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ÍÅÏÅÐÅÐÂÍÈÕ ÔÓÍÊÖIÉ

Ç'ÿñîâàíî íàëåæíiñòü äî ñåêâåíöiàëüíîãî çàìèêàííÿ C
s
ïðîñòîðó C ñóêóïíî íåïåðåðâíèõ

ôóíêöié ó ïðîñòîði S íàðiçíî íåïåðåðâíèõ ôóíêöié áàãàòüîõ êîíêðåòíèõ íàðiçíî i ëiíiéíî íå-
ïåðåðâíèõ ôóíêöié ç ÿâíîþ ïîáóäîâîþ àïðîêñèìàöiéíî¨ ïîñëiäîâíîñòi i ïîêàçàíî, ùî iñíóþòü
íàðiçíî íåïåðåðâíi ôóíêöi¨ ç C

s
, ÿêi íå çàäîâîëüíÿþòü æîäíó ç äîñòàòíiõ óìîâ íàëåæíîñòi

äî C
s
, ùî áóëè ðàíiøå îòðèìàíi ç äîïîìîãîþ ìåòîäó ëiíiéíî¨ iíòåðïîëÿöi¨.

We found that many concrete separately and linearly continuous functions with an explicit
construction of approximating sequences belong to the sequential closure C

s
of the space C of

jointly continuous functions in the space of S and show that there are separately continuous
functions on C

s
, which do not satisfy any of the su�cient conditions of belonging to C

s
, which

were previously obtained by the method of the linear interpolation.

1. Âñòóï Ôóíêöiÿ f : X × Y → R íà-
çèâà¹òüñÿ ïîøàðîâî ðiâíîìiðíîþ ãðàíèöåþ
ïîñëiäîâíîñòi ôóíêöié fn : X × Y → R,
ÿêùî äëÿ êîæíîãî x ∈ X âåðòèêàëüíi x-
ðîçðiçè fxn = fn(x, ·) ôóíêöi¨ fn ðiâíîìiðíî
íà Y çáiãàþòüñÿ äî x-ðîçðiçó fx = f(x, ·) i
äëÿ êîæíîãî y ∈ Y ãîðèçîíòàëüíi y-ðîçðiçè
(fn)y = fn(·, y) ðiâíîìiðíî íà X çáiãàþòüñÿ
äî y-ðîçðiçó fy = f(·, y) ïðè n→ ∞. Ó ïðàöi
[1] äîñëiäæóâàëîñü, ÿêi íàðiçíî íåïåðåðâíi
ôóíêöi¨ f : X × Y → R, äå X = Y = [0, 1],
¹ ïîøàðîâî ðiâíîìiðíèìè ãðàíèöÿìè ïîñëi-
äîâíîñòåé ñóêóïíî íåïåðåðâíèõ ôóíêöié fn :
X × Y → R. Çîêðåìà, òàì áóëî ââåäåíî äâi
óìîâè:

(AX) ïðîåêöiÿ prX(D(f)) ìíîæèíè D(f)
òî÷îê ðîçðèâó ôóíêöi¨ f íà âiñü àáñöèñ X íå
áiëüø, íiæ çëi÷åííà;

(BX) çâóæåííÿ f |A×Y , äå A = prX(D(f)),
íåïåðåðâíå çà ñóêóïíiñòþ çìiííèõ.

Â [1] ç äîïîìîãîþ ìåòîäó ëiíiéíî¨ iíòåð-
ïîëÿöi¨ áóëî äîâåäåíî (òåîðåìè 8.4 i 9.4), ùî
âèêîíàííÿ óìîâè (AX) ÷è (BX) äëÿ íàðiçíî
íåïåðåðâíî¨ ôóíêöi¨ f : [0, 1]2 → R ãàðàíòó¹
¨¨ ïîäàííÿ ó âèãëÿäi ïîøàðîâî ðiâíîìiðíî¨
ãðàíèöi ïîñëiäîâíîñòi íåïåðåðâíèõ ôóíêöié
fn : [0, 1]2 → R.

Äëÿ òîïîëîãi÷íèõ ïðîñòîðiâ X i Y ïî-

çíà÷èìî ñèìâîëàìè S = CC(X × Y ) i C =
C(X × Y ) ïðîñòîðè íàðiçíî i ñóêóïíî íåïå-
ðåðâíèõ ôóíêöié f : X × Y → R âiäïîâiä-
íî, à ÷åðåç C

s
� ïðîñòið, ùî ñêëàäà¹òüñÿ ç

ïîøàðîâî ðiâíîìiðíèõ ãðàíèöü ïîñëiäîâíî-
ñòåé ôóíêöié fn ∈ C. Íåõàé (AY ) i (BY ) �
óìîâè íà ôóíêöiþ f : X × Y → R, ÿêi îòðè-
ìóþòüñÿ ç óìîâ (AX) i (BX) çàìiíîþ X íà
Y , ìíîæèíè A íà ìíîæèíó B = prX(D(f)) i
çâóæåííÿ f |A×Y íà çâóæåííÿ f |X×B. Ðîçãëÿ-
íåìî äèç'þíêöi¨ (A) = (AX) ∨ (AY ) i (B) =
(BX)∨(BY ) âiäïîâiäíèõ óìîâ. Ôàêòè÷íî â [1]
áóëî âñòàíîâëåíî, ùî êîëè X = Y = [0, 1] i
íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y → R
çàäîâîëüíÿ¹ óìîâó (A) ÷è (B), òî f ∈ C

s
.

Òàì æå áóëî ïîñòàâëåíå ïèòàííÿ ïðî ñïðà-
âåäëèâiñòü ðiâíîñòi C

s
= S, ÿêå äîâãèé ÷àñ

çàëèøàëîñÿ âiäêðèòèì.
Çãàäàíi òóò ðåçóëüòàòè áóëè óçàãàëüíåíi

ó ïðàöÿõ [2], [3] ç äîïîìîãîþ âåêòîðíîçíà-
÷íèõ ôóíêöié, êîëè â ðîëi äðóãîãî ñïiâìíî-
æíèêà âèñòóïà¹ äîâiëüíèé êîìïàêòíèé ïðî-
ñòið Y , i â [4] íà òîé âèïàäîê, êîëè ïåðøèì
ñïiâìíîæíèêîì ¹ ìåòðèçîâíèé êîìïàêò X.

Çàóâàæèìî, ùî â ñåði¨ ïðàöü [5 - 19] âè-
â÷àëàñÿ çàäà÷à ïðî ïîáóäîâó íàðiçíî íåïå-
ðåðâíî¨ ôóíêöi¨ ç äàíîþ ìíîæèíîþ òî÷îê
ðîçðèâó. Âiäíîñíî êîæíî¨ ç ôóíêöié, ïîáó-
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äîâàíèõ ó öèõ ïðàöÿõ, âèíèêà¹ ïèòàííÿ ïðî
¨¨ íàëåæíiñòü äî C

s
. Öå ìîæíà ðîáèòè, ç'ÿ-

ñîâóþ÷è ÷è çàäîâîëüíÿþòü ïîáóäîâàíi ôóí-
êöi¨ óìîâè (A) i (B), àáî ÿêèìîñü iíøèì ÷è-
íîì. Êðiì òîãî, öiêàâî áóëî á ïîáóäóâàòè íà-
ðiçíî íåïåðåðâíó ôóíêöiþ f : [0, 1]2 → R,
ÿêà íå çàäîâîëüíÿ¹ óìîâè (A) i (B) i íà-
ëåæèòü äî C

s
. Öþ ïðîãðàìó ìè ïî÷èíà¹ìî

ðåàëiçîâóâàòè ó öié ñòàòòi, ç'ÿñîâóþ÷è, ùî
ïîáóäîâàíi â [5] ôóíêöi¨ âèãëÿäó f(x, y) =
g(φ(x), ψ(y)), ó ÿêèõ D(f) = A × B, íàëå-
æàòü äî C

s
, i ùî ëiíiéíî íåïåðåðâíi ôóíêöi¨

Þí iâ ç [6] òåæ íàëåæàòü äî C
s
. Êðiì òî-

ãî, ìè íàâîäèìî ïðèêëàä íàðiçíî íåïåðåðâ-
íî¨ ôóíêöi¨ f : [0, 1]2 → R, ÿêà íå çàäîâîëü-
íÿ¹ íi óìîâó (A), íi óìîâó (B) i íàëåæèòü
äî C

s
.

2. Íàðiçíî íåïåðåðâíi ôóíêöi¨ ç ïðÿ-
ìîêóòíîþ ìíîæèíîþ òî÷îê ðîçðèâó.
Ïî÷íåìî ç óòî÷íåííÿ îäíîãî ðåçóëüòàòó ç
[5], ó ÿêîìó éäåòüñÿ ïðî ïîáóäîâó òàêî¨ íà-
ðiçíî íåïåðåðâíî¨ ôóíêöi¨ f : X × Y → Z,
ùî ¨¨ ìíîæèíà òî÷îê ðîçðèâó D(f) = A×B.

Êàæóòü, ùî ïîñëiäîâíiñòü ôóíêöié gn :
T → R ñòàáiëüíî çáiãà¹òüñÿ äî ôóíêöi¨ äî

ôóíêöi¨ g : T → R (ïîçíà÷à¹òüñÿ: gn
d−→ g íà

T ), ÿêùî iñíó¹ òàêèé íîìåðN , ùî gn = g ïðè
n ≥ N . Ïîñëiäîâíiñòü ôóíêöié fn : X×Y →
R ïîøàðîâî ñòàáiëüíî çáiãà¹òüñÿ äî ôóí-

êöi¨ f : X×Y → R, ÿêùî fxn
d−→ fx íà Y äëÿ

êîæíîãî x ∈ X i (fn)y
d−→ fy äëÿ êîæíîãî

y ∈ Y . ßñíî, ùî ç ñòàáiëüíî¨ çáiæíîñòi âè-
ïëèâà¹ ðiâíîìiðíà, à ç ïîøàðîâî ñòàáiëüíî¨
� ïîøàðîâî ðiâíîìiðíà. Ñèìâîëîì C

d
ïîçíà-

÷èìî ñóêóïíiñòü óñiõ ïîøàðîâî ñòàáiëüíèõ
ãðàíèöü ïîñëiäîâíîñòåé ôóíêöié fn ∈ C.
ßñíî, ùî C

s ⊇ C
d
.

Íàì áóäå ïîòðiáíèé îäèí ðåçóëüòàò [1, òå-
îðåìà 5.2, ñ.141]: êîæíà íàðiçíî íåïåðåðâíà
ôóíêöiÿ f : [0, 1]2 → R çi ñêií÷åííèì ÷èñëîì
òî÷îê ðîçðèâó ¹ ïîøàðîâî ñòàáiëüíîþ ãðà-
íèöåþ ïîñëiäîâíîñòi íåïåðåðâíèõ ôóíêöié
fn : [0, 1]2 → R.
Òåîðåìà 1. Íåõàé A i B � ôóíêöiîíàëü-

íî çàìêíåíi íiäå íå ùiëüíi ìíîæèíè, ùî ëå-
æàòü âiäïîâiäíî ó ïðîñòîðàõX i Y , ïðè÷îìó
Y � ëîêàëüíî çâ'ÿçíèé ïðîñòið, φ : X → [0, 1]
i ψ : Y → [0, 1] � íåïåðåðâíi ôóíêöi¨, äëÿ

ÿêèõ A = φ−1(0) i B = ψ−1(0), i g : [0, 1]2 →
[0, 1] � íàðiçíî íåïåðåðâíà ôóíêöiÿ, ó ÿêî¨
D(g) = {(0, 0)} ⊆ g−1(0) i g(t, t) ≥ α > 0 äëÿ
âñiõ t ∈ (0, 1]. Òîäi ôîðìóëîþ

f(x, y) = g(φ(x), ψ(y))

âèçíà÷à¹òüñÿ íàðiçíî íåïåðåðâíà ôóíêöiÿ
f : X × Y → [0, 1], ÿêà ¹ ïîøàðîâî ñòà-
áiëüíîþ ãðàíèöåþ ïîñëiäîâíîñòi íåïåðåðâ-
íèõ ôóíêöié fn : X × Y → [0, 1], ïðè÷îìó
D(f) = A×B ⊆ f−1(0).

Äîâåäåííÿ. Íàðiçíà íåïåðåðâíiñòü ôóí-
êöi¨ f íåãàéíî âèïëèâà¹ ç íàðiçíî¨ íåïåðåðâ-
íîñòi ôóíêöi¨ g i íåïåðåðâíîñòi ôóíêöié φ
i ψ. Ïðè öüîìó A × B ⊆ f−1(0) i imf ⊆
img ⊆ [0, 1]. Äëÿ êîæíîãî n iñíó¹ òàêà íåïå-
ðåðâíà ôóíêöiÿ gn : [0, 1]2 → [0, 1], äëÿ ÿêî¨
gn(t, s) = g(t, s) ïðè (t, s) ∈ [0, 1]2\(0, 1

n
)2 =

En, àäæå ìíîæèíà En çàìêíåíà â êâàäðà-
òi Q = [0, 1]2 i çâóæåííÿ g|En : En → [0, 1]
íåïåðåðâíå, îòæå, ìîæíà çàñòîñîâóâàòè òå-
îðåìó Òiòöå-Óðèñîíà [20, c.116]. Ôóíêöi¨ fn :
X×Y → R, fn(x, y) = gn(φ(x), ψ(y)), áóäóòü
íåïåðåðâíèìè çà ñóêóïíiñòþ çìiííèõ i äëÿ

íèõ fxn
d−→ fx íà Y i (fn)y

d−→ fy íà X ïðè
n→ ∞.

Ïîêàæåìî, ùî D(f) = A×B. Âêëþ÷åííÿ
D(f) ⊆ A×B âèïëèâà¹ ç òåîðåìè ïðî íåïå-
ðåðâíiñòü êîìïîçèöi¨. Íåõàé p0 = (x0, y0) ∈
A×B, U � äîâiëüíèé îêië òî÷êè x0 â X i V
� çâ'ÿçíèé îêië òî÷êè y0 â Y . Îñêiëüêè B �
íiäå íå ùiëüíà, òî iñíó¹ y1 ∈ V \B. Òîäi s1 =
ψ(y1) > 0 i ìíîæèíà U1 = U ∩ φ−1([0, s1]) ¹
îêîëîì òî÷êè x0 â X. Àëå i ìíîæèíà A íiäå
íå ùiëüíà â X, òîìó iñíó¹ x̃ ∈ U1\A. Äëÿ
òî÷êè t̃ = φ(x̃) ìà¹ìî ψ(y0) = 0 < t̃ < ψ(y1) i
ïðè öüîìó òî÷êè y0 i y1 íàëåæàòü äî çâ'ÿçíî¨
ìíîæèíè V . Òîìó iñíó¹ òàêà òî÷êà ỹ ∈ V , ùî
ψ(ỹ) = t̃. Îòæå, òî÷êà p̃ = (x̃, ỹ) ∈ U × V i
|f(p̃)−f(p0)| = f(p̃) = g(t̃, t̃) ≥ α > 0. Çâiäñè
âèïëèâà¹, ùî p0 ∈ D(f).

Çàóâàæèìî, ùî ïîáóäîâàíà â òåîðåìi 1
íàðiçíî íåïåðåðâíà ôóíêöiÿ f çàäîâîëü-
íÿ¹ óìîâè (BX) i (BY ). Ñïðàâäi, îñêiëüêè
D(f) = A×B, òî prX(D(f)) = A. Çà ïîáóäî-
âîþ φ(x) = 0 äëÿ êîæíîãî x ∈ A. Òîìó ÿêùî
(x, y) ∈ A × Y , òî f(x, y) = g(φ(x), ψ(y)) =
g(0, ψ(y)), îòæå, çâóæåííÿ f |A×Y � öå íåïå-
ðåðâíà ôóíêöiÿ h(x, y) = g(0, ψ(y)), àäæå

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 1�2. 19



ôóíêöiÿ g íåïåðåðâíà âiäíîñíî äðóãî¨ çìií-
íî¨ i ψ � íåïåðåðâíà. Òàêèì ÷èíîì, f çàäî-
âîëüíÿ¹ óìîâó (BX). Òàê ñàìî f çàäîâîëü-
íÿ¹ i óìîâó (BY ). Òîìó íàëåæíiñòü f ∈ C

s

âèïëèâà¹ i ç òåîðåìè 9.4 ç [1].
Òåîðåìà 2. Íåõàé A i B � öå Fσ-ìíîæèíè

ïåðøî¨ êàòåãîði¨ ó äîñêîíàëî íîðìàëüíèõ

ïðîñòîðàõ X i Y âiäïîâiäíî. Òîäi A =
∞∪
n=1

An

i B =
∞∪
n=1

Bn, äå An i Bn � çàìêíåíi íi-

äå íå ùiëüíi ìíîæèíè â ïðîñòîðàõ X i Y
âiäïîâiäíî, An ⊆ An+1, Bn ⊆ Bn+1 äëÿ êî-
æíîãî n, ïðè÷îìó iñíóþòü òàêi íåïåðåðâíi
ôóíêöi¨ φn : X → [0, 1] i ψn : Y → [0, 1],
ùî An = φ−1

n (0) i Bn = ψ−1
n (0). Íåõàé äà-

ëi gn : [0, 1]2 → [0, 1] � íàðiçíî íåïåðåðâíi
ôóíêöi¨, äëÿ ÿêèõ D(gn) = {(0, 0)} ⊆ g−1

n (0)
i gn(t, t) ≥ αn > 0 íà [0, 1], i fn(x, y) =
gn(φn(x), ψn(y)) íà X × Y . Òîäi ôóíêöiÿ

f(x, y) =
∞∑
n=1

1

2n
fn(x, y)

âèçíà÷åíà i íàðiçíî íåïåðåðâíà íà X × Y ,
f ∈ C

s
i D(f) = A×B.

Äîâåäåííÿ. Çà òåîðåìîþ 1 äëÿ êîæíîãî n
ôóíêöi¨ fn : X × Y → [0, 1] íàðiçíî íåïå-
ðåðâíi, fn ∈ C

s
i D(f) = An × Bn ⊆ f−1

n (0).
Îñêiëüêè 0 ≤ 1

2n
fn(x, y) ≤ 1

2n
íà X × Y , òî

ðÿä
∞∑
n=1

1
2n
fn(x, y) íîðìàëüíî çáiãà¹òüñÿ, ïðè

öüîìó 1
2n
fn ∈ C

s
äëÿ êîæíîãî n, òîìó çà òå-

îðåìîþ 6.3 ç [1] i f ∈ C
s
.

Ðiâíiñòü D(f) = A×B âèïëèâà¹ ç ëåìè 1
ïðàöi [21].
3. Ëiíiéíî íåïåðåðâíi ôóíêöi¨. Ôóí-

êöiÿ f : R2 → R íàçèâà¹òüñÿ ëiíiéíî íå-
ïåðåðâíîþ, ÿêùî ¨¨ çâóæåííÿ f |L íà êî-
æíó ïðÿìó L ó ïëîùèíi R2 ¹ íåïåðåðâíèì.
Â.Þí  i �.Þí  [6] íàâåëè áàãàòî ïðèêëà-
äiâ ëiíiéíî íåïåðåðâíèõ i ðîçðèâíèõ ôóí-
êöié f : R2 → R. Òóò ìè ïîêàæåìî, ùî âñi
âîíè íàëåæàòü äî C

s
.

Ïðèêëàä 1. Íåõàé g : R2 → R � ôóíêöiÿ,
ùî çàäà¹òüñÿ ïðàâèëàìè: g(x, y) = x2

y
, ÿêùî

y ≥ x2, y > 0, g(x, y) = y
x2
, ÿêùî 0 < y ≤ x2

i g(x, y) = 0, ÿêùî y ≤ 0. Â [6] ç'ÿñîâàíî, ùî
g � öå ëiíiéíî íåïåðåðâíà ôóíêöiÿ, ó ÿêî¨

D(g) = {(0, 0)}. ßñíî, ùî g ∈ C
d
, áî ìíîæè-

íà D(g) îäíîòî÷êîâà.
Ïðèêëàä 2. Äëÿ òî÷êè p0 = (x0, y0) ∈ R2

ïîêëàäåìî

gp0(x, y) = g(x− x0, y − y0),

äå g � ôóíêöiÿ ç ïðèêëàäó 1. ßñíî, ùî g � öå
ëiíiéíî íåïåðåðâíà ôóíêöiÿ, ó ÿêî¨ D(g0) =

{p0}, ïðè÷îìó gp0 ∈ C
d
.

Íåõàé E = {pn : n ∈ N}, äå pn � ðiçíi
òî÷êè ïëîùèíè R2 i

f(x, y) =
∞∑
n=1

1

2n
gpn(x, y)

ïðè (x, y) ∈ R2. Òîäi f � öå ëiíiéíî íåïå-
ðåðâíà ôóíêöiÿ, ó ÿêî¨ D(f) = E, ïðè÷îìó
f ∈ C

s
íà îñíîâi òåîðåìè 6.3 ç [1].

Ïðèêëàä 3. Íåõàé k > 0 i Pk = {(x, y) ∈
R2 : |x| ≤ k i y ∈ R} � ñìóãà, ùî îáìåæåíà
ïðÿìèìè x = k i x = −k. Ðîçãëÿíåìî ôóí-
êöiþ hk : R2 → R, ùî çàäà¹òüñÿ ïðàâèëàìè:

hk(x, y) = g(k,0)(x, y)

i

hk(x, y) = hk(−x, y) = hk(x,−y) = hk(−x,−y)

ïðè 0 ≤ x ≤ k i y ≥ 0, hk(x, y) = 0 ïðè
|x| ≥ k.

Ëåãêî çðîçóìiòè, ùî hk � öå ëiíié-
íî íåïåðåðâíà ôóíêöiÿ, ïðè÷îìó D(hk) =

{(k, 0), (−k, 0)} i hk ∈ C
d
.

Ïðèêëàä 4. Íåõàé F � íåïîðîæíÿ äîñêî-
íàëà íiäå íå ùiëüíà ïiäìíîæèíà ÷èñëîâî¨
ïðÿìî¨ R (äèâ. [22, ñ.135]). Òîäi G = R\F =
∞⨿
n=1

(an, bn) � öå âiäêðèòà ìíîæèíà, à In =

(an, bn) � ¨¨ ñêëàäîâi iíòåðâàëè, òîáòî iíòåð-
âàëè ñóìiæíîñòi ìíîæèíè F . Äëÿ êîæíîãî
iíòåðâàëó In ââåäåìî ÷èñëà kn = 1

2
(bn− an) i

cn = an+bn
2

i ðîçãëÿíåìî ôóíêöi¨ un : R2 → R

un(x, y) = hkn(x− cn, y).

Òîäi f(x, y) =
∞∑
n=1

un(x, y) � öå ëiíiéíî íå-

ïåðåðâíà ôóíêöiÿ f : R2 → R, ó ÿêî¨
D(f) = F × {0}. Çà ïîáóäîâîþ f(x, y) = 0
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ïðè (x, y) ∈ F × R. Òîìó f |F×R � öå íóëüî-
âà ôóíêöiÿ, ÿêà, çðîçóìiëî, íåïåðåðâíà. Ïðè
öüîìó F = prX(D(f)). Â òàêîìó ðàçi íàëå-
æíiñòü f ∈ C

s
ìîæíà âèâåñòè ç óìîâè (BX).

Ïðèêëàä 5. Îñíîâíèé ïðèêëàä Þí iâ ç [6]
ìè âèêëàäåìî ó äåùî çàãàëüíiøié ðåäàêöi¨.
Ðîçãëÿíåìî äîâiëüíó çëi÷åííó âñþäè ùiëü-
íó íà iíòåðâàëi (0, 1) ìíîæèíó B = {bn : n ∈
N}, äå bn ̸= bm ïðè n ̸= m. Íåõàé (An)

∞
n=1

� ïîñëiäîâíiñòü íåïîðîæíiõ äîñêîíàëèõ íiäå
íå ùiëüíèõ ìíîæèí An, ùî ëåæàòü íà âiä-
ðiçêó [0, 1]. Ïîêëàäåìî

E =
∞∪
n=1

An × {bn}.

Âèêîðèñòîâóþ÷è êîíñòðóêöiþ ïðèêëàäó
4 ëåãêî ïîáóäóâàòè ëiíiéíî íåïåðåðâíó ôóí-
êöiþ un : [0, 1]2 → [0, 1] ó ÿêî¨ D(un) =
An × {bn}, ïðè÷îìó un ∈ C

s
. Òîäi ôóíêöiÿ

f(x, y) =
∞∑
n=1

1

2n
un(x, y)

òåæ áóäå òåæ áóäå ëiíiéíî íåïåðåðâíîþ íà
êâàäðàòi Q = [0, 1]2, äëÿ íå¨ D(f) = E i
f ∈ C

s
çà òåîðåìîþ 6.3 ç [1]. Ïðè öüîìó ìíî-

æèíè An ìîæíà ïiäiáðàòè òàê, ùî ìíîæèíà
E ,áóäå âñþäè ùiëüíîþ â êâàäðàòi Q i êîæíà
òî÷êà öüîãî êâàäðàòà áóäå òî÷êîþ ïîâíîãî
íàêîïè÷åííÿ [22, c.240] ìíîæèíè E.
4. Ïðèêëàä íàðiçíî íåïåðåðâíî¨

ôóíêöi¨, ÿêà íå çàäîâîëüíÿ¹ æîäíó ç
óìîâ (A) i (B). Ïî÷íåìî ç äîïîìiæíèõ êîí-
ñòðóêöié, ÿêi áóäóòü âèêîðèñòîâóâàòèñÿ ó
çàãàëüíié ïîáóäîâi.

Ðîçãëÿíåìî äîâiëüíèé íåâèðîäæåíèé
êâàäðàò K = [a, b]2 íà ïëîùèíi. Íåõàé A �
êîíòèíóàëüíà çàìêíåíà íiäå íå ùiëüíà ìíî-
æèíà íà âiäðiçêó [a, b], äëÿ ÿêî¨ {a, b} ⊆ A.
Äëÿ ïåâíîñòi öå ìîæå áóòè êàíòîðîâà ìíî-
æèíà íà âiäðiçêó [a, b]. Ââåäåìî ôóíêöiþ
φ(x) = d(x,A)

b−a íà âiäðiçêó X = [a, b], äå
d(x,A) � âiäñòàíü âiä òî÷êè x äî ìíîæèíè
A. ßñíî, ùî 0 ≤ φ(x) ≤ 1 íà X. Ôóíêöiÿ
φ : X → [0, 1] íåïåðåðâíà i A = φ−1(0),
àäæå ìíîæèíà A çàìêíåíà. Ñèìâîëîì gK
ìè ïîçíà÷èìî ôóíêöiþ gK : K → [0, 1], ÿêà
âèçíà÷à¹òüñÿ ôîðìóëîþ

gK(x, y) = sp(φ(x), φ(y)),

äå sp � âiäîìà ôóíêöiÿ Øâàðöà, äëÿ ÿêî¨
g(u, v) = 2uv

u2+v2
, ÿêùî (u, v) ̸= (0, 0), i

sp(0, 0) = 0. Çà òåîðåìîþ 1 ôóíêöiÿ gK íà-
ðiçíî íåïåðåðâíà i D(gK) = A2. Ïðè öüîìó
gK(x, b) = gK(x, a) = 0 ïðè a ≤ x ≤ b i
gK(a, y) = gK(b, y) = 0 ïðè a ≤ y ≤ b òîáòî
gk(x, y) = 0 íà ìåæi frK êâàäðàòàK. Çàóâà-
æèìî òàêîæ, ùî gK ¹ ïîøàðîâî ðiâíîìiðíîþ
ãðàíèöåþ ïîñëiäîâíîñòi ñóêóïíî íåïåðåðâ-
íèõ ôóíêöié gn : K → R. Çðîçóìiëî òàêîæ,
ùî ïðîåêöi¨ prX(D(gK)) = prY (D(gK)) = A,
äå X = Y = [a, b], îòæå, öi ïðîåêöi¨ êîíòè-
íóàëüíi.

Íåõàé c = a+b
2

� ñåðåäèíà âiäðiçêà [a, b].
Ðîçãëÿíåìî ïîêè ùî äîâiëüíi ôóíêöi¨ α :
[c, b] → R i β : (c, b] → R i äëÿ íèõ âèçíà-
÷èìî ôóíêöiþ h(x, y) ïîêè ùî íà òðèêóòíè-
êó ∆ = {(x, y) ∈ K : y ≤ x}, ïîêëàäàþ÷è
h(x, y) = 0, ÿêùî a ≤ x ≤ c, a ≤ y ≤ x,
h(x, y) = α(x)(y−a)

c−a , ÿêùî c < x ≤ b, a ≤ y ≤ c,

h(x, y) = α(x)+ β(x)−α(x)
x−c (y−c), ÿêùî c < x ≤

b, c ≤ y ≤ x.
ßêùî æ (x, y) ∈ K i y ≥ x, òî ìè ââàæà¹-

ìî, ùî h(x, y) = h(y, x), àäæå òîäi (y, x) ∈ ∆
i ÷èñëî h(y, x) âèçíà÷åíå. ßñíî, ùî âêàçà-
íîþ ôîðìóëîþ ôóíêöiÿ h âèçíà÷åíà êîðå-
êòíî, ïðè÷îìó h(x, c) = α(x) ïðè c < x ≤ b,
h(x, c) = 0 ïðè a ≤ x ≤ c, h(c, y) = h(y, c)
ïðè a ≤ y ≤ b i h(x, x) = β(x) ïðè c < x ≤ b.

Ââåäåìî òåïåð ñåðåäèíó d = c+b
2

âiäðiçêà
[c, b] i ðîçãëÿíåìî êîíêðåòíi ôóíêöi¨ α i β,
ùî âèçíà÷àþòüñÿ ôîðìóëàìè

α(x) =

{ x−c
d−c , c ≤ x ≤ d,
b−x
b−d , d ≤ x ≤ b.

i

β(x) =

{
1, c < x ≤ d,
b−x
b−d , d ≤ x ≤ b.

Äëÿ íèõ α(c) = α(b) = 0, α(d) = 1 i
β(b) = 0. Îñêiëüêè ôóíêöi¨ α i β íåïåðåðâíi,
òî ïîáóäîâàíà äëÿ íèõ ôóíêöiÿ h áóäå íå-
ïåðåðâíîþ ïðè (x, y) ̸= (c, c) çà ñóêóïíiñòþ
çìiííèõ. Äàëi

h(x, c) =

{
0, a ≤ x ≤ c,

α(x), c ≤ x ≤ b.

i
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h(c, y) = h(y, c),

òîìó ôóíêöi¨ hc i hc íåïåðåðâíi, îòæå, h �
öå íàðiçíî íåïåðåðâíà ôóíêöiÿ. Çàóâàæèìî,
ùî â öåíòði (c, c) êâàäðàòà K ôóíêöiÿ h ðîç-
ðèâíà, àäæå

lim
x→c+0

h(x, x) = lim
x→c+0

β(x) =

= lim
x→c+0,c<x<d

β(x) = lim
x→c+0,c<x<d

1 = 1,

a

lim
x→c+0

h(x, c) = lim
x→c+0

α(x) = α(c) = 0.

Òàêèì ÷èíîì, D(h) = {(c, c)}. Êðiì òîãî,
ÿñíî, ùî 0 ≤ h(x, y) ≤ 1 íà K i

h(x, a) = h(x, b) = h(a, y) = h(b, y) = 0,

ïðè a ≤ x ≤ b i a ≤ y ≤ b. Ïîáóäîâàíó
òóò íàðiçíî íåïåðåðâíó ôóíêöiþ h : K →
[0, 1] ìè áóäåìî ïîçíà÷àòè ñèìâîëîì hK . Äëÿ
íå¨ D(hK) = {(c, c)}, hK(c, c) = 0, hK(c, d) =
hK(d, c) = 1 i hK(x, y) = 0 íà ìåæi êâàäðàòà
K.

Ïðèñòóïèìî òåïåð äî ïîáóäîâè îñíîâíî-
ãî ïðèêëàäó. Ðîçãëÿíåìî ïîñëiäîâíiñòü êâà-
äðàòiâKn = [ 1

n+1
, 1
n
]2 ïðè n = 1, 2, . . ., ùî ìà-

þòü äiàãîíàëi, ÿêi ëåæàòü íà äiàãîíàëi êâà-
äðàòà Q = [0, 1]2, ìiñòÿòüñÿ â íüîìó i ñòÿãó-
þòüñÿ äî òî÷êè (0, 0) ïðè n → ∞. Ââåäåìî
ôóíêöi¨ un : Q→ [0, 1] ïîêëàäàþ÷è

u1(p) =

{
gK1(p), p ∈ K1,

0, p ∈ Q\K1.

i

un(p) =

{
hKn(p), p ∈ Kn,

0, p ∈ Q\Kn.

ïðè n = 2, 3 . . .. Çðîçóìiëî, ùî ôóíêöi¨
un íàðiçíî íåïåðåðâíi, ïðè öüîìó D(un) =
{(cn, cn)} äëÿ n = 2, 3 . . ., äå cn = 2n+1

2n(n+1)
�

ñåðåäèíà âiäðiçêà [ 1
n+1

, 1
n
].

Òåîðåìà 3. Ôóíêöiÿ f : Q → R, ùî âè-
çíà÷åíà íà êâàäðàòi Q = [0, 1]2 ôîðìóëîþ

f(p) =
∞∑
n=1

un(p)

¹ íàðiçíî íåïåðåðâíîþ, íàëåæèòü äî C
s
i íå

çàäîâîëüíÿ¹ æîäíó ç óìîâ (A) i (B).
Äîâåäåííÿ. Îñêiëüêè íîñié suppun ôóí-

êöi¨ un ëåæèòü ó âiäêðèòîìó êâàäðàòi Gn =
( 1
n
, 1
n+1

)2, ïðè÷îìó öi êâàäðàòè ïîïàðíî íå
ïåðåòèíàþòüñÿ, òî ôóíêöiÿ f âèçíà÷åíà íà
Q, ïðè÷îìó f(p) = un(p), ÿêùî p ∈ Gn, i

f(p) = 0, ÿêùî p ∈ Q\
∞∪
n=1

Gn.

Äëÿ ôiêñîâàíîãî x ∈ [0, 1] iñíó¹ òàêèé
íîìåð n, ùî x ∈ [ 1

n+1
, 1
n
]. Äëÿ öüîãî íîìå-

ðà n fxn (y) = uxn(y) äëÿ êîæíîãî y ∈ [0, 1],
òîáòî fxn = uxn, îòæå, íåïåðåðâíiñòü ôóí-
êöi¨ fxn : [0, 1] → R âèïëèâà¹ ç íåïåðåðâ-
íîñòi ôóíêöié uxn. Êðiì òîãî, çà ïîáóäîâîþ
f(x, y) = f(y, x) íà Q, îòæå, i ôóíêöi¨ fy íå-
ïåðåðâíi äëÿ êîæíîãî y ∈ [0, 1]. Òàêèì ÷è-
íîì, ôóíêöiÿ f íàðiçíî íåïåðåðâíà.

Çðîçóìiëî, ùî

D(f) =
∞∪
n=1

D(un)
∪

{(0, 0)} =

= {pn : N\{1}} ∪ A2
1 ∪ {(0, 0)},

äå pn = (cn, cn) � öåíòð êâàäðàòà Kn i A1 �
êîíòèíóàëüíî çàìêíåíà íiäå íå ùiëüíà ìíî-
æèíà íà âiäðiçêó [1

2
, 1], ùî âèêîðèñòàíà äëÿ

ïîáóäîâè ôóíêöi¨ gK1 . Â òàêîìó ðàçi

prX(D(f)) = prY (D(f)) =

= {cn : n ∈ N\{1}} ∪ A1 ∪ {0} = A.

Íàëåæíiñòü (0, 0) ∈ D(f) âèïëèâà¹ ç òîãî,
ùî f(0, 0) = 0 i f(qn) = 1, äå qn = (dn, dn),
dn = cn+bn

2
, bn = 1

n
, ïðè÷îìó qn → (0, 0), a

f(qn) 9 f(0, 0).
Çàëèøèëîñÿ ç'ÿñóâàòè, ùî f íå çàäîâîëü-

íÿ¹ æîäíó ç óìîâ (AX), (AY ), (BX) i (BY ).
Ïåðåâiðèìî, ùî f íå çàäîâîëüíÿ¹ óìîâó

(BX). Çàóâàæèìî, ùî äëÿ êîæíîãî íîìåðà
n ∈ N\{1} âèêîíó¹òüñÿ ðiâíiñòü

f(cn, dn) = un(cn, dn) = 1,

ïðè öüîìó cn ∈ A i rn = (cn, dn) → (0, 0) ïðè
n → ∞. Òîäi rn ∈ A × Y äëÿ êîæíîãî n ∈
N\{1} i f(rn) = 1 9 0 = f(0, 0). Öå ïîêàçó¹,
ùî çâóæåííÿ f |A×Y ðîçðèâíå â òî÷öi (0, 0) ∈
A× Y .
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Óìîâà (AX) òåæ íå âèêîíó¹òüñÿ, áî
prX(D(f)) = A ⊇ A1, à ìíîæèíà A1 êîíòè-
íóàëüíà, à îòæå, i ìíîæèíà A òåæ êîíòèíó-
àëüíà, à çíà÷èòü, íå çëi÷åííà i íå ñêií÷åííà.

Óìîâè (AY ) i (BY ) òåæ íå âèêîíó¹òüñÿ,
áî f(x, y) = f(y, x) íà Q.

Íàðåøòi, íàëåæíiñòü f ∈ C
s
âèïëèâà¹

ç òîãî, ùî çâóæåííÿ f |[0, 1
2
]×Y çàäîâîëüíÿ¹

óìîâó (A), à çâóæåííÿ f |[ 1
2
,1]×Y çàäîâîëüíÿ¹

óìîâó (B).
Ïðèêiíöåâå çàóâàæåííÿ. Êîëè ìè ïî-

÷èíàëè ïèñàòè öþ ñòàòòþ, çàäà÷à ïðî ðiâ-
íiñòü C

s
= S ùå íå áóëà ðîçâ'ÿçàíà, àëå

2.XII.2015 íà ñåìiíàði êàôåäðè ìàòåìàòè-
÷íîãî àíàëiçó Â.Â.Ìèõàéëþê âèñòóïèâ ç äî-
ïîâiääþ, â ÿêié áóëà äîâåäåíà ðiâíiñòü C

s
=

S äëÿ X = Y = [0, 1] i íàâiòü â çàãàëüíi-
øîìó âèïàäêó. Ïðè öüîìó âií âèêîðèñòàâ
äëÿ äîâåäåííÿ òðàíñôiíiòíi ïîáóäîâè, ðîç-
áèòòÿ îäèíèöi, ÿê ó ìåòîäi Ðóäiíà [23], i âëà-
ñòèâiñòü àñîöiéîâàíîãî ç íàðiçíî íåïåðåðâ-
íîþ ôóíêöi¹þ f : [0, 1]2 → R âiäîáðàæåííÿ
φ : [0, 1]2 → Cu[0, 1], ÿêó âií íàçâàâ íàñè÷å-
íîþ íåïåðåðâíiñòþ: çâóæåííÿ φ|F íà êîæíó
çàìêíåíó ìíîæèíó F ⊆ [0, 1] ìà¹ òî÷êó íå-
ïåðåðâíîñòi. Òàêèì ÷èíîì, áóëà ðîçâ'ÿçàíà
ïðîáëåìà, ÿêà òðè ðîêè íàçàä áóëà ïîñòàâ-
ëåíà ó äîïîâiäi äðóãîãî ñïiâàâòîðà íà Áàíà-
õiâñüêié êîíôåðåíöi¨, ÷èì çðîáëåíî iñòîòíèé
êðîê ó ðîçâèòêó äàíî¨ òåìàòèêè.

Ó çâ'ÿçêó ç öèì âèíèêà¹ ïðèðîäíå áà-
æàííÿ ïðî ïîøóê êîíñòðóêòèâíî¨ ïîáóäî-
âè äëÿ äàíî¨ íàðiçíî íåïåðåðâíî¨ ôóíêöi¨
f : [0, 1]2 → R òàêî¨ ïîñëiäîâíîñòi ñóêóïíî
íåïåðåðâíèõ ôóíêöié fn : [0, 1]2 → R, ùî ïî-
øàðîâî ðiâíîìiðíî çáiãà¹òüñÿ äî f , çîêðåìà,
àêòóàëüíî äîñëiäèòè ÷è çàñòîñîâíi òóò ïî-
áóäîâè, ïîâ'ÿçàíi ç ëiíiéíîþ iíòåðïîëÿöi¹þ,
ìíîãî÷ëåíàìè Áåðøòåéíà, Ôåé¹ðà, Äæåêñî-
íà. Öèì äîñëiäæåííÿì áóäóòü ïðèñâÿ÷åíi
íàñòóïíi ðîáîòè àâòîðiâ.
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