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INVARIANT METHODS FOR STUDYING STABILITY OF
UNPERTURBED MOTION IN TERNARY DIFFERENTIAL SYSTEMS
WITH POLYNOMIAL NONLINEARITIES

The centro-affine invariant conditions for Lyapunov stability of unperturbed motion in ternary
differential systems with polynomial nonlinearities were determined and the centro-affine invari-
ant conditions when a ternary differential system of the Lyapunov-Darboux form with quadratic
nonlinearities have a holomorphic integral were obtained. On the base of the integral the stability

of unperturbed period motion was studied.

1. Centro-affine invariant polynomials
in ternary differential systems

Let us consider the ternary differenti-
al system with polynomial nonlinearities of
perturbed motion (see, for example, [1] or [2])

de Z
aj xa + al am xaml
(1)
(j,Oé,O./l,OZQ,...,Ozmi =1,3;1 < 00)
j . .
where @, ,, o 18 a symmetric tensor in lower

indices in Wthh the total convolution is done
and I' = {my, mao,...,my} (m; > 2) is a finite
set of distinct natural numbers.

We will examine the centro-affine group
GL(3,R) for system (1) given by transformati-
ons ¢:

“ (A =det(q)) #0) (j,a =1,3). (2)

)
)

¥ =g (2
Coefficients and variables in (1) and (2
takes values from the field of real numbers R.
(2

Observe that the transformation
preserves the form of the system (1)

(.].704705170527"'70477% :m7l<oo)7

where the coordinates of the vector z =
(7', 2% 2®) are determined by relations (2) and
the coefficients from the right-hand sides of (3)
are some linear functions in the coefficients of
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system (1) and rational in the parameters ¢/
of the transformation (2).

The phase variable vector x = (!, 2%, 23)
of system (1), which change by formulas
(2), in the theory of invariants [3]| is called
contravariant. The vector u = (uy,us, us),
which change by formulas u, = plu; (r,j =
1,3), where pj¢] = 07 is the Kroniker
symbol, is called covariant. Any vector y =
(y*,y%, y3), which change by formulas (2) is
called cogradient of the vector z.

We will denote the set of coefficients of
system (1) by a and of the system (3) by a.

Definition 1. We say (see [3]) that a
polynomial »(x,u,a) of the coefficients of
system (1) and of the coordinates of vectors x
and u 1s called mixt comitant of the system
(1) with respect to the group GL(3,R), if the
following holds

#(z,u,a) = A 9x(z,u,a)

for all q from GL(3,R), for every coordinates
of vectors x and u, as well, any coefficients of
system (1).

Here g is an integer number called the wei-
ght of comitant.

If the mixt comitant s does not depend
on coordinates of vector u, then following [4],
we call it comitant. If ¢ does not depend on
coordinates of vector x it will be called, as in
[3], contravariant. If ¢ does not depend of x
and u, then we call it invariant of the system
(1) with respect to the group GL(3,R).
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It was shown in [5] that the expressions

1 = TUgy, o = ag:pﬁua,

_ o By _ L« _ a B
»3 = aja,r'ug, 01 = ag, th = aza,,

(4)

= ao‘aﬁavuauﬁurqur

_ o B 7
Qg—avaaaﬁ, 04 Sa,a,

in the coordinates of the vectors x, u and of
the tensor @, compose a functional base of the
mixt comitants of the linear part of differential
system (1), where £P9" is the unit trivector with
coordinates £ = —gl32 = 312 = 321 —
el = B =T and e’ =0 (p,q,7 = 1,3)
for all other cases.

An important role in studying ternary
systems with polynomial nonlinearities (1) has
the comitant

B

_ Y A0
al—auaaaax

(5)

(€123 = —€132 = €312 = —E321 = €231 = —¢€213 =
land eg,, =0 (8,7,v = 1,3)) from [4], which
is a particular integral of the system

xHaegy,

da’ , —
d_lz; =alz® (j,a=1,3)

of the first approximation (|1, [2]) for (1).

In [6] it was proved the following assertion.

Lemma 1. The following equivalences hold:

(7)

(6)

01(z) =0 <= d4(u) =0
and conversely

o1(z) Z 0 <= d4(u) £ 0, (8)

where d4 is from (4) and oy is from (5).

2. Centro-affine invariant conditions
for stability of unperturbed motion

As it follows from [2], the zero values of the
variables 27(t) (j = 1,3) correspond to the to
unperturbed motion of perturbed system (1).
As consequence, we have the following defini-
tion of stability by Lyapunov [2]:

If for any small positive value e, however
small, one can find a positive number & such
that at t = to, for all perturbation x’(ty) sati-

sfying

n

> (@ (t))’ <6

J=1

(9)
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the tnequality

n

S0 <=

j=1

is wvalid, then the unperturbed motion 7 =
0 (j = 1,3) is called stable, otherwise it is
called unstable.
Geometrically  this
following interpretation:

ﬁ e
Y

If the motion is stable, then for sphere € one
can find another sphere § such that starting at
any point M, inside or on the surface of the
sphere 9, the image point M will always remain
inside the sphere ¢, never reaching its external
surface.

If the perturbed motion is unstable, then
irrespective of how close to the reference ori-
gin the point My may be, in time, at least one
trajectory of the representative point M will
cross the sphere ¢ from inside to outside.

If the unperturbed motion is stable and the
value ¢ can be found however small such that
for any perturbed motions satisfying (9) the

condition

lim 7 (a9(5)? = 0
is valid, then the unperturbed motion is called
asymptotically stable.

Lemma 2. The characteristic equation of
system (1) and (6) is
0° + L130° + Logo+ L3z =0,
where
Liz=—01, Laz= (07 —0)/2,
Ly = —(07 — 36,05 + 203) /6,
and 0; (i = 1, 3) are from (4).
According to Lyapunov theorems on stabi-
lity of unperturbed motion by sign of the ei-

genvalues of the differential system in the fi-
rst approximation and Hurwitz theorem to the

definition has the

(10)

(11)
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root analysis of the characteristic equation (see
[2]), there were proved the following theorems:
Theorem 1. If the centro-affine invari-
ants of (1) satisfy the following conditions
Li3>0, Loz >0, L3z >0,
LygLloz— L3z >0,
then the unperturbed motion o' = 2?> = 23 =0
of the system 1is asymptotically stable, where
Liz (i = 1,3) are the coefficients of the
characteristic equation (10) of system (1).
Theorem 2. If at least one of the centro-
affine invariant expression (11) of system (1)
is megative, then the unperturbed motion x' =

2?2 = 23 = 0 of this system is unstable.

3. Lyapunov form of the ternary di-
fferential system

Let be given the system

ded . ,

d_iﬁt —ada 4 aiﬁxaxﬁ = Pi(z), (12)
(j = 1,3), which can be obtained from (1) for
T ={1,2}.

Lemma 3 [5]. Suppose in (5) that o1 = 0.
Then by a centro-affine transformation

=1 2

T =zx°, z2

L a3 3 3
=T + 37, T°=17,
ay
when a3 # 0, we obtain that the quadratic
part of system (12) preserves the form, and the
coefficients from the linear part of this system
satisfy one of the following conditions:

1_ 1_ 2_ 2_ 3_ 3_
ay = a3 =aj] =az =a; = ay =0, (13)
3_ 2
a3 = Ay,
1_ 1 _ .2_ 2_ 3_ 3_
y = a3 =a] = a3 = a] = a; =0, (14)
3_ 1.
a3z = aj;
1_ 1_ .2_ 2_ 3_ 3_
ay = a3 = aj = a3 = aj] = a, = 0, (15)
2 _ 1
ay; = ay,
a=ad=d=a=a=0
2 3 1 2 ’ (16)
2240, = al
as » 3 = Ay
a%zalzcﬂ:a?: 3:0,
2 12 (17)
= 0
ay = ay, ag # 0;
ay =aj =a3 =a} = a3 =0,
(18)

1 3 _ 2,
az # 0, a3 = aj;
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(19)
0,3 7é 07 Qg = Gy;
ai=a; =a; =da;=0, (20)
ay # 0, a3 = a3;
a?=al=a}=0, a3 #0,
al(a? — al (21)
as
20,1 3
a:l)’ = a;’ = 0, aé a3<a1aQ ag),
N (22)
(al . a‘s)(a2 . a3)
a/% %07 a/% — 1 3 5 2 3 :
aj
al(a? — at
a%:ai’:o, ag#o, aé— 2( 23 1),
? (23)
o (a} —a3)(ag —a3)
as

Lemma 4. Suppose that for the linear part
of system (12) o1 = 0, where oy is from (5).
Then the characteristic equation (10) of this
system has real ergenvalues.

Proof. The roots of the characteristic
equation (10) of system (12), under conditions
(13)-(23) are given in Table 1:

Table 1.
System (12) Eigenvalues
under conditions of (10)

(13) 01 =aj, 023 =0aj
(14) 012 = aj, 03=a;
(15) 012 =ai, 03 =aj
(16) 012 =aj, 03=a;
(17) 012 = ai, 03 = a3
(18) 01 =ai, 3= 03
(19) 012 = aj, 03=aj
(20) 01 =ai, 03= 03
(21) 012 =aj, 03=a;
(22) o012 = a3,

03 = a} + a% — ag
(23) 012 = aj,

03 = —aj + a3 + aj
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From Table 1, it follows that all eigenvalues
0; (i =1,3) are real. Lemma 4 is proved.

Lemma 5. Suppose that in (5) o1 # 0.
Then system (12), by means of a centro-affine
transformation, can be brought to the form

it =2+ aiﬂxaxﬁ,
i* = 2° + algaa”’, (24)
[l")3 = —L373.’L'1 — L2,3$2—

1 3 o B
—Lisx + ayzxa”,

where L; 3 (i = 1,3) are from (11).
Proof. Consider the substitution

T =0, T =0, T° = s, (25)
with s¢; (i = 1,3) given in (4).

From (25) we have

Det (1, 29, 323) = 04 =

(VA1 U2 us
o (5] a1 aq
- a gm D) gal as ?041 )
o a «a
apagus AxdyUp  A30,Us

where dy4 is from (4) and

xt= [(aglagaﬁ

«

ar o f =1
Uy Ug— 05 A5 U U, U )T+

+(aSalugus — agaluguy) T+

+(aglu041u2 - aglualu?ﬁ)i‘g]/éﬁb

ar o B ar o f =1
(a5 af agua, us—ai" a5 agte, ug)T +

+(agaluguy — afalugus)z’+

x2

(26)
+H(a7 o, us — a5 ta, )77 /04,

B B

3 ) o —1
ala, Ug— 0y 4 aaualuﬁ)x +

r°=|(al"a5a
+(aSaluguy — aSalugu) T+

+(ag ug, ug — a?lua1u2)f3]/54.

Substituting (25) and (26) in (12) and taki-
ng into account Lemma 1 (64 # 0 & o1 #Z 0),
we obtain the system (24). The initial notati-
on of variables and coefficients in the quadratic
parts of (24) are preserved. Lemma 5 is proved.

Lemma 6. The characteristic equation (10)
of system (24) with o1 # 0 has purely imagi-
nary eigenvalues if and only if the system has
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the form

it = 2? + al gral
i? = 2% + a2 gral,
j33 = —L173L273£E1 — L273.CE2—

— Ly 32% 4 al gr®a®  (Las > 0),

(27)

where L; 3 (i = 1,3) are of the form (11).

Proof. By Lemma 3, it is necessary to
examine only the case when oy # 0.

Assume the characteristic equation (10) has
purely imaginary eigenvalues ¢; = «i, 0o =
—ai (o # 0 is real), then the third root, evi-
dently is real p3 = . By means of the Viete
theorem for eigenvalues of (10), we can write

01+ 02+ 03 = —Li3,
0102 + 0103 + 0203 = Lo 3,
010203 = —L3,3-

Taking into account the last equalities, we get
p= —Ly3, o? = Loz, L3z = Li3la3.
Since « is real and nonzero o # 0, we have

Ly > 0. Substituting the last conditions in

(24), we obtain (27).

The sufficiency of these conditions is confi-
rmed as follows. Assume system (24) is of the
form (27), then the characteristic equation (10)
can be written as

(0" + Lag)(0+ L13) = 0.

Because Ly 3 > 0, the equation has two purely

imaginary eigenvalues and one real eigenvalue.

Lemma 6 is proved.

Lemma 7. By a centro-affine transformati-
on the system (27) with o1 Z 0 can be brought
to the Lyapunov form [1, §33/

il = —X® + alya’
i? = Aa' + al jxaf,
i? = a? — Lyza® + ad ga®a”,

(28)

where Ly 5 is from (11), and
)\2 == L2,3 (Lz’g > O)

Proof. We will examine the linear part of
the ternary differential system (28) in the
Lyapunov form. According to [1, §33|, the li-
near part of this system must have the form

Xl=-AX2+ ..,
X2 =X+ ..,
X3 =aX'"+bX?+cX3+ ...,

(29)
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where by dots we mean the quadratic part
of the system. The coefficients A, a,b,c are
expressions in L; 3 (i = 1,3) and the new vari-
ables X!, X2 X3 have the form

Xl = Oél.Tl + 0621’2 + 0631'3,

X2 = Biat + Box® + Py, (30)
X? =yt 4 pa® 4 32,
where
a1 (OQo9 O3
A=|p B2 B3 |#0. (31)
Yo Y2 V3

In these conditions, we observe that substi-
tution (30) form a centro-affine transformati-
on. Substituting (30) and (31) in the Lyapunov
form (29) and comparing with the system (27),
we obtain a system of nine algebraic equation
in 12 unknowns.

Solving this system, we have

X' = —Lihz' + Mo,
X2 = L173L273$1 + (L%73 —I— L273)£L'2 —|— L173l'3,
X3 = 2L2733§'1 + L173£L'2 + $3,

where \* = Ly 3, and
A - —2L273)\<Li3 + L2’3> 7£ O (Lg,g > O)

This transformation brings the system (27) to
a system with the linear part in the Lyapunov
form

X1 = -2\X2%24 .,
X2 =X+ ..,
X3 - X2 - L1,3X3 + ceey

for which, preserving in the quadratic part the
initial notations of variables and coefficients,
we obtain (28). Lemma 7 is proved

4. Invariant conditions for stability of
unperturbed periodic motions

We will use the following GL(3, R)-invariant
polynomials for system (12) from [5-6]:

0= a2 22y easy, Pr=agsa”,

_ o B .7 0
= a5a,a51°,

(32)

P = agafmx“’, =
where 7 is a comitant of two cogradient vectors
r = (24 2% 23) and y = (y', % y3) which are
linear independent.
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It is easy to verify

Lemma 8 [6]. Suppose that in system (12)
n = 0. Then the quadratic parts of this system
have a common linear factor.

The differential systems (12), with property
stated in Lema 8, will be called the differential
systems of the Darboux form [6]. If the linear
part of system (12) has the Lyapunov form and
the quadratic one - the Darboux form, then
such systems will be called Lyapunov-Darboux
differential systems.

In [6] it was proved the following assertion

Theorem 3. Let n = 0. Then system (12)
has a GL(3,R)-invariant integrating factor

pt = o1 with oy from (5), where

Y= —2L373 + 3L273P1 + 4Ll,3P2 + 4P3 (33)

are GL(3,R)-invariant particular integrals of
this system with L;3 (i = 1,3) from (11) and
P, (i=1,3) from (32)

Lemma 9. By a centro-affine transformati-
on, the system (12) can be brought to the
Lyapunov-Darboux form

d 1

d—i = —A\2? + 22" (gz'+
+ha? + ka*) = P,

da? 1 20 1
+ha? + ka®) = P?,

d 3

d_xt = 2% — Ly 37° + 22° (g2’ +

+ha? + ka®) = P,

if and only if the following centro-affine invari-
ant conditions hold

o1 #0, n=0, L1,3L2,3 = L3,3

35
(>\2 = Log, Loz >0, Li3> 0), (35)

where oy is from (5), Liz (i = 1,3) is from
(11) and n is from (32).

The proof of Lemma 9 follows directly from
Lemmas 6-8 and [1].

We determinate the Lie algebra of the
operators admissible by system (34) [5]. We
assume that the coordinate of the operator

0 S

X=g¢o= (i=13),
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have the form

€ = A + A a%a (8,7 = T9),

and satisfy the determinant equations
(§1>11P1 + (gl):ﬂpz + (51)23133 =
=P+ &P + 8P,
(§2>11P1 + <§2)$2P2 + (52)23133 =
=P+ PR+ 8P,
(§3>E1P1 + <§3)$2P2 + (53)x3p3 =
=P+ P + 6P
Then solving this system for (34), we obtain
the following operators

X1 = {)\LLgQ?l — )\233'2"—
+2[(—k — hLy 5+ g\)(z')*+
0
L h\)xt 2]} —
+(gL1s+hN)x 'z ]}6m1+
{22! + ALy 32* + 2(—k — hLy 3+
0
+gN)xta® +2(gLys + h)\)(x2)2}@+
+{ 2? +2(—k — hLy 3+ g)\)xlx3+
+2(gL173 + h)\)
XQ = [)\2.731 + )\Ll’gl'z"_
+2(—gLy13 — h\) (z")*+
0
+2(g\ — k — hLy3)z'2?| =—+

Ozt
+[)\L173(L’ +)\2 2—2(gL1 3+h)\)$1$2+

Py

(36)

+2(gA —k — hL;3)(x )2] 2+
+[—)\ZE1 + 2( ng 3 — /\) 3
—2(k + hLy 3 — g\)2*2"| —
X3 = {—)\L173 + 2[(]{7 + hLLg)ZEI—
0
—gLy37* + k)\x3]}(xlﬁ+
+2? 2 0 +a i)
022 ox3
By means of the commutators [X;, X;| =
X, X;—X,;X; we can verify that these operators
form a Lie three-dimensional commutative
algebra.
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Accordmg to [7] and using the operators

= &2 (a=1,2; i = 1,3) (ignoring a

constant factor) we obtain the Lie integrating
factor of the form

TR
=1 & & 2
1 2 PS

or
/,671 = [)\LI,B — 2<<k + hLLg)%l—

37
—gLLg.fEQ + k)\.ng)]Ul ( )

Using this expression and the Theorem on
integrating factor, we have

Theorem 4. One of the first integrals of
system (34) has the form

S

F
=g

= (1, (38)

where
fi= @)+ @)
f2 = —)\L173 + 2<k + hLLg)l'l—
—2gL173$2 + 2)\kCC3

(39)

Corollary 1. For system (34) we have

where ¢ is of the form (33).

Corollary 2. The first integral (38) with
fo Z0 (¢ £ 0) can be written as a holomorphic
integral of the form

-

(@) + (@) + F(z',2%, %), (41)

where F(z', 2%, x3) contains terms of degree at

least two in variables x', x?, 3.

By Lemma 9, Theorem 4, Corollaries 1
and 2, there were established the centro-
affine invariant conditions for the existence
of a holomorphic integral (41) for differenti-
al system (12). Taking into account this, the
Lyapunov Theorem on stability of unperturbed
motion [1, §40, p. 160] and the holomorphic
integral (41) we obtain the following main
result.
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Theorem 5. Suppose for system (12) the
centro-affine invariant conditions (35) hold,
the comitant ¢ from (33) is a non-constant
function and is not identically zero, and condi-
tion Ly > 0 from (11) is satisfied. Then
the system has a periodic solution contai-
ning an arbitrary constant and wvarying the
constant one can obtain a continuous sequences
of periodic motions which describe the studi-
ed unperturbed motion. This motion is stable
and any other unperturbed motion will tend
asymptotically to one of the periodic motions.

Assume that L; 3 = 0, then the differential
system (34) admits the following operators

X; = [2hata? + 2(k — g\t a®—
0
A=
v ]8x1+
+[2h(2*)? + X'+

+2(k — g/\)xza:?’]i + [2ha?2+

Ox?
0
+2(k = g\ (@) + 2% 5,
Xy = [2(k — g\)ata? — 2h\ 2 2’ —
0 (42)
Az ]8x1+
+2(k — g\ (2)? — N2?—
0
—2h>\2x2x3]@ + [2(k — g\) 2?2 —
0
—2}7)\2(133)2 + )\ﬂfl}%,
X _ 1 )\ 3 1 a
3= (27 + Xa”)(x %%-
0 5 0
2 U 3 0
+x 57 +x 8:53)’

which form a Lie commutative algebra.

Using the first two operators and ignoring a
constant factor, similarly to the previous case,
we obtain the Lie integrating factor

pot= (@) + (@) (@t + AP (48)
By means of this expression and the Lie
Theorem on integrating factor [7|, we have the

following assertion.
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Theorem 6. The differential system (34)
with Ly 3 = 0 has a general integral composed
of the following two first integrals

(@12 + (22)2
(! 4+ \a3)2 b
_ X209 — ket +20%hat

bt 4+ A3
72
+2k arctg— = Cs.
x

F1£

5 (44)

Remark 1. The Lie algebra (42), the Lie
integrating factor (43), the first integral (44) of
the system (34), ignoring constant factor, can
be obtained from the Lie algebra (36), the fi-
rst integrating factor (37) and the first integral
(38), respectively, by substituting L, 3 = 0.
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