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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÊÎÌÓÒÀÍÒ ÎÄÍÎÃÎ ÐIÇÍÈÖÅÂÎÃÎ ÎÏÅÐÀÒÎÐÀ

Â ïðîñòîði ôóíêöié, àíàëiòè÷íèõ ó êðóãîâèõ îáëàñòÿõ, îïèñàíî êîìóòàíò ðiçíèöåâîãî îïå-
ðàòîðà, ïîâ'ÿçàíîãî ç îïåðàòîðîì Äàíêëà.

The commutant of a di�erence operator associated with the Dunkl operator in the space of
analytic functions in circular domains is described.

×åðåç AR, 0 < R ≤ ∞, ïîçíà÷èìî ïðî-
ñòið óñiõ ôóíêöié, àíàëiòè÷íèõ ó êðóçi |z| <
R, ùî íàäiëåíèé òîïîëîãi¹þ êîìïàêòíî¨ çái-
æíîñòi, à ñèìâîëîì L(AR) � ìíîæèíó âñiõ
îïåðàòîðiâ, ÿêi ëiíiéíî òà íåïåðåðâíî äiþòü
ó ïðîñòîði AR. Äëÿ äîâiëüíîãî k ∈ C îïåðà-
òîð Äàíêëà, ÿêèé âèçíà÷à¹òüñÿ ôîðìóëîþ

(Λkf)(z) = f ′(z) + k
f(z)− f(−z)

z
(1)

ïðè z ̸= 0, i (Λkf)(0) = (2k + 1)f ′(0) ëiíié-
íî òà íåïåðåðâíî äi¹ â êîæíîìó ç ïðîñòîðiâ
AR, 0 < R ≤ ∞. Öåé îïåðàòîð âèçíà÷åíèé â
ïðàöÿõ [1], [2]. Îïåðàòîð Äàíêëà âiäiãðà¹ âà-
æëèâó ðîëü â ðiçíèõ çàäà÷àõ ìàòåìàòèêè òà
ôiçèêè (äèâ., íàïðèêëàä, áiáëiîãðàôiþ â [3]).
Îïåðàòîð Äàíêëà òà äåÿêi éîãî ìîäèôiêàöi¨
â ïðîñòîðàõ àíàëiòè÷íèõ ôóíêöié âèâ÷àëè-
ñÿ â ïðàöÿõ [4]-[13]. Â íèõ, çîêðåìà, îïèñà-
íî êîìóòàíò îïåðàòîðà Äàíêëà â ïðîñòîðàõ
ôóíêöié, àíàëiòè÷íèõ ó êðóãîâèõ îáëàñòÿõ.
Ç ðåçóëüòàòiâ ðîáîòè [13] âèïëèâà¹, ùî ó âè-
ïàäêó, êîëè k ̸= −2n+1

2
, n = 0, 1, . . . îïåðàòîð

T ç êëàñó L(AR) áóäå ïåðåñòàâíèì ç îïåðà-
òîðîì Äàíêëà Λk òîäi i òiëüêè òîäi, êîëè

T =
∞∑
n=0

cnΛ
n
k ,

äå (cn)
∞
n=0 � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷è-

ñåë, äëÿ ÿêî¨ lim
n→∞

n
√
n!|cn| = 0 ïðè R < ∞,

àáî lim
n→∞

n
√
n!|cn| <∞ ïðè R = ∞.

Ðîçãëÿíåìî ðiçíèöåâèé îïåðàòîð P , ÿêèé
ëiíiéíî òà íåïåðåðâíî äi¹ â ïðîñòîði AR çà
ïðàâèëîì

(Pf)(z) =
f(z)− f(−z)

z
(2)

ïðè z ̸= 0 i (Pf)(0) = 2f ′(0). Îïåðàòîð
Äàíêëà ¹ ïåâíîþ ëiíiéíîþ êîìáiíàöi¹þ îïå-
ðàòîðà äèôåðåíöiþâàííÿ D òà ðiçíèöåâîãî
îïåðàòîðà P . Êîìóòàíò îïåðàòîðà äèôåðåí-
öiþâàííÿ â ïðîñòîði AR îïèñàíî â [14]. Ó
çâ'ÿçêó ç öèì âèíèêà¹ çàäà÷à ïðî îïèñ êî-
ìóòàíòà ðiçíèöåâîãî îïåðàòîðà P â ïðîñòîði
AR. Ðîçâ'ÿçàííþ öi¹¨ çàäà÷i ïðèñâÿ÷åíà äà-
íà ñòàòòÿ.

Ïðèïóñòèìî, ùî îïåðàòîðà T ç êëàñó
L(AR) ¹ ïåðåñòàâíèì ç îïåðàòîðîì P , òîá-
òî âèêîíó¹òüñÿ ðiâíiñòü

TP = PT. (3)

Ïîçíà÷èìî T (zn) = φn(z), n = 0, 1, 2, . . .. Ïî-
äiÿâøè ðiâíiñòþ (3) íà zn, îòðèìó¹ìî, ùî

(1+(−1)n+1)φn−1(z) =
φn(z)− φn(−z)

z
. (4)

Äàëi ðîçãëÿíåìî äâà âèïàäêè:
1) Íåõàé n = 2k, k = 0, 1, . . .. Òîäi ç (4)

îäåðæèìî, ùî φ2k(z) = φ2k(−z) ïðè |z| < R.
Ôóíêöi¨ φ2k(z), k = 0, 1, . . . ¹ ïàðíèìè ôóí-
êöiÿìè ç ïðîñòîðó AR. Ðîçêëàäàþ÷è φ2k(z)
ó ñòåïåíåâèé ðÿä, îäåðæèìî, ùî

φ2k(z) =
∞∑
j=0

φ
(2j)
2k (0)

(2j)!
z2j = g2k(z

2),

äå g2k(t) =
∞∑
j=0

φ
(2j)
2k (0)

(2j)!
tj, k=0,1,. . . . Ïîêàæå-

ìî, ùî ôóíêöi¨ g2k ∈ AR2 ïðè k = 0, 1, . . ..

Âiäîìî [15], ùî ôóíêöiÿ g(z) =
∞∑
n=0

gnz
n íà-

ëåæèòü äî ïðîñòîðó AR òîäi i òiëüêè òîäi,
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êîëè lim
n→∞

n
√

|gn| ≤ 1
R
. Îñêiëüêè φ2k ∈ AR, òî

lim
n→∞

n

√√√√∣∣∣∣∣φ(n)
2k (0)

(n)!

∣∣∣∣∣ = lim
j→∞

2j

√√√√∣∣∣∣∣φ(2j)
2k (0)

(2j)!

∣∣∣∣∣ ≤ 1

R

ïðè k = 0, 1, . . .. Òîìó

lim
j→∞

j

√√√√∣∣∣∣∣φ(2j)
2k (0)

(2j)!

∣∣∣∣∣ =

= lim
j→∞

 2j

√√√√∣∣∣∣∣φ(2j)
2k (0)

(2j)!

∣∣∣∣∣
2

≤ 1

R2

i ôóíêöi¨ g2k ∈ AR2 ïðè k = 0, 1, . . ..
2) Íåõàé n = 2k + 1, k = 0, 1, . . .. Òîäi (4)

ìàòèìå âèãëÿä

2φ2k(z) =
φ2k+1(z)− φ2k+1(−z)

z
.

Îòæå,

φ2k+1(z)− φ2k+1(−z) = 2zg2k(z
2) (5)

ïðè |z| < R.
Çàïèøåìî ôóíêöi¨ φ2k+1(z) ó âèãëÿäi

φ2k+1(z) = ψ2k+1(z) + θ2k+1(z),

äå ψ2k+1(z) � ïàðíà, à θ2k+1(z) � íåïàðíà
ôóíêöi¨ ç ïðîñòîðó AR, k = 0, 1, . . .. Òîäi (5)
íàáóäå âèãëÿäó

ψ2k+1(z)+ θ2k+1(z)−ψ2k+1(−z)− θ2k+1(−z) =

= 2zg2k(z
2).

Çâiäñè îòðèìó¹ìî, ùî θ2k+1(z) = zg2k(z
2)

ïðè |z| < R i ψ2k+1(z) � äîâiëüíi ïàðíi
ôóíêöi¨ ç ïðîñòîðó AR, k = 0, 1, . . .. Òîäi
çà äîâåäåíèì âèùå òâåðäæåííÿì ìà¹ìî, ùî
ψ2k+1(z) = g2k+1(z

2), äå g2k+1(t) � äåÿêi ôóí-
êöi¨ ç ïðîñòîðó AR2 , k = 0, 1, . . .. Òàêèì ÷è-
íîì, ìè îäåðæàëè, ùî

φ2k+1(z) = g2k+1(z
2) + zg2k(z

2), (6)

i
φ2k(z) = g2k(z

2), (7)

äå k = 0, 1, . . ..

Íàãàäà¹ìî êàíîíi÷íå çîáðàæåííÿ ëiíié-
íèõ íåïåðåðâíèõ îïåðàòîðiâ T : AR1 −→ AR2

[15]. Äëÿ òîãî, ùîá îïåðàòîð T ëiíiéíî i íå-
ïåðåðâíî äiÿâ ç AR1 â AR2 íåîáõiäíî i äîñòà-
òíüî, ùîá T çîáðàæàâñÿ ó âèãëÿäi

(Tf)(z) =
∞∑
n=0

fnφn(z), (8)

äå f(z) =
∞∑
n=0

fnz
n ∈ AR1 , à (φn(z))

∞
n=0 � ïî-

ñëiäîâíiñòü ôóíêöié ç ïðîñòîðó AR2 , ÿêà çà-
äîâîëüíÿ¹ óìîâó

∀r2 < R2 ∃r1 < R1 ∃C > 0 ∀n = 0, 1, . . . :

||φn||r2 ≤ Crn1 . (9)

Ïðè öüîìó φn(z) = Tzn, n = 0, 1, . . .. Óìîâà
(9) íàçèâà¹òüñÿ óìîâîþ íåïåðåðâíîñòi ëiíié-
íîãî îïåðàòîðà T : AR1 → AR2 .

Ïîêàæåìî, ùî ç óìîâè íåïåðåðâíîñòi äëÿ
ïîñëiäîâíîñòi ôóíêöié (φn(z))

∞
n=0 ó ïðîñòîði

AR âèïëèâà¹ àíàëîãi÷íà óìîâà äëÿ ïîñëiäîâ-
íîñòi ôóíêöié (gn(z))

∞
n=0 ç R1 = R òà R2 =

R2. Îñêiëüêè çà äîïóùåííÿì T � ëiíiéíèé
íåïåðåðâíèé îïåðàòîð ÿêèé äi¹ â ïðîñòîði
AR, òî óìîâà (9) âèêîíó¹òüñÿ ç R1 = R2 = R.
Âèáåðåìî äîâiëüíå äîäàòí¹ r2 < R2. Ïîçíà-
÷èìî r′2 =

√
r2 < R. Òîäi äëÿ ÷èñëà r′2 =

√
r2

çà óìîâîþ (9) ïðè R1 = R2 = R äëÿ ïîñëi-
äîâíîñòi ôóíêöié (φn(z))

∞
n=0 iñíóþòü ÷èñëî

r1 < R i ñòàëà C > 0 òàêi òàêi, ùî

||φn||r′2 ≤ Crn1 , n = 0, 1, 2, . . . .

Çîêðåìà,

||φ2k||r′2 ≤ Cr2k1 , ||φ2k+1||r′2 ≤ Cr2k+1
1 ,

k = 0, 1, . . .. Òîäi âèêîðèñòîâóþ÷è (6) i (7),
ìàòèìåìî

||g2k||r2 = max
|t|≤r2

|g2k(t)| = max
|z2|≤r2

|g2k(z2)| =

= max
|z|≤√

r2
|φ2k(z)| = ||φ2k||√r2 = ||φ2k||r′2 ≤ Cr2k1 .

Òàêèì ÷èíîì,

||g2k||r2 ≤ Cr2k1 , k = 0, 1, . . . (10)

Çíîâó âèêîðèñòîâóþ÷è (6) i (7), îòðèìà¹ìî

||g2k+1||r2 = max
|t|≤r2

|g2k+1(t)| =
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max
|z2|≤r2

|g2k+1(z
2)| = max

|z|≤√
r2
|φ2k+1(z)−zφ2k(z)| ≤

≤ max
|z|≤r′2

|φ2k+1(z)|+max
|z|≤r′2

(|z||φ2k(z)|) ≤

≤ Cr2k+1
1 + r′2Cr

2k
1 =

(
C + C

r′2
r1

)
r2k+1
1 .

Òàêèì ÷èíîì,

||g2k+1||r2 ≤
(
C + C

r′2
r1

)
r2k+1
1 . (11)

ßêùî ïîçíà÷èòè C ′ = C + C
r′2
r1
, òî ç (10)

i (11) âèïëèâà¹, ùî ||gn||r2 ≤ C ′rn1 , n =
0, 1, . . .. Òàêèì ÷èíîì, ïîñëiäîâíiñòü ôóí-
êöié (gn(z))

∞
n=0 ç ïðîñòîðó AR2 äiéñíî çàäî-

âîëüíÿ¹ óìîâó íåïåðåðâíîñòi (9) äëÿ R1 = R
i R2 = R2. Òîìó çà òåîðåìîþ ïðî êàíîíi-
÷íèé âèãëÿä ëiíiéíèõ íåïåðåðâíèõ îïåðàòî-
ðiâ îäåðæó¹ìî, ùî iñíó¹ ëiíiéíèé íåïåðåðâ-
íèé îïåðàòîð A : AR −→ AR2 äëÿ ÿêîãî

Azn = gn(z), n = 0, 1, . . . .

Ïðè öüîìó äëÿ äîâiëüíî¨ ôóíêöi¨ f(z) =
∞∑
n=0

fnz
n ∈ AR, ìà¹ìî (Af)(z) =

∞∑
n=0

fngn(z).

Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f(z) =
∞∑
n=0

fnz
n ∈

AR îòðèìó¹ìî

(Tf)(z) =
∞∑
n=0

fnφn(z) =
∞∑
k=0

f2kφ2k(z)+

+
∞∑
k=0

f2k+1φ2k+1(z) =
∞∑
k=0

f2kg2k(z
2)+

+
∞∑
k=0

f2k+1

(
g2k+1(z

2) + zg2k(z
2)
)
=

=
∞∑
n=0

fngn(z
2) + z

∞∑
k=0

f2k+1g2k(z
2).

×åðåç K ïîçíà÷èìî îïåðàòîð êîìïîçèöi¨,
ÿêèé äi¹ ç ïðîñòîðó AR2 ó ïðîñòið AR çà ïðà-
âèëîì

(Kg)(z) = g(z2).

Òîäi
∞∑
n=0

fngn(z
2) = (KAf)(z)

i

z
∞∑
k=0

f2k+1g2k(z
2) =

(z
2
KAPf

)
(z).

Òàêèì ÷èíîì, îäåðæó¹ìî, ùî (Tf)(z) =
(KAf)(z) + 1

2
(UzKAPf)(z) ïðè |z| < R, äå

Uz � îïåðàòîð ìíîæåííÿ íà z. Îòæå,

T = KA+
1

2
UzKAP. (12)

Òàêèì ÷èíîì, ìè äîâåëè íåîáõiäíiñòü óìîâ
íàñòóïíî¨ òåîðåìè.
Òåîðåìà. Äëÿ òîãî, ùîá T íàëåæàâ äî

êëàñó L(AR) i áóâ ïåðåñòàâíèì ç îïåðàòî-
ðîì P , íåîáõiäíî i äîñòàòíüî, ùîá âií çî-
áðàæàâñÿ ó âèãëÿäi (12), äå A � äîâiëüíèé
îïåðàòîð ç êëàñó L(AR, AR2).
Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé A �

äîâiëüíèé îïåðàòîð ç êëàñó L(AR, AR2). Òî-
äi ôîðìóëîþ (12) âèçíà÷à¹òüñÿ îïåðàòîð T ,
ÿêèé íàëåæèòü ìíîæèíi L(AR). Çàëèøèëîñÿ
ïåðåâiðèòè, ùî T ïåðåñòàâíèé ç P . Ïîçíà÷è-
ìî gn(z) = Azn, n = 0, 1, . . .. Îñêiëüêè

(PT )(z2n) = (PKA+
1

2
PUzKAP )(z

2n) = 0;

(PT )(z2n+1) = (PKA+
1

2
PUzKAP )(z

2n+1) =

= (PKA)(z2n+1) + (PUzKA)(z
2n) =

= (PUzKg2n)(z) = P (z(g2n(z
2)) = 2g2n(z

2);

(TP )(z2n) = (KAP +
1

2
UzKAP

2)(z2n) = 0;

(TP )(z2n+1) = (KAP +
1

2
UzKAP

2)(z2n+1) =

= (2KA)(z2n) +

(
1

2
UzKAP

)
(z2n) =

= (2Kg2n)(z) = 2g2n(z
2),

òî âèêîíó¹òüñÿ ðiâíiñòü (PT )(zn) =
(TP )(zn), n = 0, 1, . . .. Âèêîðèñòîâóþ÷è
ëiíiéíiñòü òà íåïåðåðâíiñòü îïåðàòîðiâ P
òà T íà ïðîñòîði AR çâiäñè âèïëèâà¹, ùî
îïåðàòîðè P òà T ¹ ïåðåñòàâíèìè â AR.
Òåîðåìà äîâåäåíà.

ßêùî A � äîâiëüíèé îïåðàòîð ç êëàñó
L(AR, AR2), òî ôîðìóëîþ B = KA îïèñó-
¹òüñÿ çàãàëüíèé âèãëÿä îïåðàòîðiâ, ÿêi äi-
þòü ç ïðîñòîðó AR â A(0)

R , äå A(0)
R � ïiäïðî-

ñòið ïðîñòîðó AR, ÿêèé ñêëàäà¹òüñÿ ç óñiõ
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ïàðíèõ ôóíêöié ïðîñòîðó AR. Òîìó ¹ ïðà-
âèëüíèì íàñòóïíå òâåðäæåííÿ.
Íàñëiäîê. Äëÿ òîãî, ùîá T íàëåæàâ äî

êëàñó L(AR) i áóâ ïåðåñòàâíèì ç îïåðàòî-
ðîì P , íåîáõiäíî i äîñòàòíüî, ùîá âií çî-
áðàæàâñÿ ó âèãëÿäi

T = B +
1

2
UzBP,

äå B � äîâiëüíèé îïåðàòîð ç êëàñó ç êëàñó

L(AR, A
(0)
R ).
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