
ÓÄÊ ÓÄÊ 517.929

c⃝2016 ð. Ë.Ì. Ñëþñàð÷óê

Íàöiîíàëüíèé óíiâåðñèòåò âîäíîãî ãîñïîäàðñòâà òà ïðèðîäîêîðèñòóâàííÿ, ì. Ðiâíå

ÍÅËIÍIÉÍI ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÐIÇÍÈÖÅÂI ÐIÂÍßÍÍß
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Îòðèìàíî óìîâè iñíóâàííÿ àñèìïòîòè÷íî ñòàëèõ ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü.

We obtain conditions for the existence of asymptotically constant solutions of nonlinear
di�erential-di�erence equations.

Íåõàé R � ìíîæèíà âñiõ äiéñíèõ ÷èñåë,
N � ìíîæèíà âñiõ íàòóðàëüíèõ ÷èñåë, n ∈ N,
F : Rn → Rn � C0-âiäîáðàæåííÿ i φ : Rn →
Rn � C1-âiäîáðàæåííÿ.

Ðîçãëÿíåìî ðiâíÿííÿ

d(x(t+ 1)− φ(x(t)))

dt
=

= F (x(t)− φ(x(t− 1))), t > 0. (1)

Íàâåäåìî óìîâè, êîëè âñi ðîçâ'ÿçêè ðiâ-
íÿííÿ (1) ¹ àñèìïòîòè÷íî ñòàëèìè.

Áóäåìî ââàæàòè, ùî âiäîáðàæåííÿ F çà-
äîâîëüíÿ¹ óìîâè:
1) F (0) = 0;
2) íóëüîâèé ðîçâ'ÿçîê ðiâíÿííÿ

dz(t)

dt
= F (z(t− 1)), t > 0, (2)

¹ ãëîáàëüíî àñèìïòîòè÷íî ñòiéêèì, òîáòî
íóëüîâèé ðîçâ'ÿçîê ðiâíÿííÿ (2) ¹ ñòiéêèì
çà Ëÿïóíîâèì [1] i äëÿ êîæíîãî ðîçâ'ÿçêó
z = z(t) öüîãî ðiâíÿííÿ

lim
t→+∞

∥z(t)∥Rn = 0. (3)

Ó âèïàäêó âèêîíàííÿ öèõ óìîâ äîñëiäæå-
ííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-ðiçíèöåâîãî
ðiâíÿííÿ (1) çâîäèòüñÿ äî äîñëiäæåííÿ ðîç-
â'ÿçêiâ ðiçíèöåâîãî ðiâíÿííÿ

u(t+ 1)− φ(u(t)) = z(t), t > 0,

ïðàâà ÷àñòèíà ÿêîãî ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
(2), äëÿ ÿêî¨ âèêîíó¹òüñÿ (3).

Ñïðàâäæó¹òüñÿ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé âiäîáðàæåííÿ F çàäî-
âîëüíÿ¹ óìîâè 1 i 2. ßêùî äëÿ äåÿêî¨ ñòàëî¨

q ∈ [0, 1) äëÿ âiäîáðàæåííÿ φ ñïðàâäæó¹òü-
ñÿ ñïiââiäíîøåííÿ

∥φ(x)−φ(y)∥Rn 6 q∥x−y∥Rn , x, y ∈ Rn, (4)

òî êîæíèé íåïåðåðâíî äèôåðåíöiéîâíèé
ðîçâ'ÿçîê x = x(t) ðiâíÿííÿ (1) ¹ àñèìïòî-
òè÷íî ñòàëèì i

lim
t→+∞

x(t) = a, (5)

äå a � íåðóõîìà òî÷êà âiäîáðàæåííÿ φ.

Äîâåäåííÿ. Çàçíà÷èìî, ùî êîæíîìó
íåïåðåðâíî äèôåðåíöiéîâíîìó ðîçâ'ÿçêó
x = x(t) ðiâíÿííÿ (1) âiäïîâiäà¹ íåïåðåðâíî
äèôåðåíöéîâíà ôóíêöiÿ z = z(t), ùî ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (2), i ñïðàâäæó¹òüñÿ
òîòîæíiñòü x(t+1)−φ(x(t)) ≡ z(t). Îñêiëüêè
φ(a) = a i x(t+1)−a ≡ φ(x(t))−φ(a)+ z(t),
òî çàâäÿêè (4)

∥x(t+ 1)− a∥Rn ≤ q∥x(t)− a∥Rn + ∥z(t)∥Rn

äëÿ âñiõ t ≥ 0. Òîìó äëÿ âñiõ m ∈ N i t ≥ 0

∥x(t+m)− a∥Rn ≤

≤ qm∥x(t)−a∥Rn+
m−1∑
k=0

qk∥z(t+m−k−1)∥Rn ,

i, îòæå, äëÿ âñiõ m ∈ N

max
t∈[0,1]

∥x(t+m)− a∥Rn ≤

≤ qm max
t∈[0,1]

∥x(t)− a∥Rn+

+
m−1∑
k=0

qk max
t∈[0,1]

∥z(t+m− k − 1)∥Rn .
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Çâiäñè âèïëèâà¹ (5), îñêiëüêè

max
t∈[0,1]

∥x(t)− a∥Rn <∞, q ∈ [0, 1)

i

lim
t→+∞

m−1∑
k=0

qk max
t∈[0,1]

∥z(t+m−k−1)∥Rn = 0. (6)

Ñïiââiäíîøåííÿ (6) âèêîíó¹òüñÿ, îñêiëüêè
ôóíêöiÿ z = z(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2) i
äëÿ íüîãî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (3).

Òåîðåìó 1 äîâåäåíî.

Ïðèêëàä. Ðîçãëÿíåìî íåëiíiéíå ñêàëÿð-
íå äèôåðåíöiàëüíî-ðiçíèöåâå ðiâíÿííÿ

d

(
x(t+ 1)− arctg

x(t)

2

)
dt

=

= −x(t) + arctg
x(t− 1)

2
, t > 0. (7)

Öå ðiâíÿííÿ ¹ îêðåìèì âèïàäêîì ðiâíÿííÿ
(1), äëÿ ÿêîãî

F (x) = −x, φ(x) = arctg
x

2
, F (0) = 0

i íóëüîâèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-ðiçíè-
öåâîãî ðiâíÿííÿ

dz(t)

dt
= −z(t− 1), t > 0, (8)

¹ àñèìïòîòè÷íî ñòiéêèì [1], îñêiëüêè âñi
ðîçâ'ÿçêè âiäïîâiäíîãî õàðàêòåðèñòè÷íîãî
ðiâíÿííÿ λ + e−λ = 0 ìàþòü âiä'¹ìíi äié-
ñíi ÷àñòèíè. Îñêiëüêè ðiâíÿííÿ (8) ëiíiéíå,
òî íóëüîâèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ¹ ãëî-
áàëüíî àñèìïòîòè÷íî ñòiéêèì.

Çàçíà÷èìî, ùî òî÷êà 0 ¹ íåðóõîìîþ òî÷-
êîþ C1-âiäîáðàæåííÿ φ : R → R i äëÿ φ âè-
êîíó¹òüñÿ ñïiââiäíîøåííÿ, àíàëîãi÷íå (4).
Ñïðàâäi, arctg 0 = 0 i çà òåîðåìîþ Ëàãðàí-
æà ïðî ñêií÷åííi ïðèðîñòè

|φ(x)− φ(y)| 6 |x− y|
2

, x, y ∈ R.

Òîìó çà òåîðåìîþ 1 êîæíèé íåïåðåðâíî
äèôåðåíöiéîâíèé ðîçâ'ÿçîê x = x(t) ðiâíÿí-
íÿ (6) àñèìïòîòè÷íî ñòàëèé i lim

t→+∞
x(t) = 0.

Äàëi ðîçãëÿíåìî C0-âiäîáðàæåííÿ
G : Rn × Rn × Rn → Rn, C1-âiäîáðàæåííÿ
ϕ : Rn → Rn òà âiäïîâiäíå ðiâíÿííÿ

d(x(t+ 1)− ϕ(x(t)))

dt
=

= G(x(t+ 1)− ϕ(x(t)), x(t)− ϕ(x(t− 1)),

x(t− 1)− ϕ(x(t− 2))), t > 0. (9)

Òåîðåìà 2. Íåõàé:
1) G(0, 0, 0) = 0;
2) íóëüîâèé ðîçâ'ÿçîê ðiâíÿííÿ

dx(t)

dt
= G(x(t), x(t− 1), x(t− 2)), t ≥ 0,

ãëîáàëüíî àñèìïòîòè÷íî ñòiéêèé;
3) äëÿ äåÿêî¨ ñòàëî¨ q ∈ [0, 1) âiäîáðàæåííÿ
φ çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

∥ϕ(x)− ϕ(y)∥Rn 6 q∥x− y∥Rn , x, y ∈ Rn.

Òîäi êîæíèé íåïåðåðâíî äèôåðåíöiéîâ-
íèé ðîçâ'ÿçîê x = x(t) ðiâíÿííÿ (9) àñèì-
ïòîòè÷íî ñòàëèé i lim

t→+∞
x(t) = a, äå a �

íåðóõîìà òî÷êà âiäîáðàæåííÿ ϕ.

Öÿ òåîðåìà äîâîäèòüñÿ àíàëîãi÷íèì ÷è-
íîì, ÿê i òåîðåìà 1.

Àíàëîãi÷íi ðiâíÿííÿ äîñëiäæóâàëèñÿ â
[2], [3].
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