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JlonbachKuii JepKaBHUi megaroriunnii yuipepcurer, C10B SHCHK

PELYJISIPUBALLA MATPUYHOI KPATIOBOI 3AJAYI 3A JIOIIOMOI' OO
3BYPEHHS KPAIOBOI YMOBU

SHallIeHO KOHCTPYKTHUBHI YMOBY PETYISPU3aIlil MATPUIHOI KPAKOBOT 3a/1a4i 33 JOIOMOron 30ype-
HHsT KpaitoBoi ymoBu. [lobGynoBano y3arambpaenwit oneparop ['pira ta 3maiineno surissn 30ypeHHs

KPafoBOl YMOBH MaTPUYHOI KPafoBOI 3a1adi.

We establish conditions of regularization of a linear boundary-value problem for a system of matrix
differential equations. We also construct generalized Green’s operator and determine the form of
linear perturbation of the regularized linear boundary conditions.

1. IlocranoBka 3amadqi. [Ipunycrumo 3a-
Jlady PO 3HAXO/PKEHHS PO3B’sI3KiB MATPUIHO-
ro juddepeHInajibHOr0 PiBHSIHHS

Z'(t) = AZ(t)+ Z(t)B + F(t),
TTIOPSAIKOBAHUX KpailoBiil yMOBI

LZ() =2,

(1)

(2)

HEKOPEKTHO mocTasienoio [1-3], a came: npu-
MyCTHMO, 110 MaTpudHa KpaiioBa 3amada (1),
(2) me mae po3B’a3kis [4, 5]

Z(t) € Cppla; ]

axf

JIJIl JIOBUIBHUX HEOHOPIIHOCTEH
F(t) € Coxpla,b], A€ R,

Tyr A € R™"™ u B € R™" — craii marpu-
ui; £Z(-) — nimiiiauii oOMexKeHu#i MaTpUIHMII
dyHKITIOHAT:

LZ(): CLyslasb] — R,

Hamu noctigzkeno ymoBu peryssipusanii [1-3]

MaTpU9HOI KpaiioBoi 3azaqi (1), (2) 3a momo-
Mororo MaJsioro 0 < € < 1 306ypenud

LZ(-e):=LZ(-,e) +cUZ(a,e)V
KpaitoBoi ymosn (2):

LZ(e) =2, UecR™™ VcR¥ . (3)

Ha Bimminy Bix crareii [6, 7] peryasipusamnis
MaTpudHOi Kpaiiool 3amaui (1), (2) BigOysa-
€ThC He 3a PAXyHOK IMIIYJIbCHOTO 30ypeHHsd,
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a 3a PaxyHOK 30ypeHHsi KpaiioBol ymosu (2) y
npocropi [8-10]

Z(t.e): Z(€) € Coglas b,
Z(t,) € Caxgl0, o).

Bsarasi kaxkydn, IpUImycKaemo o # [ # vy #
d. Tyr R™"™ — npoctip gificaux (m X n) —
MATPUIH 3 HOPMOIO

Z(,

|| A||gmxn = nax Z lax], = {a;;} € R™",

y3rOJzKeHOI0 3 "KyOiuHOI0'" HOPMOIO y MPOCTO-
pi R™; B cBoto wepry, R" — mnpocrip ailicaux
BekTOpiB ¢ "Ky6iuHOoW0" HOpMOIO [1,2]

lla||gn := @%ﬁmi" a € R",

a 1akoK C,yxpla,b] — niniitauii HOpMoBaHUii
npoctip aificaux (m x n) — marpunp A(t), He-
IepepBHUX HA BIIPI3KY [a, b] 3 HOPMOIO

[ADNemsn = max || A®)[ [z,

a takoxk npoctip CL  [a,b] — nimiiinuii HOp-
MOBaHuUil pocTip aificaux (m X n) — MaTpuib
A(t), menepepBHO-TubEPEHIIIOBHUX HA BiJI-
pizKy [a, b] 3 HOpPMOIO

= maxz || A®)

Hwxniit ingexe mpu mo3HavdeHHi MPOCTOPY He-
nepepsuux ckaagpuaux dyuxnii Cqla;b] momo-

1A@)lle;

mxXn

HRan
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suMoch nponyckaru: Cla; b]. YMoBu po3s’s3HO-
cri Ta cTpyKTypa po3s’s3kiB cucremu (1) Oy-
s Hageseni B Monorpadii [4]. Koncrpykrus-
HI YMOBHU PO3B’3HOCTI Ta CTPYKTypa Hepioau-
qHOrO po3B’s3ky cucremu (1) 3a ymoB v = f§ =
v = § Oynu orpumani y crarti [5]. fx Bigo-
Mo [4, ¢. 211], 3aranpuuii po3s’sa30k 3ama4i Ko-
i

Z'(t)

Mag€ 300pazKeHHs

=AZ(t)+ Z(t)B, Z(a)=0

Z(t,0)=W(t,0): =
ne U(t) ra V (t) — wopmasbhi dbyHIaMeHTATbHI
MaTPHUIL:

U'(t) = AU(t),
Ta

V'(t) = BV(t), V(a)=Is.

2. YMoBu peryagapu3aliii MaTpudHOl

3agaui.  Barauabunii poss’ssok  Z(t) €
Clpla, 0] 3amadi Komi

Z'(t)y=AZ(t)+ Z(t) B+ F(t), Z(a)=0
Mae 306pazkenss 5|
Z(t,0) = W(t,0) + K[F(s)](t), © R
e

K[F(s)](t) ::/ UU(s)F(s)V(t)V(s)dsTyr Po- —

— omneparop ['pina 3amaqi Ko mis marpu-
qroro audepentianbroro pisasgaus (1). Mar-
puuHa KpaiioBa 3aga4a (1), (2) po3s’sa3ua Tozi
i TIIBKY TOJI, KOJIU

= A= LK[F(s)](-).

[osmaunvo =V € R**# — npupoauuii 6a3uc
[11] mpoctopy R*F u ¢;, j=1,2, ... a3 —
KOHCTAaHTH, HKi BU3HA4Yal0OTb PO3BUHEHHA Ma-
TPUIT

LW (-, 0)

B
0 = =0

Jj=1

cj, ¢GERY j=12 ..a-f
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U(t)-0.V(t), 6cR™,

o Bektopam =) € R**# Gasuca mpocropy

R ipu mpomy

Busnaunmo oneparop M[A] : R™*" — R™"
stk oneparop [12-14|, skuii craBuTh y BiAHOBI -
Hicth marpuii A € R™*" gekrop B := MJ[A] €
R™™ cKjaeHuil 3 n CTOBIIIB MaTpuIl A, a Ta-
Koz obepHennii onepatop M™B] : R™" —
R™*™ TakuM YHMHOM, OTPHMYEMO JTiHiiiHE aJ-
redopaidHe piBHSIHHS

a-fB
> LUV (e
j=1

BinHocHo -3 Koucrant ¢; € R j=1,2, ..«
B, piBHO3Ha4YHE JIiHITTHOMY ajrebpaldHOMY PiB-
HSIHHIO

= A= LK[F(s)](")

Qc = M[A] - M{LK[F(s)](")}  (4)
BijtHOCHO BekTOpa ¢ € R*#; Ty
Q = [M[QW] M[QP] ... M[QP)]] € RFT*F,
e

QW) .= LU()ZVV () e R, j=1,2, ...a-B.

Jliniitne anarebpaiune pisusinast (4) po3s’si3He
ToAi i TiibKY TOAl, KON [1,12-14]

Po-M{A — LK[F(s)](-)} = 0.

OPTOIIPOEKTOP RYOx7d
N(Q*). OckinbKu, 3a NPUIYIIEHHSIM, MATPU-
uHa KpaiioBa 3aja4a (1), (2) e mMae po3B’s3-
kis Z(t) € C,,gla;b] mns posinbrnx F(t) €
Caxgpla,b], A € R(SX”, JuTd 1iel 3a1a4i Ma€e Mi-
ciie KpUTHIHUIE Buma ok [1], a came: mag ma-
TprdaHOI Kpaitool 3aja4i (1), (2) mae micue He-
piBaicth Pg« # 0. Orke, MmaTpuuHa KpaiioBa
sazada (1), (3) marume po3s’si3ku

Z(te): Z(-,¢e) € Caxﬂ[a; b],
Z(t,-) € Caxpl0, 0]
as gosinbaux F(t) € Caxpla,b], A € Ry
BUNAIKY Pa« = 0; TyT

Q = [M[QY] M[Q?)].. RO<ef

MQEP]] e
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e
QU = LUGWZEDV () e R, j=1,2, ... a3
gk Bimomo [15], koxHa (m X n)— marpuns @

y IeBHOMY 0a3muci Mozke 0yTu 300parkeHa y BU-
DUISIId

Q=M-J-N, rank Q := p; (5)

ryr M € R™™ ta N € R™" — neBupojizKeni

MaTPHII],
(1, O
(59,

Posunennsm (5) MOXKHA CKOPUCTATHCS JIJIst
3HAXO/ZKEHHS YMOB PeryJspu3aliil MaTpuIHO1
Kpaiiosol 3aza4i (1), (2). 36ypenns marpuri Q
HIyKATHMEMO Y BHIVISI

D:=0+eReR8  <ex .
HepisHictb Py« # 0 piBHO3HAYHA PiBHSIHHIO
[Q+eR]-[Q+eR]T =1, (6)

BiHOCHO (77 - X 7y - §)— marpuni R. 3a3Haqu-
MO, 110 piBHAHHS (6) PO3B’A3HE JIHIIIE 33 YMOBH
79 < af [16]. [diiicho, TpUIycTUMO DiBHSIHHS
(6) mepeBusHAYEHUM: Y0 > ff, IPU MHOMY

rank (Q +eR)(Q +eR)" <rank (Q+eR) =
=rank (Q+eR)" < af <9,

IO CyMepednTh PIBHOCTI paHTiB JiBOI Ta IMpa-
BOI wacTuH piBHgaHHg (6). Y BHmagky vo < af
piBHsHHS (6) Ma€e npuHAIMHI OJUH PO3B’A30K

R:=M- I, N € R,

ge II; € RY*% — yarpung moBHOTO paHry.
Takum yuHOM, TOCTaBJIEHA 3aja4a PO pery-
JIPHU3AIio MaTpUIHOI KpaitoBol 3amadi (1), (2)
pPIBHO3HAYHA 3a/1a4l MPO peryaspH3aliio Ma-
TPUYHOTO PIBHIHHSI

Q(e)e = MIA] = M{LK[F(s)I()}  (7)

3 (y0 X aff)— marpuneno Q(g). Ocranns 3a1a4a
po3B’sa3Ha 3a ymosu Y0 < af y BULJIAI

QE)=Q+eR, R:=M-II;-N.

Miiicno, matpuni M ta N HEeBUPOKEHi, TOMY
Mae micre piBaicTs [11, 4.48]

rank Q = rank (J + ¢ll;) = pv,

npu nboMy Po« = 0, orke cucrema (7) 3 Ma-
Tpuneio Q(€) po3s’si3Ha Jyisl JOBLILHUX HEO-
JIHOPIAHOCTEM

F(t) € Coxpla,b], A€ R,
[Ipunyctumo, 18 BHU3HAYEHOCTi, MAaTPHUITIO

U € R — (dikcopanoio, a ¥V € RP*I — yepi-
b
JIOMOIO MaTPHUIIEIO; 3a3HAYNMO, 110

a-B
UZ(a,e)V =UW(a,c)V =Y UEDV;,
j=1
c e RYP,

Iosnaunmo A, j = 1,2, ... 8-y — npupoannii
6asuc [11| mpocropy R?*7. Hepimzomy maTpuiio
V € R mykarumemo y suriisi

By
V=) AGER™, (eR, j=12 .87
j=1

1 MbOTO BUKOPUCTOBYEMO PIBHIHHS

{MUEDY], ..., MUEPV]} = M-TI;-N.
[Toznaunmo marTpwuiii

I = { MUEDA], ..., MUED A, },
e

I, e RA i =1,2, ...a-p.

Hesimomy marpuiio V Bu3sHadae BeKTOp ( €
RAY, 17151 3HAXOIZKEHHS KOT'O BHKOPHCTOBYEMO
CHCTEMY

D¢ =M[M-1I, - NJ; (8)

TYT
MMA;  ILHMA, - T MAg,
D HQMAl HQMAQ s H2MABV
MagMA; TagMAy -+ TasMAg,

— (afy0 X p7y) — Bumipna crajna marpunsd. Cu-
crema (8) po3B’d3HA 33 yMOBH

Pp- M| MII;N] = 0. (9)

ko Bumora (9) Bukonyerbes (1 TibKI y 1160~
My BHIQJKY) cucreMa (8) Mae npuHaiiMui oun
PO3B’SI30K

C: ©+M[MHJN],
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yr DT — (Bvy X afvy0) — BuMmipHA TCeB-
noobepuena (3a Mypowm-ITenpoysom) marpunst
[1], kpim TOrO, Po+ — MATPUIH-OPTOHPOEKTOD:

Po. @ R¥P7 5 N(D*).
Takum 4uHOM, HOCTABJIEHY 3aJa4dy IIPO pery-

JISPU3AIio MaTpuaHOl KpaitoBol 3aadi (1), (2)
PO3B’sA3y€ NpUHANMHI OJHA MATPUILS

V=MDt M(MII;N),
sika, BU3HA4Ya€ 30ypenHst marpuii Q BUTIISLY
QE):=Q+eR, R=M-1I;-N,

upu upomy Pas(e) = 0, orxke cucrema (7) 3
mMarpuneio (€) po3s’a3Ha s JOBLILHUX He-
OJIHOPIIHOCTEl. 3a YMOBH

Ot (e)M{A — LK[F(s)](-,e)} € Cagl0, 0]
(10)

cucrema (7) Ma€ po3B’sI30K
¢ = Q% (e)M{A - LK[F(s)](.€)} + Pa,(e)er,

¢ € R".

TakuMm 9MHOM, OTPUMYEMO PO3B SI30K MaTpPH-
wHOT KpaitoBoi 3amad4i (1), (3) Bursimy

Z(t,e) =W(t,c,) + G[F(s);™U](t,e), ¢ €R",
1e
Wit,c.):= M_I[X<t)PDr(5)Cr]

— 3araJbHUIl PO3B’S30K OJHOPIIHOT YaCTHHH
MaTpu9HOI KpaiioBoi 3a1a4i (1), (3),

GIF(s);2A(t,€) := K[F(s)|(t)+  (11)

+M1{Q+(5)M{A — LK[F(s)](-, a)}}

— y3arajbpHeHUil omepaTop ['piHa 3amadi mpo
peryadapusalio MaTpU4IHOl KpaiioBol 3a/1a-
qi (1), (3), Pa.(¢) — wmarpuus, ckiajgeHa
3 r JiHifiHO-He3aJIe;KHUX CTOBIIIIB MATPHIIi-
OPTOIPOEKTOPA

Pa(e) : R* — N(Q(e)).

Takum guHOM, TOBEIEHO HACTYIIHE TBEPIKEH-
HsI.
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Teopema. I[Ipunycmumo, w0 MampuywHa
kpatiosa 3adava (1), (2) ne mae po3s’askis

Z(t) € Copplasb]
0na 008IALHUT HeodHopidHoCm et

F(t) € Coxpla,b], AR,

3a ymosu v < aff ma 3a eumoe (9), (10) 3a
donomozoro manozo € € [0, 0] 30ypenna

LZ(-e):=LZ(-,e) +cUZ(a,e)V
kpatiosol ymosu (2):
LZ(e)=2A, UEcR™ VYR

mampuyna kpatiosa 3adava (1), (3) ompumye
P036°A3KU 8U2AA0Y

Z(t,e) =Wi(t,c.)+ G[F(s);2(t,e), ¢ €R"
Y NPocmopi
Z(t,e): Z(¢) € Chlast,
Z(t,-) € Caxpl0, o).

Tym G[F(s);A|(t,e) — ysaearvuenud onepa-
mop 'pina (11) 3adaui npo pe2yaapusanito ma-
mpuunoi kpatiosoi sadawi (1), (3),

W(t,c,) := M X () Py, (g)c,]

— 3a2aAvHUl PO36°A30K 00HOPIOHOT YacMmUHU
mampuunoi kpatiosoi zadaui (1), (3).

Ba3HauuMO, IO PeryJisipu3aliis MaTpuIHOT
Kpaitosoi 3aga4i (1), (2) moxe Gyru 3aiiicnena
aHaJION 9HO 70 crareii [6,7] 3a paxyHOK iMITyJIb-
CHOTO 30ypeHHsI PO3B’A3KiB.

3. Ilpukaan. VYmosu dosederoi meopemu
BUKOHYIOMBCA Y 6UNGIKY MAMPUYHOT 300041

Z'(t)y=AZ({t)+ Z(t)B+ F(t), LZ(-) =4,
(12)
AKa 048 008INOHUL He0IHOPIOHOCET

F(t) € Cyx3[0;27], A€ R

ne mae pose’askie y waaci Z(t) € Caxsl0; 27];
6 Mot oce wac y Kaact GyHryid

Z(t,e): Z(-,e) € Caxs0;27],
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Z(t,-) € Caxsl0, & npuponHnii 6asmuc mpoctopy R**3. Baranbmmit

, .
30, donOMO0Z010 Man020 3YperIA po3B’s130K 334a4i (12) Bu3HAYa€ MaTpUIS

5 0 0 —e" 0 0 0
LZ(e):=LZ(-,e)+ecUZ(0,e)V 00 0 0 0 1
kpatiosol ymosu (12) peeyaspusosana kpatio- 0= 01 0 0 ) 0 0
6a 3adaua dasn cucmemu (12) cmae poss’s- 01 0 1—=e™ 0 0
31010 048 J0BIALHUT HeodHOPIdHOCMETD; mym 00 0 0 -1 1
7 :=0,7 =7, 13 := 2T, 00 0 0 0 0
0 0 —2 Ta 11 OPTOMIPOEKTOP
A::(iif),B:: -1 1 -2 |, 00000O0O 0
2 0 0 000O0O0O
5 P 000O0O0O
01 71000000
= 000001
10 0 0
M; = ( 0 0 ) , Ms = ( 0 1 ) 5 Ockinbku Pg« # 0, To marpuuna 3ama4a (12)
He Mae po3e a3kiB y kaci Z(t) € Coys[0;27]
010 000 JJIS TOBLILHUX HEOIHOPITHOCTE
Ni=10001], Ny:=110 0 |,
! O O 1 2 0 0 1 F(t) 6 ngg[o; 271-], Ql 6 R2X3.
01 0 Marpumo () mMoxkHa mnogatu y Burasami () =
No=| 000 MJN; TyT
1 00 0 —e” 0 0 00
Baraapauii po3s’s30K 3aa9i Korri 0 0 0 0 10
Mo 10 0 0 00
Z't)y=AZ({t)+ Z(t)B, Z(a) =0 11 0 1—€e® 0 00
0 0 0 -1 10
it cuctemu (12) mae 300parkeHHs 0 0 0 0 0 1
W(t,0)=U(t)-0-V(t), ©cR*»? Ta 010000
ne U(t) m V(t) — nopmasbHi 001000
000100
dbyHIaMEeHTATbHI MATPHIIL: 000001
100000
cost + sint —2sint . .
U(t) = sinf cost —sint ) ~— HEBUPO/IZKEeHI MATPHII,
100 00O
cos 2t 0 —sin2t 01 0000
V(t)=| —e'+cos2t e —sin2t ~loo1000
sin 2t 0 cos2t J = 000100
[Toznaunmo 000010
00 0O0O0O
—m (1 00 -2 _ (000 Oexd B B
= 000/ = 100 ) CKiTbKH yMOBa 70 = «ff = 6 BHKOHYETbHCH,

iBuguHA (6) Mae moOHalMeHIIe OJUMH PO3B’d-
b 1 JAUH P

[1]

— O

@._ (00
~\oo
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R:= M-I, - N € R6*S,



e qHOI KpaiioBoi 3a1a4i (12) po3s’s3ye MaTpuig

0O 0 0 00 1 01 0
(1) 0 0 0O (1J V=00 -1 |,
0 0 00 ——==
_ | = “Tterm 00 0
L 0 1.0 00 0
0 0 O 0 0 0 AdKa BU3HAYaAE 36ypeHH5{ ManI/IL[i Q BUTJIAAY
0 0 -1 00 0

0o 0 —er 0 0 0

— marpung, g gaxoi det(J +ell;) = e™e?(1+ 0 O 0 0 0 1
) # 0. Crana MaTpus Q(e) = 8 X i 8 1 0 . 8 8 ’
€ —e
L 00 0 0 - 0 11
0 0 0 —£ 0 O

npu nboMy Pa« = 0, KpiM TOr0 BUKOHYETHCS
ymoBa (10). Orxke marpudana KpaifoBa 3a/1a9a
(12) 3a gomomororo Masoro 36ypenns LZ(-,¢)
KpailoBOi yMOBH CTa€ PO3B’S3HOI0 [isl JOBLIb-
HUX HEeOJHOpigHOCTeil. 30Kpema, IOKIaIeMo

1 01 cosdbt 0 0
2['—(ooo>’F<t)'—( 0 oo)'
[Mosnaunmo dyukmin ¢(t) = —2cost —
9sin 3t. Ockinbku MaTpuist (&) HEBHPOIZKe-

Ha, 3arajbHuil Po3B’430K 30ypeHol KpaitoBoi
3ajaai gt cucremn (12) equnmit:

GF(s); Al(t) = K[F(s)](t) =

D= = ( K[F(s)I(t)Py K[F(s)|(t)yP2 K[F(s)|(t)Ps );
TyT
1 0 0
Pl = 0 , P2: 1 s PS = 0 )
0 0 1
K lF(s)} (1P = %x

" ©(t) +9cos 3t — 7cosbt — 2sint + 25sin 5t
—2cost + 9cos 3t — 7cos dt ’
1
" o(t) — 9cos 3t + 11 cos bt + 2sint + 5sin 5t
2sint — 9sin 3t + 5sin 5t '

DO O H OO DD ODOHDODDODIDOD DO OO oo oo oo oocococoocoo

ORPR OO OO OO R ODODODODODOODODODODOODODOD OO0 o0 oo
DO OO OO OO ODODODODOODODDOD OO OO OO0 OO OO OO oo
DO O DODDOD OO DDODODOHRODODODDODOOH OO0 oo oo

DO DD DD DD OO OO DD OO OO0 oo oo oo oHr oo ocooo
S OO DD DD DD DD DD OO OO OO OO HHOOoO O OO OO o oo ococooo
SO OO DD OO OO OO OO OO DD OO OO OO oo oo oHrHr oo oo oo OO
SO O OO OO OO OO OO OH OO OO ODOH OO oo ocococooooo
OO OO OO OO0 o000 ococoocococoocooo

[en}
e}
e}
jen)}

3azHaumMo, IMO 3aIpollOHOBaHA Y CTaT-
3a/10B0IbHsAE BuMOTy (9). TakuM YMHOM, MO- Ti TeXHIKA peryispu3alii MaTpHYHOI Kpaiio-
CTaBJIEHY 3aJla4y I1IPO PeryJisipu3aliio Marpu- BOI 3a/la4l 3a JIONOMOI'OI0 30ypeHHs KpaitoBol
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YMOBH MOXKe OyTH IlepeHeceHa HA MAaTDPHYHI
judepenniajibHo-ajredpaiuni kpaitosi 3asa4i
[9,10], a rakoxk Ha marpuuni Kpaiiosi 3aaqi
3 3amizuentsam |1, 17].

10.

11.
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