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On the basis of the Navier-Stokes equations in the Boussinesq approximation in the linear approximation the classical problem
of Rayleigh, dedicated to the study of stable stationary solutions to the horizontal plane layer of a viscous, incompressible fluid
heated from below in the case of execution on the upper and lower boundaries of the layer of solid boundary conditions is
considered. The analytical solutions describing the perturbed velocity and temperature of the fluid in a cylindrical convection cell
with solid boundary conditions are obtained. The obtained analytical solution to build similar solutions of the problem with mixed
boundary conditions is used. The analytical expressions for the neutral curves in the case of solid and mixed boundary conditions
based on the obtained solutions are built. A comparison of the analytically constructed neutral curves with numerical simulations
obtained by other authors is carried out. The derived analytical expressions for the neutral curves of solid and mixed boundary
conditions with sufficient accuracy correspond to the numerical calculations is shown.

KEYWORDS: stationary linear of Rayleigh problem, cylindrical geometry, rigid or mixed boundary conditions, analytic solution,
neutral curves.

AHAJINTHYECKOE PEINIEHHAE U HEUTPAJILHBIE KPUBBIE CTAIIMOHAPHOM JIMHEMHOM 3A TAYH PIJIES
C TBEPJIbIMHU WX CMEIIAHHBIMY T'PAHAYHBIMH YCJIOBUSAMHA B IIWIAHIPUYECKON TEOMETPUA
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Ha ocHoe ypaBrennit HaBbe - CTokca B npu0imxkeHnn byccunecka B IMHEIHOM NPHOIMKEHHH pacCMOTPEHa KilacCH4ecKas 3aj1ada
P3J'le$[, MOCBALICHHAsA HCCJIICIOBAHUIO yCTOﬁHHBbIX CTallMOHAPHBIX peLueHmZ I TOPU30HTAJIBHOI'O IJIOCKOI'0 CJIoA BﬂSKOﬁ,
HECKHMAEMOH, MOI0rpeBaeMOii CHU3Y KUIAKOCTH B CITydae BBIIOJTHEHUS HA BEPXHEH M HI)KHEH TpaHMIaX CI0sI TBEPABIX IPAHHUYHBIX
ycaoBuit. {1 pacCMOTPEHHOH 3a1a4H MOTyYeHbl aHATUTUYECKUE PEHICHHUS, ONUCHIBAIONIIE BO3MYILEHHBIE CKOPOCTh U TEMIIEPATYPy
XKHUAKOCTH B IIITHHAPUIECKON KOHBEKTUBHOW SMEHKH C TBEPIABIMU I'PAHUYHBIMHU yclIOBHAMH. HaliieHHOe aHaIMTHYIECKOe pEeIIeHHe
HCTIONB30BAHO JUISl IOCTPOCHUSI PEIICHUH aHAJIOTUYHOM 3a/ladyl CO CMEIIaHHBIMY IPaHUYHBIMU ycIoBHsAMH. Ha ocHOBe HaliIeHHBIX
pelIeHui TOCTPOSHBI aHAIUTHYECKHE BEIPAXKEHHS U HEHTPAIBHBIX KPUBBIX B CIIy4ae TBEPIBIX M CMEIIAHHBIX TPAHUYHBIX YCIOBUH.
[IpoBeneHo cpaBHEHNE aHATUTHYECKH IIOCTPOCHHBIX HEHTPAIBHBIX KPUBBIX C Pe3yJIbTaTaMHU YUCIEHHOTO MOAEINPOBAHHUS, KOTOPBIE
MIOJTy4YeHBI APYruMH aBTopaMu. [Ioka3zaHo, 4TO aHAIUTHYECKHE BBIPAKEHUS JUIsl HEUTPAJIbHBIX KPUBBIX C TBEPABIMU ¥ CMELIaHHBIMU
rpaHU4YHBIMU YCIIOBUSMU C ZLOCTaTOqHOﬁ CTCIICHBIO TOYHOCTH COOTBETCTBYIOT YUCJIICHHBIM pacucTaM.
K/IFIOYEBBIE CJIOBA: crauuoHapHas JuHeWHas 3amada Pames, IUIMHApUYECKash TEOMETPHs, TBEpAble WIM CMELIaHHBIC
TpaHUYHbIE YCIIOBUS, AaHATUTHUECKOE PENIEHNE, HEHTPallbHbIE KPUBHIC.
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Ha ocnoBi piBusas Has'e - Crokca B HabmmkenHi Byccinecka B niHifHOMY HaOMMKeHHI pO3IIsiHyTa KJIacHYHA 3amada Peres,
MIPUCBSYEHA JOCHIKEHHIO CTIHKMX CTAalliOHAPHUX PIlIeHb IS TOPU3OHTAIBEHOTO INIOCKOTO IIapy B'S3K0i, HECTHCIUBOI PiUHH, III0
MAIrpiBaeThCs 3HU3Y, B pa3i BUKOHAHHS HA BEPXHIM i HIDKHIH MeXax IIapy TBEpAWX TPaHWYHUX yMOB. [t po3risHyTol 3amavi
OTpPHUMaHI aHANITHYHI PIlICHHS, 0 OMUCYIOTH 30ypeHi IIBUIKICTH i TeMIepaTypy PiIMHH B LMJIIHIPUYHOMY KOHBEKTHBHOMY
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ocepeslKy 3 TBEpAUMH TPAaHHYHMMH yMOBaMH. 3Hai[ieHe aHaNITHYHE PIICHHS BHKOPHCTAHO Ul MOOYMOBH pillleHb aHAIOTiYHOT
3amadvi 3i 3MIMIAHUMHU TPaHUYHUMH yMoBaMH. Ha OCHOBI 3HaiineHuX pilieHb MOOyJOBaHI aHANITHYHI BHPa3d Ul HEHTPaIbHHX
KPHUBHX B Pasi TBEpAMX 1 3MIIIAHUX TPaHUYHHX YMOB. [IpoBeneHO MOpIBHSHHA aHATITHYHO MOOYIOBAHUX HEUTpaIbHUX KPHBHX 3
pe3yabTaTaMy YHCENFHOTO MOAETIOBAHHS, SIKI OTPUMaHi iHIIMMH aBTOpaMu. [loka3zaHo, IO aHANITHYHI BUPA3H VIl HEHUTpaIbHUX
KPUBHX 3 TBEPJMMH 1 3MIlIaHUMH I'PAaHUYHUMH YMOBAMH 3 JIOCTaTHIM CTYNEHEM TOYHOCTI BiNOBIJAIOTh YHCEIFHUM PO3PAaXyHKaM.
KJIIOYOBI CJIOBA: cramionapHa jiHifiHa 3amada Peres, mumiHIpudHa reoMeTpis, TBepAl abo 3MillaHi IpaHHYHI yMOBH,
aHANITHYHE PileHHs, HEHTPaIBHI KPUBI.

Thermal convection occurs in nature [1,2], and in many technological processes [3]. For example, the convective
mass transfer of air is used in agriculture [4], in the process of crystals growth in microelectronics [5]. Description of
the cellular structures formation is important for applications of laser processing of materials [6].

Navier-Stokes equations in the Boussinesq approximation (NSBA) are used to describe the convection processes
in the layers of the viscous incompressible fluid heated from below. There are three types of convection problems which
differ by the boundary conditions: “free” with no tangential stresses at the layer boundaries; rigid or mixed (non-free)
when the vertical velocity and its gradient are equal to zero [1,7-9].

The solutions of the stationary linearized NSBA equations with non-free boundary conditions for the normal
perturbed velocity and temperature, in contrast to the free boundary conditions, have no analytical form and are
obtained by numerical methods [6,8]. Therefore the search for analytical solutions of stationary linearized NSBA
equations with non-free boundary conditions has certain scientific and practical interest.

The aim of this work is to obtain analytical solutions and neutral curves for linear stationary system of equations
consisting of the Navier-Stokes equations in the Boussinesq approximation and the heat conduction equation in the
presence of rigid or mixed boundary conditions.

THE THEORY OF CYLINDRICAL CELL WITH RIGID BOUNDARY CONDITIONS
In the problem of heat convection in the viscous medium with rigid boundaries [1] there was studied viscous liquid
layer with the thickness 4 and it was infinite in both axis x and y directions. Axis z was directed upwards

perpendicularly to the layer boundaries z =0 and z = /. Distribution of temperature inside the layer T, (z) was given
in such a way that the lower boundary temperature was higher the one of the upper boundary: 7,(0)=7,,
T,(h)=T,,(T, > 1)) . Let’s consider, that in equilibrium state the dependence of the layer temperature on z coordinate is
described by linear function:

VI (z)=-—¢., )

where © =T, -7, - the difference of temperatures between lower and upper planes, € - unit vector directed along the
axis z .

Basing on the experiment results one can make two conclusions [10]:

- the form of convection cells is a cylindrical one;

- the internal velosity distribution in the convection cell doesn’t depend on azimuthal angle ¢ .

On the ground of these conclusions we’ll search for the solutions of linearized NSBA [7] in cylindrical geometry.
In this case in the layer with flat boundaries the initial equations for perturbed vertical velocity v, and temperature T
have the form:

%sz =AAv, +RA,T , )
P%—T =AT +v_, 3)
t

’ . 1 L , .
where A=A, +6_2 - Laplacian operator, A, = —ai ri - transverse Laplacian in which on the basis of the axial
iz r or r

symmetry of the cells is not a term that characterizes the dependence of the perturbations of the azimuthal angle is
missing, i.e. everywhere we suppose o../9¢=0, R:gﬂh3®/(v;() - Rayleigh number, g — gravitational acceleration
directed against axis z, P=v/y - Prandtl number, v and y - coefficients of kinematic viscosity and thermal
conductivity of liquid correspondingly, S - volumetric coefficient of thermal expansion of the liquid, v_,T -
perturbations of vertical velocity and temperature correspondingly.

For reducing the system of equations (2) - (3) to the dimensionless type there were used the following
characteristic measurement units: unit of length — layer thickness /4 ; unit of time - 7 = A*v""; unit of temperature - © .
It has to be mentioned that for the chosen unit of length z coordinate changes within the interval 0 <z <1.
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System of equations (2) - (3) can be applied to define "normal" perturbations in the viscous liquid layer heated
from below under the condition that this system has to be complemented by the boundary conditions. In the current
study we’ll consider rigid boundary conditions — the case when on the boundaries at z =0 and z =1 perturbed velocity
projections, temperature and vertical speed derivatives have the satisfies next conditions [1,7]:

v,=v,=0;T=0,—==0. 4)

RECEIVING OF ANALYTICAL SOLUTIONS
The solutions of the linearized NSBA equations for the perturbations of vertical velocity and temperature in the
cylindrical geometry have the form of the cylindrical cell [9]:

v, (r.z,t)=v(z)J, (kr)exp(-4t),
©)
T(r,z,l) = S(Z)JO (krr)exp(—lt),

where 1 - the stability parameter [1,7]; v(z) and &(z) - amplitude of perturbations of vertical velocity and

temperature, J, (x) - the Bessel function of the first kind of zero order of the argument x, k, - the radial wave

number.
In the steady state ( A = 0 ) substitution of (5) in the linearized NSBA equations leads to the characteristic equation

[7]:

(#-0) =-a, ©)

1
where a = (k’R)*, b=k’ .
The roots of the characteristic equation (6) are given by

q,=%b-a;q,, =b+0.5a(1+i/3) =£(X, +iX_), g, =/b+0.5a(1-iN3) = (X, —iX ), (7

1
where X, = [0.5(«/;{2 +0.75a i;(ﬂz ., 7=05a+b, i=+/-1 - the imaginary unit.

The amplitude of the vertical speed in (5) is expressed in the terms of the characteristic equation roots, and
describes neutral perturbations. We'll seek for it in the form of:

V@) =2 C,exp(q,2), ®)

m=1

where C,, - constants defined by the boundary conditions:
v(0)=v(1)=0,0v(0)/oz =av(1)/6z =0, $(0)=9(1)=0 )

Equation (8) determines the critical Rayleigh numbers and an amplitude of neutral perturbation which can be
found only as an approximate numerical solution of transcendental equations [7].

The method obtaining of solution (8) with (9) in a simple analytical form is submitted below [10].

To do this, in (8) let’s suppose given the following relationships between the constants C,,: C, =C, =4 /2,

C=C=C=C=-4 / (4Ch(ZOX+)) , Where A4, - arbitrary constant, z, =0.5 - layer’s half-width coordinate. In this

case (8) takes the form:

v(z) = 4, [Ch(q1 (z—zo))—cos(Xf (z—zo))ch()(+ (z—zo))ch" (zoX+)]
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By setting ¢, =iva—b =inr and demanding the equality X =+a—-b =nz, the amplitude of the vertical
velocity should be determined by the formula:

v(2)= A [1-ch((z=2,) X, )ch™ (2,X. ) ]sin(zva=b). (10)

It is easily to show that the expression (6) satisfies the boundary conditions (9).

The equality of X =+a—b is valid for a= 8(117:)2 and b=7 (n;z)2 . Since the solution (6) describes the
cylindrical cell’s steady state (A =0) , the parameters a and b , or their scale-shift counterparts (see below.) should
determine the point K, lying on the neutral curve R/*“ (k).

Solution (10), as well as received on its basis the expression for the amplitude of perturbed temperature 9(2) (see

(5)) can be used for comparison with heat and mass transfer indexes in the convective cell with free boundaries [11].

THE CONSTRUCTION OF THE NEUTRAL CURVES FOR THE PROBLEM
WITH RIGID BOUNDARY CONDITIONS

Let’s use the solution (10) for the construction of the neutral curves R’ (k,) of the cylindrical cell’s stationary

(2=0) states. The neutral curves for a given n split the plane (R, k, ) and separate stable solutions (5) (below the

curve) and unstable ones (above the curve) [7].

In order to construct the neutral curves let’s use the solutions (10) invariance with respect to the scale-shift
transformation of the problem’s parameters: a , b . The term "invariance with respect to the scale-shift transformation"
responds to the immutability of the solutions (10) and boundary conditions form (9) to addition to @ and » of a
constant (shear invariance) and multiplication on a constant (scale invariance).

The shift invariance. Shift of the parameters a and » on an arbitrary value X, :

a—xO:S(nﬁ)z, b—x0:7(n7r)2, (1)

where -7 (n;z)2 < x, <o - arbitrary number, does not change the expression va—>5 in (6). It does not change the

values X, as according to (11) changed parameters a—x, and b—x, retain their values. Thus, the use of shift
transformation provides an analytical expression for the Rayleigh number:

3
s P2+ (B, k)"
R,:"gff’="—=( ( #) ) , (12)
b (B, k)"

where 7(nz)’ ~x, =(f,-k,)", B, and u, - the positive integers which depend on the modes’ number.

The scale invariance. The solution (10) is characterized by the scale invariance in relation to a and b . To
confirm this, let’s perform following replacement: (z,z,) - a,"'-(z,z,) in (10). Such replacement can be interpreted as
a change in the layer’s thickness h—«, -h, where o, # 0 - arbitrary positive number depending on the mode’s number,
n>1,2,3.... Then, to ensure the scale invariance of the expression (10) should be satisfied following conditions of
parameter’s change: @ —> > -a and b— . -b. As a result of the described above scale-shift transformation, the
expression (12) can be written as:

2\3 2 2 k )
R:igid — (abo;:s) =q, (n ”(;(ﬁk” )ﬂ”’) ) . (13)

Comparing the neutral curve (13) n=1 (curve 1, Fig. 1) to the numerical data obtained by other authors [7]
(points on the curve 1) shows good quantitative agreement. It allows to reliably determine the value of the constants in

the expression (13): «, =2.597, a, =1.674, 5, =0.7, u, =2.085 . Herewith the maximum relative deviation of the
Rayleigh number (13) of the numerical results [7] is about percent (lays in the range from -1.35% to 0.67%).
The circle (0) in Fig. 1 marks the point k. = 7 / 1.038=8,
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R =q. (87[2 - 5.087)3 /(77r2 - 5.087) =7062.177 corresponding to the parameters @ =87 and b="77" after scale-

shift transformations, where: «; =0.963, x, = 5.087 . It shows a fairly accurate location of points on the neutral curve.
Thus, the expression (13) for n =1 defines the functional dependence of the neutral curve on the wave number.

8000

R

6000

4000

2000

500

Fig. 1. Neutral curves for mode number n=1.
1 — two boundaries are rigid, 2 — rigid and free boundaries, 3 — two boundaries are free.

For the mode numbers n >1, using the minimum critical Rayleigh numbers for the horizontal layer with rigid
boundaries [7], one can show that the neutral curves are determined by the expression (13), wherein the constants o,

and g, should be given in the form:

2 2

5 037 ﬁ]"’; (\7;]#”#'
a, =a, [—J (n>2), B, = 2

! 1+ (n— 1(}]

u] (14)

Let’s define the exponent g, in the expression for £, .

It is known that for large mode numbers 7 the difference in the critical number of cell with solid boundaries and
free cell decreases, i.e. the exponent g, with the mode numbers 7 increase should aspire to the exponent for the free

cell ¢, =2 [7]. There under the exponent 4, can be approximated by the expression:

49.06n
= 15
Hr 24.53n-1 (15)

For n=1,2 the expression (15) provides g =2.085 and g, =2.04 that with sufficient degree of accuracy

corresponds to the results of numerical calculations in [7]. If n—>00, as noted above, the exponent x, aspires from

above to 2. Fig. 1 shows good agreement between the numerical calculations of the neutral curve points for n =2 and
its theoretical estimation (13):
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(2272_2 +(ﬂ2 'kr)#z )3
(ﬂz .kr)/’z

In this section, using the analytical solutions of the stationary linear Rayleigh problem with rigid boundary

conditions a family of neutral curves is built for the mode numbers »n>1 which with high degree of accuracy
correspond to the results of numerical calculations performed by other authors.

R =q , B, =0.814 (16)

2

THE CONSTRUCTION OF THE NEUTRAL CURVES FOR THE PROBLEM WITH
MIXED BOUNDARY CONDITIONS
Basing on the analytical dependence (13) let’s find the form of the neutral curve for the case of mixed boundary
conditions, when the upper boundary is free, and the bottom one is rigid. It can be shown that the form of the curve

3

(27 +(8k)")
24 (,32 'kr )/’z

accurately (up to 5%) corresponds to the critical point, calculated by numerical method R, =1100.657 [7].

(curve 2 in Figure 1) is given by: R™ =a, . Curve 2 has minimal value (Rl'"[") _ =1045.60 that

To compare the analytical dependences for neutral curves with rigid boundary conditions with neutral curves with
free boundaries the curve 3 in Fig.1 of Rayleigh problem is presented. It is shown that the analytical dependencies (13),
(16) (curves 1 and 2 respectively) for large arguments %, do not intersect, and asymptotically aspire to the neutral curve
of the cell with free boundaries.

In conclusion, we’ll note that obtained results are useful in solving the stationary Rayleigh problem with rigid

boundaries in the Cartesian coordinate system. To do this, one should replaced in (5) the &, by k = /k. + kf and the
Jo(k,r) by exp (ikxx + ikyy) .

CONCLUSION
Thus, in present paper analytical solutions of the stationary linear Rayleigh problem with rigid boundary
conditions are submitted. On the basis of those solutions the analytical dependencies are built for the families of neutral
curves of considered problem with rigid and mixed boundary conditions.
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