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Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

ÏÐÎ ÎÁÌÅÆÅÍI ÐÎÇÂ'ßÇÊÈ ÐIÇÍÈÖÅÂÎÃÎ ÐIÂÍßÍÍß Ç
ÎÏÅÐÀÒÎÐÍÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ

Ó ðîáîòi äîñëiäæó¹òüñÿ ïèòàííÿ ïðî iñíóâàííÿ ¹äèíîãî îáìåæåíîãî ðîçâ'ÿçêó îäíîãî ði-
çíèöåâîãî ðiâíÿííÿ çi ñòðèáêàìè îïåðàòîðíîãî êîåôiöi¹íòà ó ñêií÷åííîâèìiðíîìó áàíàõîâîìó
ïðîñòîði.

We study the problem of the existence of a unique bounded solution of a di�erence equation
with the jumps of an operator coe�cient in a �nite dimensional Banach space.

Âñòóï. Íåõàé X - ñêií÷åííîâèìiðíèé
êîìïëåêñíèé áàíàõiâ ïðîñòið ç íîðìîþ ∥·∥ i
íóëüîâèì åëåìåíòîì 0̄; A,B,C - ëiíiéíi îïå-
ðàòîðè â X, äëÿ ÿêèõ iñíóþòü îáåðíåíi îïå-
ðàòîðè A−1, B−1, C−1; I - îäèíè÷íèé îïåðà-
òîð â X.

Íåõàé l∞(Z, X) - ïðîñòið îáìåæåíèõ â
X ïîñëiäîâíîñòåé x̄ = {xn, n ∈ Z} ç íîð-
ìîþ ∥x̄∥∞ = sup

n∈Z
∥x̄n∥ < ∞. Âiäçíà÷èìî,

ùî l∞(Z, X) - êîìïëåêñíèé áàíàõiâ ïðîñòið
ç íîðìîþ ∥·∥∞.

Ðîçãëÿíåìî ðiçíèöåâå ðiâíÿííÿ

xn+1 = Axn + yn, n ∈ Z, (1)

äå

A =


A, ÿêùî n ≥ 1,

B, ÿêùî −m+ 1 ≤ n ≤ 0,

C, ÿêùî n ≤ −m,

{yn, n ∈ Z} - çàäàíà, à {xn, n ∈ Z} - øóêàíà
îáìåæåíi ïîñëiäîâíîñòi åëåìåíòiâ ïðîñòîðó
X, m - ôiêñîâàíå íàòóðàëüíå ÷èñëî.

Ìåòà öi¹¨ ñòàòòi - îòðèìàòè íåîáõiäíi i äî-
ñòàòíi óìîâè íà îïåðàòîðè A,B,C, ïðè âè-
êîíàííi ÿêèõ âèêîíó¹òüñÿ íàñòóïíà óìîâà.
Óìîâà 1. Äëÿ äîâiëüíî¨ îáìåæåíî¨ ïîñëi-

äîâíîñòi {yn, n ∈ Z} ðiâíÿííÿ (1) ìà¹ ¹äèíèé
îáìåæåíèé ðîçâ'ÿçîê {xn, n ∈ Z}.

Àíàëîãi÷íå ïèòàííÿ äîñëiäæóâàëîñÿ,
çîêðåìà, â [1− 3] äëÿ ðiçíèöåâîãî ðiâíÿí-
íÿ çi ñòàëèìè i â [2, 4, 5, 6, 7] çi çìiííèìè
îïåðàòîðíèìè êîåôiöi¹íòàìè. Ó [7, c.250]
äîâåäåíî, ùî äëÿ ðiçíèöåâîãî ðiâíÿííÿ

xn+1 = Tnxn + yn, n ∈ Z,
óìîâà iñíóâàííÿ ¹äèíîãî îáìåæåíîãî
ðîçâ'ÿçêó åêâiâàëåíòíà óìîâi äèñêðåòíî¨
äèõîòîìi¨ äëÿ ïîñëiäîâíîñòi îïåðàòîðiâ
{Tn, n ∈ Z}. Îñòàííþ óìîâó âàæêî ïå-
ðåâiðÿòè. Iíøèé ïiäõiä äî äîñëiäæåííÿ
ïèòàííÿ ïðî iñíóâàííÿ ¹äèíîãî îáìåæåíîãî
ðîçâ'ÿçêó ðiâíÿííÿ xn+1 = Tnxn+ yn, n ∈ Z,
çàïðîïîíîâàíî â [2, c.25]. Öåé ïiäõiä ðîçâè-
âà¹òüñÿ i âèêîðèñòîâó¹òüñÿ â äàíié ðîáîòi.
Âiäçíà÷èìî, ùî àíàëîãi÷íî äîñëiäæóþòüñÿ
ðiçíèöåâi ðiâíÿííÿ âèäó (1) ç äîâiëüíîþ
ñêií÷åííîþ êiëüêiñòþ ñòðèáêiâ îïåðàòîðíî-
ãî êîåôiöi¹íòà.
Äîïîìiæíi òâåðäæåííÿ. Ïîêëàäåìî

Q0
− = {z ∈ X

∣∣ sup
k≥1

∥Akz∥ <∞};

Qn
− = Q0

−, n ≥ 1;

Q0
+ = {z ∈ X

∣∣ sup
k≥1

∥C−kB−mz∥ <∞};

Qn
+ = {z ∈ X

∣∣ sup
k≥1

∥C−kB−mA−nz∥ <∞},

n ≥ 1;

Q−p
− = {z ∈ X

∣∣ sup
k≥1

∥AkBpz∥ <∞},

1 ≤ p ≤ m;
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Q−p
+ = {z ∈ X

∣∣ sup
k≥1

∥C−kB−m+pz∥ <∞},

1 ≤ p ≤ m;

Q−m−q
− = {z ∈ X

∣∣ sup
k≥1

∥AkBmCqz∥ <∞},

q ≥ 1;

Q−m−q
+ = {z ∈ X

∣∣ sup
k≥1

∥C−kz∥ <∞} = Q−m
+ ,

q ≥ 1.

Ó ïîäàëüøîìó âèêîðèñòîâóþòüñÿ íàñòóïíi
ëåìè.
Ëåìà 1. ßêùî âèêîíó¹òüñÿ óìîâà 1, òî

Qn
− ∩Qn

+ = {0̄} äëÿ êîæíîãî n ∈ Z.
Äîâåäåííÿ. Ðîçãëÿíåìî îäíîðiäíå ði-

çíèöåâå ðiâíÿííÿ

xn+1 = Axn, n ∈ Z. (2)

Ïðèïóñòèìî, âiä ñóïðîòèâíîãî, ùî iñíó¹
òàêèé åëåìåíò u ̸= 0̄, ùî u ∈ Q0

− ∩ Q0
+.

Ïîêëàäåìî

x1 = u; xn+1 = Anu, n ≥ 1;

xp = B−p−1u, 0 ≤ p ≤ m− 1;

x−m−q = C−q−1B−mu, q ≥ 0.

Òîäi {xn, n ∈ Z} - íåíóëüîâèé îáìåæåíèé
ðîçâ'ÿçîê ðiçíèöåâîãî ðiâíÿííÿ (2), ùî ñó-
ïåðå÷èòü óìîâi 1.

Äëÿ iíøèõ n ∈ Z ðiâíiñòü Qn
− ∩Qn

+ = {0̄}
ïåðåâiðÿ¹òüñÿ àíàëîãi÷íî.

Ëåìó 1 äîâåäåíî.
Ëåìà 2. ßêùî Q0

− ∩ Q0
+ = {0̄}, òî Qn

− ∩
Qn

+ = {0̄} äëÿ êîæíîãî n ∈ Z.
Äîâåäåííÿ. Çàôiêñó¹ìî n ≥ 1. ßêùî,

âiä ñóïðîòèâíîãî, iñíó¹ v ̸= 0̄ òàêå, ùî v ∈
Qn

− ∩ Qn
+, òî A

−nv ̸= 0̄, A−nv ∈ Q0
− ∩ Q0

+, ùî
ñóïåðå÷èòü ïðèïóùåííþ ëåìè. Îòæå, Qn

− ∩
Qn

+ = {0̄} äëÿ n ≥ 1.
Äëÿ iíøèõ n ∈ Z ïåðåâiðêà àíàëîãi÷íà.
Ëåìó 2 äîâåäåíî.

Íàäàëi äëÿ ïîçíà÷åííÿ ïðÿìî¨ ñóìè áóäå-
ìî âèêîðèñòîâóâàòè çíàê +̇.
Ëåìà 3. ßêùî âèêîíó¹òüñÿ óìîâà 1, òî

X = Q0
−+̇Q

0
+.

Äîâåäåííÿ. Âíàñëiäîê ëåìè 1 Q0
−∩Q0

+ =
{0̄}. Çàôiêñó¹ìî u ∈ X i äîâåäåìî, ùî çíà-
éäóòüñÿ òàêi α ∈ Q0

−, β ∈ Q0
+, ùî u = α+ β.

Ðîçãëÿíåìî ðiâíÿííÿ
un+1 = Aun, n ≥ 1,

u1 = Bu0 + u,

un+1 = Bun, −m+ 1 ≤ n ≤ −1,

un+1 = Cun, n ≤ −m.

(3)

Ç óìîâè 1 âèïëèâà¹, ùî âîíî ìà¹ ¹äèíèé
ðîçâ'ÿçîê {un, n ∈ Z} ó ïðîñòîði l∞(Z, X).
Òîäi u1 ∈ Q0

−, òîìó ùî âíàñëiäîê (3) un+1 =
Anun, n ≥ 1. Òàêîæ u0 = Bu−1, çâiäêè
u−1 = B−1u0, u−2 = B−2u0, ..., u−m+1 =
B−m+1u0, u−m = C−1B−m+1u0, u−m−1 =
C−2B−m+1u0, ... - îáìåæåíà ïîñëiäîâíiñòü.
Òîìó Bu0 ∈ Q0

+, à îòæå, u = α + β, äå
α = u1, β = −Bu0.

Ëåìó 3 äîâåäåíî.
Ëåìà 4. ßêùî X = Q0

−+̇Q
0
+, òî X =

Qn
−+̇Q

n
+ äëÿ êîæíîãî n ∈ Z.

Äîâåäåííÿ. Âíàñëiäîê ëåìè 2 Qn
−∩Qn

+ =
{0̄} äëÿ êîæíîãî n ∈ Z. Çàôiêñó¹ìî n ≥ 1
i z ∈ X. Ç òîãî, ùî X = Q0

−+̇Q
0
+ âèïëèâà¹,

ùî äëÿ A−nz iñíóþòü òàêi α ∈ Q0
−, β ∈ Q0

+,
ùî A−nz = α + β. Òîäi

z = Anα + Anβ, (4)

ïðè÷îìó ç îçíà÷åííÿ Qn
−, Q

n
+ îòðè-

ìà¹ìî, ùî Anα ∈ Qn
− = Q0

−, à
òàêîæ sup

k≥1
∥C−kB−mA−n(Anβ)∥ =

sup
k≥1

∥C−kB−mβ∥ < ∞, îñêiëüêè β ∈ Q0
+.

Îòæå, Anβ ∈ Qn
+. Òîìó (4) - øóêàíèé

ðîçêëàä ïðè n ≥ 1.
Àíàëîãi÷íî, ðîçêëàâøè âiäíîñíî Q0

−, Q
0
+

åëåìåíò Bpz ïðè 1 ≤ p ≤ m òà åëå-
ìåíò BmCqz ïðè q ≥ 1 äiñòàíåìî, ùî
X = Q−p

− +̇Q−p
+ , 1 ≤ p ≤ m òà X =

Q−m−q
− +̇Q−m−q

+ , q ≥ 1 âiäïîâiäíî.
Ëåìó (4) äîâåäåíî.
Ëåìà 5. ßêùî âèêîíó¹òüñÿ óìîâà 1, òî

ñïåêòðè σ(A), σ(C) îïåðàòîðiâ A,C íå ïå-
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ðåòèíàþòüñÿ ç îäèíè÷íèì êîëîì S =
{
λ ∈

C
∣∣ |λ| = 1

}
.

Äîâåäåííÿ. Ïðèïóñòèìî, âiä ñóïðî-
òèâíîãî, ùî iñíó¹ λ ∈ S ∩ σ(A). Òîäi iñíó¹
òàêèé âëàñíèé âåêòîð w îïåðàòîðà A, ùî
Aw = λw. Âíàñëiäîê óìîâè (1) îáìåæå-
íié ïîñëiäîâíîñòi ȳ(1) = {..., 0̄, w︸︷︷︸

0

, 0̄, ...}

âiäïîâiäà¹ ¹äèíèé îáìåæåíèé ðîçâ'ÿçîê,
ÿêèé ÿâíî âèçíà÷à¹òüñÿ i ìà¹ âèãëÿä x̄(1) =
{..., 0̄, w︸︷︷︸

1

, λw, λ2w, ...}. Àíàëîãi÷íî îáìåæå-

íié ïîñëiäîâíîñòi ȳ(2) = {..., 0̄, w︸︷︷︸
0

, λw, 0̄, ...}

âiäïîâiäà¹ ¹äèíèé îáìåæåíèé ðîçâ'ÿçîê
x̄(2) = {..., 0̄, w︸︷︷︸

1

, 2λw, 2λ2w, 2λ3w, ...}

i ò.ä. Òàêèì ÷èíîì, äëÿ êîæíî-
ãî k ≥ 1 îáìåæåíié ïîñëiäîâíîñòi
ȳ(k) = {..., 0̄, w︸︷︷︸

0

, λw, , ..., λk−1w, 0̄, ...} âiäïî-

âiäà¹ ¹äèíèé îáìåæåíèé ðîçâ'ÿçîê
x̄(k) = {..., 0̄, w︸︷︷︸

1

, 2λw, 3λ2w, ..., kλkw, kλk+1w,

kλk+2w, ...} ðiâíÿííÿ (1).
Ó ïðîñòîði l∞(Z, X) ðiâíÿííÿ (1) çàïèñó-

¹òüñÿ ó âèãëÿäi T x̄ = ȳ, äå x̄ = {xn, n ∈ Z}, à
êîîðäèíàòè T x̄ =

{
(T x̄)n, n ∈ Z

}
âèçíà÷àþ-

òüñÿ çà äîïîìîãîþ ðiâíîñòåé (T x̄)n = xn+1−
Axn, n ≥ 1, (T x̄)n = xn+1 − Bxn,−m + 1 ≤
n ≤ 0, (T x̄)n = xn+1 − Cxn, n ≤ −m.

Îïåðàòîð T ¹ ëiíiéíèì îáìåæåíèì îïå-
ðàòîðîì, ùî äi¹ ó ïðîñòîði l∞(Z, X). Ç óìî-
âè 1 i òåîðåìè Áàíàõà ïðî îáåðíåíèé îïåðà-
òîð âèïëèâà¹, ùî T ìà¹ íåïåðåðâíèé îáåð-
íåíèé îïåðàòîð T−1. Òîìó, çîêðåìà, x̄(k) =
T−1ȳ(k), k ≥ 1, à îòæå, ∀k ≥ 1 : k∥x∥ =
∥x̄(k)∥∞ ≤ ∥T−1∥∥ȳ(k)∥∞ = ∥T−1∥∥w∥. Îòðè-
ìàëè ñóïåðå÷íiñòü. Òàêèì ÷èíîì, S∩σ(A) =
∅.

Àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ, ùî S ∩ σ(C) =
∅.

Ëåìó 5 äîâåäåíî.
Íåõàé σ−(A), σ−(C) - ÷àñòèíè ñïåêòðiâ

îïåðàòîðiâ A,C, ÿêi ëåæàòü âñåðåäèíi, à
σ+(A), σ+(C) - çîâíi êîëà S. Ââàæàòèìåìî,
ùî ìíîæèíè σ±(A), σ±(C) íåïîðîæíi. Çà-
óâàæèìî, ùî óñi îòðèìàíi íèæ÷å ðåçóëüòà-
òè çàëèøàþòüñÿ ñïðàâåäëèâèìè i ó âèïàäêó,

êîëè ñåðåä öèõ ìíîæèí ¹ ïîðîæíi, ç î÷åâè-
äíèìè çìiíàìè â îòðèìàíèõ ôîðìóëàõ.

Âíàñëiäîê ëåìè 5 ïðè âèêîíàííi óìîâè
1 ïðîñòið X ðîçêëàäà¹òüñÿ â ïðÿìó ñóìó
iíâàðiàíòíèõ âiäíîñíî A ïiäïðîñòîðiâ X =
X+(A)+̇X−(A) òàêèì ÷èíîì, ùî çâóæåí-
íÿ A−, A+ îïåðàòîðà A íà X−(A), X+(A)
ìàþòü ñïåêòðè σ−(A), σ+(A). Òàêîæ X =
X+(C)+̇X−(C) i çâóæåííÿ C−, C+ îïåðàòîðà
C íà X−(C), X+(C) ìàþòü òàêi æ âëàñòèâî-
ñòi. Âiäçíà÷èìî, ùî ïðè öüîìó ðÿäè

∞∑
k=1

∥A−k
+ ∥,

∞∑
k=1

∥Ak−∥,
∞∑
k=1

∥C−k
+ ∥,

∞∑
k=1

∥Ck
−∥ (5)

çáiãàþòüñÿ.

Ëåìà 6. Q−m
+ = B−m(Q0

+).

Äîâåäåííÿ. Ç îçíà÷åííÿ ìíîæèí Q0
+ i

Q−m
+ âèïëèâà¹, ùî v ∈ Q0

+ òîäi i òiëüêè òîäi,
êîëè B−mv ∈ Q−m

+ . Òîìó Q−m
+ = B−m(Q0

+).

Ëåìó 6 äîâåäåíî.

Ëåìà 7. ßêùî S ∩ σ(A) = ∅, S ∩ σ(C) =
∅, òî Q0

− = X−(A), Q
−m
+ = X+(C).

Äîâåäåííÿ. Äîâåäåìî, ùî Q0
− = X−(A).

Âíàñëiäîê çáiæíîñòi ðÿäó
∑∞

k=1∥Ak−∥ ïîñëi-
äîâíiñòü {∥Akz∥, k ≥ 1} îáìåæåíà äëÿ êî-
æíîãî z ∈ X−(A), à îòæå, X−(A) ⊂ Q0

−. Òà-
êîæ ó âèïàäêó, êîëè z ∈ X+(A) ∩Q0

−,

∥z∥ = ∥A−k
+ Ak+z∥ ≤ ∥A−k

+ ∥ · sup
j≥1

∥Ajz∥ → 0,

j → ∞,

îñêiëüêè ðÿä
∑∞

k=1∥A
−k
+ ∥ çáiãà¹òüñÿ. Òàêèì

÷èíîì, z = 0̄ i Q0
− = X−(A).

Âèïàäîê Q−m
+ = X+(C) äîâîäèòüñÿ àíà-

ëîãi÷íî.

Ëåìó 7 äîâåäåíî.

Îñíîâíi ðåçóëüòàòè. Íåõàé X =
Q0

−+̇Q
0
+. Çàôiêñó¹ìî îáìåæåíó ïîñëiäîâ-

íiñòü ȳ = {yn, n ∈ Z} i ïîêëàäåìî ∥ȳ∥∞ =
sup
n∈Z

∥yn∥. Âíàñëiäîê ëåìè 4 äëÿ êîæíîãî n ∈

Z åëåìåíò yn ¹äèíèì ÷èíîì çîáðàæó¹òüñÿ ó
âèãëÿäi yn = y−n + y+n , äå y

−
n ∈ Qn

−, y
+
n ∈ Qn

+.
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Ïîêëàäåìî

x1 = y−0 +
−1∑

ν=−m

B|ν|y−ν +
−m−1∑
ν=−∞

BmC |ν|−my−ν −

−
∞∑
ν=1

A−νy+ν ; (6)

∀n ≥ 2 : xn = y−n−1 +Ay−n−2 + ...+An−1y−0 +

+
−1∑

ν=−m

An−1B|ν|y−ν +
−m−1∑
ν=−∞

An−1BmC |ν|−my−ν −

−
∞∑
ν=n

An−1−νy+ν ; (7)

∀ 0 ≤ p ≤ m−2 : x−p = y−−p−1+By
−
−p−2+...+

+Bm−1−py−−m+
−m−1∑
ν=−∞

Bm−1−pC |ν|−my−ν −B−1y+−p−

−B−2y+−p+1−...−B−p−1y+0 −
∞∑
ν=1

B−p−1A−νy+ν ;

(8)

x−m+1 = y−−m+
−m−1∑
ν=−∞

C |ν|−my−ν −B−1y+−m+1−

−B−2y+−m+2− ...−B−my+0 −
∞∑
ν=1

B−mA−νy+ν ;

(9)

∀q ≥ 1 : x−m−q+1 = y−−m−q+

+

−m−q−1∑
ν=−∞

C |ν|−m−qy−ν − C−1y+−m−q+1−

−C−2y+−m−q+2−...−C−qy+−m−C−qB−1y+−m+1−
− C−qB−2y+−m+2 − ...− C−qB−my+0 −

−
∞∑
ν=1

C−qB−mA−νy+ν ; (10)

Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþ-
òüñÿ òàêi óìîâè:
i)σ(A) ∩ S = ∅, σ(C) ∩ S = ∅;

ii)X = X−(A)+̇B
m(X+(C)).

Òîäi ðÿäè ç (6)-(10) àáñîëþòíî çáiãàþòüñÿ
çà íîðìîþ i çàäàþòü âiäïîâiäíèé äî ïîñëi-
äîâíîñòi {yn, n ∈ Z} îáìåæåíèé ðîçâ'ÿçîê
{xn, n ∈ Z} ðiâíÿííÿ (1). Öåé ðîçâ'ÿçîê ¹äè-
íèé ó êëàñi âñiõ îáìåæåíèõ â X ïîñëiäîâíî-
ñòåé.
Äîâåäåííÿ. Ïåðåâiðèìî, ùî ðÿäè ç (6)

àáñîëþòíî çáiãàþòüñÿ çà íîðìîþ. Ïîçíà÷è-
ìî ÷åðåç P n

−, P
n
+ ïðîåêòîðè â X íà ïiäïðî-

ñòîðè Qn
−, Q

n
+, ùî âiäïîâiäàþòü çîáðàæåííþ

X = Qn
−+̇Q

n
+, n ∈ Z. Ïðè n ≥ 1 ç ëåìè 4

âèïëèâà¹, ùî äëÿ ôiêñîâàíîãî z ∈ X iñíó-
þòü òàêi α ∈ Q0

−, β ∈ Q0
+, ùî A

−nz = α + β,
òîáòî z = Anα + Anβ, ïðè÷îìó Anα ∈ Qn

− =
Q0

−, A
nβ ∈ Qn

+. Òîäi β = P 0
+A

−nz. Îòæå,

∀n ≥ 1 : zn+ = P n
+z = AnP 0

+A
−nz. (11)

Àíàëîãi÷íî

∀ 1 ≤ p ≤ m : z−p+ = B−pP 0
+B

pz, (12)

∀q ≥ 2 : z−m−q+1
+ = C1−qB−mP 0

+B
mCq−1z,

(13)
Âíàñëiäîê (11, 12, 13)

∀n ≥ 1 : P n
+ = AnP 0

+A
−n, P n

− = AnP 0
−A

−n.
(14)

∀ 1 ≤ p ≤ m : P−p
+ = B−pP 0

+B
p,

P−p
− = B−pP 0

−B
p.

(15)

∀q ≥ 1 : P−m−q
− = C−qB−mP 0

−B
mCq. (16)

Ç (15), (16) âèïëèâà¹, ùî

∀q ≥ 1, k ≥ 1 : P−m−q−k
− = C−kP−m−q

− Ck.

Íåõàé PA
− , P

A
+ - ïðîåêòîðè â X íà

X−(A), X+(A), ùî âiäïîâiäàþòü çîáðàæåí-
íþ X = X−(A)+̇X+(A), à PC

− , P
C
+ - ïðîåêòî-

ðè â X íà X−(C), X+(C), ùî âiäïîâiäàþòü
çîáðàæåííþ X = X−(C)+̇X+(C). Îñêiëüêè
ïðè ôiêñîâàíîìó q ≥ 1 îïåðàòîð CqPC

+ äi¹
ç X â X+(C), òî âíàñëiäîê ëåìè 6 BmCqPC

+

äi¹ ç X â Q0
+, çâiäêè ç óðàõóâàííÿì (16)

P−m−q
− = C−qB−mP 0

−B
mCq

−P
C
− (17)
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Àíàëîãi÷íî ïðè n ≥ 1

P n
+ = AnP 0

+A
−n
+ PA

+ . (18)

Ç (6), (17), (18) âèïëèâà¹, ùî

x1 = P 0
−y0 +

−1∑
ν=−m

P 0
−B

|ν|yν+

+
−m−1∑
ν=−∞

P 0
−B

mC
|ν|−m
− PC

− yν−
∞∑
ν=1

P 0
+A

−ν
+ PA

+ yν .

Òîìó, ç óðàõóâàííÿì çáiæíîñòi ðÿäiâ (5), ðÿ-
äè ç (6) àáñîëþòíî çáiãàþòüñÿ çà íîðìîþ, à
òàêîæ

∥x1∥ ≤ ∥ȳ∥∞
(
∥P 0

−∥+ ∥P 0
−∥ ·

m∑
k=1

∥Bk∥+

+ ∥P 0
−∥ · ∥Bm∥ · ∥PC

− ∥ ·
∞∑
k=1

∥Ck
−∥+

+ ∥P 0
+∥ · ∥PA

+ ∥ ·
∞∑
k=1

∥A−k
+ ∥
)
. (19)

Ïåðåâiðèìî, ùî ïðè ôiêñîâàíîìó n ≥ 2
ðÿäè ç (7) àáñîëþòíî çáiãàþòüñÿ çà íîðìîþ.
Ç (18) âèïëèâà¹, ùî ïðè ν ≥ n

P ν
+ = Aν−nP n

+A
n−ν
+ PA

+ . (20)

Òàêîæ P n
− = AnP 0

−A
−n, òîìó ç (15) âèïëèâà¹,

ùî ïðè 1 ≤ p ≤ m

P−p
− = B−pP 0

−B
p = B−pA−nP n

−A
nBp. (21)

Âíàñëiäîê (17) ïðè q ≥ 1

P−m−q
− = C−qB−mA−nP n

−A
nBmCq

−P
C
− . (22)

Òîìó

xn = P n−1
− yn−1 + A−P

n−2
− yn−2 + ...+

+ An−1
− P 0

−y0 +
−1∑

ν=−m

An−1B|ν|P ν
−yν+

+
−m−1∑
ν=−∞

An−1BmC |ν|−mP ν
−yν−

∞∑
ν=n

An−1−νP ν
+yν =

=
n−1∑
k=0

Ak−P
n−1−k
− yn−1−k+

−1∑
ν=−m

An−1
− P 0

−B
|ν|yν+

+
−m−1∑
ν=−∞

An−1
− P 0

−B
mC

|ν|−m
− PC

− yν−

−
∞∑
ν=n

P n−1
+ An−1−ν

+ PA
+ yν .

Âíàñëiäîê çáiæíîñòi ðÿäiâ (5) ðÿäè ç (7) àá-
ñîëþòíî çáiãàþòüñÿ çà íîðìîþ i äëÿ êîæíî-
ãî n ≥ 2

∥xn∥ ≤ ∥ȳ∥∞
(n−1∑
k=0

∥Ak−∥ · ∥P n−1−k
− ∥+

+ ∥An−1
− ∥ · ∥P 0

−∥ ·
m∑
k=1

∥Bk∥+

+ ∥An−1
− ∥ · ∥P 0

−∥ · ∥Bm∥ · ∥PC
− ∥ ·

∞∑
k=1

∥Ck
−∥+

+ ∥P n−1
+ ∥ · ∥PA

+ ∥ ·
∞∑
k=1

∥A−k
+ ∥
)
. (23)

Çà äîïîìîãîþ àíàëîãi÷íèõ ìiðêóâàíü ìî-
æíà ïåðåâiðèòè, ùî äëÿ êîæíîãî 0 ≤ p ≤
m− 2

∥x−p∥ ≤ ∥y∥∞
(−p−1∑
j=−m

∥B−p−1−j∥ · ∥P j
−∥+

+ ∥B−p−1∥ · ∥Bm∥ · ∥P 0
−∥ · ∥PC

− ∥ ·
∞∑
k=1

∥Ck
−∥+

+
0∑

j=−p

∥B−p−1−j∥ · ∥P j
+∥+

+ ∥B−p−1∥ · ∥P 0
+∥ · ∥PA

+ ∥ ·
∞∑
k=1

∥A−k
+ ∥
)
, (24)
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à òàêîæ

∥x−m+1∥ ≤ ∥y∥∞
(
∥P−m

− ∥+

+ ∥B−m∥ · ∥P 0
−∥ · ∥Bm∥ · ∥PC

− ∥ ·
∞∑
k=1

∥Ck
−∥+

+
−1∑

ν=−m

∥Bν
−∥ · ∥P−m−ν

+ ∥+

+ ∥B−m∥ · ∥P 0
+∥ · ∥PA

+ ∥ ·
∞∑
k=1

∥A−k
+ ∥
)

(25)

i ïðè ôiêñîâàíîìó q ≥ 1

∥x−m−q+1∥ ≤ ∥y∥∞
(
∥P−m−q

− ∥+

+ ∥P−m−q
− ∥ · ∥PC

− ∥ ·
∞∑
k=1

∥Ck
−∥+

+
−1∑
k=−q

∥C−k
+ ∥ · ∥P−m−q−k

+ ∥+

+
−1∑

k=−m

∥C−q
+ ∥ · ∥Bk∥ · ∥P−m−k

+ ∥+

+ ∥C−q
+ ∥ · ∥B−m∥ · ∥P 0

+∥ · ∥PA
+ ∥ ·

∞∑
k=1

∥A−k
+ ∥
)
.

(26)

Âíàñëiäîê (19), (23)-(26) äëÿ îáìåæåíî-
ñòi ïîñëiäîâíîñòi

{
xn, n ∈ Z

}
äîñèòü äîâåñòè

îáìåæåíiñòü ïîñëiäîâíîñòåé
{
P n
+, n ≥ 1

}
òà{

P−m−q
− , q ≥ 1

}
. Ç (18) ç óðàõóâàííÿì òîãî,

ùî P 0
− : X → X−(A), ïðè n ≥ 1 ìàòèìåìî

P n
+ = PA

+−AnP 0
−A

−n
+ PA

+ = PA
+−An−P 0

−A
−n
+ PA

+ ,

çâiäêè äëÿ äîâiëüíîãî n ≥ 1

∥P n
+∥ ≤ ∥PA

+ ∥+∥P 0
−∥·∥PA

+ ∥·sup
k≥1

∥Ak−∥·sup
k≥1

∥A−k
+ ∥.

Îòæå, ïîñëiäîâíiñòü
{
P n
+, n ≥ 1

}
îáìåæåíà.

Îáìåæåíiñòü ïîñëiäîâíîñòi
{
P−m−q
− , q ≥

1
}
ïåðåâiðÿ¹òüñÿ àíàëîãi÷íî ç óðàõóâàííÿì

òîãî, ùî P−m−q
− = C−qP−m

− Cq
−P

C
− ïðè q ≥ 1.

Òîé ôàêò, ùî {xn, n ∈ Z} çàäà¹ ¹äèíèé
ó êëàñi îáìåæåíèõ ïîñëiäîâíîñòåé ðîçâ'ÿ-
çîê ðiçíèöåâîãî ðiâíÿííÿ (1), âiäïîâiäíèé äî

îáìåæåíî¨ ïîñëiäîâíîñòi {yn, n ∈ Z}, âèïëè-
âà¹ ç äîâåäåíî¨ â [2, c.26] òåîðåìè 7, ÿêùî
äîäàòêîâî ñêîðèñòàòèñÿ ëåìîþ 4.

Òåîðåìó 1 äîâåäåíî.
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