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AHAJII3 CTIMKOCTI CTAONIOHAPHUX PO3B’4A3KIB B MOJEJIAX
ANMHAMIKHN BIKOBOI CTPYKTVYPU IIOIIVJIAIIIN 3
BHYTPIINTHHOBJ1OBOIO KOHKYPEHIIITO

Posrnanaerbea HemepepBHA MOIENb AUHAMIKE BIKOBOI CTPYKTYPH i30/IbOBAHMX IOIYJIATIN 3
BHYTPINTHLOBUIOBOIO KOHKYPeEHTIi€o. /Ig MaTeMaTuaHol MOJEN, 110 € HeTiHIfHOI KpaiioBoo 3a-
Ja9ero NI PIBHAHHA 3 YACTHHHUMH TTOX1THUMHA TEPIIOro TOPAIKY BUBYAETHCA MATAHHS 1CHYBAHHS
Ta CTIHKOCTI CTAIlOHAPHUX PO3MOIiNIB BIKOBOI CTPYKTYPH.

We consider continuous models of the dynamic age structure for isolation populations with an
interior genus competition. For a mathematical model that is a boundary value problem for a first
order partial differential equation we study the existence and stability of a stationary distributions

for the age structure.

1. Bctyn

OcobauBe wMicie cepea Mojeaeil AUHAMI-
KI IUCETbHOCTI O10TOTTIHUX MOMY TSI 3aiima-
I0Th MOJIEJI, 10 BPAXOBYIOTh HEOJHOPIIHOCTI
0COOMH TOILYJIsIIIiT, 30KpeMa BIKOBY CTPYKTYPY.
Bonu gBisitorh c00010 cucreMy piBHsSIHb B 4a-
CTUHHUX TOXIIHUX TEPIIOro MOPsJIKY, 10 OTTH-
Cy€ IpOollec BHXKMBAHHS Ta iIHTErpaJbHOIO PiB-
HAHHS BIHOBJIEHH, 1O BU3HAYAE IPOIEC Ha-
po/KyBanHs [1].

B ocrammiii 9ac mpumiageThbes yBara Mo-
JleIIM JTUHaMIKU BIKOBOI CTPYKTYPH TOILY/IsI-
1ii, MO BPaXOBYIOTH BILIMNB BHYTPINTHHOBUIO-
BOI KOHKYPEHIIil, IKa BUHUKAE IPH YMOBaX He-
JIOCTATHOCTI PeCypciB Ha MATPUMKY IPOIECiB
BUKMBaHHY Ta Hapo/pKyBaHHs. Lle nmpuBouTh
10 BUBYEHHsI HeJHHIAHUX Mojeseill JuHAMIKHU
BiKOBOTO CKJamy [2,3].

AnayiTuyHe JOCJIIZKEHHS MaTeMaTUYHUX
Mojiesieil JUHAMIKU BiKOBOI CTPYKTypu 0i0Ji10-
PIYHUX TOMYJIATIH crpusie OLIBIT TJIHOOKOMY
PO3YMIHHIO 3aKOHOMIpHOCTEll pO3BHTKY 6io-
JIOTIYHUX CHCTEM Ta BHPOOJEHHIO PO3YMHHUX
cTpaTeriii parmioHATbHOTO KepyBaHHSA HasBHU-
MH OGiopecypcamu.

B poboti [3| mist Mmojeni guHaMiku BiKOBOI
CTPYKTYpH OI0JOTIMHAX TTOMYJIAIIi, TII0 Bpaxo-
BY€ BHYTPIIIIHBOBUIOBY KOHKYPEHIIIIO, JI0BEj1Ie-
Ha Teopema PO iICHYBaHHs Ta €JIMHICTb HEBiJL -
€MHOI'0 PO3B’43KY.

Meroro J1aHol poboTH € JOC/II/I2KeHHsI 1CHY-
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BaHHI Ta CTIHKOCTI CTAIlIOHAPHUX PO3MOILTIB
BIKOBOT'O CKJIQJly TOILYJISIIIIA.

2. ITocTranoBka 3aga4i. Mojeb, 1m0 Bpa-
XOBY€ HasgBHICTH BHYTPINTHBOBUIOBOI KOHKY-
PeHTIIil, Ma€ BUATJISA

@
or

+ 9z - _ [d(r7 t) + /a(T, s, t)xz(s,t)ds|x,
ot
0

T,t >0,
2(0,1) = / b(r, a(r t)dr, >0, (1)
0

z(r,0) = ¢(1), 7>0.

B miit Momeni 0oCHOBHOIO XapaKTepPUCTUKOIO

BIKOBOI CTPYKTYPH € I'YCTHHA YUCETHHOCTI TO-
nynaamii z(7,t) (abo ryctuna 6GiomMacu) Tak, Mo
o

[ z(r,t)dT = N(t) Bu3HAuae 3araabHy KiTb-
0

KiCcTh 0COOMH TIOMyJIAIil B MOMeHT dacy t. Ila-
pamerpu d(7,t), b(7,t) — ne dyukuii, mo Bu-
3HAYAIOTH MPUPOIHY CMEPTHICTH Ta HAPOIZKY-
BaHICTh OCOOMH BIKy 7 B MOMEHT 4acy t, pyH-
Kilis a(T, s,t) onucye edekT KOHKYpPEeHIT MixkK

ocobuHaMM BIKIB T Ta § B MOMEHT 4acy t Tak,
[e.@]

wo supas [ a(7, s, t)z(s, t)ds 3amae mBuakicTs
0

3MEHIIIeHHS YUCETHbHOCTI 0COOUH BIKY T BHACJTI-
JIOK KOHKYPeHIIl 3 yciMa ocobmHaMu 6i0JIori-
YHOI'0 yIrpyHOBaHHAI.
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Taky 3agady HajgaIi HaA3UBATUMEMO TOTY-
JISILIIHOIO 3a/1a4€el0.

3pobumMo Taki MPUITYIIEHH] BiITHOCHO Tapa-
metpis Mozesni (1):

a) d(r,t), b(r,t) € CRT,RY), p(r) €
CHRT) N LYRT), RT = [0, 00);

6) d(7,t), b(t,t), (1) > 0 ana seix 7,t > 0;

B) a(7,s,t) — HemepepBHa, HeBixemHa i
obmezkena B obsacti 7, s, t > 0;

r) b(7,t) mMae KoMuakTHHl HOCIH HpU KO-
xkuomy ¢t > 0 (rpadik dyuxuii b(7,t) upu di-
kcoBaHoMy t > 0 maBesenuii Ha puc. 1);

1) o(0) = ;fow, 0)o(r)dr.

b s

/N

0 n(f) ¢

\J

Puc. 1

Bynemo posrmgmarum e JiMiTOBaHI TOTMY-
JIIil, TOOTO WOIYJIAIl, /it AKX UpU Oy/ib-
axomy t > 0 icaye 79 € (11(t), 72(t)) Take, mo
a(7o,8,t) > 0 upu s € (11(t), 72(t)).

Posrigremo mozenb (1) B cramioHapHOMY
CepeJIOBUIII Ta BUKOHAEMO JOCTIIZKEeHHS iCHY-
BaHH4 CTAI[lOHAPHUX CTaHiB i iX criiikocTi. Bo-
Ha MAa€ BULJIAT,

Or Oz r
5 + i [d(T) + / a(t, s)x(s, t)ds] x,
0
7,0 >0, (2)

2(0,4) = / b()a(r t)dr, >0, (3)
0

$(77 0) = 90(7—)7

PiBustnHst (2) ommcye mpornec BUKHBAHHS

nomyJIAIii, KpaiioBa ymoBa (3) — mporec Hapo-

mkyBanng. Oyukuii d(7), b(T) xapakrepusy-

I0Th TIPOIECH BHKUBAHHS Ta HAPOIKYBAHHI,

a dyukiis ¢(7) 3aJa€ TOYATKOBHH PO3MOJILT
BiKOBOTO cKJiaty npu t = 0.

7> 0.
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3. IcuyBaHH" cTamioHApHUX PO3B’dA3-
KiB momyJdriitHol 3aaad4i

[Ipu ™Moje/ifOBaHHI JWHAMIKH OBEIIHKA
610JIOTTYHUX TOIYJIsIii 0COOJIUBY POJIb Bijli-
rpaloTh CTAIlOHAPHI PEXKWMHU, OCKIIbKHU Cca-
Me T peKUMH YacTilTe BChI'O PeaTi3yloThCs B
npuposai. Tomy IX mocmiizKeHHs Ma€ KOHKpe-
THe IPaKTHUYHe 3HAYeHHd JK ICTOTHIM KPOK Ha
NMJIAXY PO3YMIHHS MPUPO/IHIX TPOTIECIB.

Cramjonapui po3s’s3kn T(7) piBHAHB (2),
(3) 3HAXOAATHCS 3 CHCTEMH

dz

== |:d(7') - /a(T,s)f(s)ds z, (4

z(0) = /b(T)E(T)dT. (5)

s CIPOIIEHHS BUKJIAQJOK HPUILYCTUMO,

o a(7,s) = y(7)p(s), npu mpomy (4) Habyxe
BUTJISALY

dz

e LG RRICY FTCLCIN NG

[Tozraunmo

/ p(s)T(s)ds = c. (7)

Toi po3B’st30k piBHsAHHS (4) MOXKHA 3aIu-
CaTH y BUTJISII

— } d(s)ds —c of ~v(s)ds

Z(1) =Z(0)e © e (8)

[Tligcrasusiioun (8) B (5) ogep:kuMO, IO
KpiM HYJIb0BOro po3B’sa3ky T(7) = 0 mMoxke 1me
icHyBaTH HeTpUBIAJbHUI TOJATHUI cTAIIOHAD-
HII PO3B’I30K.

Bin BusHauaeThcsa mapaMeTpoM ¢, IO 3Ha-
XO/IUThCS 3 PIBHSHHS

1= (), (9)

e

T

T — [d(s)ds —cT s)ds
d(c) = /b(T)e ! e a dr.
0
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OckinbpKu

) < 0 i

o —Td(s ds
Jb(r)e 4 dr, 10
0

o0) =
(9)

€IMHNI TOJATHUN KOPiHB C* TMpH YMOBI, IO
®(0) > 1 (puc. 2).

PiBHSIHHS Mae

Puc. 2

3 nosnavennst (7) 3HAXOAMMO 3HAYECHHSI
Z(0), 1110 0JHO3HAYHO BU3HAYAE CTAIIOHAPHUI
posnoxin (7). Maemo

7(0) = -
00 — [d(s)ds —c* [~(s)ds
Jp(r)e © e 0 T
0
a OTIKe,
. 70fd(s)ds fcof'y(s)ds
ce e
(1) = - - (10)
— [d(s)ds —c* [~(s)ds
0 dr

Frose 1%,

. . , .
Crarionapuuii po3B’s30K iCHY€ 3a yMOBH,
10

oo T

— [d(s)ds
,u:/b(T)e { dr > 1.
0

(11)

Takum yuHOM, JIOBE/IeHA TEOpEMa

Teopema 1. Hexati napamempu d(T),
a(t,s), b(T) cucmemu (2), (3) 3adososvnsromy
ymosu a) — 2) i > 1, modi icuye edunud do-
damuuti cmaytonaprut pose’a3ok, Akul 3anu-
cyemwvea y euzandi (10).

3ayBaKuMo, 10 BEJHYUHY (i HA3UBAIOTH
OiosorivauM moTeHIiagoM. Bona BOupae B ce-
Oe mapamMeTpH, IO XapaKTepH3yiTh IPOIECH
HPUPO/IHOTO BUKUBaHHS 1 HapozKyBaHHs. Ca-
Me 3HAYeHHS MapaMerpa [ BU3HAYAE MOBEiH-
Ky JIWHAMIKHA 9UCEeJTbHOCTI MOMYJISIIi.
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4. CriiikicTh cTamioHapHIX PO3B’dA3KiB

JocaiazKeHHs CTIfIKOCTi CTAIlOHAPHUX CTa-
HiB €KOCHUCTEeM € OJIHIE€I0 3 OCHOBHHUX 33149 I10-
MyASIIRHOI eKOJIOTil, OCKIIBKHA CTIHKICTH CTa-
MIOHAPHHUX PO3B’S3KIB II0 BiIHOIIEHHIO 10 Ma-
JInX 30ypeHb MOXKe CJYZKHUTH O3HAKOIO peaJli-
3allil BiIIIOBIIHOIO Pe2KUMY B peaibHUX 010J10-
IMYHUX YTPYIIYBAHHSIX.

Hexaii icnye cranjionapuuii po3s’s30k Z(7)
nomysstiiinol 3aaa4i (2), (3). dust gocaiazxen-
HS CTIHKOCTI CTAI[IOHAPHOTO PO3MOIIIY MOKJIa-
aemvo (1, t) = T(7) + &(T,1).

Jlineapusariss B OKOJIi HYJILOBOI'O CTallio-
HAPHOTO PO3B’SA3KY Jla€ JiHIHI MOJesi JuHa-
MIKHW BIKOBOI CTPYKTYPH, SIKi BUBHAJIUCS B PO-
6orax [1,4]. B HuX BCTAHOBJIEHO, IO HYJIbOBHI
po3B’s130K 1pu i < 1 € acUMITOTUYHO CTiii-
KUM.

J11s1 HeHyJILOBOTO CTAIIOHAPHOTO PO3B’A3KY
Z(7T) 07epzKyeMO 0JIePKYEMO DIBHSAHHSI IEPIIO-
ro HAOJIVKEeHHS BUTJISLY

LS

_+_:

5+ 3 =~ |dn T e

(12)

§0.0= [bogrnar. (3)
0
Bynemo mrykatu po3s’s30k 3agadi (12), (13)

y BUIVISIIL

E(r,t) =&(1) - T(t).

Toxi ans T(t) maemo T'(t) = e, a £(7) Busma-
YATUMETBCA 3 PIBHAHD

& )+ E - (), (14)
€0 = [onEna )

e _
1= [ (sl (10
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Posp’azkom pisusiang (14) € dyukiisa

“a [ 2N (9N Tds)a (),
0
e
+ [d(s)ds
A(r)=e { e

3 noswavenna (16) smaxogmmo, mo q =
§<O) - q, ne

+c* [~(s)ds
0

Zop(T)A—(T)e—MdT

B
3

s)ers—Tdsdr

€)= €0) (17 [ (A (X ds) A (7).

0

3 (15) oep:KyeMO XapaKTepUCTUIHE DIBHSIHHS
BUTJIAY

[e.e] T

/b 1—q/7()><

0

XA+(3)6A(S_T)d3>A_(T)dT. (17)

ZAxio kopeni piBusans (17) MaoTh Big'em-
Hi gificui wacrunu, To BCl po3s’asku £(T,1) =
&(r)eM upsimytoTh 10 Hyns npu t— 00, e
osnavae, mo x(7,t) — Z(7) npu t — oo,
7 € [0, 00).

[linkomM Heo4deBUIHO, O TpHU L > 1 piBHA-
ung (17) mae xopeni A 3 Re A < 0.

Tomy nna mosenenns Toro axty, M0
£(r,t) — 0 mpu t — 00 3aCTOCYEMO TPAMHUIi
metos1 JIsimynoBa. Takuii 1mijixij 3anpornoHoBa-
HO B [4].

I BUBYEHHS CTIHKOCTI HeTPUBIAJILHUX
CTAI[IOHAPHUX PO3B’A3KIB pO3TJIsiHeMO (DyH-
KIIIOHAJI

w(T)é(T, 1) dT >0, (18)

l\DI»—t
0\8
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Je w(T) — dbyHKIs, 9Ky TOTPIGHO BU3HAUNTH.
[Toxizna o wacy dyukmionany (18), B cury
30ypeHuX PIBHAHD, M€ BULJIAL

o0

i /w(T)f(T, t)dT X

< (G2 +w0r) = (dr) + )t

Bubepemo w(7) 3 ymoBu

2 wOBr) — (d(r) + (7))~

7) 7 w(T)Z(1)7(7)

ne h — nedka KOHCTaHTA.
Jlerko GauuTH, MO e PIBHSHHS JIOTYCKA€E
po3B’s3ku upu h > 0. Toxi

dr = —hw,

o0

2
/w E(r,t)dr| < 0.

0

A 1e oznauae, mo dynkmionan v(§) 3am0-
BOJIbHSIE YMOBH TEODEMHU IPO ACHMITOTHIHY
CTIKICTH HYJTBOBOTO PO3B’si3Ky cucremu (12),
(13). Tomy HeHyTBOBI CTAliOHADHI PO3B’SI3KH
Z(7) cucremu (5), (6) 3a ymMoBH, 1110 BOHH iCHY-
107b (10670 mpu £ > 1) acuMITOTHYHO CTiiiKi
3a MepIIuM HAOJIUKEHHIM 338 HOPMOIO

_ [75(7)d7r

ITpukaan. Po3riisineMo MOIEIbHY CUCTEMY
BUTJISILY

oz |
or

ox

ot

«

[ 1
d—b—/x7td7' (1,t),d =a——, (19)
0
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[e9]

x(0,t) = /ozx(T, t)dr,
0
e a — JedKa craja, o 3aJ0BOJLHAE YMOBY
a>1.
HenynboBuii cramnionapuuii pos3s’s30k Z(7)
cucremu (19), (20) 3HAXOUTHCS 3 CHCTEME

(20)

ar _ —[d+ T, c= /T(T)dT,
dr

i mae Buruis T(7) = €77, T(0) = 1, upuuomy
* 1
==
«

HewnysiroBnii

icHYy€E, KO
o0
=« / e (@
0

BUKOHY€ETbCs 1Ipu o > 1.
[Ipu jocirijzkenni crifikocTi crarioHapHO-
ro po3s’s3ky T(T) s Biaxuaenus &(T,t) =

CTAI[IOHAPHUI  PO3B’I30K

~Tdr > 1,

x(7,t) — T(T) O1EePKYEMO CUCTEMY BUTJISIILY
9  9E
or o
—(a&+ e [ &(7,t)dr, (21)
v
=a [ (7, t)dr (22)
/

1), (2

Posp’s30k (2 2) &(7,t) mykaemo y Bu-

rasi (T, 1) = (T)e
PiBustausg st £(7) Mae BULJIsI
dé _
d—f_ + A+ a)+qge " =0, (23)
=a [ &(1)dr (24)
/
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e
~ [&rar (25)
0
3 piBugHHS (23) MaeMO
€r) = (60— D)o (g
Tozi 3 no3uadenust (25) 3HAXOTUMO
_ £(0)a
=0t +rtatl 27)

Bpaxosyioun (26), (27), 3 (24) omepxyemo
DIBHSIHHS JIJIsT XapAKTEPHCTHIHAX KOPEHIB A ¥
BUTJISITL

1= a/e(”“)Tx
0
o
x(1- 1))
( aA(a+A)+a+/\+1(e ))dr
(28)
Crporyroun (28), 01epKyeMO DiBHSIHHS

aX + (@ + DA+ 2a+1 =0,

gke Mae Kopeni 3 ReA < 0.
TakuM YHHOM, JIOBEIEHA ACHMITOTHIHA
crifikicrs po3B’s3ky T(7) = €7 s cucre-
u (19), (20) npu ymosi, mo o > 1.
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