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ÒÅÎÐÅÌÀ ÒÈÏÓ ÂIÌÀÍÀ-ÂÀËIÐÎÍÀ ÄËß ÖIËÎÃÎ ÐßÄÓ ÄIÐIÕËÅ Ç
ÄÎÂIËÜÍÎÞ ÊÎÌÏËÅÊÑÍÎÞ ÏÎÑËIÄÎÂÍIÑÒÞ ÏÎÊÀÇÍÈÊIÂ

Ó öié ñòàòòi äîâåäåíî òåîðåìó òèïó Âiìàíà-Âàëiðîíà ïðî îöiíêó çàãàëüíîãî ÷ëåíà öi-
ëîãî ðÿäó Äiðiõëå ç äîâiëüíîþ íåîáìåæåíîþ êîìïëåêñíîþ ïîñëiäîâíiñòþ ïîêàçíèêiâ λn

÷åðåç ìàêñèìàëüíèé ÷ëåí öüîãî ðÿäó, à òàêîæ îòðèìàíî íîâèé îïèñ çà ïëîñêîþ ìiðîþ
τ2(E) =

∫
E

dxdy
|z|2 < +∞, z = x+ iy âèíÿòêîâî¨ ìíîæèíè E.

In this article a Wiman-Valiron's type theorem about estimation of a general term of entire
Dirichlet Series with arbitrary complex exponents λn by means of its maximum term is proved.
Additionally, a new statement concerning the plane measure τ2(E) =

∫
E

dxdy
|z|2 < +∞, z = x + iy

of an exclusive set E is obtained.

1. Âñòóï i îãëÿä ðåçóëüòàòiâ

Ðîçãëÿíåìî öiëi ôóíêöi¨ F, çàäàíi â êëà-
ñi D+∞ àáñîëþòíî çáiæíèìè ó âñié êîìïëå-
êñíié ïëîùèíi ðÿäàìè Äiðiõëå âèãëÿäó

F (z) =
+∞∑
n=0

ane
zλn , (1)

äå λ = (λn) � äîâiëüíà ïîñëiäîâíiñòü ïîïàð-
íî ðiçíèõ íåâiä'¹ìíèõ äiéñíèõ ÷èñåë, òîáòî

λn ̸= λk (n ̸= k), {λn : n ≥ 0} ⊂ R+
def
=

[0,+∞). ×åðåç Da ïîçíà÷àòèìåìî êëàñ àá-
ñîëþòíî çáiæíèõ ó ïiâïëîùèíi

Πa = {z : Rez < a}, a ≤ +∞,

ðÿäiâ Äiðiõëå âèãëÿäó (1), äå {λn : n ≥ 0} ⊂
R+.

Äëÿ F ∈ Da, a ≤ +∞, òà x < a ïîçíà÷èìî

M(x, F ) = sup{|F (x+ iy)| : y ∈ R},

µ(x, F ) = max{|an|exλn : n ≥ 0}.

×åðåç L ïîçíà÷èìî êëàñ íåïåðåðâíèõ, äî-
äàòíèõ, çðîñòàþ÷èõ äî +∞ ôóíêöié;
L1 � ïiäêëàñ L, äî ÿêîãî âõîäÿòü ôóíêöi¨
Φ(t) òàêi, ùî

x∫
x0

Φ(t)

t
dt = O(Φ(x)) (x→ +∞),

L0 � êëàñ ôóíêöié Φ ∈ L òàêèõ, ùî∫ x
x0

Φ(t)
t
dt = O(Φ(x)) (x→ +∞),

L2 � ïiäêëàñ L, äî ÿêîãî âõîäÿòü ôóí-
êöi¨ Φ(t), îáåðíåíi ôóíêöi¨ φ(t) äî ÿêèõ çà-
äîâîëüíÿþòü óìîâó Êàðàìàòè

(∀c > 0) : φ(ct) = O(φ(t)) (t→ +∞).

×åðåç D+∞
∗ ïîçíà÷èìî ïiäêëàñ êëàñó D+∞,

â ÿêèé âõîäÿòü ëèøå òi ôóíêöi¨ F ∈ D+∞,
äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè

lim
x→+0

lnµ(x, F )

x
= 0, (2)

µ(0, F ) = max{|an| : n ≥ 0} = 1.

Ëîãàðèôìi÷íîþ ìiðîþ âèìiðíî¨ ìíîæè-
íè E ⊂ [1,+∞) íàçèâà¹ìî âåëè÷èíó

ln−meas(E)
def
=

∫
E

d lnx.

Äîäàòíó ïîñëiäîâíiñòü (xn) íàçâåìî ìàéæå
ìîíîòîííî ñïàäíîþ, ÿêùî çíàéäåòüñÿ ñòàëà
δ > 0 òàêà, ùî xm ≤ δxn äëÿ âñiõ n ≥ n1 i
m ≥ n+ 1.

Çðîçóìiëî, ùî êîæíà íåçðîñòàþ÷à äîäà-
òíà ïîñëiäîâíiñòü ¹ ìàéæå ìîíîòîííî ñïà-
äíà. Äëÿ òîãî, ùîá ó öüîìó ïåðåêîíàòèñü
äîñèòü âèáðàòè δ = 1.

Ó ñòàòòi [12] îòðèìàíî îöiíêó çàãàëüíîãî
÷ëåíà öiëîãî ðÿäó Äiðiõëå ç êëàñó D ÷åðåç
ìàêñèìàëüíèé ÷ëåí öüîãî ðÿäó.
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Òåîðåìà 1. [12] Íåõàé ôóíêöiÿ F ∈ D+∞
∗ ,

òàêà ùî Φ1 ∈ L0, äå xΦ1(x) = lnµ(x, F ).
ßêùî v(t) � íåâiä'¹ìíà íà [0,+∞), äîäàòíà

ïðè t → +∞ ôóíêöiÿ, òàêà, ùî
+∞∫
0

v(t)dt <

+∞ i âèêîíó¹òüñÿ óìîâà lnn = o(ln |an|)
(n → +∞), òî iñíóþòü ôóíêöiÿ c1(t) ↑ +∞
(t → +∞), äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà∫ +∞
0

c1(t)v(4t)dt < +∞, i ìíîæèíà E ⊂ R+

òàêà, ùî

ln−meas (E) ≤ 2 ·
∞∫
0

c1(t)v(4t)dt < +∞ (3)

i äëÿ âñiõ n ≥ 0 òà x > 0 (x /∈ E) âèêîíó¹òüñÿ
íåðiâíiñòü

|an|exλn ≤ µ(x, F )× (4)

× exp

{
− xe−2KF

µn∫
µν

(µn − t)
c1(t)

φ(t)
v(4t)dt

}
,

äå µn = − ln |an|, φ(t) � îáåðíåíà ôóíêöiÿ
äî ôóíêöi¨ Φ(t) = lnµ(t, F )

KF
def
= sup

{ 1

Φ1(x)

∫ x

0

Φ1(t)

t
dt : x ≥ x0

}
<

< +∞, Φ1(x) :=
lnµ(x, F )

x
, F ∈ D+∞,

ν = ν(x, F ) = max{n : |an|exλn = µ(x, F )} �
öåíòðàëüíèé iíäåêñ ðÿäó (1).

Ìåòîþ öi¹¨ ðîáîòè ¹ äîâåäåííÿ îäíîãî âà-
ðiàíòó òåîðåìè òèïó Âiìàíà-Âàëiðîíà â êëà-
ñi àáñîëþòíî çáiæíèõ ó âñié êîìïëåêñíié
ïëîùèíi ðÿäiâ Äiðiõëå âèãëÿäó (1), ïîñëi-
äîâíiñòü ïîêàçíèêiâ ÿêèõ (λn), âçàãàëi êà-
æó÷è, ¹ äîâiëüíîþ ïîñëiäîâíiñòþ êîìïëå-
êñíèõ ÷èñåë, äëÿ ÿêî¨ íåñêií÷åííiñòü ¹ òî-
÷êîþ ñêóï÷åííÿ, òîáòî λn ∈ C (n ∈ Z+) i
limn→+∞ |λn| = +∞. Âiäçíà÷èìî, ùî ïîäiáíå
òâåðäæåííÿ àíîíñîâàíî ó 2003 ð. â [10].

2. Îñíîâíi ðåçóëüòàòè

×åðåç Sa ïîçíà÷èìî êëàñ àáñîëþòíî çái-
æíèõ ó ïiâïëîùèíi

Πa = {z : Re z < a}, a ≤ +∞,

ðÿäiâ Äiðiõëå âèãëÿäó (1), äå {λn : n ≥ 0} ⊂
[0,+∞).

×åðåç S ïîçíà÷èìî êëàñ àáñîëþòíî çái-
æíèõ ó âñié êîìïëåêñíié ïëîùèíi C (öiëèõ)
ðÿäiâ Äiðiõëå âèãëÿäó (1), ïîñëiäîâíiñòü ïî-
êàçíèêiâ ÿêèõ {λn : n ≥ 0} ⊂ C.

Äëÿ F ∈ S i z ∈ C ïîçíà÷èìî

µ(z, F )
def
= sup{|an|eRe(zλn) : n ∈ Z+}.

Ó âèïàäêó äiéñíî¨ ïîñëiäîâíîñòi ïîêàçíèêiâ
äàíå îçíà÷åííÿ ïåðåõîäèòü â îçíà÷åííÿ ìà-
êñèìàëüíîãî ÷ëåíà ðÿäó Äiðiõëå ç êëàñó S.

Äëÿ âèìiðíî¨ çà Ëåáåãîì (íàïðèêëàä, äëÿ
Áîðåëåâî¨) ìíîæèíè E ⊂ C òà α > 0 ïîçíà-
÷èìî

τα(E)
def
=

∫
E∩{z : |z|≥1}

dxdy

|z|α
, z = x+ iy.

Çàóâàæèìî, ùî äëÿ êðóãà DR = {z : |z| ≤
R} i êðóãîâîãî ñåêòîðà BR = {z : |z| ≤
R,α1 ≤ arg z ≤ α2}

τ2(DR) = 2π lnR, τ2(BR) = (α2 − α1) lnR

(R ≥ 1).

Äëÿ ôóíêöi¨ F ∈ S i ôiêñîâàíîãî z ∈ C
âèçíà÷èìî ôóíêöiþ

Φz(t) =
1

t
lnµ(tz, F ) : [0,+∞) → [0,+∞),

à ÷åðåç φz(t) � îáåðíåíó äî íå¨.

Äëÿ ôóíêöi¨ F ∈ S âèçíà÷èìî, âiäïîâiä-
íî, êîíóñ çðîñòàííÿ i êîíóñ ¨¨ øâèäêîãî çðî-
ñòàííÿ

γ(F )
def
= {z ∈ C : lim

t→+∞
Φz(t) = +∞},

γ+(F )
def
= {z ∈ γ(F ) : Φz ∈ L1}.

Òâåðäæåííÿ 1. Äëÿ êîæíî¨ ôóíêöi¨ F ∈ S

z ∈ γ(F ) ⇐⇒ (∀ r > 0) : (rz) ∈ γ(F ),

à òàêîæ

z ∈ γ+(F ) ⇐⇒ (∀ r > 0) : (rz) ∈ γ+(F ).
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Ñïðàâäi, äëÿ r > 0, îñêiëüêè Φrz(t) =
rΦz(rt), òî ïåðøå òâåðäæåííÿ î÷åâèäíå.
Çâiäñè, äîñèòü äîâåñòè, ùî z ∈ γ(F ) =⇒
(∀ r > 0) : (rz) ∈ γ(F ). Ìà¹ìî

x∫
x0

Φrz(t)

t
dt = r

x∫
x0

Φz(rt)

rt
d(rt) =

= r

rx∫
rx0

Φz(u)

u
d(u) = O(Φz(rx)) = O(Φrz(x))

(x→ +∞).

Ó ñòàòòi [11] äîâåäåíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2 ( [11]). Äëÿ êîæíî¨ ôóíêöi¨
F ∈ S

γ(F ) = {z ∈ C : sup{Re(zλn) :

n ∈ Z+} = +∞}.

Çàóâàæèìî òåïåð, ùî, ÿêùî z /∈ γ(F ), òî
ó âèïàäêó, êîëè

β(z)
def
= sup{Re(zλn) : n ∈ Z+} > 0,

çà Òâåðäæåííÿì 1 äëÿ

M(z, F )
def
=

+∞∑
n=0

|an|eRe(zλn)

ìà¹ìî

lnM(tz, F ) = (1 + o(1)) lnµ(tz, F ) =

= (1 + o(1))β(z)t (t→ +∞).

ßêùî æ z ∈ γ+(F ), òî çà òâåðäæåííÿì 3
äîM(z, F ) ìîæíà çàñòîñóâàòè Òåîðåìó 1, çà
ÿêîþ

lnM(tz, F ) = (1 + o(1)) lnµ(tz, F )

ïðè t → +∞ çîâíi äåÿêî¨ ìíîæèíè Ez ñêií-
÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè.

Çàóâàæèìî, ùî ÿêùî çíàéäåòüñÿ òàêà
ñòàëà A < +∞, ùî äëÿ êîæíîãî z ∈
γ(F ), |z| = 1

ln−meas(Ez) ≤ A,

òî äëÿ ìíîæèíè E =
∪
z∈γ(F ), |z|=1Ez íåãàé-

íî îòðèìà¹ìî, ùî

τ2(E) =

∫
ψ : eiψ∈γ(F )

(∫
E
eiψ

dt

t

)
dψ ≤ A · θ,

äå θ � êóòîâà ìiðà ìíîæèíè {z : z ∈
γ(F ), |z| = 1}.

Íàâåäåíi âèùå ìiðêóâàííÿ, äîçâîëÿþòü
ââàæàòè äîâåäåíèì òàêå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé ôóíêöiÿ F ∈ S, à v(u)
� íåâiä'¹ìíà íà [0,+∞) i äîäàòíà ïðè u →
+∞ ôóíêöiÿ, òàêà, ùî

∫ +∞
0

v(u)du < +∞.
ßêùî lnn = = o(ln |an|) (n → +∞), òî
äëÿ êîæíîãî z ∈ γ+(F ), |z| = 1 iñíó¹ ôóí-
êöiÿ cz(u) ↑ +∞ (u → +∞) òàêà, ùî
äëÿ âñiõ n ≥ 0 i äëÿ âñiõ t > 0 (t /∈
Ez, ln−meas(Ez) < +∞) âèêîíó¹òüñÿ íå-
ðiâíiñòü

|an|etRe(zλn) ≤ µ(tz, F )× (5)

× exp

−t
µn∫
µν

(µn − u)
cz(u)

φ∗
z(u)

v(4u)du

 .

äå µn = − ln |an|, à ν = ν(tz, F ) =
max{n : |an|etRe(zλn) = µ(tz, F )} � öåíòðàëü-
íèé iíäåêñ ðÿäó (1), à ôóíêöiÿ φ∗

z(u) � îáåð-
íåíà ôóíêöiÿ äî ôóíêöi¨ Φ∗

z(t) = lnµ(tz, F ).

Îäíàê, çâiäñè íå âèïëèâà¹, ùî τ2(E) <
+∞. Íàñïðàâäi ïðàâèëüíå äåùî ñèëüíiøå
òâåðäæåííÿ, òîáòî, äîâåäåìî òàêó òåîðåìó.

Òåîðåìà 3. ßêùî âèêîíóþòüñÿ óìîâè òå-
îðåìè 2, òî ôóíêöiþ cz ìîæíà äëÿ âñiõ z
âèáðàòè îäíó i òó æ, òîáòî, cz(u) ≡ c1(u),
à äëÿ ìíîæèíè

E =
∪

z∈γ(F ), |z|=1

Ez

âèêîíó¹òüñÿ τ2(E) < +∞.

Äîâåäåííÿ. Çàôiêñó¹ìî z ∈
γ+(F ), |z| = 1. Çàóâàæèìî ñïî÷àòêó, ùî
ç òîãî, ùî F (0) ̸= ∞ âèïëèâà¹, ùî |an| → 0
(n → +∞), çâiäêè µn = − ln |an| → +∞
(n → +∞). Íå çìåíøóþ÷è çàãàëüíîñòi,
ïðèïóñêàòèìåìî, ùî µn ↑ +∞ (n → +∞),
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òîáòî, ïîñëiäîâíiñòü (µn) ìîíîòîííî çðîñòà¹
äî +∞.

Îñêiëüêè iíòåãðàë
∫ +∞
0

v(u)du çáiæíèé,

òî l(x)
def
=
∫ +∞
x

v(u)du ↓ 0 (x → +∞), à òà-

êîæ c1(x)
def
= (l(x))−1/2 ↑ +∞ (x → +∞).

Êðiì òîãî,

M =

+∞∫
0

c1(u)v(4u)du ≤ −1

4

+∞∫
0

(l(x))−
1
2dl(x) =

(6)

=
1

2

√
l(0) < +∞.

Âèáåðåìî òåïåð

α(t) = −
+∞∫
t

1

φ∗
z(u)

c1(u)v(4u)du.

Çàóâàæèìî, ùî ç (6) âèïëèâà¹, ùî

α(t) = o

(
1

φ∗
z(t)

)
(t→ +∞). (7)

Ïîçíà÷èìî

αn = exp

{
−

µn∫
0

α(t)dt

}
, τn = α(µn),

i ðîçãëÿíåìî ðÿä Äiðiõëå

f(s) =
∞∑
n=0

bn
αn

esµn , (8)

ç bn = eRe(zλn). Ïîêàæåìî, ùî ôóíêöiÿ f ∈
S0. Ñïðàâäi, ç òîãî, ùî F ∈ S, âèïëèâà¹

lim
n→+∞

− ln |an|
Re(zλn)

= +∞,

òîìó Re(zλn) = o(µn) (n → +∞). Çâiäñè òà
ç (6)

ln
bn
αn

= Re(zλn)−
µn∫
0

+∞∫
t

c(u)

φ∗
z(u)

v(4u)du = o(µn)

(n→ +∞).

Îñêiëüêè çà óìîâîþ lnn = o(µn) (n→ +∞),
òî çà òåîðåìîþ Âàëiðîíà äëÿ àáñöèñè àáñî-
ëþòíî¨ çáiæíîñòi ðÿäó (8) ìà¹ìî

σa(f) = lim
n→+∞

− ln(bn/αn)

µn
= 0.

Îòæå, f ∈ S0.
Äëÿ òîãî, ùîá ìîæíà áóëî çàñòîñóâàòè

ìiðêóâàííÿ, ïîäiáíi ÿê ïðè äîâåäåííi òåîðå-
ìè 2 ç [12], äîñèòü ïîêàçàòè, ùî öåíòðàëüíèé
iíäåêñ ν(x, f) → +∞ (x→ −0). Öå âèïëèâà¹
ç òîãî, ùî µ(x, f) → +∞ (x→ −0). Îñòàíí¹
ñïiââiäíîøåííÿ ¹ ðiâíîñèëüíå äî óìîâè

sup

{
bn
αn

: n ≥ 0

}
= +∞. (9)

Ïîêàæåìî, ùî öÿ óìîâà âèêîíó¹òüñÿ.
Ñïðàâäi, 0 ≤ lnµ(tz, F ) = −µν + tRe(zλν)
(t ≥ t0), ν = ν(tz − 0, F ), çâiäêè
µν ≤ tRe(zλν). Îñêiëüêè, Φ∗

z(t) =
tΦz(t) = lnµ(tz, F ) ≤ tRe(zλν) (t ≥ t0),
òî t ≤ φz(Re(zλν)), äå φz � îáåðíåíà
ôóíêöiÿ äî ôóíêöi¨ Φz. Òîìó

t ≤ φz(Re(zλν)) =⇒ µν ≤ tRe(zλν) ≤ (10)

Re(zλν)φz(Re(zλν)) (t ≥ t0),

äå ν = ν(tz − 0, F ). Çàëèøèëîñÿ çàóâàæèòè,
ùî ôóíêöiÿ t/φ∗

z(t) ¹ îáåðíåíîþ äî ôóíêöi¨
tφz(t), äå φz � ôóíêöiÿ îáåðíåíà äî ôóíêöi¨
Φz(t) =

Φ∗
z(t)
t
, òîìó

Re(zλν) ≥
µν

φ∗
z(µν)

(t ≥ t0) ν = ν(tz− 0, F ).

Çâiäñè

ln
bν
αν

≥ µν
φ∗
z(µν)

−
µν∫
0

|α(t)|dt, ν = ν(σ−0, F ).

Ç óìîâè Φz ∈ L1 âèïëèâà¹, ùî t/φ∗
z(t) =

Φz(φ
∗
z(t)) → +∞ (t→ +∞), à òàêîæ

x∫
0

dt

φ∗
z(t)

=
x

φ∗
z(x)

+

φ∗
z(x)∫
0

Φ∗
z(u)

u2
du+O(1) =

=
x

φ∗
z(x)

+O

(
Φ∗
z(φ

∗
z(x))

φ∗
z(x)

)
= O

(
x

φ∗
z(x)

)
(x→ +∞).

Òîìó, çàñòîñîâóþ÷è (7), îòðèìó¹ìî

µν∫
0

|α(u)|du = o
(
µν/φ

∗
z(µν)

)
(t→ +∞),
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ν = ν(tz − 0, F ),

çâiäêè, îñòàòî÷íî îäåðæó¹ìî

ln
bν
αν

≥ (1 + o(1))
µν

φ∗
z(µν)

→ +∞ (t→ +∞),

ν = ν(tz − 0, F ),

òîáòî âèêîíó¹òüñÿ (9) i òîìó ν(x, f) → +∞
(x→ −0).

Íåõàé (sj) � ïîñëiäîâíiñòü òî÷îê ñòðèáêà
öåíòðàëüíîãî iíäåêñà ν(s, f) çàíóìåðîâàíà ó
òàêèé ñïîñiá, ùî ν(s, f) = j äëÿ s ∈ [sj, sj+1)
i, ÿêùî ν(sj+1−0, f) = j i ν(sj+1, f) = j+p, òî
sj+1 = sj+2 = · · · = sj+p < sj+p+1. Çðîçóìiëî,
ùî sj → −0 (j → +∞).

ßêùî x ∈ [sk + τk, sk+1 + τk)
def
= E∗

k ⊂
(−∞; 0), òî ν(x − τk, f) = k i çà îçíà÷åííÿì
µ(x − τk, f) ïîäiáíî, ÿê i ó äîâåäåííi òåîðå-
ìè 2 ç [2] òà òåîðåìè 1 ç [12] äëÿ âñiõ n ≥ 0
îäåðæó¹ìî

bn
αn

e(x−τk)µn ≤ µ(x− τk, f).

Çâiäñè, ïðè n ̸= k

bn
bk
ex(µn−µk) ≤ αn

αk
eτk(Re(zλn−zλk)) =

= exp

{
−

µn∫
µk

(α(u)− α(µk))du

}
< 1.

Ïiäñòàâëÿþ÷è òóò x = −1
t
, t > 0, îäåðæó¹ìî

|an|etRe(zλn)

|ak|etRe(zλk)
=

(
bnexµn

bkexµk

)t
< 1 (n ̸= k),

(11)
òîáòî ν(tz, F ) = k i µ(tz, F ) = |ak|etRe(zλk)

ïðè t ∈ [−(sk + τk)
−1,−(sk+1 + τk)

−1). Òîìó
äëÿ âñiõ t > 0 òàêèõ, ùî x = −t−1 ∈

∪
k∈J E

∗
k ,

äå J ⊂ N∪{0} � ìíîæèíà çíà÷åíü öåíòðàëü-
íîãî iíäåêñó ν(x, f), i äëÿ âñiõ n ≥ 0 ç (11)
ìà¹ìî

|an|etRe(zλn)

|ak|etRe(zλk)
=

(
bnexµn

bkexµk

)t
≤ (12)

≤ exp

{
−t

µn∫
µk

(µn − u)α′(u)du

}

ïðè t = − 1
x
> 0. Çâiäñè, äëÿ âñiõ t ∈∪

k∈J
Ẽk

def
= Ẽ, äå Ẽk ⊂ (0,+∞) � îáðàç ìíîæè-

íè E∗
k ïðè âiäîáðàæåííi t = − 1

x
, îäåðæó¹ìî

(5).
Îöiíèìî ëîãàðèôìi÷íó ìiðó ìíîæèíè

Ez = [−s−1
1 ,+∞) \ Ẽ =

=
+∞∪
k=1

[−(sk + τk−1)
−1,−(sk + τk)

−1).

Çàóâàæèìî, ùî îñêiëüêè (∀ n)(∀ t) : − µn +
tRe(zλn) ≤ lnµ(tz, F ), òî ïðè t = φ∗

z(µn)
îòðèìà¹ìî

Re(zλn) ≤
µn + Φ∗

z(t)

t
=

2µn
φ∗
z(µn)

. (13)

Çâiäñè i ç (10) âèâîäèìî

t ≤ φz(Re(zλν(tz−0,F ))) ≤ φz

(
2µν(tz−0,F )

φ∗
z(µν(tz−0,F ))

)
≤

(14)
≤ cφ∗

z(µν(tz−0,F )),

îñòàííþ íåðiâíiñòü âèâîäèìî çà äîïîìîãîþ
óìîâè Φ1 ∈ L1, òóò c < +∞. Ñïðàâäi íåõàé
K ∈ (0,+∞) òàêå, ùî

t∫
te−2K

Φz(u)

u
du ≤

t∫
0

Φz(u)

u
du ≤ KΦz(t).

Òîäi, 2Φz

(
te−2K

)
≤ Φz(t). Çâiäñè, (14) îäåð-

æó¹ìî ç c = e2K .
Íåõàé òåïåð k ∈ J . Òîäi

ν(sk + τk−1 − 0, f) =

= ν
(
− (sk + τk−1 − 0)−1 z, F

)
≤ k − 1

i, îòæå, çàñòîñîâóþ÷è (14), ìà¹ìî

|sk + τk−1|−1 = −(sk + τk−1)
−1 ≤ cφ∗

z(µk−1).
(15)

Çâiäñè çà îçíà÷åííÿì τk îòðèìó¹ìî

|sk+τk−1|−1(|τk−1|−|τk|) ≤ c

µk∫
µk−1

c1(u)v(4u)du,

à òàêîæ ïðè k → +∞

ln−meas(Ẽk) =
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= ln−meas
(
([|sk + τk−1|−1, |sk + τk|−1)

)
) =

= ln

∣∣∣∣sk + τk−1

sk + τk

∣∣∣∣ ≤ |τk−1| − |τk|
|sk + τk|

≤

≤≤ |τk−1| − |τk|
|sk + τk−1| − (|τk−1| − |τk|)

≤

≤ c

µk∫
µk−1

c1(u)v(4u)du

1− c

µk∫
µk−1

c1(u)v(4u)du

−1

≤

≤ 2c

µk∫
µk−1

c1(u)v(4u)du,

äå ñòàëà c > 0 âèçíà÷åíà âèùå. ßêùî æ òå-
ïåð j /∈ J i k, p ∈ J òàêi, ùî p < j < k,
sp < sp+1 = sj = sk < sk+1, òî

k∪
j=p+1

Ẽk =
k∪

j=p+1

[|sj + τj−1|−1; |sj + τj|−1) =

= [|sp+1 + τp|−1, |sk + τk|−1)

i, îòæå,

ln−meas

( k∪
j=p+1

Ẽk

)
≤ ln

|sp+1 + τp|
|sp+1 + τk|

≤

≤ |τp| − |τk|
|sp+1 + τp| − (|τp| − |τk|)

.

Çàñòîñîâóþ÷è (15), ïðè p→ +∞ ìà¹ìî

ln−meas

( k∪
j=p+1

Ẽk

)
≤ 2c

µk∫
µp

c1(u)v(4u)du.

Òîìó, îñòàòî÷íî

ln−meas (Ez) = ln−meas

(+∞∪
j=1

Ẽj

)
≤

≤ 2c

∞∫
0

c1(u)v(4u)du ≤ c
√
l(0) < +∞.

Çâiäñè íåãàéíî îòðèìà¹ìî, ùî

τ2(E) =

∫
ψ : eiψ∈γ(F )

(∫
E
eiψ

dt

t

)
dψ ≤ c

√
l(0)·θ.

Òåîðåìó 3 äîâåäåíî.
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