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ÄÈÔÅÐÅÍÖIÞÂÀÍÍß

Âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâî-
ëþöiéíîãî ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ ç àíàëiòè÷íèì ñèìâîëîì òà ïî÷àòêîâîþ óìîâîþ
ó ïðîñòîði óçàãàëüíåíèõ ôêíêöié òèïó óëüòðàðîçïîäiëiâ

We prove the well posedness of a nonlocal multipoint with respect to time problem for an
evolution pseudo-di�erential equation with an analytic symbol and the initial condition in the
space of generalized functions of ultra-sharing type.

1. Òåîðiÿ íåëîêàëüíèõ êðàéîâèõ çàäà÷,
ÿê ðîçäië çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷
äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, iíòåí-
ñèâíî ðîçâèâà¹òüñÿ âïðîäîâæ êiëüêîõ îñòàí-
íiõ äåñÿòèëiòü. Íåëîêàëüíèìè êðàéîâèìè
çàäà÷àìè ïðèéíÿòî íàçèâàòè çàäà÷i, â ÿêèõ
çàìiñòü çàäàííÿ çíà÷åíü ðîçâ'ÿçêó àáî éîãî
ïîõiäíèõ íà ôiêñîâàíié ÷àñòèíi ìåæi çàäà¹-
òüñÿ çâ'ÿçîê öèõ çíà÷åíü iç çíà÷åííÿìè òèõ
ñàìèõ ôóíêöié íà iíøèõ âíóòðiøíiõ àáî ìå-
æîâèõ ìíîãîâèäàõ. Äîñëiäæåííÿ òàêèõ çà-
äà÷ çóìîâëåíå áàãàòüìà çàñòîñóâàííÿìè â
ìåõàíiöi, ôiçèöi, õiìi¨, áiîëîãi¨, åêîëîãi¨ òà ií-
øèõ ïðèðîäíè÷î-íàóêîâèõ äèñöèïëiíàõ, ÿêi
âèíèêàþòü ïðè ìàòåìàòè÷íîìó ìîäåëþâàí-
íi òèõ ÷è iíøèõ ïðîöåñiâ. Íà äîöiëüíiñòü âè-
êîðèñòàííÿ íåëîêàëüíèõ óìîâ ç òî÷êè çîðó
çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ âïåðøå âêà-
çàâ Î.Î. Äåçií [1], ÿêèé äîñëiäæóâàâ ðîç-
øèðåííÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ, ïî-
ðîäæåíèõ çàãàëüíîþ äèôåðåíöiàëüíîþ îïå-
ðàöi¹þ çi ñòàëèìè êîåôiöi¹íòàìè. Âií ïîêà-
çàâ, ùî äëÿ ïîñòàíîâêè êîðåêòíî¨ êðàéîâî¨
çàäà÷i ïîðó÷ ç ëîêàëüíèìè óìîâàìè íåîá-
õiäíî âèêîðèñòîâóâàòè i íåëîêàëüíi óìîâè.
Íàïðÿì äîñëiäæåííÿ, ÿêèé ðîçïî÷àâ Î.Î.
Äåçií, ðîçâèâàâñÿ òàêîæ ó ïðàöÿõ Â.Ê. Ðî-
ìàíêà, Ì.Þ. Þíóñîâà, À.Õ. Ìàìÿíà, Î.À.
Ìàêàðîâà òà iíøèõ ìàòåìàòèêiâ.

Íåëîêàëüíi êðàéîâi çàäà÷i ó ðiçíèõ àñïå-
êòàõ âèâ÷àëî áàãàòî ìàòåìàòèêiâ, âèêîðè-
ñòîâóþ÷è ïðè öüîìó ðiçíîìàíiòíi ìåòîäè é
ïiäõîäè (À.Ì. Íàõóøåâ, Â.Ì. Áîðîê, Î.À.

Ñàìàðñüêèé, Á.É Ïòàøíèê, Â.Ñ. Iëüêiâ, Â.I.
×åñàëií, Î.I. Ñêóáà÷åâñüêèé, Ì.I. Ìàòié-
÷óê òà ií. [2-8]). Îäåðæàíi âàæëèâi ðåçóëü-
òàòè ùîäî ïîñòàíîâêè, êîðåêòíî¨ ðîçâ'ÿ-
çíîñòi òà ïîáóäîâè ðîçâ'ÿçêiâ, äîñëiäæåíi
ïèòàííÿ çàëåæíîñòi õàðàêòåðó ðîçâ'ÿçíî-
ñòi çàäà÷ âiä ïîâåäiíêè ñèìâîëiâ îïåðàöié,
ñôîðìóëüîâàíi óìîàè ðåãóëÿðíîñòi òà íå-
ðåãóëÿðíîñòi êðàéîâèõ óìîâ äëÿ âàæëèâèõ
âèïàäêiâ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâ-
íÿíü. Äî òàêèõ çàäà÷ âiäíîñèòüñÿ i íåëî-
êàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à, ÿêà ¹
óçàãàëüíåííÿì çàäà÷i Êîøi, êîëè ïî÷àòêîâà
óìîâà u(t, ·)|t=0 = f çàìiíþ¹òüñÿ óìîâîþ

m∑
k=0

αku(t, ·)|t=tk = f, t0 = 0, {t1, ..., tm} ⊂ (0, T ],

äå {α0, α1, ..., αm} ⊂ R, m ∈ N - ôiêñîâàíi
÷èñëà (ÿêùî α0 = 1, α1 = α2 = ... = αm = 0,
òî ìàåìî, î÷åâèäíî, çàäà÷ó Êîøi), ïðè öüî-
ìó âêàçàíà óìîâà òðàêòó¹òüñÿ â êëàñè÷íî-
ìó ðîçóìiííi àáî â ñëàáêîìó ñåíñi, ÿêùî f
- óçàãàëüíåíà ôóíêöiÿ òèïó óëüòðàðîçïîäi-
ëiâ (òàêà ïîñòàíîâêà çàäà÷i ¹ ïðèðîäíîþ,
îñêiëüêè f ìîæå ìàòè îñîáëèâîñòi â îäíié
àáî äåêiëüêîõ òî÷êàõ i ìîæå äîïóñêàòè ðåãó-
ëÿðèçàöiþ â òîìó ÷è iíøîìó ïðîñòîði óçàëü-
íåíèõ ôóíêöié).

Ó öié ðîáîòi äîñëiäæó¹òüñÿ íåëîêàëü-
íà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ åâî-
ëþöiéíîãî ðiâíÿííÿ ç îïåðàòîðîì Áåññå-
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ëÿ äðîáîâîãî äèôåðåíöiþâàííÿ, ÿêèé âiä-
íîñèòüñÿ äî ïñåâäîäèôåðåíöiàëüíèõ îïåðà-
òîðiâ, ïîáóäîâàíèõ çà ñèìâîëàìè, ÿêi äî-
ïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ â ïåâíó
îáëàñòü êîìïëåêñíî¨ ïëîùèíè. Âñòàíîâëåíà
ñòðóêòóðà òà âëàñòèâîñòi ôóíäàìåíòàëüíî-
ãî ðîçâ'ÿçêó, êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i
ó âèïàäêó, êîëè ãðàíè÷íà ôóíêöiÿ ¹ óçà-
ãàëüíåíîþ ôóíêöi¹þ òèïó óëüòðàðîçïîäiëiâ,
îïèñàíî ïðîñòiðX îñíîâíèõ íåñêií÷åííî äè-
ôåðåíöiéîâíèõ ôóíêöié, åëåìåíòîì ÿêîãî ¹
ðîçâ'ÿçîê u(t, ·) áàãàòîòî÷êîâî¨ çàäà÷i ïðè
êîæíîìó t ∈ (0, T ], ïðè öüîìó âiäïîâiä-
íó óìîâó, ÿêà çàäà¹ áàãàòîòî÷êîâó çàäà÷ó,
u(t, ·) çàäîâîëüíÿ¹ â ïðîñòîði X ′, òîïîëîãi-
÷íî ñïðÿæåíîìó ç ïîñòîðîì îñíîâíèõ ôóí-
êöié X.
2. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-

íèõ ôóíêöié.
I.Ì. Ãåëüôàíä òà Ã.�. Øèëîâ ââåëè â [9]

ñåðiþ ïðîñòîðiâ, íàçâàíèõ íèìè ïðîñòîðàìè
òèïó S. Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äè-
ôåðåíöiéîâíèõ ôóíêöié, âèçíà÷åíèõ íà R,
íà ÿêi íàêëàäàþòüñÿ ïåâíi óìîâè ñïàäàííÿ
íà íåñêií÷åííîñòi i çðîñòàííÿ ïîõiäíèõ. Öi
óìîâè çàäàþòüñÿ çà äîïîìîãîþ íåðiâíîñòåé

|xkφ(m)(x)| ≤ ckm, x ∈ R, {k,m} ⊂ Z+,

äå ckm - äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äîäà-
òíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâíî-
ñòi {ckm} íå íàêëàäàþòüñÿ æîäíi îáìåæåííÿ
(òîáòî ckm ìîæóòü çìiíþâàòèñü äîâiëüíèì
÷èíîì ðàçîì ç ôóíêöi¹þ φ), òî ìà¹ìî, î÷å-
âèäíî ïðîñòið S Ë. Øâàðöà øâèäêî ñïàäíèõ
íà íåñêií÷åííîñòi ôóíêöié. ßêùî æ ÷èñëà
ckm çàäîâîëüíÿþòü ïåâíi óìîâè, òî âiäïîâiä-
íi êîíêðåòíi ïðîñòîðè ìiñòÿòüñÿ â S i íàçè-
âàþòüñÿ ïðîñòîðàìè òèïó S. Îçíà÷èìî äåÿêi
ç íèõ.

Äëÿ äîâiëüíèõ α, β > 0 ïîêëàäåìî

Sβα(R) ≡ Sβα := {φ ∈ S|∃c > 0∃A > 0 ∃B > 0

∀{m,n} ⊂ Z+ ∀x ∈ R :

{|xmφ(n)(x)| ≤ cAmBnmmαnnβ}.
Ââåäåíi ïðîñòîðè òèïó S ìîæíà îõàðàêòå-
ðèçóâàòè ùåé òàê [9].

Sβα ñêëàäà¹òüñÿ ç òèõ é ëèøå òèõ íåñêií-
÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi
çàäîâîëüíÿþòü íåðiâíîñòi

|φ(n)(x)| ≤ cBnnnβ exp{−a|x|1/α}, n ∈ Z, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñèìâîëàìè c, B i a,
çàëåæíèìè ëèøå âiä ôóíêöi¨ φ.

ßêùî 0 < β < 1 i α ≥ 1 − β, òî Sβα ñêëà-
äà¹òüñÿ ç òèõ i òiëüêè òèõ ôóíêöié φ, ÿêi
àíàëiòè÷íî ïðîäîâæóþòüñÿ â C i äëÿ ÿêèõ

|φ(x+ iy)| ≤ c exp{−a|x|1/α + b|y|1/(1−β)},

c > 0, a > 0, b > 0.

Ïðîñòið S1
α ñêëàäàþòüñÿ ç ôóíêöié φ, ÿêi

àíàëiòè÷íî ïðîäîâæóþòüñÿ â äåÿêó ñìóãó
|y| < δ (çàëåæíó âiä φ), ïðè öüîìó ñïðàâ-
äæó¹òüñÿ îöiíêà

|φ(x+ iy)| ≤ c exp{−a|x|1/α},

c > 0, a > 0, δ > 0, x ∈ R.
Òîïîëîãi÷íà ñòðóêòóðà â ïðîñòîðàõ Sβα

âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,Bα,A ïîçíà÷èìî
ñóêóïíiñòü ôóíêöié φ ∈ Sβα, ÿêi çàäîâîëüíÿ-
þòü óìîâó:

∀Ā > A∀B̄ > B : |xkφ(m)(x)| ≤ cĀkB̄mkkαmmβ,

{k,m} ⊂ Z+, x ∈ R.
Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi-
÷åííî íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â
íié ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

||φ||δρ = sup
x,k,m

|xkφ(m)(x)|
(A+ δ)k(B + ρ)mkkαmmβ

,

{δ, ρ} ⊂
{
1,

1

2
,
1

3
, ...

}
.

Âêàçàíó ñèñòåìó íîðì iíîäi çàìiíþþòü åêâi-
âàëåíòíîþ ¨é ñèñòåìîþ íîðì

||φ||′δρ = sup
x,m

exp{a(1− δ)|x|1/α} · |φ(m)(x)|
(B + ρ)mmmβ

,

{δ, ρ} ⊂
{
1

2
,
1

3
, ...

}
, a =

α

eA1/α
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

α,A1
íåïåðåðâíî

âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβα =

∪
A,B>0

Sβ,Bα,A .

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 1�2. 153



Ó ïðîñòîðàõ Sβα âèçíà÷åíà i ¹ íåïåðåðâ-
íîþ îïåðàöiÿ çñóâó àðãóìåíòó Tx : φ(ξ) →
φ(ξ + x). Öÿ îïåðàöiÿ ¹ òàêîæ äèôåðåíöi-
éîâíîþ (íàâiòü íåñêií÷åííî äèôåðåíöiéîâ-
íîþ [9]) ó òîìó ðîçóìiííi, ùî ãðàíè÷íi ñïiâ-
âiäíîøåííÿ âèãëÿäó

φ(x+ h)− φ(x)

h
→ φ′(x), h→ 0,

ñïðàâäæó¹òüñÿ äëÿ êîæíî¨ ôóíêöi¨ φ ∈ Sβα â
ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó Sβα.
Ó Sβα âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ äè-
ôåðåíöiþâàííÿ. Ïðîñòîðè òèïó S ¹ äîñêî-
íàëèìè [9] (òîáòî ïðîñòîðàìè, âñi îáìåæå-
íi ìíîæèíè ÿêèõ êîìïàêòíi), âîíè òiñíî ïî-
â'ÿçàíi ìiæ ñîáîþ ïåðåòâîðåííÿì Ôóð'¹, à
ñàìå, ïðàâèëüíîþ ¹ ôîðìóëà: F [Sβα] = Sαβ ,
α, β > 0, äå

F [Sβα] := {ψ : ψ(σ) =

∫
R

φ(x)eiσxdx, φ ∈ Sβα}.

Ñèìâîëîì (Sβα)
′ ïîçíà÷èìî ïðîñòið óñiõ

ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà Sβα çi
ñëàáêîþ çáiæíiñòþ. Îñêiëüêè â îñíîâíîìó
ïðîñòîði Sβα âèçíà÷åíà îïåðàöiÿ çñóâó, àðãó-
ìåíòó Tx, òî çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨
f ∈ (Sβα)

′ ç îñíîâíîþ ôóíêöi¹þ φ çàäàìî
ôîðìóëîþ

(f ∗ φ)(x) =< f, T−xφ̌(·) >≡< f, φ(x− ·) >,

φ̌(ξ) = φ(−ξ).
Iç âëàñòèâîñòi íåñêií÷åííî¨ äèôåðåíöiéîâíî-
ñòi îïåðàöi¨ çñóâó àðãóìåíòó â ïðîñòîði Sβα
âèïëèâà¹, ùî çãîðòêà f ∗ φ ¹ çâè÷àéíîþ íå-
ñêií÷åííî äèôåðåíöiéîâíîþ íà R ôóíêöi¹þ.

Îñêiëüêè F−1[Sαβ ] = Sβα, à òàêîæ F [Sαβ ] =

Sβα, áî êîæíèé ïðîñòið òèïó S ðàçîì ç ôóí-
êöi¹þ φ(x) ìiñòèòü i ôóíêöiþ φ(−x), òî ïå-
ðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈
(Sβα)

′ îçíà÷èìî çà äîïîìîãîþ ñïiââiäíîøåí-
íÿ < F [f ], φ >=< f, F [φ] >, φ ∈ Sαβ .

Íåõàé f ∈ (Sβα)
′. ßêùî f ∗φ ∈ Sβα, ∀φ ∈ Sβα

i iç ñïiââiäíîøåííÿ φν → 0 ïðè ν → ∞ çà òî-
ïîëîãi¹þ ïðîñòîðó Sβα âèïëèâà¹, ùî f ∗φν →
0 ïðè ν → ∞ çà òîïîëîãi¹þ ïðîñòîðó Sβα,
òî ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòóâà÷åì ó
ïðîñòîði Sβα. ßêùî f ∈ (Sβα)

′ - çãîðòóâà÷ ó

ïðîñòîði Sβα, òî äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ Sβα
ïðàâèëüíîþ ¹ ôîðìóëà F [f ∗φ] = F [f ] ·F [φ].
3. Êîðåêòíà ðîçâ'ÿçíiñòü áàãàòî-

òî÷êîâî¨ çàäà÷i. Ðîçãëÿíåìî ôóíêöiþ
aω(ξ) := (1 + ξ2)ω/2, ω ≥ 1, ω ̸= 2, 4, 6, ...,
ξ ∈ R. Çà äîïîìîãîþ áåçïîñåðåäíiõ îá÷è-
ñëåíü çíàõîäèìè, ùî äëÿ |ξ| ≥ 1 ñïðàâäæó-
þòüñÿ íåðiâíîñòi

|Dm
ξ aω(ξ)| ≤ cBm

0 m!|ξ|ω,

m ∈ Z+, B0 = B0(ω) > 0.

Îñêiëüêè |ξ|ω ≤ 1
ε
exp{ε|ξ|ω} äëÿ äîâiëüíîãî

ε > 0, òî

|Dm
ξ aω(ξ)| ≤ cεB

mmm exp{ε|ξ|ω}, (1)

cε =
c

ε
, B = B(ω), ξ ∈ R, m ∈ Z+.

Ç (1) âèïëèâà¹, ùî aω - ìóëüòèïëiêàòîð ó
ïðîñòîði S1

1/ω. Ñïðàâäi, íåõàé φ ∈ S1
1/ω, òîá-

òî ôóíêöiÿ φ òà ¨¨ ïîõiäíi çàäîâîëüíÿþòü
íåðiâíîñòi

|Dk
ξaω(ξ)| ≤ cAkkk exp{−a|ξ|ω}, (2)

k ∈ Z+, ξ ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c, A, a. Òî-
äi, ñêîðèñòàâøèñü ôîðìóëîþ Ëåéáíiöà äè-
ôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, à òà-
êîæ íåðiâíîñòÿìè (1), (2) çíàéäåìî, ùî

|(aω(ξ) · φ(ξ))(k)| =

∣∣∣∣∣
k∑
l=0

C l
ka

(l)
ω (ξ)φ(k−l)(ξ)

∣∣∣∣∣ ≤
≤

k∑
l=0

C l
k|a(l)ω (ξ)| · |φ(k−l)(ξ)| ≤

≤ ccε

k∑
l=0

C l
kB

lllAk−l(k − l)(k−l)×

× exp{−(a− ε)|ξ|ω}.

Îñêiëüêè â (1) ε > 0 - äîâiëüíî ôiêñîâà-
íèé ïàðàìåòð, òî ïîêëàäåìî ε = a/2. Òîäi

|(aω(ξ)·φ(ξ))(k)| ≤ c̃B̃kkk exp{−ã|ξ|ω}, k ∈ Z+,

äå c̃ = ccε, B̃ = 2max{A,B}, ã = a/2. Îòæå,
aω · φ ∈ S1

1/ω.
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Îïåðàöiÿ ìíîæåííÿ íà ôóíêöiþ aω ¹ íå-
ïåðåðâíîþ â S1

1/ω. Ñïðàâäi, íåõàé {φn, n ≥
1} - ïîñëiäîâíiñòü ôóíêöié ç ïðîñòîðó S1

1/ω,
ÿêà çáiãà¹òüñÿ â öüîìó ïðîñòîði äî íóëÿ. Öå
îçíà÷à¹, ùî {φn, n ≥ 1} ⊂ S1,B0

1/ω,A0
ç äåÿêèìè

A0, B0 > 0 i

||φn||δ,ρ = sup
k,ξ

exp{a(1− δ)|ξ|ω} · |φ(k)
n (ξ)|

(B0 + ρ)kkk
→ 0,

n→ ∞, {δ, ρ} ⊂
{
1

2
,
1

3
, ...

}
, a =

1

ωeAω0
.

Iíøèìè ñëîâàìè, äëÿ êîæíîãî ε̃ > 0 iñíó¹
íîìåð n0 = n0(ε̃) òàêèé, ùî äëÿ n ≥ n0

|φ(k)
n (ξ)| ≤ ε̃(B0 + ρ)kkk exp{−a(1− δ)|ξ|ω}.

Àíàëîãi÷íî òîìó, ÿê öå áóëî çðîáëåíî ðàíi-
øå çíàõîäèìî, ùî

|(aω(ξ)φn(ξ))(k)| <

< ε̃(B̃ + ρ)kkk exp{−ã(1− δ)|ξ|ω},
äå B̃ = 2max{B,B0+1/2}, ã = a/2. Öå îçíà-
÷à¹, ùî

sup
ξ,k

exp{ã(1− δ)|ξ|ω} · |(aω(ξ)φn(ξ))(k)|
(B̃ + ρ)kkk

→ 0,

n→ ∞.

Îòæå, ïîñëiäîâíiñòü {aω ·φn, n ≥ 1} çáiãà-
¹òüñÿ äî íóëÿ ó ïðîñòîði S1,B̃

1/ω,Ã
, Ã = 2−1/ωA0,

òîáòî â ïðîñòîði S1
1/ω, ùî é ïîòðiáíî áóëî äî-

âåñòè.
Iç âëàñòèâîñòåé ôóíêöi¨ aω âèïëèâà¹, ùî

â ïðîñòîði S1/ω
1 âèçíà÷åíèé, ¹ ëiíiéíèì i

íåïåðåðâíèì îïåðàòîð Aω, ÿêèé ðîçóìi¹ìî
ÿê ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð, ïîáó-
äîâàíèé çà ñèìâîëîì aω, òîáòî

Aωφ = F−1[aω(ξ)F [φ]], ∀φ ∈ S
1/ω
1 ,

äå F, F−1 - ïðÿìå òà îáåðíåíå ïåðåòâîðåííÿ
Ôóð'¹.

Âiäîìî [10], ùî îïåðàòîð Aω ¹ êîíñòðó-
êòèâíîþ ðåàëiçàöi¹þ îïåðàòîðà (I − ∆)ω/2,
∆ = d2/dx2, ω ̸= 2, 4, 6, ...: (I−∆)ω/2φ = Aωφ,
∀φ ∈ S. Ñëiäóþ÷è [10], Aω íàäàëi íàçèâàòè-
ìåìî îïåðàòîðîì Áåññåëÿ äðîáîâîãî äèôå-
ðåíöiþâàííÿ.

Äëÿ åâîëþöiéíîãî ðiâíÿííÿ

∂u(t, x)

∂t
+ Aωu(t, x) = 0, (3)

(t, x) ∈ (0, T ]× R,

ïîñòàâèìî íåëîêàëüíó áàãàòîòî÷êîâó (m-
òî÷êîâó) çà ÷àñîì çàäà÷ó: çíàéòè ðîçâ'ÿçîê
u ∈ C1((0, T ], S

1/ω
1 ) ðiâíÿííÿ (3), ÿêèé çàäî-

âîëüíÿ¹ óìîâó:

µu(t, ·)|t=0 − µ1u(t, ·)|t=t1 − ...−

−µmu(t, ·)|t=tm = φ, (4)

äå φ ∈ S
1/ω
1 , m ∈ N, {µ, µ1, ..., µm} ⊂ (0,∞),

{t1, ..., tm} ⊂ (0, T ] - ôiêñîâàíi ÷èñëà, µ >

m
m∑
k=1

µk, 0 < t1 < ... < tm ≤ T .

Ñêîðèñòàâøèñü ìåòîäîì ïåðåòâîðåííÿ
Ôóð'¹ çíàéäåìî ùî ðîçâ'ÿçîê çàäà÷i (3), (4)
ìà¹ âèãëÿä:

u(t, x) =

∫
R

G(t, x− ξ)φ(ξ)dξ = G(t, x) ∗φ(x),

(t, x) ∈ Ω,

äå G(t, x) = F−1[Q(t, σ)](x),

Q(t, ξ) = exp{−taω(ξ)}×

×

(
µ−

m∑
k=1

µk exp{−tkaω(ξ)}

)−1

.

Ââåäåìî ïîçíà÷åííÿ:

Q1(t, ξ) = exp{−taω(ξ)},

Q2(ξ) =

(
µ−

m∑
k=1

µk exp{−tkaω(ξ)}

)−1

.

Òîäi Q(t, ξ) = Q1(t, x)Q2(ξ).
Ëåìà 1. 1. Q1(t, ·) ∈ S1

1/ω ïðè êîæíî-

ìó t ∈ (0, T ]. Äëÿ ïîõiäíèõ ôóíêöié Q1(t, ξ)
ïðàâèëüíèìè ¹ îöiíêè:

|Ds
ξQ1(t, ξ)| ≤ Asss exp{−c0t|ξ|ω},

s ∈ N, (t, ξ) ∈ Ω,

äå ñòàëi A, c0 > 0 íå çàëåæàòü âiä t.
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2. Ôóíêöiÿ

Q2(ξ) =

(
µ−

m∑
k=1

µk exp{−tkaω(ξ)}

)−1

≡

≡

(
µ−

m∑
k=1

µkQ1(tk, ξ)

)−1

¹ ìóëüòèïëiêàòîðîì ó ïðîñòîði S1
1/ω.

Äîâåäåííÿ. 1. Äëÿ äîâåäåííÿ òâåðäæå-
ííÿ ñêîðèñòà¹ìîñÿ ôîðìóëîþ Ôàà äå Áðóíî
äèôåðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨

Ds
ξF (g(ξ)) =

s∑
m=1

dm

dgm
F (g)

∑ s!

m1!...ml!
×

×
(
d

dξ
g(ξ)

)m1

...

(
1

l!

dl

dξl
g(ξ)

)ml
(çíàê ñóìè ïîøèðþ¹òüñÿ íà âñi ðîçâ'ÿçêè â
öiëèõ íåâiä'¹ìíèõ ÷èñëàõ ðiíÿííÿ s = m1 +
2m2+...+lml,m = m1+...+ml), äå ïîêëàäåìî
F = eg, g = −taω(ξ). Òîäi

Ds
ξe

−taω(ξ) = e−taω(ξ)
s∑

m=1

∑ s!

m1!...ml!

∧
,

äå ñèìâîëîì
∧
òóò ïîçíà÷åíî âèðàç∧

:=

(
d

dξ
(−taω(ξ))

)m1

×

×
(
1

2!

d2

dξ2
(−taω(ξ))

)m2

...

(
1

l!

dl

dξl
(−taω(ξ))

)ml
.

Óðàõóâàâøè îöiíêè (1) çíàéäåìî, ùî

|
∧

| ≤
(c
ε

)m1+...+ml
tm1+...+mlBm1+2m2+...+lml×

× exp{ε(m1 + ...+ lml)|ξ|ω} =

=
(c
ε

)m
tmBs exp{εs|ξ|ω}.

Îñêiëüêè t ∈ (0, T ] òà s ∈ N - ôiêñîâàíi
ïàðàìåòðè, à ε > 0 - äîâiëüíå, òî ïîêëàäåìî
ε = t/(2s). Òîäi

|Ds
ξQ1(t, ξ)| ≤ Asss exp{−c0t|ξ|ω}, (5)

s ∈ N, (t, ξ) ∈ Ω,

c0 = 1/2, A = 4B ·max{1, c}

ç (5) òà íåðiâíîñòi |Q1(t, ξ)| ≤ exp{−t|ξ|ω}
âèïëèâà¹ òâåðäæåííÿ 1 ëåìè.

2. Îñêiëüêè

µ−
m∑
k=1

µk exp{−tkaω(ξ)} =

= µ

(
1− 1

µ

m∑
k=1

µk exp{−tkaω(ξ)}

)
,

ïðè÷îìó

1

µ

m∑
k=1

µk exp{−tkaω(ξ)} ≤ 1

µ

m∑
k=1

µk < 1,

òî, ñêîðèñòàâøèøü ïîëiíîìiàëüíîþ ôîðìó-
ëîþ çíàéäåìî, ùî

Q2(ξ) =
1

µ

∞∑
r=0

µ−r

(
m∑
k=1

µke
−tkaω(ξ)

)r

=

=
∞∑
r=0

µ−(r+1)
( ∑
r1+...+rm=r

r!

r1!...rm!
×

×(µ1e
−t1aω(ξ))r1 ...(µme

−tmaω(ξ))rm
)
=

=
∞∑
r=0

µ−(r+1)
∑

r1+...+rm=r

r!

r1!...rm!
×

×µr11 ...µrmm Q1(λ, ξ), (6)

äå λ := t1r1 + ... + tmrm, Q1(λ, ξ) = e−λaω(ξ).
Ç (5) òà (6) âèïëèâàþòü íåðiâíîñòi

|Ds
ξQ2(ξ)| ≤ Asss

∞∑
r=0

µ−(r+1)×

×
∑

r1+...+rm=r

r!

r1!...rm!
µr0e

−λc0|ξ|ω ≤

≤ µ−1Asss
∞∑
r=0

(
µ0

µ

)r ∑
r1+...+rm=r

r!

r1!...rm!
,

s ∈ N, µ0 = max{µ1, ..., µm}. Äàëi ñêîðèñòà¹-
ìîñÿ òèì, ùî∑

r1+...+rm=r

r!

r1!...rm!
= mr.

Òîäi

|Ds
ξQ2(ξ)| ≤ µ−1Asss

∞∑
r=0

µ̃r = cAsss,
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s ∈ N, µ̃ = µ0µ
−1m < 1, c = µ−1

∞∑
r=0

µ̃r.

Ç îñòàííüî¨ íåðiâíîñòi òà îáìåæåíîñòi
ôóíêöi¨ Q2 âèïëèâà¹, ùî Q2 ¹ ìóëüòèïëiêà-
òîðîì ó ïðîñòîði S1

1/ω.
Ëåìà äîâåäåíà.
Íàñëiäîê 1. Ïðè ôiêñîâàíîìó t ∈ (0, T ]

ôóíêöiÿ Q(t, ξ) = Q1(t, ξ)Q2(ξ), ξ ∈ R ¹ åëå-
ìåíòîì ïðîñòîðó S1

1/ω, ïðè öüîìó ñïðàâ-
äæóþòüñÿ îöiíêè

|Ds
ξQ(t, ξ)| ≤ cB̃sss exp{−c0t|ξ|ω}, (7)

s ∈ Z+, (t, ξ) ∈ Ω,

äå ñòàëi c, c0, B̃ > 0 íå çàëåæàòü âiä t.
Óðàõóâàâøè âëàñòèâîñòi ïåðåòâîðåííÿ

Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) òà ñïiââiä-
íîøåííÿ F−1[S1

1/ω] = S
1/ω
1 îòðèìà¹ìî, ùî

G(t, ·) ∈ S
1/ω
1 ïðè êîæíîìó t ∈ (0, T ]. Âè-

äiëèìî â îöiíêàõ ôóíêöi¨ G òà ¨¨ ïîõiäíèõ
(çà çìiííîþ x) çàëåæíiñòü âiä ïàðàìåòðà
t ∈ (0, T ]. Äëÿ öüîãî ñêîðèñòà¹ìîñÿ ñïiââiä-
íîøåííÿì

xkDs
xF [φ](x) = ik+sF [(σsφ(σ))(k)] =

= ik+s
∫
R

(σsφ(σ))(k)eixσdσ,

{k, s} ⊂ Z+, φ ∈ S1
1/ω.

Îòæå,

xkDs
xG(t, x) = (2π)−1ik+s(−1)s×

×
∫
R

(σsQ(t,−σ))(k)eixσdσ.

Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà äèôå-
ðåíöiþâàííÿ äîáóòêó äâîõ ôöíêöié òà îöií-
êè (7) çíàéäåìî, ùî

|(σsQ(t,−σ))(k)| =

=

∣∣∣∣∣
k∑
p=0

Cp
k(σ

s)(p)Q(k−p)(t,−σ)

∣∣∣∣∣ ≤
≤ |σsQ(k)(t,−σ)|+ ks|σs−1Q(k−1)(t,−σ)|+

+
k(k − 1)

2!
s(s− 1)|σs−2Q(k−2)(t,−σ)|+ ... ≤

≤ cB̃kkkss/ωt−s/ωe−
c0
2
t|σ|ω
(
1+

t1/ω

B
ks
mk−1,s−1

mks

+

+
1

2!

(
t1/ω

B

)2

ks
mk−1,s−1

mks

×

×(k − 1)(s− 1)
mk−2,s−2

mk−1,s−1

+ ...
)
,

äå mks = kkss/ω.
Áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî

äëÿ ïîäâiéíî¨ ïîñëiäîâíîñòi mks ñïðàâäæó¹-
òüñÿ íåðiâíiñòü

ks
mk−1,s−1

mks

≤ γ(k + s), γ = 21/ω+1.

Òîäi

|(σsQ(t,−σ))(k)| ≤ cB̃kkkss/ωt−s/ωe−
c0
2
t|σ|ω×

×
(
1 +

γt1/ω

B̃
(k + s)+

+
1

2!

(
γt1/ω

B̃

)2

(k + s)2 + ...
)
≤

≤ cB̃kkkss/ωt−s/ωe
γt1/ω

B̃
(k+s)e−

c0
2
t|σ|ω ≤

≤ cBk
1A

s
1t

−s/ωkkss/ωe−c̄0t|σ|
ω

,

A1 = e
γT1/ω

B̃ , B1 = B̃e
γT1/ω

B̃ , c̄0 =
c0
2
.

Îòæå,

|xkDs
xG(t, x)| ≤ c1B

k
1A

s
1t

−(s+1)/ωkkss/ω,

{k, s} ⊂ Z+, t ∈ (0, T ], x ∈ R.
Òàêèì ÷èíîì, äëÿ ïîõiäíèõ ôóíêöié G

(çà çìiííîþ x) ñïðàâäæóþòüñÿ îöiíêè

|Dk
xG(t, x)| ≤ cAs1s

s/ωt−(s+1)/ω inf
k

Bk
1k

k

|x|k
≤

≤ c̃As1s
s/ωt−(s+1)/ω exp{−a0|x|},
(t, x) ∈ Ω, k ∈ Z+,

äå ñòàëi c̃, A1, a0 > 0 íå çàëåæàòü âiä t.
Ëåìà 2. Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê

àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷å-

ííÿìè â ïðîñòîði S
1/ω
1 , äèôåðåíöiéîâíà ïî

t.
Äîâåäåííÿ. Iç âëàñòèâîñòi íåïåðåðâíî-

ñòi ïåðåòâîðåííÿ Ôóð'¹ (ÿê ïðÿìîãî, òàê i
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îáåðíåíîãî) â ïðîñòîðàõ òèïó S âèïëèâà¹,
ùî äëÿ äîâåäåííÿ ëåìè äîñèòü ïîêàçàòè, ùî
ôóíêöiÿ F [G(t, x)] = Q(t, σ), ÿê àáñòðàêòíà
ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðî-
ñòîði F [S1/ω

1 ] = S1
1/ω, äèôåðåíöiéîâíà ïî t.

Iíøèìè ñëîâàìè, ïîòðiáíî äîâåñòè, ùî ãðà-
íè÷íå ñïiââiäíîøåííÿ

Φ∆t(σ) :=
1

∆t
[Q(t+∆t, σ)−Q(t, σ)] →

→ ∂

∂t
Q(t, σ), ∆t→ 0,

âèêîíó¹òüñÿ â òîìó ðîçóìiííi, ùî: 1)
Ds
σΦ∆t(σ)−→

∆t→0
Ds
σ(−aω(σ)Q(t, σ)), s ∈ Z+,

ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R;
2) |Ds

σΦ∆t(σ)| ≤ c̄B̄sss exp{−ā|σ|ω}, s ∈ Z+,
äå ñòàëi c̄, ā, B̄ > 0 íå çàëåæèòü âiä ∆t, ÿêùî
∆t äîñèòü ìàëå.

Ôóíêöiÿ Q(t, σ), (t, σ) ∈ Ω, äèôåðåíöiéîâ-
íà ïî t ó çâè÷àéíîìó ðîçóìiííi, òîìó, âíàñëi-
äîê òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðî-
ñòè

Φ∆t(σ) = −aω(σ)Q(t+ θ∆t, σ),

0 < θ < 1, t+ θ∆t ≤ T.

Îòæå,

Ds
σΦ∆t(σ) = −

s∑
l=0

C l
sD

l
σaω(σ)D

s−l
σ Q(t+θ∆t, σ)

i

Ds
σ

(
Φ∆t(σ)−

∂

∂t
Q(t, σ)

)
=

= −
s∑
l=0

C l
sD

l
σaω(σ)[D

s−l
σ Q(t+ θ∆t, σ)−

−Ds−l
σ Q(t, σ)].

Îñêiëüêè

Ds−l
σ Q(t+ θ∆t, σ)−Ds−l

σ Q(t, σ) =

= Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t, 0 < θ1 < 1,

òî çâiäñè òà ç îöiíîê (7) âèïëèâà¹, ùî

Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t→ 0, ∆t→ 0

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R.
Òîäi i Ds

σΦ∆t(σ) → Ds
σ

(
∂
∂t
Q(t, σ)

)
ïðè ∆t →

0 ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂
R. Îòæå, óìîâà 1) âèêîíó¹òüñÿ.

Óðàõóâàâøè îöiíêè, ÿêi çàäîâîëüíÿþòü
ïîõiäíi ôóíêöié aω(σ), Q(t, σ) çíàéäåìî, ùî

|Ds
σΦ∆t(σ)| ≤ ccε

s∑
l=0

C l
sB

lllB̃s−l(s− l)s−l×

×e−c0(t+θ∆t)|σ|ωeε|σ|ω

(òóò ε > 0 - äîâiëüíî ôiêñîâàíèé ïàðàìåòð).
Ïîêëàäåìî ε = c0t/2. Òîäi

|Ds
σΦ∆t(σ)| ≤ c̄B̄sss exp{−ā|σ|ω},

c̄ = ccε, B̄ = 2max{B, B̃}, ā = c0t/2, ïðè÷î-
ìó âñi ñòàëi íå çàëåæàòü âiä ∆t. Ëåìà äîâå-
äåíà.
Íàñëiäîê 2. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(f ∗G(t, ·)) = f ∗ ∂G(t, ·)

∂t
,

∀f ∈ (S
1/ω
1 )′, t ∈ (0, T ].

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè óçà-
ãàëüíåíî¨ ôóíêöi¨ ç îñíîâíîþ ìà¹ìî, ùî

(f ∗G)(t, x) =< fξ, T−xǦ(t, ξ) >,

Ǧ(t, ξ) = G(t,−ξ).
Òîäi

∂

∂t
(f ∗G)(t, ·) =

= lim
∆t→0

1

∆t
[(f ∗G)(t+∆t, ·)− (f ∗G)(t, ·)] =

= lim
∆t→0

< fξ,
1

∆t
[T−xǦ(t+∆t, ·)−T−xǦ(t, ·)] > .

Âíàñëiäîê ëåìè 2 ãðàíè÷íå ñïiââiäíîøå-
ííÿ

1

∆t
[T−xǦ(t+∆t, ·)−T−xǦ(t, ·)]−→

∆t→0

∂

∂t
T−xǦ(t, ·)

âèêîíó¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ
ïðîñòîðó S1/ω

1 , òîìó

∂

∂t
(f ∗G)(t, ·) =

=< fξ, lim
∆t→0

[T−xǦ(t+∆t, ·)− T−xǦ(t, ·)] >=
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=< fξ,
∂

∂t
T−xǦ(t, ·) >=< fξ, T−x

∂

∂t
Ǧ(t, ·) >=

= (f ∗ ∂G
∂t

)(t, x).

Òâåðäæåííÿ äîâåäåíî.
Ëåìà 3. Ó ïðîñòîði (S

1/ω
1 )′ ñïðàâäæó¹-

òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

G(t, ·)−
m∑
l=1

µl lim
t→tl

G(t, ·) = δ (8)

(òóò δ - äåëüòà-ôóíêöiÿ Äiðàêà).
Äîâåäåííÿ. Ñêîðèñòàâøèøü âëàñòèâi-

ñòþ íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ òà
ôóíêöi¨ G(t, ·), ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðà-
ìåòðà t iç çíà÷åííÿìè â ïðîñòîði S1/ω

1 , ñïiâ-
âiäíîøåííÿ (8) çàìiíèìî åêâiâàëåíòíèì ãðà-
íè÷íèì ñïiââiäíîøåííÿì

µ lim
t→+0

F [G(t, ·)]−
m∑
l=1

µl lim
t→tl

F [G(t, ·)] = F [δ]

(9)

ó ïðîñòîði (S1/ω
1 )′. Óðàõóâàâøè çîáðàæåííÿ

ôóíêöi¨ G, (9) ïîäàìî ó âèãëÿäi

µ lim
t→+0

Q(t, ·)−
m∑
l=1

µl lim
t→tl

Q(t, ·) = 1. (10)

Äëÿ äîâåäåííÿ (10) âiçüìåìî äîâiëüíó
ôóíêöiþ φ ∈ S1

1/ω i, ñêîðèñòàâøèñü òåîðå-
ìîþ ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòå-
ãðàëà Ëåáåãà çíàéäåìî, ùî

µ lim
t→+0

< Q(t, ·), φ > −

−
m∑
l=1

µl lim
t→tl

< Q(t, ·), φ >=

= µ lim
t→+0

∫
R

Q(t, σ)φ(σ)dσ−

−
m∑
l=1

µl lim
t→tl

∫
R

Q(t, σ)φ(σ)dσ =

=

∫
R

[
µQ(0, σ)−

m∑
l=1

µlQ(tl, σ)

]
φ(σ)dσ =

=

∫
R

[ µ

µ−
m∑
k=1

µkQ1(tk, σ)
−

−
m∑
l=1

µl
Q1(tl, σ)

µ−
m∑
k=1

µkQ1(tk, σ)

]
φ(σ)dσ =

=

∫
R

µ−
m∑
l=1

µlQ1(tl, σ)

µ−
m∑
k=1

µkQ1(tk, σ)
φ(σ)dσ =

=

∫
R

φ(σ)dσ =< 1, φ > .

Çâiäñè âèïëèâà¹, ùî ñïiââiäíîøåííÿ (10)
âèêîíó¹òüñÿ â ïðîñòîði (S1

1/ω)
′, à, îòæå, ïðà-

âèëüíèì ¹ ñïiââiäíîøåííÿ (8). Ëåìà äîâåäå-
íà.

Ñèìâîëîì (S
1/ω
1,∗ )′ ïîçíà÷èìî êëàñ óçà-

ãàëüíåíèõ ôóíêöié ç (S1/ω
1 )′, ÿêi ¹ çãîðòóâà-

÷àìè â ïðîñòîði S1/ω
1 .

Íàñëiäîê 3. Íåõàé u(t, x) = f ∗ G(t, x),
f ∈ (S

1/ω
1,∗ )′, (t, x) ∈ Ω. Òîäi â ïðîñòîði

(S
1/ω
1 )′ ñïðàâäæó¹òüñÿ ãðàíè÷íå ñïiââiäíî-

øåííÿ

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = f.

Ôóíêöiþ G íàäàëi íàçèâàòèìåìî ôóíäà-
ìåíòàëüíèì ðîçâ'ÿçêîì áàãàòîòî÷êîâî¨ (m-
òî÷êîâî¨) çàäà÷i äëÿ ðiâíÿííÿ (3).

Ç íàñëiäêó 3 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ
(3)m-òî÷êîâó çà ÷àñîì çàäà÷ó ìîæíà ñòàâè-
òè òàê: çíàéòè ðîçâ'ÿçîê u ∈ C1((0, T ], S

1/ω
1 )

ðiâíÿííÿ (3), ÿêèé çàäîâîëüíÿ¹ óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = f, (11)

f ∈ (S
1/ω
1,∗ )′,

äå ãðàíè÷íå ñïiââiäíîøåííÿ (11) ðîçãëÿäà-
¹òüñÿ â ïðîñòîði (S1/ω

1 )′ (îáìåæåííÿ íà ïà-
ðàìåòðè µ, µ1, ..., µm, t1, ..., tm òàêi æ, ÿê ó
âèïàäêó çàäà÷i (3), (4)).

Îñíîâíèé ðåçóëüòàò ìiñòèòü íàñòóïíå
òâåðäæåííÿ.
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Òåîðåìà. Çàäà÷à (3), (11) êîðåêòíî
ðîçâ'ÿçíà. Ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîðìó-
ëîþ: u(t, x) = f ∗ G(t, x), (t, x) ∈ Ω, äå
G - ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i (3),
(11).
Äîâåäåííÿ. Ïåðåäóñiì ïåðåêîíà¹ìîñÿ â

òîìó, ùî ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿ-
ííÿ (3). Ñïðàâäi (äèâ. íàñëiäîê 2),

∂u(t, x)

∂t
=

∂

∂t
(f ∗G(t, x)) = f ∗ ∂G(t, x)

∂t
,

Aωu(t, x) = F−1[aω(σ)F [f ∗G(t, x)](σ)](x).

Îñêiëüêè f - çãîðòóâà÷ ó ïðîñòîði S1/ω
1 ,

òî

F [f ∗G(t, x)](σ) = F [f ](σ) · F [G(t, x)](σ) =

= F [f ]Q(t, σ).

Îòæå,

Au(t, x) = F−1[aω(σ)Q(t, σ)F [f ](σ)](x) =

= −F−1

[
∂

∂t
Q(t, σ)F [f ](σ)

]
(x) =

= −F−1

[
F

[
∂

∂t
G

]
(t, σ) · F [f ](σ)

]
(x) =

= −F−1

[
F

[
f ∗ ∂G

∂t

]]
(x) =

= −f ∗ ∂G(t, x)
∂t

.

Çâiäñè äiñòà¹ìî, ùî ôóíêöiÿ u(t, x),
(t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (3). Ç íà-
ñëiäêó 3 âèïëèâà¹, ùî u çàäîâîëüíÿ¹ óìîâó
(11) ó âêàçàíîìó ñåíñi.

Çàëèøà¹òüñÿ ïåðåêîíàòèñÿ â òîìó, ùî çà-
äà÷à (3), (11) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ öüî-
ãî ðîçãëÿíåìî çàäà÷ó Êîøi

∂v

∂t
− A∗v = 0, (12)

(t, x) ∈ [0, t0)× R ≡ Ω′,

0 ≤ t < t0 ≤ T,

v(t, ·)|t=t0 = ψ, ψ ∈ (S
1/ω
1,∗ )′, (13)

äå A∗g = F [aωF
−1[g]], g ∈ S

1/ω
1 , A∗ - çâóæåí-

íÿ ñïðÿæåíîãî îïåðàòîðà äî îïåðàòîðà A íà

ïðîñòið S1/ω
1 ⊂ (S

1/ω
1 )′. Óìîâó (13) ðîçóìi¹ìî

â ñëàáêîìó ñåíñi.
Iç ðåçóëüòàòiâ, îòðèìàíèõ â [11] âèïëèâà¹,

ùî çàäà÷à Êîøi (12), (13) ¹ ðîçâ'ÿçíîþ, ïðè
öüîìó v(t, ·) ∈ S

1/ω
1 ïðè êîæíîìó t ∈ [0, t0).

Íåõàé Qt
t0

: (S
1/ω
1,∗ )′ → S

1/ω
1 - îïåðàòîð,

ÿêèé çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈ (S
1/ω
1,∗ )′

ðîçâ'ÿçîê çàäà÷i (12), (13). Îïåðàòîð Qt
t0
¹

ëiíiéíèì i íåïåðåðâíèì, âií âèçíà÷åíèé äëÿ
äîâiëüíèõ t i t0 òàêèõ, ùî 0 ≤ t < t0 ≤ T i
âîëîäi¹ âëàñòèâîñòÿìè:

∀ψ ∈ (S
1/ω
1,∗ )′ :

dQt
t0
ψ

dt
− A∗Qt

t0
ψ = 0,

lim
t→t0

Qt
t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (S1/ω
1 )′).

Ðîçãëÿíåìî ðîçâ'ÿçîê u(t, x), (t, x) ∈ Ω,
çàäà÷i (3), (11), ÿêèé ðîçóìiòèìåìî ÿê ðå-
ãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S

1/ω
1,∗ )′ ⊃

S
1/ω
1 . Äîâåäåìî, ùî çàäà÷à (3), (11) ìî-

æå ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê ó ïðîñòîði
(S

1/ω
1,∗ )′. Äëÿ öüîãî äîñèòü äîâåñòè, ùî ¹äè-

íèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ïðè íóëüîâié
ïî÷àòêîâié óìîâi ìîæå áóòè ëèøå ôóíêöiî-
íàë u(t, x) ≡ 0 (ïðè êîæíîìó t ∈ (0, T ]). Çà-
ñòîñó¹ìî ôóíêöiîíàë u äî ôóíêöi¨ Qt

t0
ψ ∈

S
1/ω
1 , äå ψ - äîâiëüíî ôiêñîâàíèé åëåìåíò ç

ïðîñòîðó S1/ω
1 ⊂ (S

1/ω
1,∗ )′. Äèôåðåíöiþþ÷è ïî

t i âèêîðèñòîâóþ÷è ðiâíÿííÿ (3), (12) çíà-
éäåìî, ùî

∂

∂t
< u(t, ·), Qt

t0
ψ >=

=<
∂u

∂t
,Qt

t0
ψ > + < u,

∂Qt
t0
ψ

∂t
>=

= − < Au,Qt
t0
ψ > + < u,A∗Qt

t0
ψ >=

= − < Au,Qt
t0
ψ > + < Au,Qt

t0
ψ >= 0,

t ∈ [0, t0).

Çâiäñè âèïëèâà¹, ùî < u(t, ·), Qt
t0
ψ > ¹

ñòàëîþ âåëè÷èíîþ. Iç âëàñòèâîñòåé àáñòðà-
êòíèõ ôóíêöié âèïëèâà¹ ñïiââiäíîøåííÿ

lim
t→t0

< u(t, ·), Qt
t0
ψ >=

=< u(t0, ·), ψ >= const ≡ c
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ó äîâiëüíié òî÷öi t0 ∈ (0, T ]. Îòæå, ÿêùî â
(11) f = 0, òî

µ lim
t→+0

< u(t, ·), ψ > −

−
m∑
k=1

µk lim
t→tk

< u(t, ·), ψ >=

= c

(
µ−

m∑
k=1

µk

)
= 0,

òîáòî c = 0. Òàêèì ÷èíîì, < u(t0, ·), ψ >=

0 äëÿ äîâiëüíîãî ψ ∈ S
1/ω
1 , òîáòî u(t0, )

- íóëüîâèé ôóíêöiîíàë ç ïðîñòîðó (S
1/ω
1,∗ )′.

Îñêiëüêè t0 ∈ (0, T ] i t0 âèáðàíå äîâiëüíèì
÷èíîì, òî u(t, ) = 0 äëÿ âñiõ t ∈ (0, T ]. Òåî-
ðåìà äîâåäåíà.
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