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Tepnomninbebkuii HAIIOHAJILHUN TIearoriuynmii yHisepcurer imeni Bosogumupa ['naTioka

HABJINXKEHHS ®YHKIIIN MHOT'OYJIEHAMUI HA JOBILJIBHOMY
ITPOMI2KKY 3 BUKOPUCTAHHAM IHTETPAJIBHUX PIBHAHD

PosrismyTo aaropurM mobymoBr MHOTOWIEHIB [1J1si HAOIMKEeHH: (DYHKIII HA JOBUIBHOMY IIPO-
MikKy 3 obsacti i1 Buznadenus. [lokazano, mo g GyHKHOl y = e 1eit aaroput™ JI03BOJISIE

Oy/lyBaTH MHOTOYJIEHU N-TO CTEIEHs, sKi 3ICHIOIOTh 11 aCUMIITOTUYHO HAMKpaIe HaOJMKEeHHS.
Karouoei crosa: nHabiimzkeHHsT QYHKIN, aCHMIITOTUYHO HaflKpale HaOJIMXKEHHsI, iHTerpaJibHi

piBastHHA Bosbreppa.

The article describes algorithm for construction of polynomials for approximation of function
on arbitrary interval from the range of its definition. It is shown that for the function y = e* this
algorithm allows us to construct polynomials of n-th degree, which make its asymptotically best

approximation.

Keywords: approximation function, asymptotically best approximation, Volterra integral equati-

ons.

Hexait dyukuis y(x),z € [—h; h],h > 0,
€ posB’sa3koM 3ajadi Komr jyrs siniitHoro mau-
depeHIiaabLHOrO PiBHAHHS 3 MHOIOWJIEHHUMU
koedirmienramun abo ekBiBaJIeHTHOTO i iHTe-
rpajbHOro piBHAHHS Bosbreppa

aofalyle) = [ Kl Dylt)dt + Pla),

ne K, (z,t) — mHOrOWIEH Bij 3MiHHUX Z 1 t,
aop(x) 1 P(x) — MHOrOWIEHN Bij 3MiHHOI X, JIO
TOro X ag(x) > 0 pst Oyap-sikoro « € [—h; h).

s wabsimkenns GyHKIGT y(r) MHOrOUWIE-
HAMU MOYKHA BUKOPUCTATU AITPOKCUMAITIHHUIT
merog (A-meron), pospobsennit B. K. I3siu-
koM [1]. Lleit merom 3pydHmit THM, MO s
HabsmkeHHs byHKIIT y(2) T0CTATHBO 3HATH
JIUIIIEe Te, 10 BOHA € PO3B A3KOM 3a3HAYEHO-
ro iHTErpaJibHOTO PiBHAHHSA, TOOTO HOro MO-
JKHA BUKOPHCTOBYBATHU I IONIYKY HaOJIU-
JKEHNX PO3B’gI3KiB TaKuxX PiBHsHBL. Kpim To-
ro, A-MeToJI € OCHOBOIO JIBOX CIIOCODIB paliio-
HAJILHOI alpOKCUMAIIil PYHKIIi: parioHaabHOo
anpokcuMariiiinoro merony (PA-mertomy) [2] i
" miniiftHOr0" CIOCOOY palioHAIBHOI allPOKCUMa-
mii [4, 5].

Y pobori B. K. zamuxa 3] A-meron Bu-
KOPHUCTaHWIT JIJIs1 HAOJIMYKEHHS JIETKUX eJIeMeH-
TapHuX QYHKIIH — HUM 100Y/I0BaHi MHOIOYJIe-

HH, sIKi 3JII{ICHIOIOTh 1X aCUMIITOTUYIHO HallKpa-
e abo HaKpale 10 MOPSIKY HaOIUKEHHS.

BazHaunmo, mo A-MeToj MOKHA BHKOPHU-
CTOBYBATH JIjid HAOJIMKEeHHA (PYHKIH MHOTO-
YIEHAMH Ha CHMETPUIHOMY IPOMIXKKY [—h; hl.

Axmo mis jgesxoi dyHkiil y(x) noTpibHO
OOY/TyBATU AIPOKCUMAIIHHAN MHOTOYWIEH N~
r'o CTelleHsl, siKuil 3/1ificHIoBaB Ou 11 HAOJIMKEeH-
Hsl HA HECUMETPHYIHOMY [IPOMIKKY [2o— h; xo+
h], ne h > 0, xy — AesKe AificHe YUCJIO, TO MO-
JKHA JIOTPUMYBATHUCS TaAKOTO aJITOPUTMY:

1) 3pobuBIu 3aMiHy = = u + o, OTPUMATH
dbyukiio y(u + o), BU3HAUECHY HA CHMETPHU-
YHOMY TPOMIKKY [—h; hl;

2) nobyysaru i GyHKIGT y(u+ xg) anpo-
KeuMariiitanit Muorowien P,(u) 3a A-meromom
(SIKITIO TIe MOYKJIMBO);

3) MOBEPHYBIIUCH IO 3aMiHH, MaTHMEMO
muorowien P, (z — xg), gxuii 37iiicHioe Habm-
skerHs QyHKIT y () HA TPOMIXKKY [T — h; 2o+
h].

s pany dyukiiii y(x), x € [xo—h; zo+h],

JIAaHWI aJrOPUTM JI03BOJII€ Oy lyBATH MHOIO-
qJIEeHH N — IO CTeleHs, 9Ki 3JHCHIOITHL 1X
ACHMIITOTUIHO HaWKpale HabJKeHHd. Tak,
posrigaoun GyHknito y = €%, r € [rg —
h; xo + h], omep:kaHO Takuii pe3yJbTar.

Teopema. s bynkiil y = e*, x € [xg —
h; xg + h|, i MHOrOWIEHA
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Poz) = 3 cilz — m)',
=0
' n+1 ) -
neci=7% y, jihlty,i=0,n;
j=itl
-1
n—+1

T =ce"| > jlhit ; t;— KoedinienTn
=0

n+1 )
muorowiena Yebumosa 1), 11 (x) = ) t;a7,
=0

BUKOHYETHCS PIBHICTH

le” — Pu(x)]] =

Clag—hizg+h]

1
= (1 + O (ﬁ)) En(em)c[zo—h;wmhl‘

oBenennsi. 3poOUBIIH 3aMiHy T = U+ Xy,
OTPUMAEMO (DYHKITIIO

u—+ o

y(u) =e" 7",

ne u € [—h;h]. g dyHKIig € po3B’a3KoM 3a-
madai Korri

y'(u) —y(u) =0 ;y(0) = e™

Ta eKBIBaJIEHTHOI'O 111 IHTerpaJIbHOIO PIBHAHHS
Bossreppa
u
y(u) = /y(z)dz + e*.

0

(1)

Bukopucropyroun  A-meron,  dyHKIIiO
y(u) = e*T™ u € [—h;h], HaGmmkarnMe-
n .
MO MHOPOWIEHOM Y,(u) = Y. c;u’, dkuil €
i=0
PO3B’SI3KOM PiBHSIHHS

u
u

Yn(u) = /yn(z)dz + ™ — 7T, 14 <%> , (2)
0
5le T — JedKa craJia.

Is ObOIro piBHHHHH Ma€eMO:

. n+1
utt

;Ciul_;cii n 1+€x0—7';t@' <%> .

[IpupiBHSABIIN B OcTaHHIl PiBHOCTI KOedirtri-
€HTU TPU OJIHAKOBUX CTENEHSX U, OTPIMAEMO

cucrteMy n + 2 JiHIRHUX PIBHSHB 3 N + 2 HeBI-
JIOMUMU Cg, C1, ..., Cp 1 T, 3 AKOI 3HAXOJUMO:

- n+1
C; = ﬁ E j!hijtj,’i = O,n,
Tj=itl
n+1 -1
T =e" Zj!h‘ﬂtj
7=0

Posrisanemo pizuuigo y(u) — y,(u) = ry(u).
Bignsasum nowrenno Bif pisrocti (1) piBHicTsb
(2), osiep:KUMO iHTerpajibHe PiBHSIHHS

u

ro(u) = /rn(z)dz + 7101 (%) .

0

Buaitmosnmm 7, (u) Ta r,(0), 3aminnmo 1a-
He iHTerpaJibHe PiBHAHHS €KBIBaJIEHTHOIO IO-
My 3ajadero Korri:

Tn(O) = Tto.

Jlerko mepekonaTucs, 1O PO3B A3KOM ITi€T
zagadi Ko € dyHKITisS

rp(u) =7 (Tn+1 (%) +

u

e ()

o

Hexait

Tomi
e’ — P,(x) = €® —y,(x — x9) = rp(z — x0).
Oninumo HOpMY

le” = Pu()]] =

Clug—h; mg+h]

= [lra(z = 20)

||C[a:07h; zg+h] ’

Jst poro noBepraemoch y dbopmyi (3) 10
3aMiHU 1 OJIEPKYEMO:

ro(T — x9) = T(Tn+1<x _h%)—l—
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T—20 1+ o

< < * .
+ / ea:—a:o—zTn+1 (%) dZ) (4) — |7-| (1 + |an|) - 11— ‘Oén’En(e )C[zofh;zoJrh]
0 Y TakoMy BUIQJIKY
Hexait :_p
T—IQ . ”6 B n(l’)HC[IO*h;zOJﬁh] B
a, = ay(z) = / eI TEFT (—) dz .
= ||rp(z — 2 <
/ h lrn(e —@o)lle, =
Toxi piBnicTs (4) MaTHMe BUTIST 1+ Jon| (")
1 —| n| " C[$O*h9zo+h]
r—x
ro(x —xz0) =7 <Tn+1 < 0) + ozn> ,(5)  Ockimbku
JlaJti, BUKOPUCTOBYIOYH JIPYTY T€OPEMY PO le® = Pu(z) Hclwrh:m ] =
cepeJiHe Jyist inTerpasis 1 HepisuicTs [6]
xr
t = En(e )C[ﬂco—h;xo-'-h]’
/ T, (%) dz| < il’ TO 3 OCTaHHIX JIBOX HEPIBHOCTEIl MaeMo:
n p—
0 e - P@ll, =
net € [—h;h|, onep:KUMO OILIHKY: rohizoth]
1
2he" = - v
|an| < ‘ : <1 o (n)> En(e >C[$0*h%zo+h]'
n

Teopemy soBejieHO.

3ayBarkenHsi. CIIiBBiIHOIIEHH, OJeprKa-
Hi y JIOBEJICHHI TEOPEMU, JIO3BOJIAIOTH OIIHUTH
BEJIMYUHY HANKPAIIOro HaOJIMKEHHS (DyHKITIT
y =€, = € [xg — h;xo + h], MHOrOUIEHAME
cTelleHd He BUINEe n. Tak, 3 HepiBHOCTEI

Orxe, sxmo n > 2he™, to | a,, [< 1.

3 piBrocri (5) BUmIMBAE, WO st TAKUX
3HAYEHb N PI3HUN T, (T — Tg) B N + 2 TOYKax
S = Xo — hcosn’f—f1 , k = 0,n+ 1 nabysae
3HAYEHDb, 3HAKU SIKUX [TOYE€PIOBO 3MIHIOIOTHCSI.
Tomy na ocuoBi Teopemu Basiie-Ilyccena s
n > 2he" marumenmo: le” — Pu(a)]l, < |7 (14 |ow])

. [zg—h;zg+h]
En(e )C[Io*h swo+h] =

> min |7, (S — Tg)| =
= Ji o) e = Pu(a)]

> [T (1 = fewl),

C

o — [xg—h ;zg+h]
= rélinJrl T (Tn+1 ( G . 0) + Oén) > BUILIUBAE, 1110
_ 1
> 7] (1= laul), e - P, :Q+o(g)m
3BiIKHI ohizoth] "
1 N abo
= T B ins

1
. ) En(ex)c[ hgin <1 + O (—)) 7).
Bpaxosytoun piBaicTh (5) 1 ojiepKaHy He- 20 ~hizo n
piBHiCTB, 15T Oy/Ib-IKOTO T € [Tg — h; 2o + Al
MaTHUMEMO:

<1l
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Ouinuim | 7 | mus Bunajgky h < 2, ojep-
JKMMO aCUMITOTUYHY PIBHICTD I BEJTMYUHU
HANKPAIIoro piBHOMIPHOIO HAOIMZKEHHS:

r — Xy
T ( . )‘+ Ian|> < E,(e")c —

[xg—h ;zg+h]

[rn(z = @0)| <




2670 A" 1
= —— —_— 1 —
mr(3) (+0()
ne h < 2.
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