∥(t− T )+

+ β2It,−(r2, γl∥µk∥), (27)

g2(t, γl∥µk∥) = −2iα1 sin γl∥µk∥t−
− β1It,−(r1, γl∥µk∥), (28)

äëÿ äîâiëüíîãî k ∈ Zp \ {0} i l = 0, 1, àáî

g1(t, γl∥µk∥) = 2iα2 sin γl∥µk∥(t− T )+

+ 2iβ2

∫ T

0

τ r2

r2!
sin γl∥µk∥(t− τ) dτ, (29)

g2(t, γl∥µk∥) = −2iα1 sin γl∥µk∥t−

− 2iβ1

∫ T

0

τ r1

r1!
sin γl∥µk∥(t− τ) dτ. (30)

ßêùî k = 0, òî âiäïîâiäíèé äîäàíîê ó ñóìi
(26) çâîäèòüñÿ äî òàêîãî âèãëÿäó:(

g1(t, 0)φ10 + g2(t, 0)φ20

)
/∆(0).

Äëÿ ÷àñòèííîãî âèïàäêó β⃗ = 0, êîëè

∆(0) = α1α2T ̸= 0 i ∆(γ) = −2iα1α2 sin γT,

îòðèìó¹ìî íåîáõiäíó óìîâó iñíóâàííÿ
ðîçâ'ÿçêó

∀k ∈ Zp \ {0} sin γ0∥µk∥T sin γ1∥µk∥T ̸= 0,

çà ÿêî¨ ôîðìóëà (26) ìà¹ âèãëÿä

uα⃗,⃗0 =
T − t

T

φ10

α1

+
t

T

φ20

α2

+
∑

k∈Zp\{0}

ei(µk,x)×

×
( 2∑

l=1

sin γl∥µk∥(T − t)

α1 sin γl∥µk∥T
Πl

kφ1k+

+
2∑

l=1

sin γl∥µk∥t
α2 sin γl∥µk∥T

Πl
kφ2k

)
. (31)

Ó âèïàäêó α⃗ = 0, êîëè

∆(0) = β1β2
(r2 − r1)T

r1+r2+3

(r1 + 2)!(r2 + 2)!
,

∆(γ) = β1β2I−(r⃗, γ),

îòðèìó¹ìî íåîáõiäíó óìîâó iñíóâàííÿ
ðîçâ'ÿçêó: r2 ̸= r1 i ∀k ∈ Zp \ {0}

I−(r⃗, γ0∥µk∥)I−(r⃗, γ1∥µk∥) ̸= 0,

çà ÿêî¨ ìà¹ìî ôîðìóëó

u0⃗,β⃗ =
(r2 + 1)(T − t)− t

r2 − r1

(r1 + 2)!

β1T r1+2
φ10−

− (r1 + 1)(T − t)− t

r2 − r1

(r2 + 2)!

β2T r2+2
φ20+

+
∑

k∈Zp\{0}

ei(µk,x)
( 2∑

l=1

It,−(r2, γl∥µk∥)
β1I−(r⃗, γl∥µk∥)

Πl
kφ1k−

−
2∑

l=1

It,−(r1, γl∥µk∥)
β2I−(r⃗, γl∥µk∥)

Πl
kφ2k

)
. (32)

Ó ðàçi β⃗ = 0 (çàäà÷à Äiðiõëå) ôîðìàëüíèé
ðîçâ'ÿçîê çàäà÷i (1), (2) ìîæå áóòè çàïèñà-
íèé òàêîæ ó âèãëÿäi

uα⃗,⃗0 =
T − t

T

φ10

α1

+
t

T

φ20

α2

+
∑

k∈Zp\{0}

ei(µk,x)×

×
( 2∑

l=1

sin γl∥µk∥(T − t)

α1 sin(γl∥µk∥T −m1kπ)
Πl

kφ1k+

+
2∑

l=1

sin γl∥µk∥t
α2 sin(γl∥µk∥T −m1kπ)

Πl
kφ2k

)
, (33)

äå mlk �íåâiä'¹ìíi öiëi ÷èñëà i∣∣γl∥µk∥T −mlkπ
∣∣ ≤ π

2
, l = 0, 1. (34)

Òóò âèêîðèñòàíî âëàñòèâiñòü: äëÿ äîâiëüíî-
ãî ÷èñëà y ∈ R iñíó¹ òàêå ÷èñëî m ∈ Z, ùî

sin πy = (−1)m sinπ(y −m) i |y −m| ≤ 1

2
.

Àíàëîãi÷íî, ó ôîðìóëi (16) äëÿ âèçíà÷íè-
êiâ ∆(γl∥µk∥T ), äå l = 1, 2, k ∈ Zp \ {0},
çàìiñòü âèðàçiâ sin(γl∥µk∥T ) ìîæíà âèêîðè-
ñòîâóâàòè âiäïîâiäíî sin(γl∥µk∥T −mlkπ).

32 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2.



Íîðìó ðîçâ'ÿçêó (26) äà¹ ôîðìóëà

∥u;H2,q
M ∥2 =

2∑
α=0

max
0≤t≤T

∑
k∈Zp

(
1 + ∥µk∥2

)q−α×

×
2∑

j,l=1

( |dαgj(t, γl∥µk∥)/dtα|2

|∆(γl∥µk∥)|2
∥Πl

kφjk∥2
)
,

ç ÿêî¨ îòðèìó¹ìî îöiíêó

∥u;H2,q
M ∥2 ≤

∑
k∈Zp

2∑
j,l=1

(
1 + ∥µk∥2

)q×
×

2∑
α=0

Gjα(γl, ∥µk∥)(
1 + ∥µk∥2

)α ∥Πl
kφjk∥2

|∆(γl∥µk∥)|2
, (35)

äå äëÿ α ∈ {0, 1, 2} i {j, l} ⊂ {1, 2} ïîçíà÷åíî

Gjα(γl, ∥µk∥) = max
0≤t≤T

∣∣∣dαgj(t, γl∥µk∥)
dtα

∣∣∣2.

5. Äîïîìiæíi îöiíêè òà ñïiââiäíî-
øåííÿ. Äëÿ âñòàíîâëåííÿ óìîâ iñíóâàííÿ
òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) äàìî íå-
îáõiäíi îöiíêè i ðåêóðåíòíi ñïiââiäíîøåííÿ
äëÿ âåëè÷èí I±(r), It,±(r) òà I±(r⃗).

Ñïðàâäæóþòüñÿ òàêi (ïîðÿäêiâ σ0 i σ1, σ2)
ðåêóðåíòíi ñïiââiäíîøåííÿ:

I±(r) =
(±i
γ

)σ
0
I±(r − σ0)−

− e±iγT

r∑
α=r−σ0+1

(±i
γ

)r−α+1Tα

α!
, (36)

It,±(r) =
(−i
γ

)σ
0
It,±(−1)σ0 (r − σ0)−

−
r∑

α=r−σ0+1

(−i
γ

)r−α+1Tα

α!
It−T,∓(−1)r−α

(−1),

(37)

I±(r⃗) = (−1)σ2

( i
γ

)σ1+σ2

×

× I±(−1)σ1−σ2 (r1 − σ1, r2 − σ2)+

+
(−i
γ

)σ2+1
r1∑

α1=r1−σ1+1

( i
γ

)r1−α1 Tα1

α1!
×

× IT,∓(−1)σ2+r1−α1 (r2 − σ2)±

±
(−i
γ

)σ1+1
r2∑

α2=r2−σ2+1

( i
γ

)r2−α2 Tα2

α2!
×

× IT,∓(−1)σ1+r2−α2 (r1 − σ1)+

+
1

γ2

r1,r2∑
α1=r1−σ1+1
α2=r2−σ2+1

(
(−1)r2−α2 ± (−1)r1−α1

)
×

×
( i
γ

)r1+r2−α1−α2 Tα1+α2

α1!α2!
(38)

(ÿêùî σ0 = 0, òî ñóìó
∑r

α=r−σ0+1 çàìiíþ¹ìî
íóëåì; àíàëîãi÷íî äëÿ ïîðÿäêiâ σ1 òà σ2),
ïðè÷îìó r ∈ N ∪ {0}, I±(−1) = 1,

It,+(−1) = 2 cos γt, It,−(−1) = 2i sin γt,

ó ôîðìóëàõ (36)�(38) ââàæà¹ìî t ∈ [0, T ],

σ0=0, 1, . . . , r+1, σj=0, 1, . . . , rj+1, j=1, 2.

Òàêîæ ñïðàâäæóþòüñÿ ïðè t ∈ [0, T ] îöiíêè∣∣I±(r)
∣∣ ≤ 2

γ

T r

r!
, r ≥ 0, (39)

1

2γ

T r

r!
≤
∣∣I±(r)

∣∣ ≤ 3

2γ

T r

r!
, γ≥4r

T
, r≥1, (40)

|It,±(r)| ≤ 4

γ

T r

r!
, r ≥ 0, (41)

|It,±(r)| ≤ 3

γ

T r

r!
, γ ≥ 4r

T
, r ≥ 1, (42)

|I±(r⃗)| ≤ 8

γ2
T r1+r2

r1!r2!
, r1 ≥ 0, r2 ≥ 0. (43)

Ðåêóðåíòíå ñïiââiäíîøåííÿ (36) îòðèìó-
¹òüñÿ iíòåãðóâàííÿì ÷àñòèíàìè ó ôîðìóëi
(12), ðåêóðåíòíå ñïiââiäíîøåííÿ (37) � ïiä-
ñòàíîâêîþ (36) ó ôîðìóëó (13), ðåêóðåíò-
íå ñïiââiäíîøåííÿ (38) � ïiäñòàíîâêîþ (36)
(ïðè σ0 = σ1 äëÿ I±(r1) i ïðè σ0 = σ2 äëÿ
I±(r2)) ó ôîðìóëó (14); íåðiâíîñòi (39) i (40)
äiñòà¹ìî ç îöiíêè∣∣I±(r − 1)

∣∣ ≤ ∫ T

0

tr−1

(r − 1)!
dt =

T r

r!
, r ≥ 1,
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òà ôîðìóëè (36) äëÿ σ0 = 1 i σ0 = 2:

I±(r) = ± i

γ

(
I±(r − 1)− e±iγT T

r

r!

)
=

= − 1

γ2

(
I±(r−2)−e±iγT

( T r−1

(r − 1)!
∓iγ T

r

r!

))
;

íåðiâíîñòi (41) i (42) äiñòà¹ìî ç ôîðìóëè (37)
äëÿ σ0 = 1 i σ0 = 2:

It,±(r) =
−i
γ

(
It,∓(r−1)−T r

r!
It−T,∓(−1)

)
=

= − 1

γ2

(
It,±(r − 2)−

− T r−1

(r − 1)!
It−T,±(−1)−iγ T

r

r!
It−T,∓(−1)

)
;

íåðiâíiñòü (43) âèâîäèìî ç ôîðìóë (14), (39).

6. Óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñ-
òi çàäà÷i. Âñòàíîâèìî îäíîçíà÷íó ðîçâ'ÿç-
íiñòü çàäà÷i (1), (2) ó äâîõ âèïàäêàõ:

1◦) α1α2 ̸= 0, 2◦) α⃗ = 0 (β1β2 ̸= 0),

ïðèéìàþ÷è òàêå îçíà÷åííÿ ðîçâ'ÿçíîñòi.

Îçíà÷åííÿ 2. Çàäà÷ó (1), (2) íàçè-
âà¹ìî îäíîçíà÷íî ðîçâ'ÿçíîþ ó øêàëi ïðî-
ñòîðiâ {Hα

M}α∈R, ÿêùî iñíóþòü òàêi äiéñíi
÷èñëà q i q′, ùî äëÿ ïàðè äîâiëüíèõ ôóí-

êöié φ1 òà φ2 ç ïðîñòîðó Hq′

M iñíó¹ ¹äèíèé

ðîçâ'ÿçîê çàäà÷i (1), (2) ó ïðîñòîði H2,q
M .

Ñïî÷àòêó äàìî íåîáõiäíó òà äîñòàòíþ
óìîâó îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i (1),
(2), à ïîòiì äîâåäåìî òåîðåìè ïðî áåçóìîâíó
ðîçâ'ÿçíiñòü.

Áóäåìî ââàæàòè, ùî T íàëåæèòü âiäðiçêó
[T0, T1], äå 0 < T0 < T1 <∞.

Âèêîðèñòîâó¹ìî ïîçíà÷åííÿ

Γ±
γ = d/dT ± iγ, γ ∈ R,

Πτφ =
∑

∥µk∥<τ

φke
i(µk,x), τ ∈ R,

ζ(ω) =
∑
k∈Zp

(
1 + ∥µk∥2)ω/2, ω >

p

θ1
,

äå φ = φ(x) =
∑
k∈Zp

φke
i(µk,x), i íàñòóïíó ëå-

ìó [17] ïðî ìiðó ìíîæèíè òî÷îê âiäðiçêà, ó
ÿêèõ êâàçiìíîãî÷ëåí ìà¹ ìàëi çíà÷åííÿ.

Ëåìà 1. Íåõàé f � êâàçiìíîãî÷ëåí i

f(y) =
m∑
j=1

pj(y)e
λjy, λj ̸= λq (j ̸= q),

äå λj ∈ C, |λ1| ≤ · · · ≤ |λm|, pj �ìíîãî÷ëåí
ñòåïåíÿ nj − 1, nj ∈ N. ßêùî äëÿ äåÿêèõ
êîìïëåêñíèõ ÷èñåë a1, . . . , an i δ > 0 âèêîíó-
¹òüñÿ óìîâà

∀y ∈ [a, b] ⊂ R
∣∣f (n)(y)+

n∑
j=1

ajf
(n−j)(y)

∣∣ ≥ δ,

òî äëÿ äîâiëüíîãî ε ç iíòåðâàëó(
0,

δ

2n+ 2

(
1 + max

1≤j≤n
|aj|1/j

)−n
)

ñïðàâäæó¹òüñÿ îöiíêà

meas{y ∈ [a, b] : |f(y) < ε|} ≤ c(1 + |λm|) n

√
ε

δ
,

äå c ìîæå çàëåæàòè ëèøå âiä äîâæèíè
ïðîìiæêó [a, b] i ÷èñåë n òà n1 + · · ·+ nm.

Òåîðåìà 1. Äëÿ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi
çàäà÷i (1), (2) íåîáõiäíî i äîñòàòíüî, ùîá
äëÿ âñiõ k ∈ Zp âèêîíóâàëàñü óìîâà∣∣∆(γl∥µk∥)

∣∣ ≥ C0l(1 + ∥µk∥2)q0/2, (44)

äå q0 � äiéñíå ÷èñëî, C0l > 0 äëÿ l = 1, 2.

Äîâåäåííÿ. Íåîáõiäíiñòü. Äîâîäèìî
ìåòîäîì âiä ñóïðîòèâíîãî: íåõàé óìîâà òåî-
ðåìè íå âèêîíó¹òüñÿ, òîäi iñíó¹ òàêà ïîñëi-
äîâíiñòü âåêòîðiâ k∗j ∈ Zp \ {0}, ÿêi íå ïî-
âòîðþþòüñÿ, i çðîñòàþ÷à ïîñëiäîâíiñòü íà-
òóðàëüíèõ ÷èñåë mj, ùî äëÿ l∗ = 0, àáî
l∗ = 1, âèêîíó¹òüñÿ óìîâà

∀j∈N
∣∣∆(γl∗∥µk∗j

∥)
∣∣≤(1+∥µk∗j

∥2)−mj/2. (45)

Îñêiëüêè ñïåêòðM íå ìà¹ ñêií÷åííèõ òî÷îê
ñêóï÷åííÿ, ìîæåìî âèáðàòè ïiäìíîæèíó J
íàòóðàëüíèõ ÷èñåë j, äëÿ ÿêèõ ïðè α2 ̸= 0 i
äåÿêîìó θ > p/θ1 âèêîíóþòüñÿ íåðiâíîñòi

γl∗∥µk∗j
∥ ≥ max

(
1, 4

|β2|
|α2|

T r2

r2!

)
,(

1 + ∥µk∗j
∥2
)θ/2 ≥ 8

|α2|
.
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Äëÿ êâàçiìíîãî÷ëåíà g1(·, γl∥µk∥) çãiäíî ç
ëåìîþ 1 ðîçãëÿíåìî äëÿ âèïàäêó α2 ̸= 0
ôóíêöi¨ hj, j ∈ J , òàêîãî âèãëÿäó:

hj(t) =
( d
dt

+ iγl∗∥µk∗j
∥
)
g1(t, γl∗∥µk∗j

∥).

Ç ôîðìóë (13), (27) òà (29) ìà¹ìî

hj(t) = 2iγl∗∥µk∗j
∥eiγl∗∥µk∗

j
∥t×

×
(
α2e

−iγl∗∥µk∗
j
∥T

+ β2I−(r2)
)
, j ∈ J,

i |hj(t)| ≥ |α2|γl∗∥µk∗j
∥ äëÿ âñiõ t ∈ [0, T ]. Çà

ëåìîþ 1 ìiðà ìíîæèíè ÷èñåë t ∈ [0, T ], äëÿ
ÿêèõ íå âèêîíó¹òüñÿ íåðiâíiñòü

|g1(t, γl∗∥µk∗j
∥)| ≥

(
1 + ∥µk∗j

∥2
)−θ/2

(46)

äëÿ ôiêñîâàíîãî j ∈ J , íå ïåðåâèùó¹ ÷èñëà
2c

|α2|
(
1 + ∥µk∗j

∥2
)−θ/2

,

äå θ > p/θ1, c� ñòàëà ç ëåìè 1.

Çi çáiæíîñòi ðÿäó
∑
k∈Zp

(
1+∥µk∥2

)−θ/2
i ëå-

ìè Áîðåëÿ�Êàíòåëëi [11] âèïëèâà¹, ùî äëÿ
ìàéæå âñiõ òî÷îê t ∈ [0, T ] íåðiâíiñòü (46)
âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëü-
êîñòi) ÷èñåë j ∈ J . Ïîçíà÷èìî îäíó ç òà-
êèõ òî÷îê t∗, à J∗ �íåñêií÷åííó ïiäìíîæè-
íó j ∈ J , äëÿ ÿêî¨ âèêîíóþòüñÿ íåðiâíîñòi
(46) ó òî÷öi t∗ i mj ≥ q′ − q+ θ+1, äå q, q′ �
äîâiëüíi ôiêñîâàíi äiéñíi ÷èñëà.

Çàïèøåìî îöiíêó íîðìè ðîçâ'ÿçêó çàäà÷i
(1), (2) ó ïðîñòîði H2,q

M çà òàêèõ óìîâ:

ôóíêöi¨ φ1, φ2 íàëåæàòü äî ïðîñòîðó
Hq′

M , àëå ôóíêöi¨∑
j∈J∗

Πl
k∗j
φ1k∗j

e
i(µk∗

j
,x)
, l = 0, 1,

íå íàëåæàòü äî ïðîñòîðó Hq′+1
M ,

ÿêùî l∗ = 0 i l∗ = 1 âiäïîâiäíî.
Ç ôîðìóëè (35), ïðèïóùåííÿ (45) i îöiíêè
(46) âèâîäèìî

∥u;H2,q
M ∥2 ≥ ∥u(t∗, ·);Hq

M∥2 ≥

≥
∑
j∈J∗

(
1 + ∥µk∗j

∥2
)mj+q−θ∥Π0

k∗j
φ1k∗j

∥2 ≥

≥
∑
j∈J∗

(
1 + ∥µk∗j

∥2
)q′+1∥Π0

k∗j
φ1k∗j

∥2 = ∞

äëÿ l∗ = 0 òà

∥u;H2,q
M ∥2 ≥ ∥u(t∗, ·);Hq

M∥2 ≥

≥
∑
j∈J∗

(
1 + ∥µk∗j

∥2
)q′+1∥Π1

k∗j
φ1k∗j

∥2 = ∞

äëÿ l∗ = 1.
Íåîáõiäíiñòü äîâåäåíî äëÿ α2 ̸= 0.
ßêùî æ α2 = 0, òî ïðè α1 ̸= 0, àíàëîãi-

÷íî âñòàíîâëþ¹ìî íåîáõiäíiñòü óìîâ òåîðå-
ìè, ðîçãëÿäàþ÷è êâàçiïîëiíîì g2(t, γl∥µk∥) i
âèáèðàþ÷è ôóíêöiþ φ2 ∈ Hq′

M \Hq′+1
M .

Íàðåøòi, ÿêùî α⃗ = 0, òî β1β2 ̸= 0 i
r1 ̸= r2, îñêiëüêè ðîçâ'ÿçîê çàäà÷i (1), (2)
íå¹äèíèé ó ðàçi r1 = r2. Òîìó çàëèøà¹òüñÿ
ïåðåâiðèòè âèïàäîê 0 ≤ r1 < r2.

Äëÿ öüîãî âèêîðèñòîâó¹ìî ìíîæèíó

J1 =
{
j ∈ N : γl∗∥µk∗j

∥≥4r2
T
, mj≥q′ − q + 2

}
,

äå q, q′ �äîâiëüíi ôiêñîâàíi äiéñíi ÷èñëà,
l∗ = 0, àáî l∗ = 1, i íåðiâíiñòü

∥u;H2,q
M ∥2 ≥ ∥u(T, ·);Hq

M∥2 ≥

≥ |β2|2
∑
j∈J1

(
1 + ∥µk∗j

∥2
)q×

×

∣∣IT,−(r2, γ0∥µk∗j
∥)
∣∣2

|∆(γ0∥µk∗j
∥)|2

∥Π0
k∗j
φ1k∗j

∥2.

Çà ôîðìóëîþ (37) äëÿ σ0 = 1 i íåðiâíiñòþ
(41) çà óìîâè γl∥µk∥ ≥ 4r2/T îòðèìó¹ìî
îöiíêó∣∣IT,−(r2, γl∥µk∥)

∣∣ ≥ 1

γl∥µk∥
T r2

r2!
, r2 ≥ 1,

ç ÿêî¨ âèïëèâà¹

∥u;H2,q
M ∥2 ≥

( |β2|
γ0

T r2

r2!

)2
×

×
∑
j∈J1

(
1 + ∥µk∗j

∥2
)mj+q−1∥Π0

k∗j
φ1k∗j

∥2 ≥

≥
( |β2|
γ0

T r2

r2!

)2∑
j∈J1

(
1 + ∥µk∗j

∥2
)q′+1×

× ∥Π0
k∗j
φ1k∗j

∥2 = ∞,

òîáòî ðîçâ'ÿçîê íå íàëåæèòü äî ïðîñòîðó

H2,q
M , ÿêùî ôóíêöiÿ

∑
j∈J1 Π

0
k∗j
φ1k∗j

e
i(µk∗

j
,x)

íå

íàëåæèòü äî ïðîñòîðó Hq′+1
M .
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Àíàëîãi÷íèé ðåçóëüòàò ¹ òàêîæ i äëÿ âè-
ïàäêó l∗ = 1.
Äîñòàòíiñòü. Ç óìîâè (44) âèïëèâà¹

iñíóâàííÿ äëÿ k ∈ Zp i äîâiëüíèõ ïðàâèõ
÷àñòèí ¹äèíîãî ðîçâ'ÿçêó çàäà÷i (6), (7).

Ç ïðàâèëà äèôåðåíöiþâàííÿ( d
dt

)α[ It,±(r)

It−T,±(r)

]
= (iγ)α

[
It,±(−1)α(r)

It−T,±(−1)α(r)

]
òà ôîðìóë (27) i (28) çàïèøåìî( d

dt

)α[g1(t, γl∥µk∥)
g2(t, γl∥µk∥)

]
= (iγl∥µk∥)α×

×
[
α2It−T,(−1)α+1

(−1) + β2It,(−1)α+1
(r2)

−α1It,(−1)α+1(−1)− β1It,(−1)α+1(r1)

]
.

Âðàõîâóþ÷è ôîðìóëè (18)�(21) òà îöiíêó
(41) äëÿ k ∈ Zp, l = 0, 1, α = 0, 1, 2 ìà¹ìî∣∣∣dαgj(t, γl∥µk∥)

dtα

∣∣∣ ≤ c1jγ
α
l

(
1+ ∥µk∥2

)α/2
, (47)

ïðè÷îìó

c1,ω(j) = max
(
2|αj|+

4|βj|
γ0d1

T rj

rj!
,

|αj|T + |βj|
T rj+2

(rj + 1)!

)
,

äå ω(1) = 2, à ω(2) = 1.
Òîìó, ïiäñòàâëÿþ÷è îñòàííþ íåðiâíiñòü ó

(35), äëÿ äîâiëüíèõ åëåìåíòiâ φ1 i φ2 ç ïðî-
ñòîðó Hq−q0

M âñòàíîâëþ¹ìî îöiíêó

∥u;H2,q
M ∥2 ≤

2∑
j=1

C2
1j

min
l=0,1

C2
0l

∥φj;H
q−q0
M ∥2 <∞,

äå C1j = c1j
√

1 + γ21 + γ4l .
Îòæå, çà óìîâè (44) çàäà÷à (1), (2) îäíî-

çíà÷íî ðîçâ'ÿçíà ó ïðîñòîði H2,q
M , à ¨¨ ðîçâ'ÿ-

çîê íåïåðåðâíî çàëåæèòü âiä ïðàâèõ ÷àñòèí
çàäà÷i ç ïðîñòîðó Hq−q0

M .
Ç ôîðìóë (35), (47) ìà¹ìî îöiíêó

∥u;H2,q
M ∥2≤

∑
k∈Zp

2∑
α=0

c21jγ
2α
l

|∆(γl∥µk∥)|2
×

× (1 + ∥µk∥2)q
2∑

j=1

∥φjk∥2, (48)

ÿêà ïîòðåáó¹ ëèøå äîñëiäæåíííÿ êâàçiïîëi-
íîìiâ ∆(γl∥µk∥) = ∆α⃗,β⃗,r⃗,T (γl∥µk∥) çà çìií-
íîþ T íà âiäðiçêó [T0, T1], äå 0 < T0 < T1.

Ó ðàçi T = T0 = 0 çàäà÷à (1), (2) î÷åâèäíî
íå ìà¹ ¹äèíîãî ðîçâ'ÿçêó(
det∆α⃗,β⃗,r⃗,0(γl∥µk∥)=det∆α⃗,⃗0,⃗0,0(γl∥µk∥)=0

)
.

Ó çàëåæíîñòi âiä âåêòîðiâ α⃗, β⃗, r⃗ âñòàíî-
âèìî îöiíêó (44) ç äåÿêèìè ñòàëèìè C0 i q0.
Ñïîñòåðiãà¹ìî âèíèêíåííÿ ïðîáëåìè ìàëèõ
çíàìåííèêiâ ïðè äåÿêèõ çíà÷åííÿõ α⃗, β⃗, r⃗ i
¨¨ âiäñóòíiñòü äëÿ iíøèõ çíà÷åíü, çîêðåìà, ç
îöiíîê (41)�(43) âèïëèâà¹, ùî

∆(γ) + 2iα1α2 sin γT →
γ→∞

0,

à, îòæå, ∆(γj) →
γj→∞

0 íà ïiäïîñëiäîâíîñòÿõ

γj, äëÿ ÿêèõ sin γjT →
γj→∞

0.

Äîöiëüíî ðîçáèòè äîñëiäæåííÿ çíàìåí-
íèêiâ ∆(γl∥µk∥)) çà çíà÷åííÿì âåêòîðà α⃗
(ðîçãëÿäàòèìåìî âèïàäêè α1α2 ̸= 0 i α⃗ = 0).

Ëåìà 2. Íåõàé α1α2 ̸= 0, òîäi äëÿ

äîâiëüíîãî ÷èñëà εlk ∈
(
0,

|α1α2|γ0
4(γ0 + γ1)

)
, äå

l∈{0, 1}, âåêòîð k ∈ Zp çàäîâîëüíÿ¹ óìîâó
∥µk∥ ≥ τ1, à ÷èñëî τ1 > 0 çàäà¹ ôîðìóëà

τ1 = γ−1
0 max

(
1, 6

|β2|
|α2|

T r2
1

r2!
+ 4

|β1|
|α1|

T r1
1

r1!
+

+
4

r1

|β1β2|
|α1α2|

T r1+r2+1
1

r1!r2!

)
,

ìiðà ìíîæèíè

{T ∈ [T0, T1] : |∆(γl∥µk∥)| < εlk}

íå ïåðåâèùó¹ ÷èñëà
c

|α1α2|
γ0 + γ1
γ0

εlk.

Äîâåäåííÿ. Íåõàé h(T, γ) = Γ+
γ ∆(γ), òî-

äi

h(T, γ) = 2iα1α2γe
iγT + α1β2Γ

+
γ I0,−(r2)−

− α2β1Γ
+
γ IT,−(r1) + β1β2Γ

+
γ I−(r⃗),
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äå Γ+
γ I0,−(r) = iγI0,−(r)− T r

r!
IT,−(−1),

Γ+
γ IT,−(r) = 2

(
eiγTI−(r − 1)− T r

r!

)
,

Γ+
γ I−(r⃗) =

T r1

r1!
IT,−(r2)−

− T r2

r2!
IT,−(r1) + iγI−(r⃗),

Ç ôîðìóë (41)�(43) ìà¹ìî íåðiâíîñòi

|Γ+
γ I0,−(r)| ≤ 6

T r

r!
, |Γ+

γ IT,−(r)| ≤ 4
T r

r!
,

|Γ+
γ I−(r⃗)| ≤ 16

γ

T r1+r2

r1!r2!
,

òîìó äëÿ âñiõ k ∈ Zp \ {0} ç âëàñòèâiñòþ
∥µk∥ ≥ τ1 íà [T0, T1] ñïðàâäæó¹òüñÿ îöiíêà

|h(T, γl∥µk∥)|≥|α1α2|
(
2γl∥µk∥ − 6

|β2|
|α2|

T r2

r2!
−

− 4
|β1|
|α1|

T r1

r1!
− 16

γld1

|β1β2|
|α1α2|

T r1+r2+1

r1!r2!

)
≥

≥|α1α2|(2γl∥µk∥−γ0τ1) ≥ |α1α2|γl∥µk∥ > 0.

Òîäi çà ëåìîþ 1 äëÿ êîæíîãî

εlk ∈
(
0,

|α1α2|γ0
4(γ0 + γ1)

)
⊂
(
0,

|α1α2|γl∥µk∥
4(1 + γ1∥µk∥)

)
íåðiâíiñòü |∆(γl∥µk∥)| < εlk âèêîíó¹òüñÿ íà
ïiäìíîæèíi âiäðiçêà [T0, T1], ìiðà ÿêî¨ íå ïå-
ðåâèùó¹

c(1 + γ1∥µk∥)
|α1α2|γl∥µk∥

εlk ≤
c

|α1α2|
γ0 + γ1
γ0

εlk.

Ëåìó äîâåäåíî.

Òåîðåìà 2. Íåõàé α1α2 ̸= 0, âèêîíóþòüñÿ
óìîâè {φ1, φ2} ∈ Hq∗+q

M i q∗ > p/θ1, òîäi äëÿ
ìàéæå âñiõ ÷èñåë T ∈ [T0, T1], òîáòî äëÿ
T ∈ T0, äå meas T0 = T1 − T0, iñíó¹ ¹äèíèé
ðîçâ'ÿçîê u çàäà÷i (1), (2) ó ïðîñòîði H2,q

M ;
öåé ðîçâ'ÿçîê ¹ ñóìîþ

u = Πτ1u+ (I − Πτ1)u,

äå Πτ1u�ìàéæå ïåðiîäè÷íèé ìíîãî÷ëåí,
ïðè÷îìó τ1 �÷èñëî ç ëåìè 2, i äëÿ äîâiëüíî-
ãî ε ∈

(
0, cζ(q∗)/2

)
iñíó¹ ìíîæèíà Tε ⊂ T0

ç ìiðîþ meas Tε ≥ T1 − T0 − ε, ïðè÷îìó äëÿ
âñiõ T ∈ Tε ìà¹ìî íåðiâíiñòü

∥(I−Πτ1)u;H
2,q
M ∥2 ≤(1+γ21+γ

4
1)
(2cζ(q∗)
ε|α1α2|

)2
×

×
(
1+

γ1
γ0

)2 2∑
j=1

c21j∥(I−Πτ1)φj;H
q∗+q
M ∥2. (49)

Äîâåäåííÿ. Ç ëåìè 2 âèïëèâà¹, ùî ìiðà
ìíîæèíè ÷èñåë T ∈ [T0, T1], äëÿ ÿêèõ ïðè
ôiêñîâàíèõ l ∈ {0, 1} i k ∈ Zp, äå ∥µk∥ ≥ τ1,
íå âèêîíó¹òüñÿ íåðiâíiñòü

|∆(γl∥µk∥)| ≥

≥ ε|α1α2|γ0
2cζ(q∗)(γ0 + γ1)

(1 + ∥µk∥2)−q∗/2 (50)

íå ïåðåâèùó¹ ÷èñëà ε(1 + ∥µk∥2)−q∗/2/2ζ(q∗).
Îñêiëüêè∑

k∈Zp

(1 + ∥µk∥2)−q∗/2 = ζ(q∗) <∞,

òî çà ëåìîþ Áîðåëÿ�Êàíòåëëi äëÿ ìàéæå
âñiõ T ∈ [T0, T1] îöiíêà (50) ñïðàâäæó¹òüñÿ
äëÿ âñiõ âåêòîðiâ k ç âåëèêîþ íîðìîþ ∥k∥.
Âèëó÷èìî ç âiäðiçêà [T0, T1] ìíîæèíó ìiðè
íóëü ÷èñåë T , äëÿ ÿêèõ ∆(γl∥µk∥) = 0 õî÷à
á äëÿ îäíî¨ ïàðè (l, k) i ïîçíà÷èìî îòðèìàíó
ìíîæèíó T0. Î÷åâèäíî, meas T0 = T1 − T0, à
äëÿ êîæíî¨ òî÷êè T ∈ T0 ñïðàâäæó¹òüñÿ íå-
îáõiäíà òà äîñòàòíÿ óìîâà ðîçâ'ÿçíîñòi (44)
ç q0 = −q∗ i ñòàëèìè

0 < C0l ≤
ε|α1α2|γ0

2cζ(q∗)(γ0 + γ1)
, l = 0, 1;

òîìó ïåðøå òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç
äîâåäåííÿ òåîðåìè 1.

Ïîçíà÷èìî Tε ìíîæèíó T0, ç ÿêî¨ âèëó-
÷åíî îá'¹äíàííÿ ìiðè íå áiëüøå ε ìíîæèí
òàêèõ ÷èñåë T ∈ [T0, T1], äëÿ ÿêèõ íå ñïðàâ-
äæó¹òüñÿ (50) äëÿ ôiêñîâàíèõ ïàð

(l, k) ∈ {0, 1} × {k ∈ Zp : ∥µk∥ ≥ τ1},

òîäi ìà¹ìî íåðiâíiñòü meas Tε ≥ T1 − T0 − ε i
äëÿ T ∈ Tε ñïðàâäæó¹òüñÿ îöiíêà (49).

Íàñëiäîê 1. ßêùî øâèäêiñòü çìiíè ÷à-
ñòîò θ1 ó ñïåêòði M ìàéæå ïåðiîäè÷íèõ
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ôóíêöié ïðÿìó¹ äî +∞, òî q∗ → 0 i óìî-
âà ðîçâ'ÿçíîñòi {φ1, φ2} ∈ Hq∗+q

M òåîðåìè 2
ïîñëàáëþ¹òüñÿ äî íåîáõiäíî¨ óìîâè (4) ðîç-
â'ÿçíîñòi çàäà÷i (1), (2).

Ïåðåéäåìî äî âèâ÷åííÿ âèïàäêó 2◦) i âè-
êîðèñòà¹ìî îöiíêó

∥u;H2,q
M ∥2 ≤

∑
k∈Zp

2∑
j,l=1

2∑
α=0

(
1 + ∥µk∥2

)q−α

|I−(r⃗, γl∥µk∥)|2
×

×max
0≤t≤T

∣∣∣dαIt,−(rω(j), γl∥µk∥)
dtα

∣∣∣2∥Πl
kφjk∥2 ≤

≤ 16
∑
k∈Zp

2∑
j,l=1

(T ω(j)

rω(j)!

)2 2∑
α=0

(
1 + ∥µk∥2

)q−α

|I−(r⃗, γl∥µk∥)|2
×

×
(
γl∥µk∥

)2α−2∥Πl
kφjk∥2, (51)

ÿêà âèïëèâà¹ ç ôîðìóëè (35).

Òåîðåìà 3. Íåõàé α⃗ = 0, à ôóíêöi¨
{φ1, φ2} ∈ Hq+2

M . ßêùî âèêîíóþòüñÿ óìîâè
r1 ̸= r2 i min(r1, r2) ≥ 2, òî iñíó¹ ìíîæèíà
T ′
0 ç ìiðîþ meas T ′

0 = T1 − T0 òàêà, ùî äëÿ
âñiõ T ∈ T ′

0 iñíó¹ ¹äèíèé ðîçâ'ÿçîê

u = u0⃗,β⃗ = Πτ ′2
u+ (I − Πτ ′2

)u,

çàäà÷i (1), (2) ó ïðîñòîði H2,q
M , äå Πτ ′2

u�
ìàéæå ïåðiîäè÷íèé ìíîãî÷ëåí,

∥(I − Πτ ′2
)u;H2,q

M ∥2 ≤

≤
2∑

j=1

C ′
2j
2

|βj|2
∥(I − Πτ ′2

)φj;H
q+2
M ∥2, (52)

à τ ′2 =
4

γ0T0

r1r2
|r1 − r2|

(r1 + r2 − 1) i

C ′
2j =

4γ21
√

1 + γ21 + γ41
|r1 − r2|

rj!

T
rj−1
0

;

ÿêùî æ r⃗ = (r1, r2) ∈ {(1, r), (r, 1)}, ïðè÷îìó
r ≥ 3, òî iñíó¹ ìíîæèíà T ′′

0 òàêà, ùî ìiðà
meas T ′′

0 = T1 − T0 i äëÿ âñiõ T ∈ T ′′
0 iñíó¹

¹äèíèé ðîçâ'ÿçîê

u = u0⃗,β⃗ = Πτ ′′2
u+ (I − Πτ ′′2

)u,

çàäà÷i (1), (2) ó ïðîñòîði H2,q
M , äå Πτ ′′2

u�

ìàéæå ïåðiîäè÷íèé ìíîãî÷ëåí,

∥(I − Πτ ′′2
)u;H2,q

M ∥2 ≤

≤ C ′′
2
2

2∑
j=1

1

|βj|2
∥(I − Πτ ′′2

)φj;H
q+2
M ∥2, (53)

à τ ′′2 =
4r

γ0T0

r + 1

r − 2
i

C ′′
2 =

4γ21
√

1 + γ21 + γ41
r − 2

max
(
1,

r!

T r−1
0

)
.

Äîâåäåííÿ. Êîìáiíóþ÷è ðåêóðåíòíi
ôîðìóëè (37), (38) äëÿ σ0 = 1, ìà¹ìî

∆(γ)

β1β2
= I−(r⃗) =

1

γ2

(
I−(r1 − 1, r2 − 1)−

− T r1

r1!
IT,−(r2 − 1) +

T r2

r2!
IT,−(r1 − 1)

)
=

=
i

γ3

(
2
r1 − r2
T

T r1+r2−1

r1!r2!
−iγI−(r1−1, r2−1)+

+
T r1

r1!
IT,+(r2 − 2)− T r2

r2!
IT,+(r1 − 2)

)
. (54)

Çâiäñè çà óìîâè γ ≥ 4

T

r1r2
|r1 − r2|

(r1 + r2 − 1)

îòðèìó¹ìî îöiíêó çíèçó

|I−(r⃗)| ≥ |r1 − r2|
γ3T

T r1+r2

r1!r2!
,

çîêðåìà ïðè ∥µk∥ ≥ τ ′2 ìà¹ìî

|I−(r⃗, γl∥µk∥)| ≥ |r1 − r2|
γ3l ∥µk∥3

T r1+r2−1

r1!r2!
. (55)

Âèëó÷èìî ç âiäðiçêà [T0, T1] òî÷êè T , ÿêi ¹
êîðåíÿìè ðiâíÿíü I−(r⃗, γl∥µk∥) = 0 ó ðàçi
∥µk∥ < τ ′2 òà l ∈ {0, 1}, i ïîçíà÷èìî îòðèìàíó
ìíîæèíó T ′

0 . Î÷åâèäíî, ùîmeas T ′
0 = T1−T0

i âèêîíó¹òüñÿ óìîâà îäíîçíà÷íî¨ ðîçâ'ÿçíîñ-
òi (44) äëÿ q0 = −3 i

0 < C0l ≤ |β1β2|
|r1 − r2|
γ3l T0

T r1+r2
0

r1!r2!
.

Iç îöiíîê (41), (55) i ôîðìóë (32), (51)
îòðèìó¹ìî íåðiâíiñòü (52).

Â iíøîìó âèïàäêó çà ôîðìóëîþ (54) i

îöiíêàìè (41), (43) çà óìîâè γ ≥ 4r

T

r − 1

r + 2
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çàïèñó¹ìî

|I−(1, r)| = |I−(r, 1)| ≥ r − 2

γ3
T r

r!
,

çîêðåìà ïðè ∥µk∥ ≥ τ ′′2 ìà¹ìî

|I−(1, r, γl∥µk∥)| = |I−(r, 1, γl∥µk∥)| ≥

≥ r − 2

γ3l ∥µk∥3
T r

r!
. (56)

Âèëó÷èìî ç âiäðiçêà [T0, T1] òî÷êè T , ÿêi ¹
êîðåíÿìè ðiâíÿíü

I−(1, r, γl∥µk∥)I−(r, 1, γl∥µk∥) = 0

ó ðàçi ∥µk∥ < τ ′′2 òà l ∈ {0, 1}, i ïîçíà-
÷èìî îòðèìàíó ìíîæèíó T ′′

0 . Î÷åâèäíî, ùî
meas T ′′

0 = T1−T0 i âèêîíó¹òüñÿ óìîâà îäíî-
çíà÷íî¨ ðîçâ'ÿçíîñòi (44) äëÿ q0 = −3 i

0 < C0l ≤ |β1β2|
r − 2

γ3l

T r
0

r!
.

Iç îöiíîê (41), (56) i ôîðìóë (32), (51)
îòðèìó¹ìî íåðiâíiñòü (53).

Òåîðåìà 3 ïîêàçó¹ âiäñóòíiñòü ìàëèõ çíà-
ìåííèêiâ çà óìîâè âèìiðþâàííÿ ëèøå ìî-
ìåíòiâ øóêàíî¨ ôóíêöi¨, ÿêùî ïîðÿäîê ìî-
ìåíòiâ âåëèêèé.

Íàñòóïíà òåîðåìà ñòîñó¹òüñÿ ìîìåíòó
íóëüîâîãî ïîðÿäêó; ó öüîìó ðàçi çíîâó ïðî-
ÿâëÿ¹òüñÿ ïðîáëåìà ìàëèõ çíàìåííèêiâ.

Òåîðåìà 4. Íåõàé α⃗ = 0 i r⃗ = (r1, r2) ∈
{(0, r), (r, 0)}, äå r ≥ 1. ßêùî âèêîíóþòüñÿ
óìîâè {φ1, φ2} ∈ H1+q∗+q

M i q∗ > p/θ1, òîäi
äëÿ ìàéæå âñiõ ÷èñåë T ∈ [T0, T1], òîáòî
äëÿ T ∈ T0, äå meas T0 = T1−T0, iñíó¹ ¹äèíèé
ðîçâ'ÿçîê u çàäà÷i (1), (2) ó ïðîñòîði H2,q

M ;
öåé ðîçâ'ÿçîê ¹ ñóìîþ

u = Πτ3u+ (I − Πτ3)u,

äå Πτ3u�ìàéæå ïåðiîäè÷íèé ìíîãî÷ëåí ç

τ3 = max
(
1,

1

γ0
,
12r

γ0T0

)
, i äëÿ âñÿêîãî ÷èñëà

ε ∈
(
0,
c

2
ζ(q∗)

r!

T r
0

)
, iñíó¹ ìíîæèíà Tε ⊂ T0

ç ìiðîþ meas Tε ≥ T1 − T0 − ε, ùî äëÿ âñiõ
T ∈ Tε ìà¹ìî íåðiâíiñòü

∥(I − Πτ3)u;H
2,q
M ∥2 ≤

≤ C2
3

2∑
j=1

1

|βj|2
∥(I−Πτ3)φj;H

1+q∗+q
M ∥2, (57)

äå

C3 =
16c

ε
ζ(q∗)(γ0 + γ1)×

×
√
1 + γ21 + γ41 max

(T r
1

T r
0

,
r!

T r
0

)
.

Äîâåäåííÿ. Ç ôîðìóëè (54) âèïëèâà¹,
ùî

∆(γ)

β1β2
= I−(0, r) =

1

γ2

(
I0,−(r − 1)−

− IT,−(r − 1) + 2i
T r

r!
sin γT

)
.

Äëÿ âèêîðèñòàííÿ ëåìè 1 çàïèøåìî

Γ+
γ I−(0, r) = γ−2Γ+

γ

(
I0,−(r − 1)−

−IT,−(r−1)
)
+
2i

γ2
T r−1

(r − 1)!
sin γT+

2i

γ

T r

r!
eiγT

i îöiíêó äëÿ Γ+
γ I−(0, r) çà óìîâè γ ≥ 12r/T0:

|Γ+
γ I−(0, r)| ≥ 2

γ

T r

r!

(
1− 6r

γT

)
≥ 1

γ

T r
0

r!
,

çîêðåìà äëÿ ∥µk∥ ≥ τ3 ìà¹ìî

|Γ+
γ I−(0, r, γl∥µk∥)| ≥

1

γl∥µk∥
T r
0

r!
, l = 0, 1.

Ìiðà ìíîæèíè ÷èñåë T ∈ [T0, T1], äëÿ
ÿêèõ ïðè ôiêñîâàíèõ l ∈ {0, 1} i k ∈ Zp, äå
∥µk∥ ≥ τ3, íå âèêîíó¹òüñÿ íåðiâíiñòü

|I−(0, r, γl∥µk∥)| ≥
ε

2c(γ0 + γ1)γl
×

× 1

ζ(q∗)

T r
0

r!
(1 + ∥µk∥2)−1−q∗/2 (58)

íå ïåðåâèùó¹ ÷èñëà ε(1 + ∥µk∥2)−q∗/2/2ζ(q∗).
Îñêiëüêè

∑
k∈Zp

(1+∥µk∥2)−q∗/2 = ζ(q∗) <∞, òî

çà ëåìîþ Áîðåëÿ�Êàíòåëëi äëÿ ìàéæå âñiõ
T ∈ [T0, T1] îöiíêà (58) ñïðàâäæó¹òüñÿ äëÿ
âñiõ âåêòîðiâ k ç âåëèêîþ íîðìîþ ∥k∥.

Âèëó÷èìî ç âiäðiçêà [T0, T1] ìíîæèíó ìi-
ðè íóëü ÷èñåë T , äëÿ ÿêèõ

I−(0, r, γl∥µk∥) = 0

õî÷à á äëÿ îäíî¨ ïàðè (l, k), i ïîçíà÷èìî
îòðèìàíó ìíîæèíó T0. Î÷åâèäíî, meas T0 =
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T1 − T0, à äëÿ êîæíî¨ òî÷êè T ∈ T0 ñïðàâ-
äæó¹òüñÿ íåîáõiäíà i äîñòàòíÿ óìîâà ðîçâ'ÿ-
çíîñòi (44) ç q0 = −q∗ i ñòàëèìè

0 < Col ≤
ε|β1β2|

2c(γ0 + γ1)γlζ(q∗)

T r
0

r!
;

òîìó ïåðøå òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç
äîâåäåííÿ òåîðåìè 1.

Ïîçíà÷èìî Tε ìíîæèíó T0, ç ÿêî¨ âèëó-
÷åíî îá'¹äíàííÿ ìiðè ε ìíîæèí òàêèõ ÷èñåë
T ∈ [T0, T1], äëÿ ÿêèõ íå ñïðàâäæó¹òüñÿ (58)
äëÿ ôiêñîâàíèõ ïàð

(l, k) ∈ {0, 1} × {k ∈ Zp : ∥µk∥ ≥ τ3},

òîäi ìà¹ìî íåðiâíiñòü meas Tε ≥ T1 − T0 − ε i
äëÿ T ∈ Tε ñïðàâäæó¹òüñÿ îöiíêà (57).

Îñòàííié íåðîçãëÿíóòèé âèïàäîê, à ñàìå
r⃗ ∈ {(1, 2), (2, 1)}, çâîäèòüñÿ äî îöiíþâàííÿ
îäíàêîâèõ çà ìîäóëåì ôóíêöié I−(1, 2) òà
I−(2, 1) iç óðàõóâàííÿì ôîðìóëè

|I−(1, 2)| = − 2i

γ3
S2(T, γ), γ>0, T>0, (59)

äå S(T, γ) = T cos
γT

2
− 2

γ
sin

γT

2
.

Ëåìà 3. Äëÿ äîâiëüíîãî εlk ∈
(
0,
T0
16

)
, äå

l∈{0, 1}, âåêòîð k ∈ Zp çàäîâîëüíÿ¹ óìîâó
∥µk∥ ≥ τ4, à ÷èñëî τ4 > 0 çàäà¹ ôîðìóëà

τ4 =
2

γ0
max

(
1,

2

T0

)
,

ìiðà ìíîæèíè

{T ∈ [T0, T1] :
∣∣∣S(T, γl∥µk∥)

∣∣∣ < εlk}

íå ïåðåâèùó¹ ÷èñëà
2c

T0

γ0 + γ1
γ0

εlk.

Äîâåäåííÿ. Íåõàé H(T, γ) =
Γ+
γ/2S(T, γ), òîäi

h(T, γ) =
( d

dT
+ i

γ

2

)
S(T, γ) =

= i
γT

2
eiγT/2 − i sin

γT

2
,

òîìó äëÿ âñiõ k ∈ Zp \ {0} ç âëàñòèâiñòþ
∥µk∥ ≥ τ4 íà [T0, T1] ñïðàâäæó¹òüñÿ îöiíêà

|H(T, γl∥µk∥)| ≥
γT0
2

− 1 ≥ γT0
4

> 0.

Òîäi çà ëåìîþ 1 äëÿ êîæíîãî

εlk ∈
(
0,
T0
16

)
⊂
(
0,

γl∥µk∥T0
16(1 + γl∥µk∥/2)

)
íåðiâíiñòü |S(T, γl∥µk∥)| < εlk âèêîíó¹òüñÿ
íà ïiäìíîæèíi âiäðiçêà [T0, T1], ìiðà ÿêî¨ íå
ïåðåâèùó¹

4c(1 + γ1∥µk∥/2)
γl∥µk∥T0

εlk ≤
2c

T0

γ0 + γ1
γ0

εlk.

Ëåìó äîâåäåíî.

Òåîðåìà 5. Íåõàé âåêòîð α⃗ = 0, à âåê-
òîð r⃗ ∈ {(1, 2), (2, 1)}, âèêîíóþòüñÿ óìîâè
{φ1, φ2} ∈ H2+2q∗+q

M i q∗ > p/θ1, òîäi äëÿ
ìàéæå âñiõ ÷èñåë T ∈ [T0, T1], òîáòî äëÿ
T ∈ T0, äå meas T0 = T1 − T0, iñíó¹ ¹äèíèé
ðîçâ'ÿçîê u çàäà÷i (1), (2) ó ïðîñòîði H2,q

M ;
öåé ðîçâ'ÿçîê ¹ ñóìîþ

u = Πτ4u+ (I − Πτ4)u,

äå Πτ4u�ìàéæå ïåðiîäè÷íèé ìíîãî÷ëåí,
ïðè÷îìó τ4 �÷èñëî ç ëåìè 3, i äëÿ äîâiëü-

íîãî ε ∈
(
0,
cζ(q∗)

4

(
1 +

γ1
γ0

))
iñíó¹ ìíîæèíà

Tε ⊂ T0 ç ìiðîþ meas Tε ≥ T1 − T0 − ε, ïðè-
÷îìó äëÿ âñiõ T ∈ Tε ìà¹ìî íåðiâíiñòü

∥(I − Πτ4)u;H
2,q
M ∥2 ≤

≤ C2
4

2∑
j=1

∥(I − Πτ4)φj;H
2+2q∗+q
M ∥2, (60)

äå C4=
√
1+γ21+γ

4
1)max

(T 2
1

2
, T1

)(cζ(q∗)γ1
εT0

)2
.

Äîâåäåííÿ. Ç ëåìè 3 âèïëèâà¹, ùî ìiðà
ìíîæèíè ÷èñåë T ∈ [T0, T1], äëÿ ÿêèõ ïðè
ôiêñîâàíèõ l ∈ {0, 1} i k ∈ Zp, äå ∥µk∥ ≥ τ1,
íå âèêîíó¹òüñÿ íåðiâíiñòü

|S(T, γl∥µk∥)| ≥

≥ εT0γ0
4cζ(q∗)(γ0 + γ1)

(1 + ∥µk∥2)−q∗/2 (61)

íå ïåðåâèùó¹ ÷èñëà ε(1 + ∥µk∥2)−q∗/2/2ζ(q∗).
Îñêiëüêè∑

k∈Zp

(1 + ∥µk∥2)−q∗/2 = ζ(q∗) <∞,

40 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 2.



òî çà ëåìîþ Áîðåëÿ�Êàíòåëëi äëÿ ìàéæå
âñiõ T ∈ [T0, T1] îöiíêà (61) ñïðàâäæó¹òüñÿ
äëÿ âñiõ âåêòîðiâ k ç âåëèêîþ íîðìîþ ∥k∥.
Âèëó÷èìî ç âiäðiçêà [T0, T1] ìíîæèíó ìiðè
íóëü ÷èñåë T , äëÿ ÿêèõ S(T, γl∥µk∥) = 0 õî÷à
á äëÿ îäíî¨ ïàðè (l, k) i ïîçíà÷èìî îòðèìàíó
ìíîæèíó T0. Î÷åâèäíî, meas T0 = T1 − T0, à
äëÿ êîæíî¨ òî÷êè T ∈ T0 ñïðàâäæó¹òüñÿ íå-
îáõiäíà i äîñòàòíÿ óìîâà ðîçâ'ÿçíîñòi (44) ç
q0 = −2− 2q∗ i ñòàëèìè

0 < C0l ≤
ε2γ20

8c2ζ2(q∗)γ3l (γ0 + γ1)2
, l = 0, 1;

òîìó ïåðøå òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç
äîâåäåííÿ òåîðåìè 1.

Ïîçíà÷èìî Tε ìíîæèíó T0, ç ÿêî¨ âèëó-
÷åíî îá'¹äíàííÿ ìiðè íå áiëüøå ε ìíîæèí
òàêèõ ÷èñåë T ∈ [T0, T1], äëÿ ÿêèõ íå ñïðàâ-
äæó¹òüñÿ (61) äëÿ ôiêñîâàíèõ ïàð

(l, k) ∈ {0, 1} × {k ∈ Zp : ∥µk∥ ≥ τ4},

òîäi ìà¹ìî íåðiâíiñòü meas Tε ≥ T1 − T0 − ε i
äëÿ T ∈ Tε ñïðàâäæó¹òüñÿ îöiíêà (60).

Òåîðåìè 3�5 äàþòü êëàñèôiêàöiþ ðîçâ'ÿ-
çíîñòi çàäà÷i (1), (2) ó âèïàäêó 2◦)�÷èñòî
iíåãðàëüíèõ âèìiðþâàíü ìîìåíòiâ øóêàíîãî
ðîçâ'ÿçêó.

Çîêðåìà, òåîðåìà 3 âñòàíîâëþ¹, ùî äëÿ
äîâiëüíîãî T ∈ [T0, T1] çàäà÷à (1), (2) ìîæå
ìàòè ëèøå ñêií÷åííîâèìiðíå ÿäðî, ðîçìið-
íiñòü ÿêîãî çàëåæèòü âiä ñïåêòðà M i ðåãó-
ëþ¹òüñÿ ëèøå ÷èñëàìè τ ′2 ÷è τ

′′
2 , à äëÿ ìàé-

æå âñiõ T ÿäðî çàäà÷i � òðèâiàëüíå. Ìàëèõ
çíàìåííèêiâ íåìà¹, ãëàäêiñòü ïðàâèõ ÷àñòèí
çðîñòà¹ íà äâi îäèíèöi ó ïîðiâíÿííi ç ãëàä-
êiñòþ ó íåîáõiäíié óìîâi ðîçâ'ÿçíîñòi (4).

Êîîðäèíàòè âiäïîâiäíèõ âóçëiâ íèæ÷å
ïîäàíî¨ òàáëèöi ç îñÿìè r1 òà r2 ïîìi÷åíi
öèôðîþ 2 i îçíà÷àþòü êîìïîíåíòè âåêòîðà
r⃗ = (r1, r2) ïîðÿäêiâ ìîìåíòiâ â óìîâàõ (2).

Ó òåîðåìi 4 i ó òåîðåìi 5 âñòàíîâëåíî òðè-
âiàëüíiñòü ÿäðà çàäà÷i äëÿ ìàéæå âñiõ T ∈
[T0, T1] i çáiëüøåííÿ ãëàäêîñòi ïðàâèõ ÷àñòèí
íà 1+q∗ (> 1+p/θ1) òà 2+2q∗ = 2(1+q∗) îäè-
íèöü âiäïîâiäíî. Çàäà÷à ìà¹ ìàëi çíàìåííè-
êè, ðîçâ'ÿçîê, âçàãàëi, íå iñíó¹ ó øêàëàõ ðîç-
ãëÿäóâàíèõ ïðîñòîðiâ, äëÿ ìíîæèíè ÷èñåë
T íóëüîâî¨ ìiðè ìîæå áóòè ÿê ñêií÷åííîâè-
ìiðíå, òàê i íåñêií÷åííîâèìiðíå ÿäðî. ×èñëà

1 + q∗ i 2 + 2q∗ ïîìi÷àþòü âiäïîâiäíi òî÷êè
ó òàáëèöi. Äiàãîíàëüíi òî÷êè ïîçíà÷åíi ó òà-
áëèöi çíàêîì ∗ îçíà÷àþòü íåñêií÷åííîâèìið-
íå ÿäðî â çàäà÷i äëÿ âñiõ T ∈ [T0, T1].

5 1+q∗ 2 2 2 2 ∗
4 1+q∗ 2 2 2 ∗ 2
3 1+q∗ 2 2 ∗ 2 2
2 1+q∗ 2+2q∗ ∗ 2 2 2
1 1+q∗ ∗ 2+2q∗ 2 2 2
0 ∗ 1+q∗ 1+q∗ 1+q∗ 1+q∗ 1+q∗

r2
/
r1 0 1 2 3 4 5

Âèñíîâêè. Âñòàíîâëåíî óìîâè îäíî-
çíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i ç iíòåãðî-êðà-
éîâèìè óìîâàìè äëÿ ñèñòåìè ðiâíÿíü Ëÿ-
ìå � çàäà÷i (1), (2) � ó ïðîñòîðàõ ìàéæå ïå-
ðiîäè÷íèõ ôóíêöié. Öÿ çàäà÷à ¹ íåêîðå-
êòíîþ çà Àäàìàðîì i ïîðîäæó¹ ïðîáëå-
ìó ìàëèõ çíàìåííèêiâ, õàðàêòåðíèõ äëÿ
iíòåãðî-êðàéîâèõ óìîâ (2). Äëÿ ðîçâ'ÿçàííÿ
ïðîáëåìè ìàëèõ çíàìåííèêiâ âèêîðèñòîâó¹-
ìî ìåòðè÷íèé ïiäõiä i ìåòîäèêó îöiíþâàííÿ
ìið âèíÿòêîâèõ ìíîæèí.

Âèçíà÷åíî âïëèâ ïàðàìåòðiâ α1, α2, β1, β2
i ïîêàçíèêiâ θ1, θ2 íà ðîçâ'ÿçíiñòü çàäà÷i,
çîêðåìà åôåêòèâíiñòü âèêîðèñòàííÿ êîìái-
íàöi¨ êðàéîâèõ òà iíòåãðàëüíèõ óìîâ i âiäïî-
âiäíèõ ïðîñòîðiâ ìàéæå ïåðiîäè÷íèõ ôóíê-
öié. Ïîêàçàíî, ùî ó ðàçi ÷èñòî iíòåãðàëüíèõ
óìîâ, ìàëi çíàìåííèêè ïðèñóòíi ëèøå äëÿ
ìîìåíòiâ íóëüîâîãî i ïåðøîãî ïîðÿäêiâ.

Îòðèìàíî ïiäñèëåííÿ i äîïîâíåííÿ ðå-
çóëüòàòiâ ðîáîòè [14] (ïðî êîðåêòíó ðîçâ'ÿ-
çíiñòü çàäà÷i (1), (2) ó ÷àñòèííîìó âèïàäêó
p = 3 äëÿ äiéñíèõ α1, α2, β1, β2 i r1 < r2).

Çîêðåìà, äëÿ ïîðiâíÿííÿ íàâåäåìî âiäïî-
âiäíi ôîðìóëè ç ðîáîòè [14] äëÿ åëåìåíòiâ
S(r1, r2) ïîäiáíî¨ äî íàâåäåíî¨ âèùå òàáëèöi:

S(r1, r2) =

{
51r∗ + 22 + (153r∗ + 51)/θ1,

54r∗ + 28 + (153r∗ + 55)/θ1,

äëÿ âèïàäêiâ α1α2 ̸= 0 òà α1 = α2 = 0 âiäïî-
âiäíî, äå r∗ = r1 + r2.

Ó ðîáîòi çìåíøåíî íàâåäåíi çíà÷åííÿ
S(r1, r2) äî òàêèõ (p = 3, r1 ̸= r2):

S(r1, r2) = 2 + 3/θ1, ÿêùî α1α2 ̸= 0, i
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S(r1, r2) =


3 + 3/θ1, r1 = 0, àáî r2 = 0,

4 + 6/θ1, r1 = 1, r2 = 2,

4 + 6/θ1, r1 = 2, r2 = 1,

4, â iíøèõ âèïàäêàõ,

ÿêùî α1 = α2 = 0.
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