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Annotation. The method of studying the class of inverse problems with the inversion of the estimate of the corre-
lation matrix of observations was further developed. Analytical expressions are obtained that reflect the behavior of the
spectral functions for the Capon and maximum entropy algorithms under intrasystem uncertainty conditions. The area
of the correct representation of the problem being solved. The spectral reliefs are constructed, allowing to estimate the
influence of disturbances of the correlation matrix with different conditionality on the spatial frequencies resolution of
the system.
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Anomayin. Ompumas nooanvuiull po3gUMOK Memoo 00CHIOHNCEHHS KIACY 360POMHUX 3a0ay i3 IHBEPCIE0 OYIHKU
Kopenayitnoi mampuyi cnocmepesicenb. Ompumani anarimuyni 6upasu, wo 6i0oopaicarmes NOBEOTHKY CHEKMPATbHUX
@yukyiii ona aneopummie Ketinona i maxcumanvroi enmponii 6 ymosax eHympicucmemnoi Heguznauenocmi. Busnauena
0baacmeb KOpeKmHO20 Npedcmasients 3a60anHs, wo po3e azyemoca. Ilodyoosani cnekmpanvhi penvedu, wo 0036015-
J0Mb OYIHUMU 8NIUE 30YPEHb KOPEaYItHOi Mampuyi 3 pizHoio 00yMO8IeHicmio Ha po30ilbHy 30AMHICMb CUCeMU No
npoCmMopoBUx YacHOmax.

Kniouosi cnosa: npocmoposa uacmoma, cnexkmpanvia Qynxyis, areopumm Keiinona, arecopumm maxcumaibHol
eHmponii, enympicucmemui 30ypenHsi, po3nooiIbHA 30AMHICMb, KOPEIAYIUHA MAMpPUYs, NapamMempudtuLl 6eKmop, cne-
KMpanvHuil perveg.

Annomayusn. Ilonyuun Ooanvheiiuee pazsumue mMemoo UCCIEO08AHUS KAACCA 0OPAMHBIX 3a0a4 C uHeepcuell
OYEHKU KOPPEISIYUOHHOU Mampuybl Habmodenuil. Tlonyuenvt anarumuieckue SblpajiceHuss, omoopaxicarouue nosede-
HUE CREeKmMpanbHblX QYHKYuil 0 areopummos Kelinona u MaxCUMAnbHOU SHMPONUU 6 YCI0GUAX GHYMPUCUCTIEMHOU
Heonpedenennocmu. Onpedeniena 001acmb KOPPEKMHO20 npedcmagienus pewiaemon 3aoayu. Ilocmpoernvl cnekmpaib-
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Hble pe‘]lbed)bl, noseoJisilowue oyeHums 6luslHue 603’Myu;€Hu171 KOppeJlﬂquHHOﬁ mampuysl C paf)’flu’-lHOlZ OﬁyC]lO@]leHHO-
CmMblo HA paspewuaroyro CnocoOHOCMb cucmeMbl HO npoCmpaHCmeeHHbIM Yacmomam.

Kniouegvie cnosa: npocmpancmeennas wacmoma, cnekmpanvhas @Qyuxyusa, arcopumm Ketinona, ancopumm
MAKCUMATLHOU SHMPONUY, BHYMPUCUCTEMHBIE BOSMYUEHUS, PA3Peualowds CROCOOHOCMb, KOPPETAYUOHHAS MAMPUyd,
napamempuieckuli 6eKmop, CHeKmpanbHblll peibed.

FORMULATION OF THE PROBLEM. ANALYSIS OF STUDIES AND PUBLICATIONS

The solution of a wide class of space-time signal processing problems in applications of opti-
cal, radar, sonar, technical diagnostics, communications and radio navigation involves the use of
spectral analysis methods to spatial frequencies resolution of the power spectrum of stochastic radi-
ation. Frequency resolution, being a qualitative characteristic of spectral analysis, determines the
degree of detail of spectrum studies [1-3].

Under conditions of localization of point radiation sources within the Rayleigh interval, alter-
natives to classical spectral analysis are algorithms based on calculating the inversion of the maxi-
mum likelihood (ML) estimate of the correlation matrix of samples of a multidimensional process.
Such a computational procedure is basic for the Capon and maximum entropy (ME) algorithms,
which, under ideal conditions, make it possible to obtain asymptotic spectral functions with sharp
peaks in the direction to point radiation sources [4-6].

Physically, such restrictions are determined by the level of irremovable intrasystem perturba-
tions generated by internal noise, limited accuracy of the calculations, inadequacy of direct and in-
verse transformations and the absence of isomorphism in the real system [8, 9]. These factors, re-
gardless of the nature of origin and various kinds of detailed assumptions, generate intrasystem un-
certainty, under which stochastic changes of parameters in Capon and ME algorithms are accompa-
nied by non-deterministic variations in the result of solving a computational problem. These cir-
cumstances actualize the problem of studying the influence of intrasystem perturbations on the spa-
tial frequencies resolution in Capon and ME algorithms.

The well-known solution of this computational problem [2, 4, 6, 7], based on the methods of
adaptive spatial filtering, involves the construction of spectral functions according to Capon f. (G))

or ME algorithms f,,.(©), respectively:

1

fe(®)= v(e)AV(e)' @)

fME (®) = %' (2)
[g"AV(0)|

where © — spatial frequency argument , (@) : o, (®)=2rsin®/A, A —wavelength; A™ —in-
verse correlation matrix of observations; V(©) — non-random complex N-dimensional vector of unit
length; g"=[1,0,0,...,0] — vector of dimension N ;[x]" — transpose and complex conjugation symbol.

Practically, spectral functions (1) and (2) are formed by scanning the search vector V(@) of a
certain sector of space, replacing the true correlation matrix of input realizations A with its
ML estimate A=A+AA, where AA is the matrix of intrasystem perturbations. The analysis of the

characteristics of spectral functions under intrasystem perturbations is usually carried out by statis-
tical modeling, which, because of a fixed number of experimental results, reflects particular situa-
tions, which limits the representation of the problem to be solved at a generalized (asymptotic) lev-
el. A natural approach to overcoming this limitation is the use of analytical research methods.

Objective — application of an analytical approach to the problem of estimating the influence
of intrasystem perturbations on the spatial frequencies resolution in Capon and ME algorithms.
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To achieve this goal, let us set the initial data model:

— the ML estimate of the (N xN)-dimensional correlation matrix A is formed by measuring
the Gaussian process U (N, L) by the algorithm A=A(L)=L"[U(N,L)-UT(L,N)|, where L — the
number of time discrete of observations;

— estimate of the matrix A(L) with a limited number of samples L is presented in additive
form A=A(L)=A+AA(L), where A A(L) — Hermitian random matrix of intrasystem perturbations.
Under condition L >> N, the estimate of the matrix A(L) is nondegenerate and has an asymptotic
boundary EmA(L)z A;

— the statistical moments of the matrix of intrasystem perturbations are equal to
M{aA}=lim {L"AA(L)f=0(N,N),

M{AA-AAT = lim (LA ALAATL)] =] A TNN),

where M{*} — statistical averaging operator; 0(*) and I(*) — zero and unit matrices;

o2 =|AA|*/| A|* — dispersion of intrasystem perturbations of the matrix, here | *|| — norm of ma-
trix;

— search vector V(0) is represented by deterministic complex functions, the argument of
which depends on the spatial frequency:

Vi@)=[1ir(@),
where r'( [e’“’ gi240(©) .e“N*l)A"’(@)] . Here Ap(®)=w,(®)AX, AX — the distance be-
tween the phase centers of isotropic sensors located along the x axis of the three-dimensional space
R(x,Y,2).

Based on the accepted model of statistical moments of intrasystem perturbations, we estimate
their influence on the degree of deformation of the spectral functions for the Capon (1) and ME al-

gorithms (2). In this context, we approximate the inverse estimate of the correlation matrix A™ by
the matrix power series:

At=(A+AA) =AY (1) (aA A7) @3)
i=0
To determine the conditions of convergence of the series (3), we use the approximation matrix

E=A"—A™. With a limited number of terms of series i =1,v and taking into account the Cau-
chy-Bunyakovsky inequality, the approximation norm E can be represented as

l-{At A< aan] <3 [an] [, @
jaal A -

4 v)
1-Jaa]-[a% |

Using (4), we define the upper limit of the approximation norm for the root-mean-square error of
intrasystem perturbations o, :

where ' [aA ['[A7] -
i=1

H £ H :HA—l _A—lH < GAQA]-[i;(ZACA)V] , )
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where ¢, = A™|-| A | - condition number of matrix A .

It is the condition number that determines the distance to the degenerate matrix and the sensi-
tivity of the algorithms with the inversion of the estimate of the correlation matrix to intrasystem
perturbations of the original data [10, 11]. Physically, characterizing the contrast of the spectral de-
composition of the correlation matrix, the condition number depends on the energy of the observed
process, the sample size of the input realization, the number of radiation sources and their relative
position in space [3, 4].

Subject to condition ¢,(, <<1 and an unlimited number of terms of series v, expression (5)
has a limit

im IS % 6,0 . ©6)

Consequently, the permissible level of perturbations of the elements of the correlation matrix

A is determined by inequality o, <<1/C,, which allows us to limit the matrix decomposition of
inverse estimate A™ in the Capon and ME algorithms to terms of the second order of smallness:

AT =(A+AA) = AT -ATAAAT F ATAAATAAAT, (7)

Let us first estimate the influence of the perturbations AA of the correlation matrix A on the

deformation of the Capon spectral function (1). To do this, we take into account the initial statistics

of the perturbation matrix AA and, averaging expression (7), we obtain:
M{A = A1+ (o2 | AR At At (8)
where tr A — spur of matrix A™.

Dependence (8) makes it possible to write the expression for the Capon spectral function (1)
with a perturbed inverse correlation matrix in the generalized form

: 1

f.(©)= - :

7 v(e)M{A] v(e)
To clarify the degree of deformation of the Capon spectral function (9) under the influence of

intrasystem perturbations, we define its relationship with the condition number £, of matrix A.

)

Given the result of averaging (8) and using the matrix inequality | A*V(0)[ <| A”|-| V(©)], we
detail expression (9) as follows:

- 1
fe(0)= V(0) AMV(O)+c3CA NtrA™' (10)

where N =||V(©)|" — dimension of the adaptive system.

The form of representation (10) allows you to set the interval of allowable values of a per-
turbed Capon spectral function. In particular, the upper limit of function (10) is determined from
condition 4 — 0, and its lower limit satisfies the condition when A=P, I(N,N), where P, — the
level of internal (thermal) system noise. Therefore, the correct values of the Capon spectral function
(10) belong to interval PN * < f.(®) < f.(®) provided that 63(2<<1.

Further, following the accepted logic of reasoning, we estimate the influence of perturbations
AA of the correlation matrix A on the deformation of the spectral function for the ME algorithm
(2). For this purpose, we divide the correlation matrix into blocks:

10
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Ay ial
A= {-(i" iB } ’ -

where A, — element of the matrix A; a=A(2:N,1) — column vector of the matrix A of di-
mension (N —1)x1; B=A(2:N,2:N) — block of the matrix A of dimension (N —1)x(N —1) with
condition number ¢ g =H B‘lM B H

Using the block entry of the matrix A (11) and performing the corresponding vector-matrix
transformations [8, 11], we obtain the expression for the spectral function of the ME algorithm
det A-(det B)"
ME( ): LT 20
\[15 W ]'\/@3)\
where det — matrix determinant; W — parametric vector that has dimension (N —1)x1 and
satisfies Wiener's solution [2-4]:

(12)

W=-B"q. (13)
Under condition (13), the ratio of determinants detA-(detB)™ is
Jy = detA A,-a'Ba,
det B

which corresponds to the minimum of a positive definite quadratic form
Jww)=[1iwT]AlLiwT

Then, taking into account the introduced notation, the spectral function (12) can be represent-
ed as follows:

o
fue (G)):Wv

where G(®)=[1| W] V(®) - spatial transfer function of the adaptive system.

Note that, under condition (13), the zero values of function G(®) will be oriented towards ra-
diation sources, and function f, (®) will have maximum values in these directions.

Let us study the behavior of the spectral function for the ME algorithm f,,.(®) under condi-
tions of intrasystem uncertainty, when parametric vector W differs from Wiener's solution (13) by
a random value AW = AW(AB,Aa):

W=W+AW = (B+AB)*(a+Aa) = W. (14)
Block elements AB and Aa of intrasystem perturbations matrix
retain the characteristics of the statistical moments inherent in the original matrix A A, name-
ly:  M{Ae}=0(N-1,1); M{ABAa}=0(N-1,1); M{AaAa’|=c]a|’-1(N-1,N-1);
M{AB-AB™}=c2[B[f-1(N-1,N-1), here o> =|Aa[’/|a| u o3 =|AB|*/|BJ .

We define the random displacement of the parametric vector AW in expression (14). When
condition o, {z<< 1 is fulfilled, vector AW can be approximated by a linear form [8, 9]:

11
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N-1 N-1 N-
aw=>Y WEB.e) o Z o, (15)
i1 = 0By

where B, — elements of blocks (B,a) e A; i,jel,N —1.

ij? i

Having performed a series of transformations [8, 10], we will reduce the expression (15) to
the matrix form AW:—B’l(A BW-A a) and represent the perturbed parametric vector (14) in the
final form:

W=W-B*(ABW-Aa )=W. (16)
Taking into account (16), we rewrite the expression of the spectral function (12) as follows:
. Iww)  a(ww)
fME(® T P 2 ~ 21 (17)
wlve) [cle)
where  J(W,W)=[1: WT]A[1iWT]" - quadratic form with perturbed argument;

= [1 \TVT]V(®) — spatial transfer function of an adaptive system with a perturbed parametric
vector.

Applying the averaging operation to expression (17) and taking into account the statistical
moments of the intrasystem perturbations AB and A, we obtain the expression for the spectral

function for the ME algorithm
(0)o—totlodlBI W ola B

o IR R RERTCIE
Let us establish the dependence of function (18) on the condition number of the correlation

matrix BeA based on the representation of the matrix norms |Br(®)|<[B|-|r(®)

|wW | <|B™|-|e| and [r(©)]*=N-1. As a result, we obtain:

- (0)- JO+(CSZBCZB+G§)-||0z||2-trB’l .

G ©)*+{o5C5+0s f(N-D)-[W ]

Let us determine the interval within which the values of the perturbed spectral function are
found for the ME algorithm (19). Based on the logic of the previous arguments regarding the Capon
algorithm, we assume that the upper and lower limits of the function (19) correspond to independent

conditions: (c3,52)—>0, A=P, | (N, N). In this case, the values of the spectral function (19) will

(18)

(19)

belong to the interval P, < f,,.(©) < f,,-(®) under condition c2¢2<<1.
In a situation with poor conditionality of the correlation matrix B, when , >>1, and equality

of the values of variances o3, 6>, the intrasystem perturbations in (19) will satisfy inequality

c4C2>> 2. It follows that the welght of perturbations of matrix AB prevails over the weight of
perturbations of absolute terms Aa, that is, the spectral function of the ME algorithm in different
degrees is critical to the perturbations of the Wiener parametric vector (16).

The results of the analysis of the spectral functions of the Capon (10) and ME algorithms (19)
make it possible to place accents in the considered analytical approach:

— first, with an increase in the level of intrasystem perturbations o3,c% and o2, the values
of the maxima of the functions, reflecting the position of radiation sources in space, decrease;

— secondly, the influence of intrasystem perturbations on the contrast of spectral functions
increases with an increase in the conditional number of the correlation matrix of observations and

12



IHU®POBI TEXHOJOTIII, Ne24, 2018

the dimension of the adaptive system. Accordingly, the contrast of spectral functions at the output of
the N-dimensional system deteriorates and, as a result, the resolution of spectral lines closely locat-
ed in frequency decreases. However, ignoring intrasystem perturbations, an increase in the condi-
tion number of the correlation matrix and the dimension of the adaptive system leads to the opposite
effect in the theory — an increase in the contrast of spectral functions (10) and (19), and, conse-
quently, an increase in the spatial frequencies resolution of the system. This contradiction is charac-
teristic of a fairly wide class of inverse problems whose solution is based on the inversion of the
estimate of the correlation matrix of observations with a limited sample size [6, 10, 11, 12];

— thirdly, the neglect of intrasystem perturbations reduces the adequacy of the analytical
model of the system to real conditions, which in practice leads to a significant increase in infor-
mation losses [4, 6, 9, 12].

We will demonstrate the behavior of the spectral functions for the Capon and ME algorithms
and estimate the spatial frequencies resolution of the system under the following conditions:

— the relative distance between the phase centers of spatially separated recording isotropic
sensors AX /L=05;

— independent noise emissions of the same intensity from the directions ®, =-1°, ©,=1° or
0,=-2° 0,=-1°, 0, =2° act on the system input;

— the excess of the noise emissions of each source above the internal noise level of the sys-
temis 30dB;

— the levels of intrasystem perturbations of the matrices A, B and vector o are equivalent
GZZGiZGZBZGs;

— correctness of the results obtained are guaranteed by constraints ¢5(%<<1 and o3¢ 2<<1,
determined by the perturbation theory of matrix forms.

The behavior of the spectral functions (10) and (19) under intrasystem perturbation conditions
is reflected in the direction-finding reliefs fc (@,02) and fME (@,62), shown in Fig. 1-6 for systems

of dimension N =5 (Fig. 1, 2) and N =15 (Fig. 3-6), respectively. The direction of arrival of signals
from radiation sources in Fig. 1-6 are indicated by arrows.

The contrast of the spectral relief and the distance between its peaks determine the frequency
resolution of radiation sources.

|| | |

)
o ch
- =
~ ~
~ o~
Nb (0 q 3
e 2
N— )
< =
S G
= c
2 o
3] 3]
c c -5 ’ I
=} . 16 S 5 4
w w 2 "
3 3 o . " % 0 0 &
B0y 5 ‘ 4 43 4 ¢ M
Direction, O (degrees) Variance lg(oz) Direction, © (degrees) Variance lg(o-z)

Figure 1 — Direction-finding relief f.(©,0?) Figure 2 — Direction-finding relief f,, (©,0?)
for: N=5, ©,=-1°, ©,=1° for: N=5, ©,=-1°, ©,=1°

13



IHU®POBI TEXHOJOTIII, Ne24, 2018

Function f¢(@, 6?) (dB)

BT W S T
0 Y .

s
Direction, © (degrees) Variance Ig(c?)

Figure 3 — Direction-finding relief f. (@,02)
for: N=15, ©,=-1°, ©, =1°

(0,0%) (dB)

Function f yg

)
1 »

Directi 88 % 33 ; 2
irection, © (degrees) Variance Ig(¢?)

Figure 4 — Direction-finding relief f,, (@,cz)
for: N=15, ©,=-1°, ©, =1°

okl

A

(0,0?) (dB)

Function f yg

Function f¢(®, 62) (dB)

I A A4S / 14
1o,

H 5 -3 ; ; r- 12 H 2
Direction, © (degrees) ¢ "% Variance 1g(¢?)

P 3 o

. . Y 4 4 2 42 . 2
Direction, © (degrees) Variance Ig(o?)

Figure 6 — Direction-finding relief f,, (@,02)
for: N=15,0,=-2°,0,=-1°,@,=2°

Figure 5 — Direction-finding relief f, (@,02)
for: N=15, ©,=-2°, ©,=-1°, @, =2°
Table 1 presents the peaks’ coordinates © of the spectral reliefs fC(G),cz) and fME (@,02),

depending on the dimension of the system N and the conditioning numbers of the correlation matri-
ces ., C, at fixed levels of intrasystem perturbations o°.

Table 1- Coordinates of the peaks of spectral reliefs

_ 0, ®, degrees _
Function | N degrees Ca Cs o2 _1015 0?10 Fig. Ne
5| -1;1 | 3x10° 0 0 1
fo(©0°) [ | 11 [105x10° -0,98; 0,98 3
-2;-1; 2 |183x10° -1,57;1,93 5
5| 1,1 | -  [1,3x10°] -0,93;,093 no local 2
— maxima
fe©0%)| | L1 | - | 8510 151 4
2;-1,2| - | 151x10°[-1,99; -1,05; 2,0 6

The analysis of the spectral reliefs FC(®,<52), fue (@,02), and the data given in Tab. 1, indi-

cates a steady tendency of deformation of the functions’ peaks of the Capon (Fig. 1, 3, 5) and ME
algorithms (Fig. 2, 4, 6), deterioration of the reliefs’ contrast and decrease spectral resolution in

14
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space under conditions of intrasystem uncertainty. At the same time, with an admissible level of in-
trasystem perturbations, the ME algorithm retains the ability to resolve the frequencies of the spatial
power spectrum of stochastic radiations, which is not characteristic of the Capon algorithm.

CONCLUSIONS

In a certain sense, the presented material can be considered as a generalizing commentary on
the development of an analytical approach for the study of spatial spectral analysis algorithms,
which are based on the inversion of perturbed estimates of the correlation matrices of the observed
processes. This approach allows us to link the spatial frequencies resolution, the level of intrasystem
perturbations, and the values of spectral functions for both the Capon and the ME algorithms with a
single analytical dependence. Such dependence allows:

— first, to assess the degree of influence of the perturbations’ level of the correlation matrix
on the deformation of the spectral reliefs for Capon and ME algorithms;

— secondly, it is theoretically to determine the permissible limits for changes in the values of
spectral functions at which there is a frequencies resolution of the spatial power spectrum under
conditions of intrasystem uncertainty.
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