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ON EXISTENCE AND UNIQUENESS OF MILD SOLUTION TO THE
CAUCHY PROBLEM FOR ONE NEUTRAL STOCHASTIC DIFFERENTIAL

EQUATION OF REACTION-DIFFUSION TYPE IN HILBERT SPACE

Доведено теорему iснування та єдиностi м’якого роз’вязку задачi Кошi для
стохастичного диференцiального рiвняння нейтрального типу в гiльбертовому просторi

L2(Rd).

The theorem on existence and uniqueness of mild solution to the Cauchy problem for one
neutral stochastic differential equation in Hilbert space L2(Rd) has been proved.

1. Introduction. Questions on existence
and uniqueness of solution to stochastic di-
fferential equations (SDEs from now on) under
some given initial-boundary conditions in vari-
ous functional spaces, in particularly, in Hi-
lbert spaces, have been extensively studied
by a variety of authors. There exists especi-
al interest around neutral SDEs . An essenti-
al feature of such equations is the phenomena
of delay within so-called “derivative”. In [1]
its authors have considered an initial-value
problem for an abstract SDE of such type in
Hilbert space and have proved the theorem
on existence and uniqueness of its mild
solution . But conditions of this theorem are
formulated in a general form. Therefore it is
rather complicated to check them directly whi-
le solving specific applied problems. Hence it
is important to find conditions, convenient to
check, that are expressed in terms of coeffi-
cients of the equation under investigation. If
such conditions are found, it will be possible to
check them immediately while solving concrete
problems. But it is only possible to do in some
particular cases, one of which will be studi-
ed in the paper. It consists of five sections
and is organized as follows. The second secti-
on concerns with formulation of the problem.
After it, in the third section, some already
known results from the theory of partial di-
fferential equations and one fact from the heat

semi-group theory are gathered. The fourth
section contains formulation of the main result.
The last, fifth, section is devoted to it’s proof.

2. Formulation of the problem. Let
(Ω,F ,P) be a complete probability space. The
following initial-value problem for nonlinear
neutral stochastic integro-differential equation
of reaction-diffusion type is considered

d

(
u(t, x) +

∫
Rd

b(t, x, ξ)u(t− h, ξ)dξ

)
=

=
(
∆xu(t, x) + f(t, u(t− h), x)

)
dt+

+ σ(t, u(t− h), x)dW (t, x), 0 < t ≤ T , x ∈ Rd,
u(t, x) = ϕ(t, x), − h ≤ t ≤ 0, x ∈ Rd, (1)

where T > 0 is a fixed real number, h > 0

— an arbitrary real number, ∆x ≡
d∑
i=1

∂2xi —

d-measurable operator of Laplace, ∂2xi ≡ ∂2

∂x2i
,

i ∈ {1, . . . , d}, W (t, x) — L2(Rd)-valued Q-Wi-
ener process, {f, σ} : [0, T ]×R×Rd → R and
b : [0, T ] × Rd × R × Rd → R are some given
functions to be specified later, ϕ : [−h, 0]×
×Rd×Ω → R is an initial-datum function. The
theorem on existence and uniqueness of mild
solution to the problem (1) will be proved.

3. Preliminaries. In what follows, in order
to prove the main result, lemmas 1 — 4 from
[4] will be needed and the following fact from
the theory of heat semi-group.
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Lemma [2; 3, с. 188]. Operators S(t) :
L2(Rd) → L2(Rd) generate the solution
of homogeneous Cauchy problem for heat-
equation (see lemma 1 from [4] for details) by
the rule

u(t, x) = (S(t)g( · ))(x) =

=

∫
Rd

K (t, x− ξ)g( · )dξ,

and form (C0-)semi-group of operators, an infi-
nitesimal generator of which is Laplacian ∆x.
Moreover, this semi-group is contractive, i.e.

∥(S(t)g( · ))(x)∥2L2(Rd) ≤ ∥g(x)∥2L2(Rd),

g( · ) ∈ L2(Rd). (2)

A couple of notations, given below, will be
used hereinafter. Let filtration of σ-algebras
{Ft, t ≥ 0} is generated by L2(Rd)-valued

Q-Wiener process W (t, x) =
∞∑
n=1

√
λnen(x)×

× βn(t), where {βn(t), n ∈ {1, 2, . . . }} are
independent standard one-dimensional
real-valued Brownian motions, sequence
{λn, n ∈ {1, 2, . . . }} of positive real numbers
is such that

∞∑
n=1

λn <∞, (3)

and system of vectors {en(x), n ∈ {1, 2, . . . }}
forms an orthonormal basis in L2(Rd) such that

sup
n∈{1,2,... }

ess sup
x∈Rd

|en(x)| ≤ 1. (4)

Let B2,T denotes Banach space of all
L2(Rd)-valued Ft-measurable for almost all
0 ≤ t ≤ T random processes Φ: [0, T ]× Ω →
→ L2(Rd), that are continious in t for almost
all ω ∈ Ω, with the norm ∥Φ∥B2,T

=

=
√

sup
0≤t≤T

E∥Φ(t)∥2
L2(Rd)

. The further result

guarantees existence and uniqueness for 0 ≤
≤ t ≤ T of mild solution to (1) in B2,T .

4. Main result. The following assumptions
are the main, presumed to be true in the paper:
4.1) functions {f, σ} : [0, T ] × R × Rd → R,
b : [0, T ] × Rd × R × Rd → R are measurable
with respect to their arguments;

4.2) an initial-datum function ϕ : [−h, 0]×Rd×
× Ω → R is F0-measurable, independent from
W (t, x), t ≥ 0, and such that

sup
−h≤t≤0

E∥ϕ(t)∥2L2(Rd) <∞. (5)

Definition. Continuous random process

u : [−h, T ]× Rd × Ω → R

is called mild solution of problem (1), if it
1) is Ft-measurable for almost all −h ≤ t ≤ T ;
2) satisfies the following integral equation

u(t, x) =

∫
Rd

K (t, x− ξ)

(
ϕ(0)+

+

∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ−

−
∫
Rd

b(t, x, ξ)u(t− h, ξ)dξ−

−
t∫

0

(
∆x

∫
Rd

K (t− s, x− ξ)×

×
(∫
Rd

b(s, ξ, ζ)u(s− h, ζ)dζ

)
dξ

)
ds+

+

t∫
0

∫
Rd

K (t− s, x− ξ)f(s, u(s− h), ξ)dξds+

+

t∫
0

∞∑
n=1

√
λn

(∫
Rd

K (t− s, x− ξ)×

× σ(s, u(s− h), ξ)en(ξ)dξ

)
dβn(s),

0 ≤ t ≤ T , x ∈ Rd,
u(t, x) = ϕ(t, x), − h ≤ t ≤ 0, x ∈ Rd;

3) satisfies the following condition

E

T∫
0

∥u(t)∥2L2(Rd)dt <∞.

The following theorem is valid.
Theorem (existence and uniqueness

of mild solution in B2,T ). Let’s suppose
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assumptions 4.1, 4.2 to hold true, and besides
the following conditions to be valid:
1) functions {f, σ} satisfy linear-growth and
Lipschitz conditions by their second argument,
i.e. there exists L > 0 such that

|f(t, u, x)| ≤ χ(t, x) + L|u|,
0 ≤ t ≤ T , u ∈ R, x ∈ Rd, (6)
|f(t, u, x)− f(t, v, x)| ≤ L|u− v|,
0 ≤ t ≤ T , {u, v} ⊂ R, x ∈ Rd,
|σ(t, u, x)| ≤ L

(
1 + |u|

)
,

0 ≤ t ≤ T , u ∈ R, x ∈ Rd, (7)
|σ(t, u, x)− σ(t, v, x)| ≤ L|u− v|,
0 ≤ t ≤ T , {u, v} ⊂ R, x ∈ Rd,

where function χ : [0, T ]×Rd → [0,∞) is such
that

sup
0≤t≤T

∫
Rd

χ2(t, x)dx <∞; (8)

2) function b satisfies the conditions

sup
0≤t≤T

∫
Rd

√√√√∫
Rd

b2(t, x, ζ)dζdx <∞, (9)

sup
0≤t≤T

∫
Rd

∫
Rd

b2(t, x, ζ)dζdx <∞; (10)

3) for each point x ∈ Rd there exist parti-
al derivatives ∂xib, ∂xixjb, {i, j} ⊂ {1, . . . , d},
and gradient-vector ∇xb and Hesse-matrix D2

xb
satisfy the condition

|∇xb(t, x, ξ)|+ ∥D2
xb(t, x, ξ)∥ ≤ ψ(t, x, ξ),

0 ≤ t ≤ T , {x, ξ} ⊂ Rd, (11)

where function ψ : [0, T ]×Rd×Rd → [0,∞) is
such that the following condition

sup
0≤t≤T

∫
Rd

∫
Rd

ψ2(t, x, ζ)dζdx <∞, (12)

comes true, and besides for each point x0 ∈ Rd

there exists its vicinity Bδ(x0) and nonnegative
function φ(t, x, x0, δ) such that

sup
0≤t≤T

φ(t, · , x0, δ) ∈ L2(Rd), δ ∈ R+, (13)

|ψ(t, x, ζ)− ψ(t, x0, ζ)| ≤ φ(t, ζ, x0, δ)|x− x0|,
0 ≤ t ≤ T , |x− x0| < δ, ζ ∈ Rd. (14)

Then the problem (1) will have unique for
0 ≤ t ≤ T mild solution u ∈ B2,T , if

sup
0≤t≤T

∫
Rd

∫
Rd

b2(t, x, ξ)dξdx <
1

4
. (15)

5. Proof of the theorem. The proof is
based on the classical theorem from functional
analysis — Banach theorem on a fixed poi-
nt. According to it, let’s consider an operator
Ψ: B2,T → B2,T with an action(
Ψu
)
(t) =

∫
Rd

K (t, x− ξ)

(
ϕ(0)+

+

∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ−

−
∫
Rd

b(t, x, ξ)u(t− h, ξ)dξ−

−
t∫

0

(
∆x

∫
Rd

K (t− s, x− ξ)×

×
(∫
Rd

b(s, ξ, ζ)u(s− h, ζ)dζ

)
dξ

)
ds+

+

t∫
0

∫
Rd

K (t− s, x− ξ)f(s, u(s− h), ξ)dξds+

+

t∫
0

∞∑
n=1

√
λn

(∫
Rd

K (t− s, x− ξ)×

× σ(s, u(s− h), ξ)en(ξ)dξ

)
dβn(s) =

4∑
j=0

Ij(t),

0 ≤ t ≤ T , x ∈ Rd,
u(t, x) = ϕ(t, x), − h ≤ t ≤ 0, x ∈ Rd,

and prove that this operator is contractive. In
order to do it, firstly let’s show that Ψu ∈
∈ B2,T for each u ∈ B2,T,. For this purpose
five norms ∥Ij(s)∥2B2,t

= sup
0≤s≤t

E∥Ij(s)∥2L2(Rd)
,

j ∈ {0, . . . , 4}, must be estimated.
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Taking into account property (2), Cauchy-
Schwartz inequality and assumptions (5), (10),
one obtains for ∥I0(s)∥2B2,t

∥I0(s)∥2B2,t
= sup

0≤s≤t
E∥I0(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∫
Rd

K (s, x− ξ)

(
ϕ(0)+

+

∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ

∥∥∥∥2
L2(Rd)

≤

≤ 2 sup
0≤s≤t

E

∥∥∥∥∫
Rd

K (s, x− ξ)ϕ(0)dξ

∥∥∥∥2
L2(Rd)

+

+ 2 sup
0≤s≤t

E

∥∥∥∥∫
Rd

K (s, x− ξ)×

×
(∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ

∥∥∥∥2
L2(Rd)

≤

≤ 2E ∥ϕ(0)∥2L2(Rd) + 2E

∥∥∥∥∫
Rd

b(0, x, ζ)×

× ϕ(−h, ζ)dζ
∥∥∥∥2
L2(Rd)

= 2E ∥ϕ(0)∥2L2(Rd)+

+ 2E

∫
Rd

(∫
Rd

b(0, x, ζ)ϕ(−h, ζ)dζ
)2

dx ≤

≤ 2E ∥ϕ(0)∥2L2(Rd) + 2

(∫
Rd

∫
Rd

b2(0, x, ζ)dζdx

)
×

× E

∫
Rd

ϕ2(−h, ζ)dζ = 2E ∥ϕ(0)∥2L2(Rd)+

+ 2

(∫
Rd

∫
Rd

b2(0, x, ζ)dζdx

)
E ∥ϕ(−h)∥2L2(Rd) <

<∞.

By using Cauchy-Schwartz inequality
and assumptions (5), (10), one obtains for
∥I1(s)∥2B2,t

∥I1(s)∥2B2,t
= sup

0≤s≤t
E∥I1(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∫
Rd

b(s, x, ξ)u(s− h)dξ

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

(∫
Rd

b(s, x, ξ)u(s− h, ξ)dξ

)2

dx ≤

≤ sup
0≤s≤t

(∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× E

∫
Rd

u2(s− h, ξ)dξ =

= sup
0≤s≤t

(∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× E∥u(s− h)∥2L2(Rd) ≤

≤
(

sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× sup
0≤s≤t

E∥u(s− h)∥2L2(Rd) ≤

≤
(

sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
0≤s≤h

E∥u(s− h)∥2L2(Rd)+

+ sup
h≤s≤t

E∥u(s− h)∥2L2(Rd)

)
=

=

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s−h≤0

E∥u(s− h)∥2L2(Rd)+

+ sup
0≤s−h≤t−h

E∥u(s− h)∥2L2(Rd)

)
=

=

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s≤0

E∥u(s)∥2L2(Rd)+

+ sup
0≤s≤t−h

E∥u(s)∥2L2(Rd)

)
=

=

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s≤0

E∥ϕ(s)∥2L2(Rd)+

+ sup
0≤s≤t−h

E∥u(s)∥2L2(Rd)

)
≤
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≤
(

sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s≤0

E∥ϕ(s)∥2L2(Rd)+

+ sup
0≤s≤t

E∥u(s)∥2L2(Rd)

)
<∞.

While estimating ∥I2(s)∥2B2,t
, by usi-

ng Cauchy-Schwartz inequality and Fubini
theorem, one concludes

∥I2(s)∥2B2,t
= sup

0≤s≤t
E∥I2(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

( s∫
0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)
dτ

)2

dx ≤

≤ sup
0≤s≤t

sE

∫
Rd

s∫
0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)2

dτdx ≤

≤ t sup
0≤s≤t

E

∫
Rd

s∫
0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)2

dτdx =

= t sup
0≤s≤t

E

s∫
0

∫
Rd

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)2

dxdτ ≤

≤ Ct sup
0≤s≤t

E

s∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

× u(τ − h, ζ)dζ

∥∥∥∥2dxdτ = Ct×

× E

t∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

× u(τ − h, ζ)dζ

∥∥∥∥2dxdτ , (16)

if conditions of lemma 4 from [4] are valid,
where

u(τ, x) =

∫
Rd

K (s− τ, x− ξ)

(∫
Rd

b(τ, ξ, ζ)×

× u(τ − h, ζ)dζ

)
dξ,

g(τ, x) =

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ. (17)

Here ∇x ≡ (∂x1 . . . ∂xd)
T, D2

x ≡

≡

 ∂2x1 . . . ∂x1xd
... . . . ...

∂xdx1 . . . ∂2xd

, ∥ · ∥ is the

corresponding matrix norm. Thus the aim
is to verify that conditions of lemma 4 from
[4] are executed for our function g, defined by
(17). In order to do it, it is necessary to prove
that

1) with probability one for each 0 ≤ τ ≤ t∫
Rd

b(τ, · , ζ)u(τ − h, ζ)dζ ∈ L1(Rd); (18)

2) |∇xg| ∈ L2(Rd), ∥D2
xg∥ ∈ L2(Rd). (19)

1. While proving (18), one obtains via usi-
ng Cauchy-Schwartz inequality and conditions
(9), (5)

E

∫
Rd

∣∣∣∣∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣dx ≤

≤

∫
Rd

√√√√∫
Rd

b2(τ, x, ζ)dζdx

×
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×
√√√√E

∫
Rd

u2(τ − h, ζ)dζ ≤

≤

 sup
0≤τ≤t

∫
Rd

√√√√∫
Rd

b2(τ, x, ζ)dζdx

×

×
√

sup
0≤τ≤t

E∥u(τ − h)∥2
L2(Rd)

≤

≤

 sup
0≤τ≤t

∫
Rd

√√√√∫
Rd

b2(τ, x, ζ)dζdx

×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

) 1
2

<∞,

therefore with probability one∫
Rd

∣∣∣∣∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣dx <∞.

2. Condition (19) will be proved for |∇xg|, since
for ∥D2

xg∥ it is similar.
Firstly it is necessary to show differentiabi-

lity of (17) at the point x = x0 — an arbitrary
point from Rd.

Let Bδ(x0) be the vicinity from p. 3 of the
theorem. One obtains through the use of condi-
tions (11) and (14)

|∇xb(τ, x, ζ)u(τ − h, ζ)| ≤ ψ(τ, x, ζ)×
× |u(τ − h, ζ)| =

(
ψ(τ, x, ζ)− ψ(τ, x0, ζ)+

+ ψ(τ, x0, ζ)
)
|u(τ − h, ζ)| ≤

(
|ψ(τ, x, ζ)−

− ψ(τ, x0, ζ)|+ ψ(τ, x0, ζ)
)
|u(τ − h, ζ)| ≤

≤
(
φ(τ, ζ, x0, δ)|x− x0|+ ψ(τ, x0, ζ)

)
×

× |u(τ − h, ζ)| ≤
(
δφ(τ, ζ, x0, δ)+

+ ψ(τ, x0, ζ)
)
|u(τ − h, ζ)|.

Let’s verify that(
δφ(τ, · , x0, δ) + ψ(τ, x0, · )

)
×

× |u(τ − h, · )| ∈ L1(Rd). (20)

Using Cauchy-Schwartz inequality and
assumptions (13), (12), (5) yields

E

∫
Rd

(
δφ(τ, ζ, x0, δ) + ψ(τ, x0, ζ)

)
×

× |u(τ − h, ζ)|dζ = δE

∫
Rd

φ(τ, ζ, x0, δ)×

× |u(τ − h, ζ)|dζ + E

∫
Rd

ψ(τ, x0, ζ)×

× |u(τ − h, ζ)|dζ ≤

≤

(
δ

√√√√∫
Rd

φ2(τ, ζ, x0, δ)dζ+

+

√√√√∫
Rd

ψ2(τ, x0, ζ)dζ

)
×

×
√

sup
0≤τ≤t

E∥u(τ − h)∥2
L2(Rd)

≤

≤

(
δ

√√√√∫
Rd

φ2(τ, ζ, x0, δ)dζ+

+

√√√√∫
Rd

ψ2(τ, x0, ζ)dζ

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

) 1
2

<∞,

hence with probability one∫
Rd

(
δφ(τ, ζ, x0, δ)+ψ(τ, x0, ζ)

)
|u(τ−h, ζ)|dζ <∞.

Thus, according to local theorem on di-
fferentiability of an integral by parameter, for
function (17) there exists its gradient ∇xg and

∇x

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ =

=

∫
Rd

∇xb(τ, x, ζ)u(τ − h, ζ)dζ. (21)
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It remains to prove that

∇x

∫
Rd

b(τ, · , ζ)u(τ − h, ζ)dζ ∈ L2(Rd).

Since, according to (21), (11), Cauchy-
Schwartz inequality, conditions (12) and (5),

E

∫
Rd

∣∣∣∣∇x

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣2dx =

= E

∫
Rd

(∫
Rd

∇xb(τ, x, ζ)u(τ − h, ζ)dζ

)2

dx ≤

≤ E

∫
Rd

(∫
Rd

|∇xb(τ, x, ζ)u(τ − h, ζ)|dζ
)2

dx ≤

≤ E

∫
Rd

(∫
Rd

ψ(τ, x, ζ)|u(τ − h, ζ)|
)
dζ

)2

dx ≤

≤
(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
E

∫
Rd

u2(τ − h)dζ =

=

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
E∥u(τ − h)∥2L2(Rd) ≤

≤ sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× E∥u(τ − h)∥2L2(Rd) ≤

≤ sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× sup
0≤τ≤t

E∥u(τ − h)∥2L2(Rd) ≤

≤ sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

)
<∞,

one concludes that∫
Rd

∣∣∣∣∇x

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣2dx <∞.

Thus conditions of lemma 4 from [4] are

valid, hence in (16)

∥I2(s)∥2B2,t
≤ CtE

t∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

× u(τ − h, ζ)dζ

∥∥∥∥2dxdτ ≤

≤ CtE

t∫
0

∫
Rd

(∫
Rd

∥D2
xb(τ, x, ζ)∥×

× |u(τ − h, ζ)|dζ
)2

dxdτ ≤

≤ Ct

t∫
0

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× E∥u(τ − h)∥2L2(Rd)dτ ≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

)
<∞.

Cauchy-Schwartz inequality, Fubini
theorem and conditions (6), (2), (8), (5)
yield for ∥I3(s)∥2B2,t

∥I3(s)∥2B2,t
= sup

0≤s≤t
E∥I3(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, u(τ − h), ξ)dξdτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

( s∫
0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, u(τ − h, ξ), ξ)dξdτ

)2

dx ≤

≤ sup
0≤s≤t

sE

∫
Rd

s∫
0

(∫
Rd

K (s− τ, x− ξ)×
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× f(τ, u(τ − h, ξ), ξ)dξ

)2

dτdx ≤

≤ t sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× |f(τ, u(τ − h, ξ), ξ)|dξ
)2

dxdτ ≤

≤ t sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

×
(
χ(τ, ξ) + L|u(τ − h, ξ)|

)
dξ

)2

dxdτ ≤

≤ 2t sup
0≤s≤t

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× χ(τ, ξ)dξ

)2

dxdτ+

+ 2L2t sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× |u(τ − h, ξ)|dξ
)2

dxdτ = 2t×

× sup
0≤s≤t

E

s∫
0

∥∥∥∥∫
Rd

K (s− τ, x− ξ)×

× χ(τ)dξ

∥∥∥∥2
L2(Rd)

dτ+

+ 2L2t sup
0≤s≤t

E

s∫
0

∥∥∥∥∫
Rd

K (s− τ, x− ξ)×

× |u(τ − h)|dξ
∥∥∥∥2
L2(Rd)

dτ ≤

≤ 2t sup
0≤s≤t

s∫
0

∥χ(τ)∥2L2(Rd)dτ+

+ 2L2t sup
0≤s≤t

E

s∫
0

∥u(τ − h)∥2L2(Rd) dτ ≤

≤ 2t

t∫
0

∥χ(τ)∥2L2(Rd)dτ+

+ 2L2tE

t∫
0

∥u(τ − h)∥2L2(Rd) dτ =

= 2t

t∫
0

∫
Rd

χ2(τ, x)dxdτ+

+ 2L2tE

t−h∫
−h

∥u(τ − h)∥2L2(Rd) d(τ − h) =

= 2t

t∫
0

∫
Rd

χ2(τ, x)dxdτ+

+ 2L2tE

0∫
−h

∥ϕ(τ)∥2L2(Rd) dτ+

+ 2L2tE

t−h∫
0

∥u(τ)∥2L2(Rd) dτ ≤

≤ 2t2 sup
0≤τ≤t

∫
Rd

χ2(τ, x)dx+

+ 2hL2t sup
−h≤τ≤0

E ∥ϕ(τ)∥2L2(Rd)+

+ 2L2tE

t∫
0

∥u(τ)∥2L2(Rd) dτ <∞.

Using Cauchy-Schwartz inequality, Fubini
theorem and conditions (7), (2), (3), (4), (5),
one obtains

∥I4(s)∥2B2,t
= sup

0≤s≤t
E∥I4(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥
t∫

0

∞∑
n=1

√
λn

(∫
Rd

K (t− s, x− ξ)×

× σ(s, u(s− h), ξ)en(ξ)dξ

)
dβn(s)

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

( s∫
0

∞∑
n=1

√
λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, u(τ − h, ξ), ξ)en(ξ)dξ

)
dβn(τ)

)2

dx =
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= sup
0≤s≤t

E

∫
Rd

s∫
0

∞∑
n=1

λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, u(τ − h, ξ), ξ)en(ξ)dξ

)2

dτdx =

=
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× |σ(τ, u(τ − h, ξ), ξ)|en(ξ)dξ
)2

dxdτ ≤ L2×

×
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

×
(
1 + |u(τ − h, ξ)|

)
en(ξ)dξ

)2

dxdτ = L2×

×
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∥∥∥∥∫
Rd

K (s− τ, x− ξ)×

×
(
1 + |u(τ − h)|

)
endξ

∥∥∥∥2
L2(Rd)

dτ ≤ L2×

×
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∥∥(1 + |u(τ − h)|
)
×

× en
∥∥2
L2(Rd)

dτ ≤ 2L2

∞∑
n=1

λnE

t∫
0

(∥∥en∥∥2L2(Rd)
+

+
∥∥u(τ − h)en

∥∥2
L2(Rd)

)
dτ = 2L2

∞∑
n=1

λn×

× E

t∫
0

(
1 +

∫
Rd

u2(τ − h, x)e2n(x)dx

)
dτ ≤

≤ 2L2

∞∑
n=1

λn

(
t+ E

t∫
0

∫
Rd

u2(τ − h, x)dxdτ

)
=

= 2L2

( ∞∑
n=1

λn

)(
t+

+ E

t∫
0

∥u(τ − h)∥2L2(Rd)dτ

)
=

= 2L2

( ∞∑
n=1

λn

)(
t+

+ E

t−h∫
−h

∥u(τ − h)∥2L2(Rd)d(τ − h)

)
=

= 2L2

( ∞∑
n=1

λn

)(
t+ E

0∫
−h

∥ϕ(τ)∥2L2(Rd)dτ+

+ E

t−h∫
0

∥u(τ)∥2L2(Rd)dτ

)
≤ 2L2

( ∞∑
n=1

λn

)
×

×
(
t+ h sup

−h≤τ≤0
E∥ϕ(τ)∥2L2(Rd)+

+ E

t∫
0

∥u(τ)∥2L2(Rd)dτ

)
<∞.

Thus the above five estimates together
imply that for u ∈ B2,T

∥Ψu∥2B2,T
= sup

0≤t≤T
E

∥∥∥∥ 4∑
j=0

Ij(t)

∥∥∥∥2
L2(Rd)

≤

≤ 5 sup
0≤t≤T

E
4∑
j=0

∥Ij(t)∥2L2(Rd) =

= 5 sup
0≤t≤T

4∑
j=0

E∥Ij(t)∥2L2(Rd) ≤

≤ 5
4∑
j=0

sup
0≤t≤T

E∥Ij(t)∥2L2(Rd) =

= 5
4∑
j=0

∥Ij(t)∥2B2,T
<∞.

Since Ft-measurability of (Ψu)(t) is easily
verified, one concludes that Ψ is well defined.

Next, it is necessary to prove that operator
Ψ has a unique fixed point. Indeed, taking
into account the above five inequalities and the
property of linearity of integral, one obtains

∥I1(s)(u)− I1(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I1(s)(u)− I1(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∫
Rd

b(s, x, ξ)×

×
(
u(s− h)− v(s− h)

)
dξ

∥∥∥∥2
L2(Rd)

≤
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≤

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× ∥u− v∥2B2,t
, (22)

∥I2(s)(u)− I2(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I2(s)(u)− I2(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h)dζ

)
dξ

)
dτ−

−
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)v(τ − h)dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h)dζ−

−
∫
Rd

b(τ, ξ, ζ)v(τ − h)dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)
(
u(τ − h, ζ)−

− v(τ − h, ζ)
)
dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

≤

≤ CtE

t∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

×
(
u(τ − h, ζ)− v(τ − h, ζ)

)
dζ

∥∥∥∥2dxdτ ≤

≤ CtE

t∫
0

∫
Rd

(∫
Rd

∥D2
xb(τ, x, ζ)∥×

× |u(τ − h, ζ)− v(τ − h, ζ)|dζ
)2

dxdτ ≤

≤ Ct

t∫
0

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× E∥u(τ − h)− v(τ − h)∥2L2(Rd)dτ ≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× sup
0≤τ≤t

E∥u(τ − h)− v(τ − h)∥2L2(Rd) ≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)− ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t−h

E∥u(τ)− v(τ)∥2L2(Rd)

)
≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× sup
0≤τ≤t

E∥u(τ)− v(τ)∥2L2(Rd), (23)

∥I3(s)(u)− I3(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I3(s)(u)− I3(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥
s∫

0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, u(τ − h), ξ)dξdτ−

−
s∫

0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, v(τ − h), ξ)dξdτ

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥
s∫

0

∫
Rd

K (s− τ, x− ξ)×

×
(
f(τ, u(τ − h), ξ)−
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− f(τ, v(τ − h), ξ)
)
dξdτ

∥∥∥∥2
L2(Rd)

≤

≤ L2ct2∥u− v∥2B2,t
, (24)

∥I4(s)(u)− I4(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I4(s)(u)− I4(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥
s∫

0

∞∑
n=1

√
λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, u(τ − h), ξ)en(ξ)dξ

)
dβn(τ)−

−
s∫

0

∞∑
n=1

√
λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, v(τ − h), ξ)en(ξ)dξ

)
dβn(τ)

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

∞∑
n=1

√
λn×

×
(∫
Rd

K (s− τ, x− ξ)
(
σ(τ, u(τ − h), ξ)−

− σ(τ, v(τ − h), ξ)
)
en(ξ)dξ

)
dβn(τ)

∥∥∥∥∥
2

L2(Rd)

≤

≤ L2c

( ∞∑
n=1

λn

)
t∥u− v∥2B2,t

. (25)

Estimates (22) — (25) yield

∥Ψu−Ψv∥2B2,t
= sup

0≤s≤t
E

∥∥∥∥ 4∑
j=1

(
Ij(s)(u)−

− Ij(s)(v)
)∥∥∥∥2

L2(Rd)

≤

≤ 4 sup
0≤s≤t

E
4∑
j=1

∥Ij(s)(u)− Ij(s)(v)∥2L2(Rd) =

= 4 sup
0≤s≤t

4∑
j=1

E∥Ij(s)(u)− Ij(s)(v)∥2L2(Rd) ≤

≤ 4
4∑
j=1

sup
0≤s≤t

E∥Ij(s)(u)− Ij(s)(v)∥2L2(Rd) =

= 4
4∑
j=1

∥Ij(s)(u)− Ij(s)(v)∥2B2,t
≤

≤ 4

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx+

+ Ct2 sup
0≤τ≤t

∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx+

+ L2ct2 + L2c

( ∞∑
n=1

λn

)
t

)
∥u− v∥2B2,t

=

= γ(t)∥u− v∥2B2,t
, {u, v} ⊂ B2,t.

Due to (15), the first term of γ is less, than
one. Therefore, by choosing small 0 ≤ t1 ≤
≤ T , one concludes that 0 ≤ γ(t1) ≤ 1.
It means that operator Ψ, defined in Banach
space B2,t1 , is contractive, and, according to
Banach theorem on a contractive mapping, has
a unique fixed point — mild solution u ∈ B2,t1

of (1) on the interval [0, t1]. This procedure
can be repeated finitely many steps on other
sufficiently small intervals [t1, t2], [t2, t3], . . . ,
[tn−2, tn−1], [tn−1, T ], — components of the enti-
re interval [0, T ], — and, as a result, the soluti-
on is obtained as union of solutions on these
small intervals. Thus, the theorem is proved.
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