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IÍÒÅÃÐÀËÜÍI ÐIÂÍßÍÍß ÔÐÅÄÃÎËÜÌÀ Ç ÊÅÐÓÂÀÍÍßÌ

Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè ðîçâ'ÿçíîñòi òà çàãàëüíèé âèãëÿä ðîçâ'ÿçêó iíòåã-
ðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà ç êåðóâàííÿì.

We obtain necessary and su�cient conditions for the solvability and the general form of the
solution of a Fredholm integral equation with control.

Ðiçíîìàíiòíèì çàäà÷àì îïòèìàëü-
íîãî êåðóâàííÿ äëÿ ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ òà iíòåãðî-
äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ñèñòåì
ïðèñâÿ÷åíî áàãàòî ïóáëiêàöié. Îäíèì iç íà-
ïðÿìêiâ äîñëiäæåííÿ òàêèõ çàäà÷ ¹ ïiäõiä,
ùî  ðóíòó¹òüñÿ íà çàëó÷åííi àïàðàòó òåîði¨
ïñåâäîîáåðíåíèõ îïåðàòîðiâ [1-3]. Ó äàíié
ðîáîòi, â ìåæàõ öüîãî ïiäõîäó, âñòàíîâëåíî
íåîáõiäíi i äîñòàòíi óìîâè ðîçâ'ÿçíîñòi
iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà ç êåðó-
âàííÿì òà çíàéäåíî çàãàëüíèé âèãëÿä éîãî
ðîçâ'ÿçêó.
1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ó

ãiëüáåðòîâîìó ïðîñòîði L2[a, b] iíòåãðàëüíå
ðiâíÿííÿ ç êåðóâàííÿì

x(t)−
b∫

a

K(t, s)x(s)ds =

= f(t) +

b∫
a

K1(t, s)u(s)ds.

(1)

Òóò K(t, s), K1(t, s) � ÿäðà, ñóìîâíi ç êâàä-
ðàòîì â îáëàñòi [a, b] × [a, b], f ∈ L2[a, b],
x ∈ L2[a, b], u ∈ L2[a, b]. ßäðàK(t, s),K1(t, s)
òà ôóíêöiÿ f � âiäîìi, à ôóíêöi¨ x òà u � ïîò-
ðiáíî âèçíà÷èòè.

Áóäåìî ââàæàòè, ùî ïîðîäæóþ÷å iíòåã-
ðàëüíå ðiâíÿííÿ áåç êåðóâàííÿ

x(t)−
b∫

a

K(t, s)x(s)ds = f(t) (2)

ïðè äåÿêèõ íåîäíîðiäíîñòÿõ f ∈ L2[a, b] íå

ìà¹ ðîçâ'ÿçêó.
Ñòàâèòüñÿ çàäà÷à çíàõîäæåííÿ íåîáõiä-

íèõ òà äîñòàòíiõ óìîâ, ïðè ÿêèõ, ââîäÿ-
÷è â ïðàâó ÷àñòèíó ðiâíÿííÿ (2) êåðóâàííÿ
b∫
a

K1(t, s)u(s)ds, ðiâíÿííÿ (1) ñòà¹ ðîçâ'ÿç-

íèì.
2. Çâ'ÿçîê iíòåãðàëüíîãî ðiâíÿí-

íÿ (1) çi çëi÷åííîâèìiðíîþ ñèñòåìîþ
àëãåáðà¨÷íèõ ðiâíÿíü ç êåðóâàííÿì.ßê
i â ðîáîòi [4], ðiâíÿííÿ (1) ìîæíà çâåñòè äî
çëi÷åííîâèìiðíî¨ ñèñòåìè àëãåáðà¨÷íèõ ðiâ-
íÿíü. Íåõàé {φi(t)}∞i=1 - ïîâíà îðòîíîðìàëü-
íà ñèñòåìà ôóíêöié â L2[a, b]. Ââåäåìî äî
ðîçãëÿäó âåëè÷èíè

xi =

b∫
a

x(t)φi(t)dt, fi =

b∫
a

f(t)φi(t)dt,

ui =

b∫
a

u(t)φi(t)dt,

(3)

aij =

b∫
a

b∫
a

K(t, s)φi(t)φj(s)dtds,

ãij =

b∫
a

b∫
a

K1(t, s)φi(t)φj(s)dtds.

(4)

Òîäi âiä ðiâíÿííÿ (1) ïðèõîäèìî äî çëi-
÷åííîâèìiðíî¨ ñèñòåìè àëãåáðà¨÷íèõ ðiâ-
íÿíü ç êåðóâàííÿì

xi−
∞∑
j=1

aijxj = fi+
∞∑
j=1

ãijuj, i = 1,∞, (5)
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∞∑
j=1

|xj|2 < +∞,
∞∑
j=1

|uj|2 < +∞.

Çàïèøåìî ñèñòåìó (5) ó âåêòîðíîìó âè-
ãëÿäi

Λz = g + Λ1v, (6)

äå
Λ = I − A, (7)

z = col
(
x1, x2, . . . , xi, . . .

)
∈ ℓ2,

g = col
(
f1, f2, . . . , fi, . . .

)
∈ ℓ2,

v = col
(
u1, u2, . . . , ui, . . .

)
∈ ℓ2,

(8)

A =


a11 a12 . . . a1i . . .
a21 a22 . . . a2i . . .
. . . . . . . . . . . . . . .
ai1 ai2 . . . aii . . .
. . . . . . . . . . . . . . .

 , (9)

Λ1 =


ã11 ã12 . . . ã1i . . .
ã21 ã22 . . . ã2i . . .
. . . . . . . . . . . . . . .
ãi1 ãi2 . . . ãii . . .
. . . . . . . . . . . . . . .

 . (10)

Îïåðàòîðíà ñèñòåìà áåç êåðóâàííÿ äëÿ
ñèñòåìè (6) ìà¹ âèãëÿä

Λz = g. (11)

Çàçíà÷èìî, ùî îïåðàòîð A : ℓ2 → ℓ2 -
öå êîìïàêòíèé îïåðàòîð i, ÿê âiäîìî, äëÿ
îïåðàòîðà Λ ñïðàâåäëèâîþ ¹ àëüòåðíàòè-
âà Ôðåäãîëüìà [5, ñ. 188]. ßäðî òà êîÿä-
ðî îïåðàòîðà Λ ¹ ñêií÷åííîâèìiðíèìè òà
ìàþòü îäíàêîâó ðîçìiðíiñòü (dimkerΛ =
= dimkerΛ∗ = r < ∞), îòæå îïåðàòîð Λ ¹
ôðåäãîëüìîâèì. Äëÿ ñèñòåìè (11) ñïðàâåä-
ëèâèì ¹ íàñòóïíå òâåðäæåííÿ [1, ñ. 69].

Òåîðåìà 1. Îäíîðiäíà ñèñòåìà (11) (g = 0)
ìà¹ r-ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ z ∈ ℓ2

z = PΛrc, ∀c ∈ Rr. (12)

Íåîäíîðiäíà ñèñòåìà (11) ¹ ðîçâ'ÿçíîþ
òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ r
ëiíiéíî-íåçàëåæíèõ óìîâ

PΛ∗
r
g = 0 (13)

òà ìà¹ r-ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ
z ∈ ℓ2 âèãëÿäó

z = PΛrc+ Λ+g, ∀c ∈ Rr. (14)

Òóò PΛr - ìàòðèöÿ, ÿêà ñêëàäà¹òüñÿ iç
ïîâíî¨ ñèñòåìè r ëiíiéíî íåçàëåæíèõ ñòîâï-
÷èêiâ ìàòðèöi PΛ, PΛ∗

r
- ìàòðèöÿ, ÿêà ñêëà-

äà¹òüñÿ iç ïîâíî¨ ñèñòåìè r ëiíiéíî íåçàëåæ-
íèõ ðÿäêiâ ìàòðèöi PΛ∗ , PΛ òà PΛ∗ �
ïðîåêòîðè íà N(Λ) òà N(Λ∗) âiäïîâiäíî,
Λ+ � ïñåâäîîáåðíåíà (çà Ìóðîì-Ïåíðîóçîì)
äî Λ ìàòðèöÿ.

Âèíèêà¹ ïèòàííÿ: ÷è ìîæíà çà äîïîìî-
ãîþ ââåäåííÿ ó ïðàâó ÷àñòèíó ñèñòåìè (11)
êåðóâàííÿ Λ1v, çðîáèòè ñèñòåìó (6), à, îò-
æå i âèõiäíå ðiâíÿííÿ (1), ðîçâ'ÿçíèìè? Çíà-
éäåìî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ
ðîçâ'ÿçêó íåîäíîðiäíîãî ðiâíÿííÿ (1), ïðè
óìîâi, ùî ïîðîäæóþ÷å ðiâíÿííÿ (2), à, îòæå
i îïåðàòîðíà ñèñòåìà (11), íå ìàþòü ðîçâ'ÿç-
êiâ.
3. Çíàõîäæåííÿ ðîçâ'ÿçêó iíòåã-

ðàëüíîãî ðiâíÿííÿ ç êåðóâàííÿì. Ïðè-
ïóñòèìî, ùî PΛ∗

r
g ̸= 0, òîáòî óìîâà (13) íå

âèêîíó¹òüñÿ. Çãiäíî íàâåäåíî¨ òåîðåìè 1 íå-
îäíîðiäíà ñèñòåìà (6) ¹ ðîçâ'ÿçíîþ òîäi i ëè-
øå òîäi, êîëè âèêîíó¹òüñÿ óìîâà

PΛ∗
r
(g + Λ1v) = 0. (15)

Çâiäñè,
PΛ∗

r
Λ1v = −PΛ∗

r
g.

Ââiâøè ïîçíà÷åííÿ

D := PΛ∗
r
Λ1, (16)

îòðèìà¹ìî
Dv = −PΛ∗

r
g. (17)

Çà óìîâè

PD∗
r1
PΛ∗

r
g = 0, r1 ≤ r (18)

àëãåáðà¨÷íà ñèñòåìà (17) áóäå ðîçâ'ÿçíîþ
âiäíîñíî v, òà ¨¨ ðîçâ'ÿçîê ìàòèìå âèãëÿä [1]

v = PDc−D+PΛ∗
r
g, ∀c ∈ ℓ2. (19)

Òóò PD - ìàòðèöÿ-ïðîåêòîð íà N(D),
PD∗

r1
- ìàòðèöÿ, ÿêà ñêëàäà¹òüñÿ iç ïîâ-

íî¨ ñèñòåìè r1 ëiíiéíî íåçàëåæíèõ ðÿäêiâ
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ìàòðèöi PD∗ , ùî ¹ ïðîåêòîðîì íà N(D∗),
D+ - ïñåâäîîáåðíåíà (çà Ìóðîì-Ïåíðîóçîì)
äî D ìàòðèöÿ.

Çàçíà÷èìî, ùî çà óìîâè PD = 0, ñèñòåìà
(17) ìàòèìå ¹äèíèé ðîçâ'ÿçîê âèãëÿäó

v = −D+PΛ∗
r
g. (20)

Ïiäñòàâèâøè ó ñèñòåìó (6) çàìiñòü v âèðàç
(20), îòðèìà¹ìî

Λz = g − Λ1D
+PΛ∗

r
g. (21)

Çà òåîðåìîþ 1, ñèñòåìà (21) áóäå ðîçâ'ÿçíîþ
òîäi i ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà

PΛ∗
r
(g − Λ1D

+PΛ∗
r
g) = 0 (22)

i ¨¨ ðîçâ'ÿçîê ìà¹ âèãëÿä

z = PΛrc+Λ+(g−Λ1D
+PΛ∗

r
g), ∀c ∈ Rr. (23)

Çàçíà÷èìî, ùî çà óìîâè PΛr = 0 ðîçâ'ÿçîê
ñèñòåìè (21) ¹ ¹äèíèì. Ìà¹ ìiñöå íàñòóïíà
òåîðåìà.

Òåîðåìà 2. Íåõàé îïåðàòîðíà ñèñòåìà
(11) ¹ íåðîçâ'ÿçíîþ. Òîäi, ÿêùî âèêîíóþòü-
ñÿ óìîâè

PD∗
r1
PΛ∗

r
g = 0, PΛ∗

r
(g − Λ1D

+PΛ∗
r
g) = 0,

òî ñèñòåìà (6) áóäå ìàòè õî÷à á îäèí
ðîçâ'ÿçîê z âèãëÿäó (23), à êåðóâàííÿ v âè-
çíà÷à¹òüñÿ ïðåäñòàâëåííÿì (19). ßêùî âè-
êîíóþòüñÿ óìîâè PD = 0, PΛr = 0, òî
ðîçâ'ÿçîê z ñèñòåìè (6) òà êåðóâàííÿ v áó-
äóòü ¹äèíèìè.

Âèêîðèñòîâóþ÷è îòðèìàíi ðåçóëüòà-
òè äëÿ ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü ç
êåðóâàííÿì (6), ìè ìîæåìî çðîáèòè âèñ-
íîâêè ïðî iñíóâàííÿ ðîçâ'ÿçêó âèõiäíîãî
iíòåãðàëüíîãî ðiâíÿííÿ (1). Äëÿ öüîãî
âèêîðèñòà¹ìî ïåðåõiä, îïèñàíèé ó ðîáî-
òi [4]. ßêùî ñèñòåìà (6) ìà¹ õî÷à á îäèí
ðîçâ'ÿçîê z = col

(
x1, x2, . . . , xi, . . .

)
, òî

çãiäíî òåîðåìè Ðiñà-Ôiøåðà, iñíó¹ åëåìåíò
x ∈ L2[a, b] òàêèé, ùî ìà¹ ìiñöå çîáðàæåííÿ

x(t) =
∞∑
i=1

xiφi(t) = Φ(t)z, (24)

äå

Φ(t) =
(
φ1(t), φ2(t), . . . , φi(t), . . .

)
,

{φi(t)}∞i=1 - ïîâíà îðòîíîðìàëüíà ñèñòåìà
ôóíêöié â L2[a, b].

Àíàëîãi÷íèì ÷èíîì âèçíà÷à¹òüñÿ êåðóâà-
ííÿ u(t)

u(t) =
∞∑
i=1

uiφi(t) = Φ(t)v. (25)

Ïàðà {x(t), u(t)}, ùî âèçíà÷à¹òüñÿ ñïiâ-
âiäíîøåííÿìè (24), (25), i ¹ øóêàíèì
ðîçâ'ÿçêîì âèõiäíîãî ðiâíÿííÿ (1) [6, ñ. 266].

Òåîðåìà 3. Íåõàé iíòåãðàëüíå ðiâíÿííÿ
áåç êåðóâàííÿ (2) ¹ íåðîçâ'ÿçíèì. Òîäi,
ÿêùî âèêîíóþòüñÿ óìîâè

PD∗
r1
PΛ∗

r
g = 0, PΛ∗

r
(g − Λ1D

+PΛ∗
r
g) = 0,

òî iíòåãðàëüíå ðiâíÿííÿ ç êåðóâàííÿì (1)
áóäå ìàòè õî÷à á îäèí ðîçâ'ÿçîê {x(t), u(t)}
(24), (25). Çà äîäàòêîâèõ óìîâ PD = 0,
PΛr = 0 ðîçâ'ÿçîê {x(t), u(t)} ðiâíÿííÿ (1)
áóäå ¹äèíèì.

4. Ïðèêëàä. Ðîçãëÿíåìî iíòåãðàëüíå
ðiâíÿííÿ ç êåðóâàííÿì

x(t)− 2

π

π∫
0

cos(t+ s)x(s)ds =

= f(t) +

π∫
0

K1(t, s)u(s)ds

(26)

çà óìîâè, ùî ðiâíÿííÿ

x(t)− 2

π

π∫
0

cos(t+ s)x(s)ds = f(t) (27)

íå ìà¹ ðîçâ'ÿçêó.

Îðòîíîðìîâàíi ôóíêöi¨ φ1(t) =
√

2
π
cos t,

φ2(t) =
√

2
π
sin t ¹ âëàñíèìè ôóíêöiÿìè îïå-

ðàòîðà

(Kw)(t) =
2

π

π∫
0

cos(t+ s)w(s)ds,
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ÿêi âiäïîâiäàþòü õàðàêòåðèñòè÷íèì ÷èñëàì
λ1 = 1 i λ2 = −1 âiäïîâiäíî.

Çâåäåìî ðiâíÿííÿ (26) òà (27) äî ðiâíÿíü
(6) òà (11). Âèêîðèñòàâøè ïîçíà÷åííÿ (3),
(4), îòðèìà¹ìî

Λz = g + Λ1v, (28)

Λz = g, (29)

Λ =

(
0 0
0 2

)
, Λ1 =

(
ã11 ã12
ã21 ã22

)
,

z =

(
x1
x2

)
, g =

(
f1
f2

)
, v =

(
u1
u2

)
,

(30)

x1 =

√
2

π

π∫
0

x(t) cos tdt,

x2 =

√
2

π

π∫
0

x(t) sin tdt,

f1 =

√
2

π

π∫
0

f(t) cos tdt,

f2 =

√
2

π

π∫
0

f(t) sin tdt,

ã11 =
2

π

π∫
0

π∫
0

K1(t, s) cos t cos sdtds,

ã12 =
2

π

π∫
0

π∫
0

K1(t, s) cos t sin sdtds,

ã21 =
2

π

π∫
0

π∫
0

K1(t, s) sin t cos sdtds,

ã22 =
2

π

π∫
0

π∫
0

K1(t, s) sin t sin sdtds,

(31)

u1 =

√
2

π

π∫
0

u(t) cos tdt,

u2 =

√
2

π

π∫
0

u(t) sin tdt.

Ñêîðèñòàâøèñü âiäîìèìè ôîðìóëàìè
[1, ñ. 60], [2], [7, ñ. 501], îòðèìà¹ìî

Λ+ =

(
0 0
0 1

2

)
, PΛ = PΛ∗ =

(
1 0
0 0

)
. (32)

Âèêîðèñòîâóþ÷è òåîðåìó 1, îòðèìà¹ìî
òâåðäæåííÿ:

Îäíîðiäíà ñèñòåìà (29) (g = 0) ìà¹
ðîçâ'ÿçîê

z =

(
c
0

)
, ∀c ∈ R. (33)

Íåîäíîðiäíà ñèñòåìà (29) ¹ ðîçâ'ÿçíîþ
òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìî-
âà

π∫
0

f(t) cos tdt = 0 (34)

òà ìà¹ ðîçâ'ÿçîê

z =

 c

1√
2π

π∫
0

f(t) sin tdt

 , ∀c ∈ R. (35)

Áåçïîñåðåäíiìè îá÷èñëåííÿìè ìîæíà ïå-
ðåêîíàòèñÿ, ùî ïðè f(t) = sin t óìîâà
ðîçâ'ÿçíîñòi (34) âèêîíó¹òüñÿ, à, íàïðèê-
ëàä, ïðè f(t) = cos t + sin t óìîâà (34)
íå âèêîíó¹òüñÿ, òîáòî íåîäíîðiäíå ðiâíÿííÿ
(29) íå ìà¹ ðîçâ'ÿçêó. Çíàéäåìî êåðóâàííÿ
b∫
a

K1(t, s)u(s)ds, ïðè ÿêîìó ðiâíÿííÿ (26) áó-

äå ðîçâ'ÿçíèì. Äëÿ öüîãî ñêîðèñòà¹ìîñÿ òåî-
ðåìîþ 2, òîáòî ïåðåâiðèìî âèêîíàííÿ óìîâ
(18), (22). Çãiäíî (16), (30), (32) ìà¹ìî

D =
(
1 0

)(ã11 ã12
ã21 ã22

)
=
(
ã11 ã12

)
.

Îòæå, ìàòèìåìî

D+ = γ

(
ã11
ã12

)
, PD∗

r1
= 0,

PD = γ

(
ã212 −ã11ã12

−ã11ã12 ã211

)
, (36)

γ =
1

ã211 + ã212
.
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Ìîæëèâi äâà âèïàäêè:

1) D = D+ = 0 (ã211 + ã212 = 0). Òîäi êåðó-
âàííÿ v íå iñíóâàòèìå i àëãåáðà¨÷íà ñèñòåìà
(28) íå áóäå ìàòè ðîçâ'ÿçêó z.

2)D ̸= 0 òàD+ ̸= 0 (ã211+ã
2
12 ̸= 0). Îñêiëü-

êè PD∗
r1
= 0, òî óìîâà (18) âèêîíó¹òüñÿ çàâæ-

äè, òîáòî àëãåáðà¨÷íà ñèñòåìà (28) çàâæäè
áóäå ðîçâ'ÿçíîþ âiäíîñíî v. Ïåðåâiðèìî âè-
êîíàííÿ óìîâè (22)

PΛ∗
r
(g − Λ1D

+PΛ∗
r
g) =

(
1 0

)((f1
f2

)
−

−
(
ã11 ã12
ã21 ã22

)(
γã11
γã12

)(
1 0

)(f1
f2

))
=

= γ
(
1 0

)
×

×
(

0
f2(ã

2
11 + ã212)− f1(ã21ã11 + ã22ã12)

)
= 0.

Îòæå, (22) âèêîíó¹òüñÿ äëÿ áóäü-ÿêî¨ ìàò-
ðèöi Λ1 òà àëãåáðà¨÷íà ñèñòåìà (28) çàâæäè
áóäå ðîçâ'ÿçíîþ âiäíîñíî z.

Çíàéäåìî ÿâíèé âèãëÿä êåðóâàííÿ
v òà ðîçâ'ÿçêó z ñèñòåìè (28). Íåõàé
K1(t, s) = 2 cos t cos s. Ñêîðèñòàâøèñü ôîð-
ìóëàìè (31), (36), (32), ìà¹ìî

Λ1 =

(
π 0
0 0

)
, g =

√
π

2

(
1
1

)
, D =

(
π 0

)
,

D+ =
1

π

(
1
0

)
, PD =

(
0 0
0 1

)
.

Îñêiëüêè óìîâà (18) âèêîíó¹òüñÿ, à óìî-
âà PD = 0 íå âèêîíó¹òüñÿ, òî êåðóâàííÿ v
áóäå âèçíà÷àòèñÿ íå ¹äèíèì ÷èíîì i ìàòèìå
âèãëÿä

v = PDc−D+PΛ∗
r
g =

=

(
0
1

)
c1 −

1

π
·
√
π

2

(
1
0

)(
1 0

)(1
1

)
=

=

(
− 1√

2π

c1

)
, ∀c1 ∈ R.

Ó íàøîìó âèïàäêó PΛr ̸= 0, òîìó ñèñòåìà
(28) áóäå ìàòè ñiì'þ ðîçâ'ÿçêiâ

z = PΛrc+ Λ+(g + Λ1v) =

=

(
1
0

)
c2 +

(
0 0
0 1

2

)(√
π

2

(
1
1

)
+

(
π 0
0 0

)
×

×
(
− 1√

2π

c1

))
=

(
c2√
π
8

)
, ∀c2 ∈ R.

Ñêîðèñòàâøèñü ôîðìóëàìè (24) òà (25),
çíàéäåìî ÿâíèé âèãëÿä êåðóâàííÿ u(t) òà
ðîçâ'ÿçêó x(t) iíòåãðàëüíîãî ðiâíÿííÿ (1)

u(t) =
1

π

(
c1
√
2π sin t− cos t

)
, ∀c1 ∈ R,

x(t) =
1

2
√
π

(
c2
√
8 cos t+

√
π sin t

)
, ∀c2 ∈ R.
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