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JIbBiBCHKUMII HaIlOHATBHNN YHIBepcuTeT iMeHi IBana Ppanka

HEOBXI/IHI YMOBU OIITUMAJIBHOCTI B 3A/IAYI OIITUMAJIBHOT' O
KEPYBAHHS HAIIIBJIIHIMTHOIO C'IIIEPBOJIIYHOIK CUCTEMOIO 3
HEJIOKAJIbHVMU KPAVNOBUMUNU YMOBAMM I HECKIHYEHHIM
IFOPU30OHTOM IIJIAHYBAHHA

HInsxoM BUKOPHUCTAHHS PE3YABTATIB aDCTPAKTHOI TEOPil ONTUMAIBLHOTO KEPYBAHHS Ta Teopil

rinepboiYHIX CUCTEM HAMIBJIHIHHUX DPIBHSAHB, BUBEIEHO HEOOXITHI yMOBM ONTHMAJILHOCTI 3a/1a4i
ONTUMAJIHHOIO KEPYBAHHA HAIMBIIHIHHOI TimepOOiIHOI0 CHCTEMOIO 3 HEJIOKAJIHLHUMHA KPaHOBUMM

YMOBaMH i HECKIHYeHHIM TOPU30HTOM ILIAHYBAHHS.

By using the results of the abstract optimal control theory and the theory of semilinear
hyperbolic equations we establish necessary conditions for optimality in the problem of optimal
control of semilinear hyperbolic system with nonlocal boundary conditions and infinite planning

horizon.

1. Beryn. Cepe Bei€l pisHOMaHITHOCTI MO-
Jiesieit GIOJIOTIYHUX MOIYJISIii BaKJIUBe Mi-
cIle 3aiiMaloTh MOJei, CTPYKTYypOBaHi 3a Bi-
KOM abo po3MipoMm cBOIX iHauBiayywmiB. Ta-
KUM MOJIE/ISIM LpUTAMaHHI BUKOPUCTAHHS Te-
opil audepeHiajbHUX PIBHSIHD 3 YACTUHHUMUI
MOXITHUMHU TIEPIIOTO TOPSIKY Ta IHTerpaJib-
HUX PIBHSIHB, K1 BUKOPUCTOBYIOTHCS /I Bij-
oOpazKeHHsI 3aJIe2KHOCTI MizK ITapaMeTpaMu Io-
My, TAKUMH K HApPOKYBAHICTH 1 CMep-
THICTH, BiK, YUCETBHICTD, CTA i PO3BUTKY iH-
nuBiayymiB. OJiHI€I0 3 TaKUX Mojeseil € Jii-
miitna moxens Mak Kemapika abo BiKOBa MO-
sesib Jlorka-@oepcrepa, eBoJoniiine piBHSIHHS
SAKUX Mae BurIsiy |1,2]

ox(t,7)  Ox(t,T) B
at + 87— - /,L(t, T)m(t77-)7

t €[0,+00), T €[0,A],

ge x(t, T) — MUIBHICTH HOIYJISIIT, PO3HOILIEHOT
3a BIKOM, IO MMPEJICTABRISIE KIJIBKICTh IHANBITY-
yMiB nomyistiiii Biky 7 B MomenT uacy t, u(t, 1)
— piBeHb CMEPTHOCTI 0Ci0 BIKY 7 B MOMEHT Jacy
t, A — MakcHMaJIbHO MOKJIUBHIi BiK iHIUBIIY-
yMma. [louaTkoBuii po3moia ocib momyasiti 3a
BIKOM BBasKa€ThCS BiIOMUM

z(0,7) = o(1), T € [0, Al.

a 3arajbHa KLIbKICTbh HOBOHAPO/ZKEHUX B MO-

MEeHT 4acy { BU3HAYAETHCS CITIBBITHOMTEHHIMH

A
x(t,0) = /m(t,T)x(t,T)dT, t €A, +00),

x(t,0) =

t

m(t,t —1)p(t — T)dT+

:L\o

+/m(t,7‘)x(t,7‘)d7‘, t €0, 4],

Jie uepes m(t, 7) no3HaueHo KoedinieHT Hapo-
JIZKYBAHOCTI, SIKUI BiJIoOpazKae CepeJIHI0 Kib-
KiCTh HOBOHAPOJYKEHWX BiJ| OJIHOTO iHUBIIYY-
Ma BiKy 7 B MoMmeHT dacy t. Ocobu, sKi Jar0Th
IOTOMCTBO B MOMEHT 4Yacy ¢ po30HBAIOTHCA Ha
JIBI Tpyniu: ocoOu, K1 NPUXOJATD B IOIMYJIATIIIO
3 "moicropuunoro nepioxy” [t — A,0] 3 cBoiM
posnomisiom ¢(7) i THX 0ci6, SKi HAPOIKYIO-
ThCst B nepiog vacy [0, ).

Bapto 3a3naunTn, 1mo yci mapaMeTpu B aHaA-
JIOTIYHUX JI0 BUIIE ONUCAHUX MOJeJeil € HeJli-
HIfTHEMH, a 3aJe3KHOCTI CKJAaJHuMu. 1g npu-
KJIaJTy, HaBeJIeMO BUTJIST €BOTIOMIHHOTO PiBHS-
HHS Y BUIIQJIKY MOJIEJI 3 BIKOBOIO CTPYKTYPOIO

ISSN 2309-4001. Byxosuncokut momemamuunul ocyprans. 2016. — T. 4, N 1-2. 53



1 BHYTPIITHHOBUIOBOIO KOHKY PEHITIEIO

Ox(t, T) N Ox(t,7)
ot or

A

u(t,7)+/b(7, s)x(t,s)ds| z(t, 1),

0
t € [0, +00), € [0, A],

Tyt b(T,S) — cMepTHICTH 0COOMH BIKY T, sKa
cupudnHeHa ocobamu BikKy & (iHTEHCHBHICTDH
BHYTPIlIHBOBHIOBOI KOHKYDEHIIIi ).

Teopig onTUMaTLHOTO KepYyBaHHSA 1 ONTUMI-
3amii TiCHO MOB’d3aHa 3 MOIETIOBAHHAM Oio-
Jloridnux nomyJsisiiit. QyHKIil KepyBaHHs BBO-
JATHCA B TMONYJAAIIRHUX MOJEJAX JIJIS BUPi-
MIEHHs JIeIKUX NMPUKJIQJHUX 3a/1a9, TAKUX, SK
parionajbHe BUKOPUCTAHHS PECypciB, Miadip
BHJIiB, 300py, MoudiKallisa CiTbCbKOTOCIOIaP-
CbKUX KYJBTYP, 3aXUCT BU/IB TOMIO. Eremen-
TH KepyBaHHS MOXKYTb OyTH CTPYKTYpOBaHi 3a
BiKOM abo po3MipoM, 3aJiezkKaTu Bij dacy, Oy-
T OIHO- abo OararoBuMipHuMH. lIpuxiaamom
3a/ia4l ONTUMAJILHOI'O KEPYBaHHS JIjIs 3ra/la-
HUX BHIIE MOJIe/Iell CTPYKTYPOBAHUX 3a BIKOM
€ HACTyIHA 3a/la4a ONTUMAJIbHOIO KepYyBaHHS
3 KEPOBAHOIO CMEPTHICTIO

+o0o A

max/e—” /C(t,T)u(t,T)dT — k(t)p(t) |dt,

u7p7x
0 0

axgt, ™) + 8:16215;7') = —pu(t,7)x(t,7) —u(t, ),

gu(tﬂ—) gumamo <p(t) gpmaxax@ﬂ—) = 0,
z(0,7) = xo(7), T €0, Al
x(t,0) = p(t), t € [0, +00),

Jie ' — piBeHb JUCKOHTYBaHHd, ¢(t, T) — pUHKO-
Ba BapTiCTh OJIHIET OJMHUII BILIMBY Ha CMep-
THiCTB, P(t) — BApTICTH BBEJCHHS B NOIYJ/Is-
IIIF0 OJHOT'O HOBOIO iH MBI AyyMa. Bijgznadaumo,
KpaiioBoi yMOBM B 3ajJadaxX ONTUMaJIbHOTO Ke-
pyBaHHd MOxKe OyTH OLIbII CKJIaJIHEMHU, Ha-
IPUKJIJ, KpaiioBa yMOBa MOxKe OyTH He JIO-
KaJbHOW (IHTerpaabHOW), gK y Mojesi Maxk
Kennapika. docaimKeHHa 3aJad ONTHMAJILHO-
ro KepyBaHHS s TMOMYIAMITHAX Moaeneil He
3BOAUTHCA /IO JIHIAHUX 3a/a4 OLUTUMAJIbHOI'O

0

54

w7p7a:7E

KepyBaHHs. [IpuKIagI0M TIBOTO € CTPYKTYpPO-
BaHa 3a PO3MIpPOM y3araJbHeHa HeJliHifiHa MO-
siesib Laprina — Mak Kawmi

+o0o lm

/e’"t / ot Dt Dt Ddl — k(Op(t)|dt,

0 lo

max

Ox(t,1) | Dlg(E(t), Da(t,1)]
ot ol
—u(E(), Da(t, 1) — w(t, 1),

I

/ (Dl 1L,

lo

0 < U)(t, 7-) < Wmaz 0 p(t) < Pmax>
z(0,0) = xo(1), T € [lo, lm),
g(E(t),lo)x(t,lo) = p(t), t € [0,+00).

Heiniftnicts mapamerpis 6i0J0ri9HUX T10-
IyJISIIi Ta CKIaAHICTD HeTIHIAHNX 3B’ 43KiB He
JIO3BOJIsIE TOOY/IyBaTH 3arajibHy MOJIE/b st
JIOCJTIIZKeHHS THUTAaHHA KEePOBAHOCTI MOy IS-
€0 3 BIKOBOIO CTPYKTYPOIO UM TOMYSIIEI0
CTPYKTYPOBAHOIO 3a PO3MIpOM 11 IHAUBIIYY-
MiB.

O6’ekToM gociazkenHs 1iel poborn € 3a-
Jadl ONTUMAJIbHOTO KepYBaHHS /IS HAITIBJIi-
HIHHIX TinepOoTiYHIX CHCTEM IIePIIOTo IOPSII-
Ky 3 HEJOKAJTbHUMH KpPailOBUMU YMOBaMH, IO
MEeBHUM YWHOM Y3araTbHIOE BUITEHABEIECHI MO-
sieqii. KepyBantst eBOJIIOIIHUM 1IPOIECOM, 11O
OIMCYETHCS HAIIBJIHIITHOIO CUCTEMOIO Titepbo-
JIIMHUX PIBHSHB Bi/IOYBAa€ThCs B KpailoBUX 1 10~
JaTKOBUX YMOBaX, MO MLIKOM BiIMOBITA€ MO-
JKJIUBOCTI KepyBaTH PiBHEM HapOIZKYBAHOCTI
Y¥ IOYATKOBHM PO3IOJIIIOM 33 BIKOM 1HIWBi-
ayymiB B Mmozeni Mak Kenapika.

Y poboTi BUKOPpHCTAHO HECTAH/IAPTHY CJIa0-
Ky Bapialiio, $Ka J03BOJII€E YHUKHYTH Ha-
KJIQJIaHHA J0/IaTKOBUX HEJiHIfTHUX aJireOpai-
YHUX 0OMeyKeHb Ha KepyBaHHS 1 CTaH CUCTEMH.
[[IngxoM BUKOpHCTaHHSA pe3y/bTaTiB abCTpa-
KTHOI Teopil ONTHMAJIbHOTO KepYBAaHHSI OJep-
JKaHO HeoOXiTHI yMOBH ONTHMAaJbHOCTI. JIs
AKX MOYKHA BUKOPUCTATU YHCETbHI METOIN
Hasejeni B pobori [1].

E(?)

<

~
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2. ®opmymaoBanHg 3agadqi. Eosornig
Jesikoro n-pumipuoro nponecy y = y(z,t) B
neobmezkeniit misemysi (x,t) € II = (0,1) x
(0, +00) onuCy€eTHCs BUPOJIZKEHOKO HAIIBJIIHI-
HOIO CUCTEMOIO TrinepOo/IiYHUX PIBHSHD MEPIO-
ro MOPAIKY

Oy;(x,t) Oyi(w,t)
WD ey 2D )

= fily(z,t), z(x, 1), x,t), i € Iy,
Oyi(z,t)
ot

0yi(z,t)
ox

:fi(y(x,t),Z(C(/’,t),J,’?t), S Im27

(2)

(3)

:fi(y<x7t)az(x7t)ax7t)a (S Im37

s7(t)

zi(w, tiy) = | gi(y(s,t),x,t,s)ds,  (4)

s; (1)

i € Iy, U Ly U Ly,

=m; (j =1,2,3), y: Il - R"
— BekTOp-DyHKIis po3R’sizky, A; ¢ II = R, f; :
R™ xII - R, ¢g:R*"xII - R,z : R" x
IT — R — meniniitai ¢ynkmii. be3 odoMexkenns
3araJIbHOCTI, TPUITYCTUMO, IO JJs BCiX ¢ € [,
dbynxuii A\; = \;(x,t) npuiimators gogarni abo
Bix €MHI 3HaYEHHSI.

ae card(Iy,)

Posrnanemo muoxknun: I = I, U1, U1,
Iy = {i € InN(z,t) > 0, (z,t) € IO},
I = {i € LNz, t) < 0, (x,t) € II},
ne card(I) = n, card(ly) = mo, card(l}) =
m1 — myg. TobTo, 6e3 0OMeKeHHST 3araJhbHOCTI,
ngist (1) 6ymemo BBazkaTH, 10 mepriri mg GyH-
Kuiit \;(z,t) € nogaruivu, a inmm (my — mg) —
Bix emHi.

[losnaunmo wepes U — mpocTip Kepy-
BaHb, dAKHil CKJIAQJAETbCI 3 HelIepepBHO-
mudepenniiiopanx Ha [0,1] BekTOp-hyHKIIIT
u= (u(z),uMt),u?t),u®(t)), Taxux, mo
nna xomnaktis UF (k€ {1,2,3}): u® : R, —
Uk, U CcR™,r, e N, u® :[0,]] - U°, U°C
Rro’ To € N.

st cucremu (1)—(3) 3amamo HemiHiiii mo-
YaTKOBI Ta HeJOKaJbHI KpaitOBl yMOBH:

yi('I?O):y?(u(O)(x)?‘x)v LS [07”7 7’¢ Ly, (5)
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yi(0,8) = 47 (yi(5,O)jgn,g uV (), 5,)ds, (6)
5; (1)
teR., icl,
s7(t)
yl(l7t) = PYzl(y] (Svt)1¢fm37u(2)(s)7 87t>d3> (7)

teRy, i€ L,

Tyru€U; 3 : UD x[0,1] = R"(i & I,,), 1) :
R*™™s x Ul x II — R (i € Iy), 7} : R*™™ x
U2xIT—=R(@ie€l), 2 : R x U3 xII —
R (i € I,,); 57,57 € C[0;4+00) — dyukii, mo
3a/10BOJBHAIOTH yMOBY: Vi € Ry 0 < sl(t) <
si(t)<IlViel.

Hexaii nijiboBuit (pyHKIionas Ma€ BUIJIs/L

() = / / Gyl t), . t)dedt,  (9)

e G : R" x II — II, mpuuomy 1s byHKIIA €
BuMipHOIO Ha [0, +00) s J0BLIbHOT (DYHKIII
y 3 mpocTopy Q, akuii BBeeHo HImKYe. OTKe,
HOTPIOHO JIOC/IIIUTH 3a/1a9y

min J(u), (10)

uel
Jie MiHiMyM 6epeThbes 10 THX U € U, I TKUX
icHye enWHUIl y3roJzKeHHit PO3B’SI30K 3aaadi
(1)—(5) B cenci HaBeJEHOrO HUKYE O3HAYCHHSL.
3. IcuyBaHHd Ta €AWHICTH PO3B’A3KY
3amadi (1) — (5). Hexail BUKOHYIOTBCs yMO-
BU:

A1)\, € C) N Lip,(Il) Vi € I,
sup [ \i(, t)| < +o0;
ieITVL17
(x,t)eTT

A2) f; € C(R2 x TI)N Lip, (R x T) Vi € I,
sup |fily, z,z,t)] e” " < +00;
iel,
(y,z,:r,t)eeRQ”xn

95



A3) 40 € C(U° x [0,1]) Vi & I,; V(1) jer,e v (), 2,1) =

A4) 1) € C(R"™™s x U' x II) N Lip, (R"™™s x = Y4 (y; (2, ) j¢1,5, T, 1), 0 € I
Ul x H) 1€ ]0,
su 0y, uM t)| e~ < 400,
sup [0y, u®, 1) 2y, s 1O (a), 0, 1) =

(y,uD 2,t) R~ ™3 x U xTI

~0 .
_ — 30y, ) sar o), 0 € L.
L€ C(R™™s x U? x TT) N Lip, (R™™* x Vi (U5 (@ ) gt 1), 8 € Iy

U? x 1) i € I, Hexait L y3aranbaena craja Jlinmuams ais
.Squ |7§ (¥, U(Q)at)’ e™ < +00; yeix BEXIAHUX JAHHX 33 3MIHHOIO ¥, TOJI, Ha-
€1y, -

(y,u@),x,t)elwl*me?xﬁ npukial, as ynkuii f; = fi(y, @) — e

,.YZO c O(Rn_mS % U3 % ﬁ) N Ll'py<]Rn—m3 % O3HaYaTUME BUKOHAHHA YMOBHU

U2 x 1) i € I, 1 2 1_ 2
e % ,Z’,t — Ji ,Q?,t nga Y,
sup |70 (y, ul®, )| e < +oo; 2, 8) = fily" @ D < Lmaxcly; =51

i€l
(yu® 2,6) R x U3 XTI vyl y? € R™ Y(z,t) €I,
A5) u®) € (C(R)™ ke {1,2,3}, a A crana, mo o0MexKye BJIACHI 3HAYEHHs Xa-
u® € (C[o,1)™. pakrepuctuunoi Mmarputi cucremu (1) 3a abeo-
Posrisnemo mpoctip Usg C U, erementavu HOTHOIO BETITTHHOIO
SIKOT'O € Habopu KepyBaHb u € U, 110 3a/10- A= sup |\(z,1)].
BOJIBHSIOTH YMOBH: i¢Ims,
(k) - (z,t) el
u™ e (CR4))™ (k€ {1,2,3}),
u© ¢ (clo, ) ; Ha muoxknni 11 myig @ € I susnaanMo dyH-
KITiT
Vi€ Iy : y2(u'?(0),0) = ePrat e [yU Iy,
52(0) ai(z, tia,p,e) = epll=o=at 4
gemPrat e .
= 7?(y?(u(0)(3)73)j¢1m37u (s),s,())ds, ?
s1(0) 3 BUOpaHUMU IIapaMeTPaMu d, P Ta €:
= 16L;
Vi I W), 0) = !
57(0)
= [ WU (5),8) g1, u?(5), 5,0)ds; 1 1 1 1
£ = —min , T =0
s1(0) L AL+ 3 8lL(1+5) 8Le?r
vte R, - u®(t) € U* (k€ {1,2,3)), )
0 0 32¢" L% 32¢% L3
Ve e [0,]]: ux)eU a = max < pA, , :
€ €
e Y = (Y15 Y5s s Yn)-
JIg JOBLILHOTO esieMenTa u € U,y, o3Ha- [Tosnaunmo depes = ;(T;2,t) po3B’a-
il ; P wi(T;2,1) p
JHMO: 30KH 3a0a4 Korri
04,(0) = ° 2 A d
: (u (a:)’x) ! (w)’ " [O’l]’ Zgé " %:)\Agﬂ_), £|q—:t:$, ’iEIml
’y?(yj(x,t)jgzlm,u(l)(x),x,t) = Ta d§
= ’:)V/?(yj($,t)j¢[m3,x,t), i € lo; E =0, §|T=t =z, 1€ [mza
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AKI HA3UBATUMEMO XapaKTePUCTUKAMHI CHCTe-
mu (1)—(2).

s (3) Biamosigna xapakrepucruka 7 = t
€ po3B’sa3KkoM 3ajaqi Korri

dr
ds
Hexait x;(z,t), v;(x,t) Toukn mepeTuny xapa-
krepuctuk cucremu (1)—(3) 3 mexero obacti
I, mpuaomy x;(z,t) < vi(z,t), i € 1. 3a3na-
aumo, mo v;(z,t) = 400 aius i € Iy,.
it 3pydHOCTI  BBEJIEMO  I[TO3HAYEHHS,
JUI  3HAYEHHs PO3B’&3Ky Ha  XapakTre-
puctuii  y(@;(T;z,t),7) 1 dyHki  3ame-
JKHOI BiJI pO3B’d3Ky Ha XapaKTepHUCTHII
F(ilr; 2, 8), 7). il 0, 8),7)  macTymma
oM y[oi(7)] Ta flylei(7)]], Bianosiamo.
VBeemo ob61acTi:

Hi = {(l’,t) S ﬁ’ Xz(l’,t) = 0}7 i ¢ [ms;
0 = {(x,1) € TT| @il ); 2,6) = 0} , i € I
I = {(z,t) € O] pi(xi(, t);2,1) =1}, i € L.

[IpoiarerpyBasmm  (1)—(3) B31OBK Xa-
PAKTEPUCTUK, OJEPKUMO CHUCTEMYy IHTErpo-
OTIEPATOPHUX PIBHAHD

=0, 7|, =t i€l,.

‘E:I

yi<x7t) :%i[y](l’,t)—f‘ (11)
T / Sl ()], 2losr), @ul(r), )i Lo,
)

Xi(z,t

yilw,t) =37 (t)+ (12)

+/fi(y(s,t),z(s,t),s,t)ds, i € Iy,
0

ae, N[yl (z,t) = v (p(0; 2, 1)), (2,t) € TI' s
Beix i@ & In,; amagoriuno R;lyl(x,t) =
SZZ(Xi(Ivt))

[ 0yt 01( )
Sealt)
(x,t) € I}y nns i
s2(xi(w,t))

[ k(s x5 v )

s;0a(@)
(x,t) € I} pz @ € 1.

€ Iy, Rilyl(z,t) =

Poarngnemo MeTpuunmii npoctTip

Q= {y e ()" n (B())

yi<90i<'; Z, t)a ) € AC [Xi(xv t)v Vi(xv t)] )
i€l, (z,t)ell},

"

ne B(II) — mpocrip obmekenux byHKIN Ha
muOzmHI 11 3a HopMoio pocTopy Q, a 4epes
AC [xi(z,t),v(x, 1)) no3navarumemo npocrip
abCOJIFOTHO HenepepBHUX (DYHKINH HA MHOXKH-
i [x;(z,t), vi(z,t)) (TyT uig ) posymiTumemo )
abo | BIAMOBIAHO 10 TOTO, MpHiiMae Ym He npu-
fiMae v; 3HAYEHHS +00).

Ozuauennd. [1id ysazasvhenum po3s’as-
kom 3adawi (1)—(5), wo eidnosidac nabopy ke-
pysard u € Uyq, 6ydemo posymimu eexmop-
Pynruito y = (Y1,Y2, -, Yn) € Q, KOMNOHEH-
mu AK0i 3a0080AbHAIOMD CUCTNEMY IHMEZPO-
onepamopruz pisnans (11)—(12) 6 I1.

[ITo6 nigkpec/j T 3a/I€XKHICTh PO3B’SA3KY
3a/a4i BiJl He3aJIe2KHUX 3MIHHUX OYy/IeMO BIKHU-
BaTu no3HadeHus y = y(x,t;u), abo y = y(u),
KOJIH IOTPiOHO HiIKPECIUTH 3a/1e2KHICTD Ti/b-
KW BiJT KEpyBaHHSI.

Teopema 1. Hrxuwo sukonyromoves ymosu.:

1) A1) - A5);
2) yMosu no200rHCEHHA HYAbOBO20 NOPAIKY
2(0)
/ OO (s), ), u(s), 5,0)ds =
57(0)
= 7 (u(9(0),0) i € I,

57(0)

[ A0 6), 9. a6, 5,0)ds =
5 (0)
=40 (@W(1),0) i € L.

Todi icnye edunutd ysazarvrenuti pPo3e’A30K
3adawi (1)—(5).

HoBenenns. Ha enementax npocropy Q
BusHaduMo Merpiky po(y', y°) = [y — ¥*[la,
sIKa, TOPOJIZKeHa HOPMOIO

HyHa: SUIp |yi($7t)’ai($at;aap7€)
1€,
(z,t)€ll

ISSN 2309-4001. Byxosuncokut momemamuunul ocyprans. 2016. — T. 4, N 1-2. 57



Ta HeJIHIHHAN

.A: (Al,A27...
Aily)(z,t) = Rily) (=, )+

BEKTOP-OIIEPATOD
, Ay,) Takwuii, mo

4 / Flyloim), 2lpu(r)dr,i ¢ Iy,
)

xi(@,t
Aily)(a,t) = 37 (t)+

+/fi(y(87t),Z(S,t),S,t)ds, i € I,
0

BaszHaunmo, 110 BBeAeHuit npoctip Q € mos-
HU, JOBEJEHHsI MMOBHOTH IHOT'O TPOCTOPY 3
HE3HAYHWUMHU 3MiHAMH TIOBTOPIOE JIOBEJICHHS
HOBHOTH MPOCTOPY HENEePepBHUX i 0OMerKeHIX
byHKIIH Ha HeOOMeKeHili MHOXKHHI 3 piBHO-
MIPDHOIO METPHUKOIO, dKe B CBOIO Yepry € y3a-
raJbHEeHHIM MOBHOTU MTPOCTOPY HelepepBHUX
dyHKIiil HAa 0OMexKeHift MHOXKUHI 3 PIBHOMIp-
HOIO METPHKOIO.

Orxke BiammyKaHHsT y3araJbHEHOTO PO3B’si3-
Ky 3ajgadi (1)—(5) 3BoanTHCS 10 BiANTyKAaHHS
HepyxoMoi Touku omepatopa A B mpocropi Q.
BukopucroBytoun Teopemy banaxa mpo cTu-
CKyIoue BioOparkeHHsI, BCTAHOBHMO iCHYBaH-
Hd Ta €IUHICTb HEPYXOMOI TOYKH ONepaTopa
A.

Bizbmemo j1oBiIbHI jBa  Pi3HI  ejieMeHTH
yt, 1% 3 mpoctopy Q. Tozi B 1aHOMY IIPOCTOPI,
JIJIS BCIX JIOMYCTUMUAX %, T, t CIIPABIZKYEThCS

‘yzl(xv t) - y?(x, t)l gpa(yla yQ)O[i_l(xv L a,p, 5)‘
3 Busnauenust Y;(r,t), JErko orpumaru
ominkn [2]:
Xi(z,t) <t —x/A, 1 € I;
Xi(z,t) <t—(I—2x)/A, i€l
s Beix @ & I,,,, cuipaBe/jiuBa OIHKA:

Rily'] (@, 1) — Ri[y?) (2, 1)] i, 0, p,€) <

57 (xi(z.t))

7 7t; s

< Lmax (2, 0,p; ) ds p %
i€ lmg, aj(S,Xi(iU,t); a, p, 5)
3Ims \st(xi(z,t))

X pa (Y, ¥°);

BpaxoBytoun momnepeaHio OIMIHKY, AT KOMIIO-
HeHT oneparopa A Maemo

[Aily'](@, 1) — Aily*) (2, )] iz, tra,p) <

s7(xi(at))
7 7t7 s
< L | max / @i, 1;0,p; ) ds+
i¢lm3’ aj($7Xi(:L‘7t);a'7pv 5)
j¢1m35i1 (Xi (x7t))

57 (1)

7 7ta )
€Iy, a;(s,t;a,p)
J¢Imzs!(t)
t
7 7t7 y D, E
+ max (1 0, p >da—|—
i€Imy, 0(s,0;a,p,¢€)
0 jel,
s,2€[0,l]
t s2(o)
(7] x,t;a, , €
+ max ( P )dsda+
iy, Qj(S,05a,p,€
0 s}(o’) Jel,
$,2€[0,l]
7 7t; )
+ | max (2,1 0, p, €) ds+

1€l Oéj(S, Xl(xa t)7 a,p, 6)
0 jel
x Sf(t)
ai('xa ta a,p, 5)

+ max dsds | pa(y*, v?).

1€lmg, Oéj(S, ta a,p, 6)

0 sl el

Hocaigumo Ha MakcuMyM (pyHKIIT B Koedi-
mieHTi crucky omeparopa A. 3 Bubopy mapa-
MeTPiB @ Ta p CIpaBeINBa HEPIBHICTH

pAmax{l,l} < a,

3 gKoi Jts Beix (z,t) € 11

57 (xi (1))
max

% 7ta y Dy € 1

/ a;(x,t;a,p,e) ds < ©

¢ Imsg, Oéj(S,Xi(x7t);a7p7€) p
JEImg s} (xi(x,t))

Ta
57 (1) z
a;(x,t;a,p,e) ceP
max — s < —,
i€1mg, a;(s,t;a,p,e) P
J¢Imz s (1)
t
: I max{1,l}/2
a;(x,t;a,p,e) eptmax{Ll}/
max do < ,
i¢lImy, j(S,07a,p,€) ae
0 jel
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t s2(o)

i t: pl max{1,l}/2
max = (z.t;0,p,¢) dsdo <€—7
iy, j(S,05a,p,€) ae

0 si(o) J€I
% 7t7 s 1
max ai(2,15a,p, ) ds < ee® + -,
i€lmy. (s, xi(z,t); a,p, €) p
0 gel
T SZZ(t)
(x,t; 1
/ max Mdsds <el(l+-).
i€lng, (s, b5 a, p,€) p
0 sty J€I

3Bijcu, i BHOpaHUX IapaMeTpiB a,p, €,

OTPUMAEMO
1
(Al Aly)) < 5paly’sy7)-

Ot:ke oneparop A € CTHCKYIOUNM Ha eJie-
MEHTaX MTOBHOTO METPHYHOIO mpocTtopy Q 3
Bubpannvu GyHKiisMu «; = o;(z,t;a,p, €) Ta
mapamMeTpamu a, p.

Towmy, 3a Teopemoro Banaxa, icuye eamna
HEPYXOMa TOYKa omeparopa A B METPHIHOMY
npocropi Q. Ilg mepyxoma ToYKa i € y3arajib-
HeHUM PO3B’s13koM 3aj1a4i (1)—(5) mpu 10BiLIBO-
MY U € Uyg.

3ayBaxkeund. Cnpasediusoro € Popmy-
A THMEZDYBAHHA YACTNUHAMUY ONA EACMEHMIE
npocmopy Q 63dosoic 6i0nosidHuL cimel Ta-
paxmepucmuk. /losedennsa ybo20 suniusac i3
nodibnozo gaxmy e [5].

4. 3amava Jginepu3saiiii. /logarkoBo Bu-
MaraTHUMeMo, I100:

B2) fi €

1€ Iy

e CLIOAR™ x TI);

Y, 2,2,
B3) g€ C,0{(R" x II), i € I;
B4) y? € Cpa(U x [0,1]), i & Ly;
B5) 7 € C 0 (R x Ut x 10), i € o;
B6) 1) € C ) (R x UP x T0), i € Iy;
B7) 4! € Cyl’i’(‘;’)oxt(R”—m?’ x U? x 10), i € I;

B8) G € C, ¢ (R* x II).

Po3rigneMo BHIAIOK KOJU KePYBAHHS CH-
cremoro (1)—(3) 3aiiicHioeMO TiIBKH 3a JI0110-
MOTI'OIO KE€EPYIO4YO0I'O BIVIMBY B IIOYaTKOBUX YMO-
BaX.

Hexait maemo pgBa jomnyctumi mporecu
{y,u} ra {y,u} ey = y+Ay, u = u-+ Au.
Toni Ay =y — y ta Au = U — u 3a10BOJIbHSI-
I0Th TaKy KpailoBy 3a1ady /s IinepOosiaHol
CHCTeMU

92u@t) o )\ o )aAyz(x D )
ot
:Ayf(ya (y), @, 1), Zelml’
Myé—?’t) = Ayfi(y,z(y),x,t), (&S ]m27 (14)
M%Z—ijrt) yfl<y7 ( ) :Cat)?i € [mS’ (15)

57 (1)
Ayzi(matSy) :/Aygi(y<3>t)7x>t7 S)dS? (16)

s; (t)
i € Ly, ULy U Ly,

Ayi(x,0) = Aug; (u(2), ),
z € [0,1], i & Ln,,

(17)

s2(t)
Ayi(0,) = / A5, 1) g1, 5. D)ds, (18)
(o
i€yt R,

Ayi(l,t) = [A :Y (yj (s, t).7¢1m37 s,t)ds, (19)
R
1€t e Ry,
57 (t)
Ayl(ov t) - Ayﬁ/?(yj(& t)j¢1m3= S, t)d87
s (t)

(20)

1€ Im3, teRy,
Je,  HAIPHKIA, yf (Y, 2(y), 2, 1) =

f(gvz(@%x?t)_ ( ( )=I> )
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[Tpupict minboBoro dyukmionany (5) mae
BULJIS

Ay J(u) = J(u) — J(u) =

//AG’ (x,t), z,t)dzdt,

AKuii, 3 ypaxysauuam (13)—(15), MoxkHa mpe-
CTABUTH SIK

://AG (z,t), z, t)dzdt+  (21)

of] v

1€1m1

<8Ayl(:c . 1) n

+)\i(x’t)myai—(xx7w_Ayfi(y,Z(y),x,t))dxdt—l—
6Ayi(x,t)
// ; il 1) (g
—Ay fily, 2(y), x t))dxdt+
aAyz(ac t)
iz
] X
_Ayfi(y,z(y%fﬁ,t))da:dt,

ne ¢ = (x,t) — BekTOp-DYHKIIS 3 TPOCTOPY

Q.
VBeaemo yHKITIT

H(¢7yaz7$at) = ZwZ(I’t)fZ(y’ z,m,t)—
i€l

_G(y7 €, t)7

Bt (2.0)g1,,, u® (), ) =
= 37 (e, 0 (WO (x), 2),

i@ Ing

W (50, 8) jere Y3 (8, ) jgpny » uM (1), 5, 1) =

_Z ¢l O t 0 t % (yj(s t)JGEImg ( )(t)’t)]li’
i€l
h?(;(1, )jefnyj(s t)jgzlmg,u(z)(t) s,t) =
—sz i(l t%(?/](s t)]éfmga (2)<t)at)]1i'
iel;

h? (wj (07 t)jel’mg ) yj<87 t)j¢fm3 ] ul® (t)v S, t) =
- Z %(07 t)Vzo(yJ(sa t>j¢1m3 ) u(3) <t>7 S, t)]Iz

i€l

ne, dbyuuis [; = I;(z, t) mae Bursn
1, € [si(t), s} (t)];

L(x,t) = { 0, z ¢ [skt),s?(t)].

Bukopucrasiu  dopmysy Teitsiopa s
dyukuii G, g Ta f, i3 3acToOCyBaHHSIM 3ayBazKe-
HHsI PO3/ILTy 3 JI0 OCTAaHHBOTO JoJaHKa B (21),
JiHeapu3yBaBIu Kpaitosi ymosu (2)—(5), oxep-
JKIMO HACTYIIHE IIPE/ICTABICHHS IIPUPOCTY IIi-
JIOBOr'O (DYHKITIOHAJTY

(9H t
Ay (u //[ way,x )Ayz(l’,t)Jr
el Yi
+ 3 (a% ) awgi’t) N, £+
1€1m,

8>\7, )
+#wi<x,t>> Ay 1)+

0 A
Y %Aym,m

i€,

+Z 6¢z

’Lelm3
l

[ 30t il )G )+

0 i§gma

yi(z, t) |+

(1,6 Ayi(l, t)dt—

+/Z¢,zt

0 i€lpy
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+/ > il (1 ) Ayi(l,1)—
0 i€lp
= il0,£)Ai(0, £) Ay (0, 1)+
i€l
+ > il ) Ay(Lt) | dt 4,
i€l
e, HAIPUKJIAI, |Ay(x,t)]| =
malx|yi(:v,t)|ai(x,t;a,p, €), depe3 1  IO-
1€

suademo  cymy  [[om(|[Ay(x,t)|)dadt i
i

oos?(t)
J [ oe(lAy(s, DI — om(||Ay(s, D)) —
0 40
ops (||Ay(s, t)[|)dsdt.

OpnepzKaHi  mepeTBOpPeHHs  JI03BOJISIOTH
chOpMYTIOBATH CHPSIZKEHY 3aJa49y I 331241
OIITUMAJIBHOI'O KEPYBAaHHA:

8)\, ZL’,t
+%wl($at> = —Hyi(%@/,x,t)"‘
2 11 13
+3(h h h )’ icl,
Oy
oY (x,t
MWL) g, e (23)
2 11 13
+3(h h h )’ el
Oy
o Hy,(Y,y,x,t), i € Iy, (24)
lt111r+n Yi(x, t)e™ =0, z €10,1], i & L, (25)
i s Beix t € Ry
il 1) =0, i € (Lg U Ly,), (26)
wl«),t) - 0, Z 6 [l, (27)

JIg KOl TIOBUHEH ICHYBATH y3araJbHeHUit
PO3B’SI30K.

3 ypaxyBauuaMm ymMoB (22)—(27) mpupict mi-
JIb0BOrO (DyHKIIOHANY HAOY/Ie BULJISILY

Ay J(u?) = (28)

!
= —/Au(mh(wj (x, 0)j¢1m3,u(0) (), z)dx +n =

0
—/Au(o)hdl’ +n.

Bagada JiHeapu3aliii y BUNAAKY KpailOBHUX
KepyIOUnX BIUIMBIB, 3 HE3HAYHUMU 3MIHAMH,
HOBTOPIOE OIMCAHUi BuUIile mpormec. AHaJIO-
riYHO MOYKHA IMOKa3aTh, 1o Kouu ¢;(x,t)—
po3B’s30k 3a1a4i (16)-(21), T

Ay J(w®) = (29)
+o00 S?(t)
_ _/ Ao hidsdt +m, i € {1,2,3),
0 s
ze i ~ of || Au®]|).

5. Po3B’ga3uicTh crps>keHol 3amadi. He-

Xall BUKOHYIOTbCS YMOBHU:

Cl) \;, €CIID) i € Iy,

3)\2 l’,t
up iumum,%7§—%}<+m;
i€lm,, Z
(z,t)€IT
C2) fi € Oy o (R xI) i € 1,
a i\Ys <, 7t
“up ’%’ <o
i,j€l, Yi
(y,2,2,t) ER?™ xTT
of; t
i,j€l, Zi

(y,2,2,t) ER?™ XTI
XiTHi € BUMIpHUMU 3a t;
C,o (R x1D) i € 1,

99;(y, z,t)
Yi

C3) g; €

sup <400 i moxiTHA €

i7jelu o
(y,x,t)ER™ XII
BUMIPHOIO 34 I;

V (w,uM 1) e R x U x Ry,

Py k00
- ms3»

8wi
j € IO7 k= 1725

C4)

V (w,u® t) e R"™ x U2 x Ry,
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8’7;(111, U,(Z), Sf(t)a t)

5o, =01i¢ In,,
jel, k=1,2;
v (w u®, 1) GR” s x U3 x Ry,
oY (> k), t
8w,
JE€ Iy, k=12
C5) G € Cj(R™ x II),
lim 2GWT) o _gyic

C6) ) e 01’1’00

e M(Rnfms x U' x 1I), i € Iy,
) (y,uV . t)

Yy

sup
i$1m3 7j€[0,
(y,uD z.t)eR" ™3 x UL xIT

<+00,

1,1,0,0
077

fyz yu(2), xt(Rn_m3 x U? x ﬁ)7 (NS Ila
8 l 7’u/(2),x’t
sup Tyt
i@ I JEL, Dy

(y,u® 2,t)eR™ ™3 x U2 XTI

1,1,0,0
u®) x,t

(R x U? x II), i €
) (y,u® .t)
dy;

% S C I,

sup < +00.
ig[’mg J€lo,

(y,u® z,t)ER™ 3 x U3 XTI

BukopucroByoun pesyabrara  pobotu |3,
chOPMYTIOEMO TEOpEeMY

Teopema 2. fHrxu0 sukoHyoOmMbCAs YMo6U:
1) C1)-C6)
2)y e Q;

Todi icuye edunutd ysazarvrenuli pPo3s’A30k
sadawi (22)-(25) (ax wenepepenul po3e’s-
30% 610N0610HOT cuCMmemMu THME2PALLHUL Pi6-
HAND ).

HoBenenns. Ymopu 1) — 6) rapanTyiorh
BuKoHaHHs yMoB [3, Teopema 2|, Tomy s
cupsizkenol 3agadai (22)—(25) ichye i eaunnii
y3araJibHeHU PO3B’A30K.

6. HeoOximHi ymMOBu OITMMAJIBHOCTI.
Bapianiiinunii anasi3z gociazkyBanol 3a1a4i (8)
3aCHOBAHMIT HA BUKOPUCTAHHI HEKJIACHIHUX
Bapiariif, g9xi 3a0e3meuyoTh TJIaJIKICTh JIOIy-
crumux Kepysaub |1|. BapiitoBane kepysanms

o0y I0BAHO 3a IIPABIIOM
(@) = u® (@ + 260 (@), x € (0,1,
69(0) = 60(1) =0,
ne € € [0,1) - mapamerp, akuii XapakTepusye
masticrs Bapiamnii, 6(°)(z) - memepepsHO-IUde-
peHIiiioBHa (DyHKIIIA, SKa 33J0BOJbHAE YMOBY
0<z+69) <1, =0,

Binmosinna Bapianig KepyBaHHS MaTHMe BH-

LIS Aui?g(m (x) = Ui?g(o) () —

(30)

u®(z), nerann-
Hillle BJTACTUBOCTI TAKOTO TUITY Bapiarlii onuca-
HO B poborax |1, 2|.

Bubupatouu BapiitoBane KepyBaHHs 3a IIpa-
BiuioM (30) i BUKOPHCTOBYIOUH TIPE/ICTABJICHHST

Au(z) = 4 (2)e8O (x) + o(e),

nepenuineMo (hopMyJsy HPUPOCTY IiJIHOBOIO
dbyukmionany (8) rak

I
/ L0 (2)e6© (z)dz+ (31)
0

+1.
Pipugauns (31) MOXKHB HOJATH Y BUIJISII
T 4 25O — J(©
fg L) W) gy
e—04 £

l
= — / By 0 (2)6© (z)dz,
0
OCKLJIBKH pemnrra 104ankis B (31) npeacrasieni
y BUIJIs JI00YTKY BeJIMUUHE MOPSAIKY 0(g) Ta
3012KHOTO iHTErpaJy.

AwnaJjioriuno, sK it KepyBaHHS B OYATKO-
BHX YMOBaX, MOOYIyeMO BapiiioBaHI KpaiioBi
KepyBaHHS

Au®) (1) = 0P ()P (t) + o(e),
8 (0) =0, ke {1,2,3}.

Toxi st KpailoBUX KepylO4ux BILIUBIB, 3

ypaxyBaHHsSIM yMOBH (29), 01epKuMO
T 4 269 — J(u®)
8—>%1+ £ N

s3(t)

—/ / b a9 (669 (tdsdt, j € {1,2,3}.

R s3(t)
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Hexait BuKOHyIOTbCA yci 3poOJeHi BuHiile
upunymenns. Tomi, ockinpku, 6@ = §0(z),
60U = 6W(t), j € {1,2,3} — nosiabui dyn-
KIIii, TO MOKHa cPOPMYJIIOBATH HEOOXi IHI yMO-
BU ONTHUMAJIBHOCTI JJIsSI 331249l OITUMAJIbHOI'O
kepyBanHst (1.8) y BHIJIsSIAI HACTYITHOI Teope-
M.

Teopema 3. Hruo npouec
{y,u @ ™ u@ uB®Y e onmumarvnum 6
3adaui (8), Mo GUKONYIOMBCA YMOBU

hu(o) <¢j(317, 0) €I, ,U(O) (ZL’), CL’) u:(ﬂo) (ZE) =0,
x € [0,1],

S

2(t)
ey (500, ) jete, (5, 8) jrnput (t), 5, ) ds X

u(t) =0, t€R.,

hi@) (% (la t)jelp yj<87 t)j¢1m37u(2) (t)7 S, t) dsx

u(t) =0, t Ry,

57 (t)
hi(B) (¢] (07 t)jEIm3 ) y(S, t)j¢1m3au(3) (t)a S, t) dsX
51 (t)
ui(ig)(t) = 07 te R+,
de y = y(x,t) ysazasvnernud posze’azor 3adaui
(1)=(5), ¥ = ¥(z,t) - ysaearvnenuii poss’s-

30% cnpasicenoi zadavi npu y = y(z,t), u® =
uO@(z), u? =u(t), j € {1,2,3}.
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