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ÏÐÈÍÖÈÏ ÌÀÊÑÈÌÓÌÓ ÏÎÍÒÐßÃIÍÀ ÄËß ÐIÂÍßÍÜ ÍÀ ×ÀÑÎÂÈÕ
ØÊÀËÀÕ

Â ðîáîòi îòðèìàíî àíàëîã ïðèíöèïó ìàêñèìóìà Ïîíòðÿãiíà äëÿ ðiâíÿíü íà ÷àñîâèõ øêà-
ëàõ. Ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè ìíîæèíà äîïóñòèìèõ êåðóâàíü íå îáîâ'ÿçêîâî çàìêíåíà
(àëå îïóêëà), à ìíîæèíà îáìåæåíü íå îáîâ'ÿçêîâî îïóêëà.

In this paper, an analogue of the Pontryagin Maximum Principle for equations on time scales is
given. We consider the case where a certain set of admissible values of the control is not necessarily
closed (but convex), and the attainable set is not necessarily convex.

Âñòóï. Îïòèìàëüíå êåðóâàííÿ ¹ îäíi-
¹þ ç íàéâàæëèâiøèõ îáëàñòåé òåîði¨ åêñ-
òðåìàëüíèõ çàäà÷. Âèâ÷åííÿ ïðîáëåì îïòè-
ìàëüíîãî êåðóâàííÿ íà ÷àñîâèõ øêàëàõ
îñòàííiì ÷àñîì âèêëèêà¹ âåëèêèé iíòåðåñ.
Öå ïîâ'ÿçàíî ç òèì, ùî â 1988 ðîöi Stefan
Hilger â [2] ââiâ ïîíÿòòÿ ∆�ïîõiäíî¨, ùî äî-
çâîëèëî îá'¹äíàòè ç ¹äèíî¨ òî÷êè çîðó äèñ-
êðåòíèé i íåïåðåðâíèé àíàëiç. Îñíîâè òåîði¨
÷àñîâèõ øêàë âèêëàäåíî â ìîíîãðàôi¨ [3].

Ñòîñîâíî ìåòîäó äèíàìi÷íîãî ïðîãðàìó-
âàííÿ Áåëëìàíà íà ÷àñîâèõ øêàëàõ ñëiä âiä-
çíà÷èòè ðîáîòó [4], â ÿêié îòðèìàíi ðiâíÿí-
íÿ Ãàìiëüòîíà-ßêîái-Áåëëìàíà â îäíîâèìið-
íîìó âèïàäêó äëÿ îïòèìàëüíîãî êåðóâàííÿ
ñèñòåìîþ, ÿêà ìiñòèòü ëiíiéíó ÷àñòèíó, à òà-
êîæ ðîáîòó [5], äå ðîçãëÿíóòî çàãàëüíèé âè-
ïàäîê. Âiäíîñíî ïðèíöèïó ìàêñèìóìà Ïîí-
òðÿãiíà âêàæåìî íà ðîáîòó [6], â ÿêié âñòà-
íîâëåíà ñëàáêà âåðñiÿ ïðèíöèïó ìàêñèìóìà
Ïîíòðÿãiíà i [1], â ÿêié îòðèìàíî ñèëüíó âåð-
ñiþ ïðèíöèïó ìàêñèìóìó Ïîíòðÿãiíà, ç âè-
êîðèñòàííÿì Ekeland's Variational Principle.
Ó çâ'ÿçêó ç öèì àâòîðàì äîâåëîñÿ íàêëàñòè
äåÿêi îáìåæåííÿ íà çàäà÷ó, à ñàìå: ìíîæè-
íà îáìåæåíü ââàæàëàñü îïóêëîþ, à ìíîæè-
íà çíà÷åíü êåðóâàíü çàìêíåíîþ. Â äàíié ðî-
áîòi, áàçóþ÷èñü íà iíøîìó ïiäõîäi, ïîâ'ÿçà-
íîìó ç � ïàêåòîì ãîëîê �, çíÿòi âêàçàíi âèùå
îáìåæåííÿ ðîáîòè [1].

Ñàìà ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó i
äâîõ ðîçäiëiâ. Â ïåðøîìó ðîçäiëi ïðèâåäå-
íî îñíîâíi ïîíÿòòÿ, ïîâ'ÿçàíi ç òåîði¹þ ÷à-
ñîâèõ øêàë (ïiäðîçäië 1.1). Â ïiäðîçäiëi 1.2

ðîçãëÿäà¹òüñÿ ïîñòàíîâêà çàäà÷i i ôîðìó-
ëþ¹òüñÿ òåîðåìà, ÿêà äà¹ íåîáõiäíi óìîâè
îïòèìàëüíîñòi. Äðóãèé ðîçäië ïðèñâÿ÷åíèé
äîâåäåííþ îñíîâíîãî ðåçóëüòàòó. Ó ïiäðîç-
äiëi 2.1 ïîáóäîâàíèé � ïàêåò ãîëîê �� âàðià-
öié îïòèìàëüíîãî êåðóâàííÿ i íàâåäåíi äå-
ÿêi òâåðäæåííÿ, ùîäî ïîáóäîâàíîãî ïàêåòà.
Äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó íàâåäåíî â
ïiäðîçäiëi 2.2.
1.1 Îñíîâíi ïîíÿòòÿ, ïîâ'ÿçàíi ç òå-

îði¹þ ÷àñîâèõ øêàë.
Íåõàé T � ÷àñîâà øêàëà, òîáòî äîâiëüíà,

íåïîðîæíÿ, çàìêíåíà ïiäìíîæèíà R1. Äëÿ
êîæíî¨ ïiäìíîæèíè A ç R ïîçíà÷èìî AT =
A ∩ T. Ââàæà¹ìî, ùî supT = +∞.

Âèçíà÷èìî ïðÿìèé i îáåðíåíèé îïåðàòî-
ðè ñòðèáêà σ, ρ : T → T ÿê σ(t) = inf{s ∈
T | s > t} i ρ(t) = sup{s ∈ T | s < t}.
Ôóíêöiÿ çåðíèñòîñòi µ : T → [0,∞) âèçíà-
÷à¹òüñÿ íàñòóïíèì ÷èíîì µ(t) = σ(t) − t.
Òî÷êà t ∈ T íàçèâà¹òüñÿ ëiâî-ãðàíè÷íîþ
(ëiâî-ðîçñiÿíîþ, ïðàâî-ãðàíè÷íîþ àáî ïðàâî-
ðîçñiÿíîþ), ÿêùî ρ(t) = t (ρ(t) < t, σ(t) =
t àáî σ(t) > t). Âèçíà÷èìî ïîíÿòòÿ ∆�
ïîõiäíî¨.

Îçíà÷åííÿ 1. Ôóíêöiÿ f : [a, b]T → R1

ìà¹ ∆�ïîõiäíó â t ∈ T, ÿêùî iñíó¹ α ∈ R1,
ùî äëÿ ε > 0 iñíó¹ îêië B òî÷êè t òàêèé,
ùî

|f(σ(t))− f(s)− α(σ(t)− s)| ≤ ε|σ(t)− s|,

äëÿ âñiõ s ∈ B ∩ T. Ïðè öüîìó f∆(t) = α.
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Ïîçíà÷èìî ÷åðåç RS (RD, LS, LD) âiäïî-
âiäíî ìíîæèíó âñiõ ïðàâî-ðîçñiÿíèõ (ïðàâî-
ãðàíè÷íèõ, ëiâî-ðîçñiÿíèõ, ëiâî-ãðàíè÷íèõ
òî÷îê) ç ÷àñîâî¨ øêàëè T. Äëÿ âñiõ a, b ∈ T,
a ̸= b i âñiõ s ∈ [a, b)T ∩ RD, âèçíà÷èìî

Vbs = {β ≥ 0, s+ β ∈ [s, b)T},

i äëÿ êîæíîãî s ∈ (a, b]T ∩ LD, âèçíà÷èìî

Vsa = {β ≥ 0, s− β ∈ (a, s]T}.

Íåõàé t0, t1 � ôiêñîâàíi òî÷êè ç T i t0 < t1.
Âàæëèâó ðîëü â ïîäàëüøîìó âiäiãðàâàòè-
ìóòü âëàñòèâîñòi ÷àñîâèõ øêàë â ñåíñi íà-
ñòóïíîãî îçíà÷åííÿ.

Îçíà÷åííÿ 2. Ñêàæåìî, ùî â òî÷öi s ∈
[t0, t1)T∩RD âèêîíó¹òüñÿ óìîâà ùiëüíîñòi,
ÿêùî

µ(s+ β)

β
→ 0, ïðè β → 0, (1)

äëÿ êîæíîãî β ∈ V t1s . Àíàëîãi÷íî, â òî÷öi
s ∈ (t0, t1]T ∩ LD âèêîíó¹òüñÿ óìîâà ùiëü-
íîñòi, ÿêùî

µ(s− β)

β
→ 0, ïðè β → 0, (2)

äëÿ êîæíîãî β ∈ Vst0.
1.2 Ïîñòàíîâêà çàäà÷i. Íåõàé t0, t1 �

ôiêñîâàíi òî÷êè ç T i t0 < t1. Ðîçãëÿíåìî íà-
ñòóïíó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ íà
iíòåðâàëi [t0, t1]T:

Φ0(x(t0), x(t1)) → inf, (3)

x∆ = f(t, x(t), u(t)), t ∈ [t0, t1]T, (4)

Φi(x(t0), x(t1)) = 0, i = 1, k,

Φi(x(t0), x(t1)) ≤ 0, i = k + 1, n.
(5)

Òóò x ∈ D � ôàçîâèé âåêòîð, D � îáëàñòü
â Rd, u ∈ U ⊂ Rm, U � îïóêëà ìíîæèíà.
Ôóíêöi¨ f , f ′

x, f
′
u âèçíà÷åíi ïðè t ∈ [t0, t1]T,

x ∈ D, u ∈ U i íåïåðåðâíi çà ñóêóïíiñòþ
àðãóìåíòiâ. Ôóíêöi¨ Φi (i = 0, n) âèçíà÷åíi â
îáëàñòi D×D i ãëàäêi çà ñâî¨ìè àðãóìåíòà-
ìè.

Îçíà÷åííÿ 3. Ïàðà (x(·), u(·)) íàçèâà-
¹òüñÿ êåðîâàíèì ïðîöåñîì â çàäà÷i (2)�(5),
ÿêùî:

1) êåðóâàííÿ u(·) : [t0, t1]T → U � êóñêî-
âî íåïåðåðâíà (íåïåðåðâíà ñïðàâà) ôóí-
êöiÿ;

2) ôàçîâà òðà¹êòîðiÿ x(·) : [t0, t1]T → D
íåïåðåðâíà;

3) äëÿ âñiõ òî÷îê t ∈ [t0, t1]T çà âèíÿ-
òêîì, ìîæëèâî, òî÷îê ðîçðèâó êåðó-
âàííÿ u(·), ôóíêöiÿ x(·), çàäîâîëüíÿ¹
äèôåðåíöiàëüíîìó ðiâíÿííþ

x∆(t) = f(t, x(t), u(t))

i ó âñiõ òî÷êàõ t ∈ [t0, t1]T iíòåãðàëü-
íîìó ðiâíÿííþ

x(t) = x(t0) +

∫
[t0,t1)T

f(s, x(s), u(s))∆s.

Çàçíà÷èìî, ÿêùî çàäîâîëüíÿ¹òüñÿ óìîâà
(5), òîäi ïàðà (x(·), u(·)) íàçèâà¹òüñÿ äîïó-
ñòèìèì êåðîâàíèì ïðîöåñîì.

Îçíà÷åííÿ 4. Êåðîâàíèé äîïóñòè-
ìèé ïðîöåñ (x̂(·), û(·)) íàçèâà¹òüñÿ (ëîêàëü-
íî) îïòèìàëüíèì, ÿêùî iñíó¹ ε > 0, ùî
äëÿ êîæíîãî äîïóñòèìîãî êåðîâàíîãî ïðî-
öåñó (x(·), u(·)), òàêîãî ùî |x(t)− x̂(t)| < ε,
äëÿ âñiõ t ∈ [t0, t1]T âèêîíó¹òüñÿ íåðiâíiñòü

Φ0(x(t0), x(t1)) ≥ Φ0(x̂(t0), x̂(t1)). (6)

Îçíà÷åííÿ 5. Ëiíiéíà ñèñòåìà äèôå-
ðåíöiàëüíèõ ðiâíÿíü

Ψ∆ = −
(
∂f(t, x̂(t), û(t))

∂x

)∗

Ψσ. (7)

íàçèâà¹òüñÿ ñïðÿæåíîþ äî ñèñòåìè (3).
Òóò ∗ îçíà÷à¹ òðàíñïîíóâàííÿ.

Îçíà÷åííÿ 6. Ôóíêöiÿ H(t,Ψ, x, v) =

(Ψ, f(t, x, v)) =
∑d

i=1 (Ψi, fi(t, x, v)) íàçè-
âà¹òüñÿ ôóíêöi¹þ Ïîíòðÿãiíà, à ôóíêöiÿ
L (λ, x(t0), x(t1)) =

∑n
i=0 λiΦi(x(t0), x(t1)) �

ôóíêöiÿ Ëàãðàíæà çàäà÷i (2)�(5), λi ∈ Rn

� ìíîæíèêè Ëàãðàíæà.

Îñíîâíèì ðåçóëüòàòîì ðîáîòè ¹ íàñòóïíà
òåîðåìà, ÿêà äà¹ íåîáõiäíi óìîâè îïòèìàëü-
íîñòi â çàäà÷i (2)�(5).
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Òåîðåìà 1. (Ïðèíöèï ìàêñèìóìà Ïîíòðÿ-
ãiíà). Íåõàé äëÿ ôóíêöié f i Φi (i = 0, n)
âèêîíóþòüñÿ óìîâè ïîñòàíîâêè çàäà÷i (2)�
(5), à äëÿ òî÷îê s ∈ [t0, t1)T ∩ RD i s ∈
(t0, t1]T ∩ LD âèêîíóþòüñÿ âiäïîâiäíi óìîâè
ùiëüíîñòi (1) i (2). Òîäi ÿêùî (x̂(· ), û(· )) �
îïòèìàëüíèé ïðîöåñ äëÿ çàäà÷i (2)�(5), òî
iñíó¹ íåíóëüîâèé âåêòîð λ = (λ0, λ1, . . . , λn)
� ìíîæíèêè Ëàãðàíæà i âåêòîð Ψ(t) =
(Ψ1(t), . . . ,Ψd(t))

∗ � ðîçâ'ÿçîê ñïðÿæåíî¨ ñè-
ñòåìè òàêi, ùî âèêîíóþòüñÿ óìîâè:
1) íåâiä'¹ìíîñòi:

λi ≥ 0, i = 0, i = k + 1, n;

2) äîïîâíþþ÷î¨ íåæîðñòêîñòi:

λiΦi(x̂(t0), x̂(t1)) = 0, i = k + 1, n;

3) óìîâè òðàíñâåðñàëüíîñòi:

Ψ(t0) = Lx0 ; Ψ(t1) = −Lx1 , äå

Lx0 =
∂L

∂x(t0)
; Lx1 =

∂L

∂x(t1)
;

4) óìîâà ìàêñèìóìà:
a) ñëàáêà óìîâà ìàêñèìóìà:
äëÿ êîæíî¨ içîëüîâàíî¨ òî÷êè r ∈ [t0, t1)T

âèêîíó¹òüñÿ íàñòóïíà óìîâà(
∂H

∂u
(r,Ψσ(r), x̂(r), û(r)) , v − û(r)

)
Rn

6 0,

(8)
äëÿ âñiõ v ∈ U . Äëÿ òî÷êè t0 öÿ óìîâà âè-
êîíó¹òüñÿ, ÿêùî t0 ∈ RS;

b) ñèëüíà óìîâà ìàêñèìóìà:
ÿêùî s ∈ [t0, t1) ∩ RD, òîäi

max
v∈U

H (s,Ψ(s), x̂(s), v) =

= H (s,Ψ(s), x̂(s), û(s)) .
(9)

Äàíà óìîâà âèêîíó¹òüñÿ òàêîæ â äîâiëü-
íié òî÷öi s ∈ (t0, t1] ∩ LD, ùî ¹ òî÷êîþ íå-
ïåðåðâíîñòi êåðóâàííÿ û(t).

2. Äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó.
2.1 "Ïàêåò ãîëîê". Äëÿ äîâåäåííÿ

òåîðåìè 1 âêëþ÷èìî îïòèìàëüíèé ïðîöåñ
(x̂(· ), û(· )) â äåÿêó ñïåöiàëüíó ñiì'þ êåðî-
âàíèõ ïðîöåñiâ � "ïàêåò"âàðiàöié. Ïîäàëüøi
âèêëàäêè ïðîâîäèìî äëÿ ïðàâî-ðîçñiÿíèõ i

ïðàâî-ãðàíè÷íèõ òî÷îê. Äëÿ ëiâî-ðîçñiÿíèõ
i ëiâî-ãðàíè÷íèõ òî÷îê ìiðêóâàííÿ ïðîâîäÿ-
òüñÿ àíàëîãi÷íî.

Ïîòðiáíà íàì ñiì'ÿ êåðîâàíèõ ïðîöåñiâ
çàëåæèòü âiä íàñòóïíèõ ïàðàìåòðiâ:

1) ïî÷àòêîâi äàíi x(t0) = x0;

2) íàáið ᾱ = (α1, . . . , αN), äå âñi αi äîñòà-
òíüî ìàëi i α =

∑N
i=1 αi;

3) íàáið τ̄ = (τ1, . . . , τN), τi ∈ (t0, t1)T∩RD,
t0 < τ1 6 τ2 6 · · · 6 τN < t1;

4) íàáið v̄ = (v1, . . . , vN), vi ∈ U ;

5) íàáið r̄ = (r1, . . . , rν), ri ∈ (t0, t1)T ∩
RS, t0 < r1 6 r2 6 · · · 6 rν < t1;

6) íàáið z̄ = (z1, z2, . . . , zν), zi ∈ U ,

7) íàáið γ̄ = (γ1, . . . , γν), γi > 0 i äîñòàòíüî
ìàëi.

Â ïîäàëüøîìó τ̄ , v̄, r̄, z̄ ââàæàþòüñÿ ôi-
êñîâàíèìè, à x0, ᾱ, γ̄ � çìiííi, çà ÿêèìè ìè
áóäåìî äèôåðåíöiþâàòè ðiçíi ôóíêöi¨.

Ïàêåò ãîëîê, ÿêèé ìè õî÷åìî ïîáóäóâà-
òè, áóäå ñêëàäàòèñü ç äâîõ âèäiâ åëåìåí-
òàðíèõ ãîëîê: âàðiàöié ïî ïðàâî-ãðàíè÷íèì
òî÷êàì i ïî ïðàâî-ðîçñiÿíèì òî÷êàì. Ïðè
N = 1, ν = 0 òàêèé ïàêåò ñêàëàäà¹òüñÿ ç
îäíi¹¨ ãîëêè äëÿ ïðàâî-ãðàíè÷íèõ òî÷îê i
ñïiâïàäà¹ ç ãîë÷àòîþ âàðiàöi¹þ II = (s, z) ç
ïiäðîçäiëó 3.2 ðîáîòè [1]. Â íàøîìó âèïàä-
êó II = (τi, vi). ßêùî N = 0, ν = 1, òàêèé
ïàêåò ñêëàäà¹òüñÿ ç îäíi¹¨ ãîëêè äëÿ ïðàâî-
ðîçñiÿíèõ òî÷îê i ñïiâïàäà¹ ç ãîë÷àòîþ âàði-
àöi¹þ Π = (r, y) ç ïiäðîçäiëó 3.2 ðîáîòè [1].
Â íàøîìó âèïàäêó Π = (ri, zi).

Îäíàê, êîíñòðóêöiÿ íàøîãî ïàêåòó ñêëà-
äíiøà. Â íüîìó îá'¹äíó¹òüñÿ äîâiëüíå ñêií-
÷åííå ÷èñëî åëåìåíòàðíèõ ãîëîê ÿê ïåðøîãî
òàê i äðóãîãî âèäó. Íåõàé ñåðåä ãîëîê ïåð-
øîãî âèäó ¹ ïîâòîðþâàíi íàáîðè ãîëîê

(τi, v1,i), (τi, v2,i), · · · , (τi, vqi,i). (10)

Òóò qi � êiëüêiñòü ïîâòîðåíü ãîëîê ç îäíà-
êîâèì τi. Òàêèõ íàáîðiâ â ïàêåòi ìîæå áóòè
äåêiëüêà. Äëÿ êîæíîãî ç íèõ âèçíà÷èìî íà-
ñòóïíi íåïåðåòèííi iíòåðâàëè

∆s,i = [τi + (s− 1)ᾱi, τi + (s− 1)ᾱi + αs,i)T,
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òóò s = 1, qi, ᾱi =
∑qi

s=1 αs,i i αs,i > 0.
Êîæíîìó iíòåðâàëó ∆s,i ïðèïèøåìî êå-

ðóâàííÿ vs,i ç íàáîðó (10). Ïîçíà÷èìî ∆i =
∪qis=1∆s,i. Îñêiëüêè ðiçíèõ ïàð åëåìåíòàðíèõ
ãîëîê (τi, vi) N øòóê, òî i iíòåðâàëiâ ∆s,i òà-
êîæ N øòóê.

Ïåðåíóìåðó¹ìî òåïåð âñi αs,i i ïåðåïîçíà-
÷èìî ¨õ ÿê αi, i = 1, N . Â ðåçóëüòàòi äëÿ
ãîëîê ïåðøîãî âèäó ìè îòðèìà¹ìî íàñòóïíó
âàðiàöiþ îïòèìàëüíãî êåðóâàííÿ û(·):

u(t, ᾱ, τ̄ , v̄) =

{
û(t), t ∈ [t0, t1]T\

∪N
i=1∆i,

vs,i, t ∈ ∆s,i, s = 1, qi, i = 1, N.

(11)
Ïåðåéäåìî äî ãîëîê äðóãîãî âèäó. ßêùî

ñåðåä íèõ ¹ ïîâòîðþâàíi ãîëêè âèäó:
(ri, z1), (ri, z2), · · · , (ri, zli), òîäi âiäïîâiäíà
âàðiàöiÿ ìà¹ âèãëÿä:

u(t, γ̄, r̄, z̄) =


û(ri) + γ1,i(z1 − û(ri)) + · · ·+
+γli,i(zli − û(ri)), t = ri, i = 1, ν,

û(t), t ̸= ri, i = 1, ν.

(12)
Òóò γp,i > 0, p = 1, li, li � êiëüêiñòü

ïîâòîðåíü ãîëîê ç îäíàêîâèìè ri â ïàêåòi,
i = 1, ν. Òåïåð îá'¹äíà¹ìî ïàêåòè (11) i (12)
â îäèí ïàêåò i ïîáóäó¹ìî íàñòóïíó âàðià-
öiþ îïòèìàëüíîãî êåðóâàííÿ û(·). Â ïîäàëü-
øîìó ïîçíà÷èìî x̂0 = x̂(t0) i u(t, ᾱ, γ̄) =
u(t, ᾱ, τ̄ , v̄, γ̄, r̄, z̄). Òîäi îòðèìà¹ìî

u(t, ᾱ, γ̄) =


û(t), t ∈ [t0, t1]T\ ∪Ni=1 ∆i\ ∪νi=1 {ri},
vs,i, t ∈ ∆s,i, s = 1, qi, i = 1, N,

û(ri) +
∑li

p=1 γp,i (zp − û(ri)) , t = ri,

i = 1, ν.

(13)
Òåïåð êåðóâàííÿ u(t, ᾱ, γ̄) äëÿ êîæíîãî

t ∈ [t0, t1]T ç (13) âèçíà÷åíå êîðåêòíî i
u(t, ᾱ, γ̄) ∈ U äëÿ êîæíîãî t ∈ [t0, t1]T.

Ïîçíà÷èìî ÷åðåç x(t, ᾱ, γ̄, x0)
(x(t0, ᾱ, γ̄, x0)) = x0 ∈ D) ñiì'þ ôàçîâèõ
òðà¹êòîðié, âèçíà÷åíèõ ÿê ðîçâ'ÿçîê çàäà÷i
Êîøi

x∆(t) = f(t, x(t), u(t, ᾱ, γ̄)), x(t0) = x0. (14)

Îçíà÷åííÿ 7. Ñèñòåìà ëiíiéíèõ ðiâ-
íÿíü âèãëÿäó

y∆(t) =
∂f(t, x̂(t), û(t))

∂x
y(t) (15)

íàçèâà¹òüñÿ ñèñòåìîþ ðiâíÿíü ó âàðiàöiÿõ,
ÿêà âiäïîâiäà¹ îïòèìàëüíié ïàði (x̂(·), û(·)).

×åðåç Ω(t, s) ïîçíà÷èìî ìàòðèöàíò ñèñòå-
ìè (15). Âàæëèâó ðîëü ãðà¹ íàñòóïíà ëåìà.

Ëåìà 1. (Ïðî ïàêåò ãîëîê). Íåõàé âiäíîñíî
ôóíêöi¨ f âèêîíóþòüñÿ óìîâè ïîñòàíîâêè
çàäà÷i (2)�(5), à äëÿ òî÷îê s ∈ [t0, t1)T ∩RD
âèêîíó¹òüñÿ óìîâà ùiëüíîñòi (1). Òîäi:

1) ïðè äîñòàòíüî ìàëîìó ε0 > 0,
ðîçâ'ÿçîê çàäà÷i Êîøi (14) òàêèé, ùî
|x0 − x̂0| < ε0, 0 6 αi < ε0, 0 6 γk < ε0,
i = 1, N , k = 1, ν âèçíà÷åíèé äëÿ t ∈
[t0, t1]T;

2) ÿêùî x0 → x̂0 ïðè αi → 0+, γk → 0+,
(i = 1, N , k = 1, ν), òîäi x(t, ᾱ, γ̄, x0) →
x̂(t) ðiâíîìiðíî íà [t0, t1]T;

3) âiäîáðàæåííÿ (x0, ᾱ, γ̄) → x(t1, ᾱ, γ̄, x0)
âèçíà÷åíå ïî x0 â äåÿêîìó îêîëi òî÷êè
x̂0, à ïî αi i γk (i = 1, N , k = 1, ν) â äå-
ÿêîìó ïðàâîìó îêîëi íóëÿ i äèôåðåíöi-
éîâíå â òî÷öi (x̂0, 0̄, 0̄), òîáòî ìà¹ ìi-
ñöå íàñòóïíå çîáðàæåííÿ:

x(t1, ᾱ, γ̄, x̂0 + h)− x̂(t1) =

=
∂x(t1, ᾱ, γ̄, x̂0 + h)

∂ᾱ

∣∣∣
ᾱ=0,γ̄=0,h=0

ᾱ +

+
∂x(t1, ᾱ, γ̄, x̂0 + h)

∂γ̄

∣∣∣
γ̄=0,ᾱ=0,h=0

γ̄+

+
∂x(t1, ᾱ, γ̄, x̂0 + h)

∂x0

∣∣∣
ᾱ=0,γ̄=0,h=0

h+

+o(ᾱ, γ̄, h), ïðè ᾱ, γ̄, h→ 0,
(16)

(òóò ÷àñòèííi ïîõiäíi
∂x

∂αi
i
∂x

∂γk
ÿê

åëåìåíòè ìàòðèöü ßêîái
∂x

∂ᾱ
i
∂x

∂γ̄
ðî-

çóìiþòüñÿ ÿê ïîõiäíi ñïðàâà). Ïðè öüî-
ìó

∂x(t1, 0̄, 0̄, x0)

∂x0

∣∣∣
x0=x̂0

= Ω(t1, t0), (17)

∂x(t1, αi, 0̄, x̂0)

∂αi

∣∣∣
αi=0

= Ω(t1, τi)∗

∗ [f(τi, x̂(τi), vi)− f(τi, x̂(τi), û(τi))] ,
(18)
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∂x(t1, 0̄, γk, x̂0)

∂γk

∣∣∣
γk=0

= Ω(t1, σ(rk))∗

∗µ(rk)
∂f(rk, x̂(rk), û(rk))

∂u
(zk − û(rk)) .

(19)

Äîâåäåííÿ. Äëÿ äîñòàòíüî ìàëèõ ᾱ, γ̄
i h ÷åðåç x(t, ᾱ, γ̄, x̂0 + h) ïîçíà÷èìî ðîçâ'ÿ-
çîê çàäà÷i Êîøi (14). Îñêiëüêè äîïóñòèìå
êåðóâàííÿ u(t, ᾱ, γ̄) � íåïåðåðâíå ñïðàâà íà
[t0, t1]T, òîäi ñïðàâåäëèâà îöiíêà

sup
t∈[t0,t1]T

|u(t, ᾱ, γ̄)| 6 sup
t∈[t0,t1]T

|û(t)|+

+
N∑
i=1

|vi|+
ν∑
i=1

|zk| .
(20)

Ç (13) âèïëèâà¹ iñíóâàííÿ ôóíêöi¨
φ(ᾱ, γ̄), ùî φ(ᾱ, γ̄) → 0 ïðè ᾱ → 0, γ̄ → 0 i
ñïðàâåäëèâà îöiíêà:∫

[t0,t1)T

|u(t, ᾱ, γ̄)− û(t)|∆t 6 φ(ᾱ, γ̄). (21)

Òîäi òâåðäæåííÿ 1) i 2) ëåìè 1 âèïëè-
âàþòü ç ëåìè 3 [1] i îöiíêè (21). Äîâåäåìî
òåïåð òâåðäæåííÿ 3) öi¹¨ ëåìè. Ðîçãëÿíåìî
ïðèðiñò

x(t1, ᾱ, γ̄, x̂0 + h)− x̂(t1) =

= x(t1, ᾱ, γ̄, x̂0 + h)− x(t1, 0, 0, x̂0)
(22)

Ðîçãëÿíåìî íàñòóïíèé äîäàíîê

x(t1, 0, . . . , 0, αk, αk+1, . . . , αN , γ̄, x̂0 + h)−
−x(t1, 0, . . . , 0, αk+1, . . . , αN , γ̄, x̂0 + h).

(23)
Äàëi ïîçíà÷èìî

xk(t) = x(t, 0, . . . , αk, αk+1, · · · , αN , γ̄, x̂0 + h),

uk(t) = u(t, 0, · · · , αk, αk+1, · · · , αN , γ̄).

Ìîæëèâi íàñòóïíi äâà âàðiàíòè.

1. αk i αk+1 âiäïîâiäàþòü ðiçíèì çíà÷åí-
íÿì τk ̸= τk+1 â (13). Òîäi, çãiäíî (13), îòðè-

ìà¹ìî

xk(t1)− xk+1(t1) =

=

∫
[τk,τk+αk)T

[f(s, xk(s), vk)−

−f(s, xk+1(s), û(s))]∆s+

+

∫
[τk+αk,t1)T

[f(s, xk(s), uk+1(s))−

−f(s, xk+1(s), uk+1(s))∆s] =

= I1 + I2.

(24)

Ìîæíà ïîêàçàòè, ùî ïåðøèé äîäàíîê â
(24) ìà¹ âèãëÿä:

[f(τk, x̂(τk), vk)−f(τk, x̂(τk), û(τk))]αk+o(ᾱ, γ̄, h),
(25)

ïðè ᾱ → 0, γ̄ → 0, h → 0. Äðóãèé äîäàíîê
â (24) ç âèêîðèñòàííÿì ôîðìóëè Ëàãðàíæà
ìà¹ âèãëÿä

I2 =

∫
[τk+αk,t1)T

∂f

∂x
(s, θ(s, ᾱ, γ̄, h), uk+1(s)) ∗

∗ (xk(s)− xk+1(s))∆s,
(26)

äå θ(t, ᾱ, γ̄, h) = xk+1(t)+ θ(xk(t)−xk+1(t)) ∈
Rd äëÿ äåÿêîãî θ ∈ [0, 1].

Îäíàê, ÿê âèïëèâà¹ ç ïðîïîçèöi¨ 2 [1]

âèðàç
xk(t)− xk+1(t)

αk
ðiâíîìiðíî çáiãà¹òüñÿ

äî
∂xk(t)

∂αk

∣∣∣∣
αk=0

íà [τk, t1]T ïðè αk → 0, äå

∂xk(t)

∂αk

∣∣∣∣
αk=0

� ðîçâ'ÿçîê íà [τk, t1]T ëiíiéíî¨

ñèñòåìè

y∆(t) =
∂f

∂x
(t, xk+1(t), uk+1(t))y(t), (27)

ç ïî÷àòêîâèìè óìîâàìè

∂xk(τk)

∂αk

∣∣∣∣
αk=0

= f(τk, xk+1(τk), vk)−

−f(τk, xk+1(τk), uk+1(τk)).

(28)

Ïîêàæåìî, ùî ðîçâ'ÿçîê çàäà÷i Êîøi
(27)�(28) ðiâíîìiðíî íà [τk, t1)T çáiãà¹òüñÿ äî
ðîçâ'ÿçêó ñïðÿæåíî¨ ñèñòåìè (15) ç ïî÷àòêî-
âîþ óìîâîþ

f(τk, x̂(τk), vk)− f(τk, x̂(τk), û(τk)), (29)
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ïðè ᾱ → 0, γ̄ → 0, h→ 0.
Ïîçíà÷èìî ðîçâ'ÿçîê çàäà÷i Êîøi (27)�

(28) ÿê yk(t), à ðîçâ'ÿçîê çàäà÷i Êîøi
(15), (29) ÿê y(t). Âiäìiòèìî, ùî îñêiëü-
êè uk+1(t) = û(t) ïðè t ∈ [t0, τk+1)T, òîäi
xk+1(t) = x̂(t) ïðè t ∈ [t0, τk+1)T. Òîìó ïî-
÷àòêîâi óìîâè (28) i (29) ñïiâïàäàþòü. Íå-
âàæêî ïîêàçàòè, ùî

sup
t∈[t0,t1]T

|yk(t)− y(t)| → 0, (30)

ïðè ᾱ → 0, γ̄ → 0, h→ 0.
Ïîâåðòàþ÷èñü òåïåð äî ôîðìóëè (24),

âðàõîâóþ÷è (25) äëÿ xk(t1) − xk+1(t1) îòðè-
ìà¹ìî:

xk(t1)− xk+1(t1) =

= [f(τk, x̂(τk), vk)− f(τk, x̂(τk), û(τk))]αk+

+

∫
[τk,t1)T

∂f

∂x
(s, x̂(s), û(s))y(s)∆s · αk+

+o(ᾱ, γ̄, h) =
∂x(t1, αk, 0̄, x̂0)

∂αk

∣∣∣∣
αk=0

· αk+

+o(ᾱ, γ̄, h), ïðè ᾱ→ 0, γ̄ → 0, h→ 0.
(31)

2. Íåõàé αk i αk+1 âiäïîâiäàþòü îäíî-
ìó i òîìó τk. Áåç îáìåæåííÿ çàãàëüíîñòi i
ñïðîùåííÿ âèêëàäîê, ðîçãëÿíåìî ïàêåò ãî-
ëîê (ᾱ, τ̄ , v̄, γ̄, r̄, z̄), ÿêèé ìiñòèòü òðè ãîëêè
âèãëÿäó (τk, vk), (τk, vk+1), (τk, vk+2), ÿêi âiä-
ïîâiäàþòü îäíîìó i òîìó æ τk. Äëÿ iíøî¨
êiëüêîñòi ãîëîê äîâåäåííÿ àíàëîãi÷íå.

Çà êåðóâàííÿì uk+1(t) ïîáóäó¹ìî êåðóâà-
ííÿ ush(t), â ÿêîìó äiþ ãîëêè (τk, vk+1) çìi-
ñòèìî íà αk âïðàâî, à äiþ ãîëêè (τk, vk+2)
çìiñòèìî âïðàâî íà 2αk. Ïîêëàäåìî α =
αk + αk+1 + αk+2. Ìàòèìåìî

ush(t) =



û(t), t ∈ [τk, τk + α)T∪
∪[τk + α + αk+1, τk + 2α)T,

vk+1, t ∈ [τk + α, τk + α + αk+1)T,

vk+2, t ∈ [τk + 2α, τk + 2α+ αk+2)T,

uk+1(t), â iíøèõ òî÷êàõ.
(32)

Òåïåð â êåðóâàííi uk(t) i ush(t) ãîëêè
(τk, vk+1) i (τk, vk+2) äiþòü íà îäíàêîâèõ ií-
òåðâàëàõ. Ïîçíà÷èìî ÷åðåç xsh(t) ðîçâ'ÿçîê
çàäà÷i Êîøi (14) ç x0 = x̂0+h, ùî âiäïîâiäà¹

êåðóâàííþ (32). Òîäi ìà¹ìî

xk(t1)− xk+1(t1) = xk(t1)− xsh(t1)+

+xsh(t1)− xk+1(t1).
(33)

Äî ïåðøîãî äîäàíêó â (33) çàñòîñîâó¹ìî
âñi ìiðêóâàííÿ âèïàäêó 1 ç ðiçíèìè τk i τk+1.
Òîìó

xk(t1)− xsh(t1) =

=
∂x(t1, αk, 0̄, x̂0)

∂αk

∣∣∣
αk=0

αk + o(ᾱ, γ̄, h),
(34)

ïðè ᾱ→ 0, h→ 0.
Íåâàæêî ïîêàçàòè, ùî

xsh(t1)− xk+1(t1) = o(ᾱ, γ̄, h), (35)

ïðè ᾱ→ 0, γ̄ → 0, h→ 0. Çâiäñè, âèêîðèñòî-
âóþ÷è (33),(34), îòðèìà¹ìî

xk(t1)− xk+1(t1) =
∂x(t1, αk, 0̄, x̂0)

∂αk

∣∣∣
αk=0

+

+o(ᾱ, γ̄, h), ᾱ→ 0, γ̄ → 0, h→ 0.
(36)

Ïåðåéäåìî òåïåð äî ðîçãëÿäó ãîëîê äðó-
ãîãî âèäó. Ðîçãëÿíåìî â ôîðìóëi (22) ïðè-
ðiñò âèãëÿäó

x(t1, 0̄, 0, · · · , 0, γk, γk+1, · · · , γν , x̂0 + h)−
−x(t1, 0̄, 0, · · · , 0, γk+1, · · · , γν , x̂0 + h).

(37)
Àíàëîãi÷íî ïîïåðåäíüîìó ïîçíà÷èìî

xk(t) = x(t1, 0̄, · · · , 0, γk, γk+1, · · · , γν , x̂0 + h)
� ðîçâ'ÿçîê çàäà÷i Êîøi (14) ç ïî÷àòêîâîþ
óìîâîþ xk(t0) = x̂0 + h, ùî âiäïîâiäà¹
êåðóâàííþ uk(t) = u(t, 0̄, γk, · · · , γν).

Íåõàé äåÿêîìó rk â íàøîìó ïàêåòi âiä-
ïîâiäà¹ äåêiëüêà ãîëîê. Ââàæàòèìåìî, áåç
îáìåæåíü çàãàëüíîñòi, ùî âèõiäíèé ïàêåò
ìiñòèòü äâi ãîëêè (rk, z1), (rk, z2). Òîäi, âðà-
õîâóþ÷è, ùî xk(rk) = xk+1(rk) = x̂(rk) i
uk(s) = uk+1(s) ïðè s ∈ [σ(τk), t1)T, ìà¹ìî

xk(t1)− xk+1(t1) = µ(rk)∗
∗[f(rk, x̂(rk), uk(rk))− f(rk, x̂(rk), uk+1(rk))]+

+

∫
[σ(rk),t1)T

[f(s, xk(s), uk+1(s))−

−f(s, xk+1(s), uk+1(s))]∆s.
(38)
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Ïåðøèé äîäàíîê â (38) çãiäíî ç ôîðìó-
ëîþ Ëàãðàíæà i â ñèëó ðiâíîìiðíî¨ íåïå-

ðåðâíîñòi
∂f

∂u
íàáóâà¹ âèãëÿäó

µ(rk)
∂f

∂u
(rk, x̂(rk), û(rk))(z1 − û(rk))γk+

+o(γ̄, h), ïðè γ̄ → 0, h→ 0.
(39)

Ðîçãëÿíåìî äðóãèé äîäàíîê â (38).∫
[σ(τk),t1)T

∂f

∂x
(s, θ(s, γ̄, h), uk+1(s))∗

∗xk(s)− xk+1(s)

γk
∆s· γk.

(40)

Îäíàê, ÿê âèïëèâà¹ ç ïðîïîçèöi¨ 1 [1], âè-

ðàç
xk(t)− xk+1(t)

γk
ðiâíîìiðíî çáiãà¹òüñÿ äî

∂xk(t)

∂γk

∣∣∣
γk=0

íà [σ(τk), t1)T, ïðè αk → 0, ïðè-

÷îìó
∂xk
∂γk

∣∣∣
γk=0

� ðîçâ'ÿçîê íà [σ(τk), t1)T ëi-

íiéíî¨ ñèñòåìè

y∆(t) =
∂f

∂x
(t, xk+1(t), uk+1(t))y(t)

ç ïî÷àòêîâîþ óìîâîþ

y(σ(rk)) = µ(rk)
∂f

∂u
(rk, x̂(rk), û(rk))(z1−û(rk)).

(41)
Òåïåð, àíàëîãi÷íî âèêëàäêàì ç îäíi¹þ

ãîëêîþ ïåðøîãî âèäó, ìà¹ìî

xk(t1)− xk+1(t1) =
∂x(t1, ᾱ, γk, x̂0)

∂γk

∣∣∣
γk=0

γk+

+o(ᾱ, γ̄, h), ïðè ᾱ→ 0, γ̄ → 0, h→ 0.
(42)

Ðîçãëÿíåìî â ôîðìóëi (22) îñòàííié äî-
äàíîê. Îñêiëüêè ðîçâ'ÿçîê x(t, 0̄, 0̄, x̂0 + h)
íåïåðåðâíî-äèôåðåíöiéîâíèé çà h â òî÷öi
h = 0, òî ìà¹ìî

x(t1, 0̄, 0̄, x̂0 + h)− x̂(t1) =

=
∂x(t1, 0̄, 0̄, x̂0 + h)

∂h

∣∣∣
h=0

h+ o(|h|),
(43)

ïðè h → 0. Âðàõîâóþ÷è òåïåð (31), (36),
(42), (43), ç (22) îòðèìà¹ìî (16).

Äëÿ ëiâî-ãðàíè÷íèõ òî÷îê ìiðêóâàííÿ
ïðîâîäÿòüñÿ àíàëîãi÷íî, òiëüêè â ãîëêàõ

ïåðøîãî âèäó iíòåðâàëè ∆s,i ïîòðiáíî âèáè-
ðàòè íàñòóïíèì ÷èíîì

∆s,i = [τi − (s− 1)ᾱi − αs,i, τi − (s− 1)ᾱi)T.

Çàóâàæåííÿ 1. Îñíîâíà âiäìiííiñòü i
ñêëàäíiñòü äîâåäåííÿ öi¹¨ ëåìè âiä êëà-
ñè÷íî¨ ëåìè "ïðî ïàêåò ãîëîê" ïîëÿãà¹
â òîìó, ùî â íàøîìó âèïàäêó ôóíêöiÿ
x(t1, ᾱ, γ̄, x0), âçàãàëi êàæó÷è, íå ìà¹ ÷à-
ñòèííèõ ïîõiäíèõ çà αi ïðè αi ̸= 0.

Äàëi íàâåäåìî ðåçóëüòàò ïðî çâ'ÿçîê
ðîçâ'ÿçêiâ ëiíiéíî¨ ñèñòåìè

x∆(t) = A(t)x(t) (44)

i ñïðÿæåíî¨ ñèñòåìè

y∆(t) = −A∗(t)y(σ(t)), (45)

äå d× d � âèìiðíà ìàòðèöÿ A(t) íåïåðåðâíà
íà [t0, t1]T.

Ç òåîðåìè 1 [7] âèïëèâà¹, ùî çàäà÷à Êî-
øi ç ïî÷àòêîâîþ óìîâîþ x(t0) = x0, x0 ∈ Rd

äëÿ (44) ìà¹ ¹äèíèé ðîçâ'ÿçîê íà [t0, t1]T. Ïî-
çíà÷èìî ÷åðåç Ω(t, τ) (t > τ, τ, t ∈ [t0, t1]T)
ìàòðèöàíò ñèñòåìè (44). Â ñâîþ ÷åðãó ç òåî-
ðåìè 4 [7] òàêîæ âèïëèâà¹, ùî çàäà÷à Êîøi
ç ïî÷àòêîâîþ óìîâîþ y(t1) = y0 ∈ Rd äëÿ
(45) ìà¹ ¹äèíèé ðîçâ'ÿçîê íà [t0, t1]T. ×åðåç
Ω∗(t, τ) (t 6 τ, τ, t ∈ [t0, t1]T) ïîçíà÷èìî ìà-
òðèöàíò ñèñòåìè (45). Áåçïîñåðåäíüîþ ïåðå-
âiðêîþ îòðèìó¹òüñÿ íàñòóïíèé ðåçóëüòàò.

Ëåìà 2. Íåõàé x(t) i y(t) � äîâiëüíi ðîçâ'ÿç-
êè ñèñòåì (44) i (45) âiäïîâiäíî íà [t0, t1]T.
Òîäi ïðè t > τ, τ, t ∈ [t0, t1]T ìà¹ìî:

Ω∗(t, τ)y(t) = y(τ), Ω∗
∗(τ, t)x(τ) = x(t). (46)

Äîâåäåííÿ. Ç ôîðìóëè (2) [1] ìà¹ìî

(x(t), y(t))∆ = (x∆(t), y(σ(t)))+

+(x(t), y∆(t)) = (A(t)x(t), y(σ(t)))+

+(x(t),−A∗(t)y(σ(t))) = 0.

Òîìó, äëÿ äîâiëüíèõ ðîçâ'ÿçêiâ (44) i (45)

(x(t), y(t)) ≡ const. (47)

Ñïiââiäíîøåííÿ (46) âèïëèâà¹ ç òîãî, ùî
ñòîâáöi ìàòðèöàíòiâ Ω(t, τ) i Ω∗(τ, t) ñêëàäà-
¹òüñÿ ç ðîçâ'ÿçêiâ (44) i (45) âiäïîâiäíî.
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2.2 Äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó.
Â ñèëó ïåðøîãî òâåðäæåííÿ ëåìè 1,

ðîçâ'ÿçîê x(t, ᾱ, γ̄, x0) = x(t) ïðè t ∈ [t0, t1]T
ëåæèòü â îáëàñòi D, ÿêùî 0 6 αi 6 ε0,
0 6 γk < ε, |x0 − x̂0| < ε0 äëÿ âñiõ t ∈
[t0, t1]T ïðè äîñòàòíüî ìàëîìó ε0. Òîäi ïàðà
(x(t), u(t, ᾱ, τ̄ , v̄, γ̄, r̄, z̄)), äå u(· ) âèçíà÷åíî â
(13) ÿâëÿ¹òüñÿ êåðîâàíèì ïðîöåñîì çàäà÷i
(2)�(5). Ââåäåìî íàñòóïíó ôóíêöiþ:

Ii(ᾱ, γ̄, x0) = Φi(x(t0, ᾱ, γ̄, x0), x(t1, ᾱ, γ̄, x0)),

ïðè i = 0, n. Â ñèëó íåïåðåðâíî¨ äèôåðåíöi-
éîâíîñòi ôóíêöi¨ Φi çà ñâî¨ìè àðãóìåíòàìè
i òðåòüîãî òâåðäæåííÿ ëåìè 1, ôóíêöi¨ Ii �
äèôåðåíöiéîâíi â òî÷öi (0̄, 0̄, x̂0).

Ðîçãëÿíåìî íàñòóïíó ñêií÷åííîìiðíó
åêñòðåìàëüíó çàäà÷ó

I0(ᾱ, γ̄, x0) → inf,

Ii(ᾱ, γ̄, x0) = 0, i = 1, k,

Ii(ᾱ, γ̄, x0) 6 0, i = k + 1, n,

αm > 0, m = 1, N,

γj > 0, j = 1, ν,

(48)

äî ÿêî¨ çàñòîñó¹ìî ïðàâèëî ìíîæíèêiâ Ëà-
ãðàíæà. Îòæå, iñíóþòü òàêi ìíîæíèêè Ëà-
ãðàíæà λ = (λ0, λ1, . . . , λn), µ = (µ1, . . . , µN),
β = (β1, . . . , βν), ÿêi îäíî÷àñíî íå äîðiâíþ-
þòü íóëþ, ùî äëÿ ôóíêöi¨ Ëàãðàíæà

Λ(ᾱ, γ̄, x0, λ, µ, β) =
n∑
i=1

λiIi(ᾱ, γ̄, x0)−

−
N∑
i=1

µiαi −
ν∑
i=1

βiγi

(49)

âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) λi > 0, i = 0, i = k + 1, n, µi > 0,
i = 1, N , βi > 0, i = 1, ν;

2) λiΦi(x̂(t0), x̂(t1)) = 0, i = k + 1, n;

3) Λ̂x0 = 0;

4) Λ̂αi > 0, i = 1, N , Λ̂γi > 0, i = 1, ν,

òóò
Λ̂x0 = Λx0(0̄, 0̄, x̂0, λ, µ, β),

Λ̂αi = Λαi(0̄, 0̄, x̂0, λ, µ, β),

Λ̂γi = Λγi(0̄, 0̄, x̂0, λ, µ, β).

Óìîâè 1) i 2) îçíà÷àþòü âèêîíàííÿ óìîâ
1) i 2) òåîðåìè 1. Ðîçãëÿíåìî òåïåð óìîâè 3)
i 4) ç âèêîðèñòàííÿì ôîðìóëè äèôåðåíöiþ-
âàííÿ ñóïåðïîçèöi¨ i ëåìè 1. Òîäi ìà¹ìî

Λ̂x0 = Λx0(0̄, 0̄, x0, λ, µ, β)
∣∣∣
x0x̂0

=

= L∗
x0

+ L∗
x1

∂x(t1, 0̄, 0̄, x0)

∂x0

∣∣∣
x0=x̂0

= 0.
(50)

Òóò L =
∑n

i=0 λiΦi(x(t0), x(t1)) � ôóí-
êöiÿ Ëàãðàíæà çàäà÷i (2)�(5). Ñïiââiäíîøå-
ííÿ (50), âðàõîâóþ÷è (17) áóäå ìàòè âèãëÿä

L∗
x0

+ L∗
x1
Ω(t1, t0) = 0. (51)

Ïîçíà÷èìî ÷åðåç Ψ(t) � ðîçâ'ÿçîê ñèñòå-
ìè (7) ç ïî÷àòêîâîþ óìîâîþ

Ψ(t1) = −Lx1 . (52)

Òîäi (51) ïðèéìà¹ íàñòóïíèé âèãëÿä

L∗
x0

−Ψ∗(t1)Ω(t1, t0) = 0.

Âèêîðèñòîâó¹ìî ëåìó 2, ïîêëàäåìî ó ïåð-
øîìó ñïiââiäíîøåíi (46) t = t1, τ = t0. Òî-
äi îñòàíí¹ ñïiââiäíîøåííÿ ïðèéìà¹ âèãëÿä
L∗
x0
−Ψ(t0) = 0, à öå ðàçîì ç (52) îçíà÷à¹ âè-

êîíàííÿ óìîâ òðàíñâåðñàëüíîñòi 3) òåîðåìè
1. Ðîçãëÿíåìî òåïåð óìîâó 4).

Λ̂αi = Λαi = −µi+

+

(
Lx1 ,

∂x(t1, αi, 0̄, x̂0)

∂αi

∣∣∣
αi=0

)
> 0.

Îñòàíí¹ ç óðàõóâàííÿì (18) ïðèéìà¹ âè-
ãëÿä

(Lx1 ,Ω(t1, τi)∆f(τi))− µi > 0, äå (53)

∆f(τi) = f(τi, x̂(τi), vi)− f(τi, x̂(τi), û(τi)).

Òîäi ìè ìà¹ìî

(Ω∗(t1, τi)Lx1 ,∆f(τi)) > µi, i = 1, N. (54)

Ç îñòàííüî¨ ôîðìóëè âèïëèâà¹, ùî ÿêùî
âñi λi = 0, òîáòî ôóíêöiÿ Ëàãðàíæà L çàäà÷i
(2)�(5) òîòîæíüî äîðiâíþ¹ íóëþ, òîäi µi = 0,
i = 1, N.

Âðàõîâóþ÷è ïåðøå ñïiââiäíîøåííÿ (46)
ïðè t = t1, τ = τi i (52), (54) ïåðåïèñó¹òüñÿ
ó âèãëÿäi (Ψ(τi),∆f(τi)) 6 0, ùî â òåðìiíàõ
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ôóíêöi¨ Ïîíòðÿãiíà îçíà÷à¹ âèêîíàííÿ óìî-
âè 4b) òåîðåìè 1 â òî÷öi τi.

Àíàëîãi÷íî, ç óðàõóâàííÿì (19)

Λ̂γi = (Lx1 ,Ω(t1, σ(ri))µ(ri)∗

∗∂f(ri, x̂(ri), û(ri))
∂u

(zi − û(ri)))− βi > 0.

(55)
ßêùî âñi λi = 0, òî i βi = 0, i = 1, ν.

Òàêèì ÷èíîì, íå âñi λi äîðiâíþþòü íóëþ.
Òîäi ç (55) ìà¹ìî

µ(ri)

(
Ψσ(ri),

∂f(ri, x̂(ri), û(ri))

∂u
(zi − û(ri))

)
6 0,

à öå îçíà÷à¹ âèêîíàííÿ óìîâè 4a) òåîðåìè 1
â òî÷öi ri.

Îòðèìàíi ìíîæíèêè Ëàãðàíæà λ =
(λ1, . . . , λn), à îòæå i âåêòîð Ψ çàëåæèòü âiä
âèáðàíîãî "ïàêåòó ãîëîê". Iñíóâàííÿ "óíi-
âåðñàëüíèõ" i íåçàëåæíèõ ìíîæíèêiâ Ëà-
ãðàíæà λ = (λ1, . . . , λn) äîâîäèòüñÿ àíàëî-
ãi÷íî êëàñè÷íîìó âèïàäêó (T = R1) ç âè-
êîðèñòàííÿì âiäîìî¨ ëåìè ïðî öåíòðîâàíó
ñèñòåìó êîìïàêòiâ.

Òåîðåìà 1 äîâåäåíà.
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