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Beam model of geometrical nonlinear longitudinal-flexural self-sustained vibrations of nanotube conveying fluid is obtained with
account of nonlocal elasticity. The Euler-Bernoulli hypotheses are the basis of this model. The geometrical nonlinear deformations
are described by nonlinear relations between strains and displacements. It is assumed, that the amplitudes of the longitudinal and
bending vibrations are commensurable. Using variational methods of mechanics, the system of two nonlinear partial differential
equations is derived to describe the nanotube self-sustained vibrations. The Galerkin method is applied to obtain the system of
nonlinear ordinary differential equations. The harmonic balanced method is used to analyze the monoharmonic vibrations. Then the
analysis of the self-sustained vibrations is reduced to the system of the nonlinear algebraic equations with respect to the vibrations
amplitudes. The Newton method is used to solve this system of nonlinear algebraic equations. As a result of the simulations, it is
determined that the stable self-sustained vibrations originate in the Hopf bifurcation due to stability loss of the trivial equilibrium.
These stable vibrations are analyzed, when the fluid velocity is changed. The results of the self- sustained vibrations analysis are
shown on the bifurcation diagram. The infinite sequence of the period-doubling bifurcations of the monoharmonic vibrations is
observed. The chaotic motions take place after these bifurcations. As a result of the numerical simulations it is determined, that the
amplitudes of the longitudinal and flexural vibrations are commensurable.

KEY WORDS: longitudinal-flexural self-sustained vibration, sequence of period-doubling bifurcations, chaotic self-sustained
vibration, Hopf bifurcation

MO310BKHI - 3SIrHHAJIbHI ABTOKOJIUBAHHS HAHOTPYBOK TPAHCIIOPTYIOUYUX PIIUHY
K. ABpamoB
Hayionanena axademis nayx Ykpainu, Incmumym npodaem mawunobyoysanns im. A.M. ITiocopnoco
eyn. J1. Ioocapewvrozo 2110, Xaprie 61046, Vipaina

VpaxoBylOUH HEIOKAIbHY MPYXHICTh, Yy CTaTi OTPHMAHO MOJENb IO3J0BXHBO — 3IHHAIBHUX aBTOKOJMBAaHb HAHOTPYOOK
TPAHCHOPTYIOUUX DPiJMHY IPU T€OMETPUYHO HemiHiiiHoMy nedopmysani. ['inotesn Eiinepa — BepHymii € 3acagamu 1iii Mozerni.
T'eomeTpruHO HemiHiiiHE AeOpMyBaHHS OMUCYETHCS HEMIHIHHAM 3B’ I3KOM MK Ae(hopMaLisMi Ta MEPeMIllCHHSIMHA HaHOTPYOKH.
IIpu BuBeeHi MozeNi MPHITYyCKAIOCs, [0 aMILTITYJU MOB3AOBXKHIX Ta 3rMHATBHUX KOJHBaHb CyMipHi. BukopucToByroun Bapiariiiai
METOAM MEXaHIKH, OTPUMAHO CHCTEMY ABOX HENIHIMHUX PiBHSAHD Y YaCTKOBHX MOXIAHUX BIIHOCHO IOB3JOBKHIX Ta MOMEPEYHUX
[ePEMILlICHb, SIKi OMHCYIOTh aBTOKOJIHMBAHHS HaHOTPYOOK. 3a JomomMororw Meromy lajepkiHa OTPHMaHO CHCTEMY HETiHIHHHX
3BUYaHHUX AU(EPEHIIHHNX PIBHSHB, SIKi ONMUCYIOTh aBTOKOJWBAaHHSI. MOHOTapMOHIYHI aBTOKOJMBAHHS JOCITIIKYIOTHCS METOJIOM
rapMOHIYHOTrO OanaHCy. AHaNi3 aBTOKOJMBAaHb 3BOAUTHCS 10 CHCTEMH HENIHIMHUX anreOpaidyHuX pPIBHSHb BiJHOCHO aMILIITY[
aBTOKO/IMBaHb. Taka cucTeMa HENHIMHUX PIBHAHb BHPILIYEThCS 3a JOMOMOrow Meroay HerootoHa. Y pe3ynbTaTi 4HCENbHOrO
MOJIyJIFOBaHHSI BCTAQHOBJICHO, IO HPH BTPaTi CTIHKOCTI TPHBIAJIBHOTO IOJOXKEHHS piBHOBarM BHacminok Oidypkauiii Xomda
BUHHUKAIOTh CTilKi aBTOKOJIMBAHHS, SIKi JOCII/DKYIOThCS IPH 3MiHI MIBUAKOCTI PyXy pPiIMHH NO HaHOTPYOLi. Pe3ympraté 1p0r0
aHaJi3y HaBOAAThCA Ha OidypkamiifHiil miarpami. Y cucTeMi CHOCTepiraeThcs HECKiHYEHA MOCTINOBHICTH OidypKaliii mOABOEHHS
Mepioly MOHO TapMOHIYHHMX aBTOKOJIMBaHb. Ilicis miit mocmimoBHOCTI OidypKalliif CIIOCTEPIraloThCsl XaOTHYHI pyXd. Y pe3ynbTarTi
YHCENBHOTO MOJICIIFOBAHHS BCTAHOBJICHO, 1110 aMILTITY/ M TIOB3/I0OBXKHIX Ta 3rHHAIbHUX KOJIMBAaHb CyMIpHI.

KJIIOYEBBIE CJIOBA: 10310BXHBO-3THHHI aBTOKOJIMBAHHS, IOCIIIOBHICTh Oi)ypKaliifi IOJBOEHHS TIIEpiofy, XaoTHYHi
aBTOKONMBaHH, Oidypkaris Xomda

MPOJOJHbHO-U3TUEHBIE ABTOKOJEBAHUS HAHOTPYEKH TPAHCIIOPTUPYIOIIEN )KUIKOCTD
K. ABpamoB
Hayuonanvnas akademus nayx Ykpaunot, Hucmumym npobnem mawunocmpoenus um. A.H. [Tooeoprozo
ya. Hoocaperozo 2110, Xapvros 61046, Vkpauna
VuuThIBas HENOKAJIBHYIO YIPYrocTb, B CTaThe IPEJCTAaBICHA MOJENb IIPOJOJIbHO-U3TUOHBIX aBTOKOJEOAHMH HAaHOTPYOKH
TPAaHCHOPTHPYIOWMEH KHUAKOCTh IIPH €€ TeOMETPUUSCKH HeIMHeWHOM aedopmupoBaHud. I'umoress! Ditnepa- beprymmm sBistorcs
OCHOBOI1 3TOM Mozenu. ['eomerpuueckn HenMHEHHOE Ae(OPMHUPOBAHUE OIMCHIBACTCS HETMHEHHOH CBSA3BIO MEXKAY Ie(hOpPMaUsIMU 1
nepeMenieHussMH HaHOTPyOku. [Ipu BBIBOJie MOZENM MNPEAINOJarajloch, YTO aMIUIUTYIBI NPOJOJIBHBIX M HM3THMOHBIX KosieOaHWi
cousMepuMsbl. Vcronb3ysi BapHallOHHBIE METOABI MEXaHHMKH, IIOJydeHa CHUCTeMa [BYX HEJIMHEHHBIX YpaBHEHMH B YaCTHBIX
IIPOM3BOJHBIX OTHOCHTEJIBHO MPOAOJIBHBIX U TIONEPEUHbIX NEPEMEIICHUH, ONMICHIBAIOIIAs aBTOKOJIeOaHusl HAHOTPYOKHU. C IOMOILbIO
Merozia [lajepkuHa BbIBEJCHA CUCTEMa HEJIMHEIHBIX OOBIKHOBEHHBIX JU(QEpeHINaIbHbIX YPaBHEHUH, ONUCHIBAIOLIAS
aBTOKOJIcOaHNs. MOHOTaPMOHHYECKHE ABTOKOJeOaHHMsS HAHOTPYOKH HCCIEOYyIOTCS METOIOM TapMOHM4Yeckoro Oamanca. Torma
aHaJIM3 aBTOKOJCOAHUI CBOJUTCSA K CHCTEME HENMHEHHBIX alreOpandyeckux ypaBHEHHiHl OTHOCHTENIBHO aMILUIMTY][ aBTOKOJIEOaHMIL.
Takast cucremMa HeNMHEHHBIX anredpanvecKux ypaBHEHUH pemaercst MetonoM HeioToHa. B pesynbraTe 4ncieHHOr0 MOAEINPOBAHUS
YCTaHOBJIEHO, YTO IIPHU MOTEPE YCTOWINBOCTH TPUBHAIBLHOTO COCTOSHHMSI paBHOBecHs BeliencTBue Oudypkannu Xorga odpasyroTces
YCTOHYMBBIE aBTOKOJEOAaHHs, KOTOPBIE MCCIENYIOTCS IPU N3MEHEHUH CKOPOCTH JIBIDKCHHS JKUIKOCTH 10 HaHOTpYyOKe. Pe3ynbpraTs
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TaKOrO aHalM3a NPEACTaBIIOTCA Ha OMpypKalMoHHONW nuarpamme. B cucreme HaOmromaercss O€CKOHEYHas IOCIEIOBATENBHOCTD
Oubypkamii yIBOSHHS IepHoJa MOHOTApMOHMYECKHMX aBTOKoyiebaHuil. [locme 3Toil mociemoBaTenbHOCTH —OUdypKanmii
HaOIIOJAIOTCS XAOTHYECKHE aBTOKOJeOaHMs. B pesyibrare 4YMCIEHHOTO MOJEIMPOBAHHSA YCTAHOBIECHO, YTO aMIUIHTYABI
MPOAOJBHBIX U U3THOHBIX KOJIEOAHUIT COM3MEPUMBI.
KJIFOYEBBIE CJIOBA: mnpomonbHO-M3THOHBIE aBTOKOJEOAHWS, IIOCIEIOBATENLHOCTh OH(pypKalMidi yOBOSHHA MEpHOAA,
XaoTHUecKue aBTokosebanus, oudypkamus Xomnda

Carbon nanotubes are macromolecules of carbon with a cylindrical shell shape. These tubes are used for a variety
of technological and biomedical applications including nano-pipes conveying fluids. The moving fluid causes the
structural instability and the self-sustained vibrations of nanotubes. The linear model of the nanotube conveying fluid,
which are based on the Euler-Bernoulli beam theory, are treated in the papers [1-6]. The effect of the fluid velocity on
the nanotube eigenfrequencies is analyzed. Wang, Lee, Chang [7, 8] derive the model of the vibrations of the nanotube
conveying fluid accounting nonlocal elasticity and the Euler-Bernoulli beam theory. The critical velocities of the fluid
are analyzed. Lee, Chang and others [9, 10] suggest the model of the nanotube vibrations in the elastic medium. The
vibrations of nanotube conveying fluid are analyzed by Chang, Lee [11] using the Timoshenko beam model.

The shell models, which are based on the Donnell theory and the nonlocal elasticity, are used to model the double
walled carbon nanotubes vibrations in the papers [12, 13]. The dynamic instability is analyzed. The model of vibrations
of triple-walled carbon nanotubes (CNT) conveying fluid is obtained on the basis of the Euler-Bernoulli beam model in
the paper [14]. The model of the vibrations of the multi walled carbon nanotubes conveying fluid is derived in the paper
[15]. The Timoshenko beam model is used to describe the multi-walled carbon nanotubes conveying fluid by
Khosravian, Rafii-Tabar [16]. The dependence of the eigenfrequencies on the fluid velocity is analyzed.

The model of the flexural — longitudinal self-sustained vibrations of the nanotube is derived in the present paper.
This model takes the form of the system of nonlinear ordinary differential equations, which describe the geometrical
nonlinear vibrations of the nanotube. The system of the differential equations is derived from the system of two partial
differential equations, which describe the flexural- longitudinal self-sustained vibrations of the nanotube conveying
fluid. The derivation of the model of the flexural-longitudinal self-sustained vibrations is the novelty of the present
paper.
The aim of the paper is analysis of the bifurcation behavior of the self-sustained vibrations of the nanotube
conveying fluid. The significant longitudinal vibration, which accompanies the flexural vibrations, is detected. This is
the novelty of this paper. Moreover, it is obtained, that the periodic monoharmonic self-sustained vibrations undergo the
infinite sequence of the period- doubling bifurcations. Then these motions are transformed into the chaotic ones.

MAIN EQUATIONS
The cantilever nanotube conveying fluid is considered (Fig.1). Following the papers [1, 3, 8], analysis of the
nanotube conveying fluid dynamics is reduced to modeling of very small dimension mechanical pipe vibration. The
length of the nanotube is L. The mass per unit length and the flexural stiffness are denoted by m and EI, respectively.
The fluid is moved with constant velocity U,. The nanotube is directed lengthwise x axis. The nanotube vibrations take
place in the plane (x, y). The projections of the displacements on the x and y axes are denoted by u(s,t) and v(s, t),
where s isarc length of the nanotube neutral line.

y U.
/|

- —

U.

Fig.1. Outline of nanotube conveying fluid.

The nanotube diameter is significantly less, then its length. Therefore, the Euler-Bernoulli theory is used in the
subsequent analysis. Thus, the shear and rotatory inertia are not accounted. The nonlocal elasticity is accounted in the
nanotube model [17, 18]. It is assumed, that the strains are small and the displacements are moderate. Then the
nanotube performs the geometrically nonlinear vibrations.

The cantilever nanobeam satisfies the following boundary conditions:

ov ou
V|s=o = s <=0 =ulgg=0; Ml =Qls=, = s sL =0, @)

where M is resultant bending moment; Q is resultant shear force.
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The Hamilton’s principle is applied to derive the equations of the nanotube motions. It takes the following form
for the cantilever nanotube [19, 20]:

5[ cdt = [ [y, (B + v.70) - 67, ] dt, @

where £ is Lagrange function, which has the form: £ = T + T; — [, Tr — is kinetic energy of the moving fluid;
T,,T1. are kinetic and potential energies of the nanotube; ¢t;, t, are initial and fina instances of time; M, is mass per
unit length of the moving fluid; 7, is radius-vector of the end of the nanotube neutral line; ¥ is unit tangent vector to
theneutral lineat x = L.

The deformed neutral line of the nanotube is considered. Then its position is described by the radius-vector [14]:
7= (s +u)® + vj°, where®,j° are unit vectors of the axes x, y. The unit tangential vector to the neutral line 7°

.20 _ 0T 4+ %20
takes the form: 7 =3 —(1+ ) P

The variation of the potential energy of the nanotube is the following:
8T, = [, [NSe + M5k]ds, ©)
where N is resultant longitudinal force' ¢ islongitudinal strain of the neutra line; k is curvature of the neutral line. The

2
longitudinal strain takes the form: ¢ = — + 0.5 (ax) s =4 ( ) + 0.5 (g—:) . The curvature of the neutral line
is determined as:

_ 9%y av\2 9%y
The variation of the potential energy has the form:
a2M 92 ov ] v ) d%v dv ] ou
ol = Jy oo {5+ 2 [ (3)'| - [V 3] - 2 Se 5] s + fy ou -5 - 2 (an )] as. )
The velocity of the nanotube motions is the following: l7p = Z—tz + ov ]»o The variation of the kinetic energy
takes the form:
t t

8 [ Tydt = —m [* f; [ﬁs +—5v] dsdt. (6)

The kinetic energy of the moving fluid Ty is considered. The velocity of the moving fluid I7F(s, t) has the form:
VF(s, t) = Vp(s, t) + U,7%(s, t). Thekinetic energy of the moving fluid is the following:

_ My (L ou ow\? v av\?
TF_7f0 {(U*+E+U*E) +(E+U*E) }ds, @)

The variation of the kinetic energy has the form:

ty
j(STth— f [Ml <a +UTL>'6FL:|dt_
t1

M, [ dt f; ds{6u[—+2U m+uzau]+5 [ﬁ+2U =

+U2“}. 8)

Following the variation methods [21], the equations (8, 7, 6, 5) are substituted into (2). Then the following system
of the partial differential equationsis obtained:

92M a%v 20% 9 [yov] 9 [, 0%vav o2 [mfav\?] _

TE O em S am U S e U2 SE - S NS - M 4 ﬂa)]—o' ©)
aN 9%u 26u d ou] _
o= (My +m) - 2M U, ——MlU g[ZNE = 0. (10)

2
The nonlocal elasticity of the nanotube is accounted by the equation [17]: oyy — (eya)? a;’z‘x = Eeyx, where

Oxx, Exx are stresses and strains; E is Young's modulus; a is internal characteristic length; e, is a constant. The
resultant longitudinal force and the resultant bending moment are determined as N = [ . Oxxdd; M= ) 4 YOxxdA,

where A is nanotube cross section. Strains of the arbitrary point of the nanotube are calculated from the following
equation:exy = € + yk. Then the resultant longitudinal force and resultant bending moment satisfy the following
equation:
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(eoa)2 = EAg; M — (eoa)z— = Elk, (12)

where I is cross section inertia moment.
The equations (11) are substituted into the equations (9, 10). Then the following equations of the nanotube
motions are obtained:

E164v+(M + )62v+2MU 2U+MU v (epa)? | (M; +m) o' +2M,U o' +MU264U
st T TG 1 gtas | U gsz 0 M T Gagee T AU G gss T VT e
+FV=0;
0%u 0%u 0%u 262u
EAﬁ—(Mlﬁ'm)ﬁ—ZMlU*%—MlU 552
(e0a)? {(M1+m)6262+2M1U » +M1U2"”}+FU_0 (12)

where

o ELo azv(av)z 0 (eray? 0’ [y, 07wy 9 M<6v)2 _
V' 2 0s2|0s2 \0s s Y g3 ds 0s20ds 0ds\ 2 \0s ’

Fu=ea () v 05(2) Vo 22 - o o] [8 2]
as |\os ds as ¢ asl
The resultant longitudinal force and the resultant bending moments (11) are substituted into the nonlinear functions
Fy, Fy; without accounting nonlocal elasticity. Asthe result, it is obtained:

p o B 62v<6v)2 9 ¢ 2 a3 .
V'™ 2 9s2|0s2 \os ds €od *

P = EA d <6u)2 +0 5(61})2 +2EA d ( ) a3 (au) <6u>3 +0 Sau (aV)Z
v =525 \as ~\9s s oo ds ds P s \as/) |
P 6u+(6u)2+05<6v)2 Elav 9*v\" EI 0 82v<8v)2

ds |ds Js “\0s Js \ 0s2 2 0s|0s2\0s/ |

The nonlinear dynamical system (12) is rewritten with respect to the following dimensionless variables and the
parameters:

L S.p= /MlL _ea .,  _p° = My
(@ 7) = (u v)in = L (m+M1)L4 Ussen = L’ 2’ Y= m+M;’ 13

where p = \E is cross section radius of gyration; R is radius of the nanotube middle surface. The system of the partia

differential equations (12) with respect to the dimensionless variables and the parameters (13) takes the form:

00 O g Y IT 20T [ 0T g Y O 500 gy,
on* Tz T qamar T a2 T O \anzace T “ T aanzar T ot TV T
0% 0% g 0% o 0% Y 0t zau
pa: €5 2£aU 37 o eU; pye + ce;; {6712612 ZaU* T U: }+ F,=0, (14)

where

s (617)26217 o ,0° i

V7 2 an?|\an) on? an "617
(6 ) o d 93 <6ﬁ)2+ (aﬁ>3+a6ﬁ <6ﬁ)2 _
2\0n ¢ on € 33 on3) |\on * on 2an\on) |’

P 1 6ﬁ+ (aa)2+a2 (617)2 v a? 6317(617>2_
- * on 2 \on/ |on 2 an3\on/ ’

Thus, the system of two partia differential equations is obtained. This system describes the longitudinal-flexural
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self- sustained vibrations of the nanotube conveying fluid. These self-sustained vibrations occur owing to the instability
of the trivial equilibrium of the nanotube. This dynamic instability is described by the system of the linear partial
differential equations.

DYNAMIC INSTRABILITY OF EQUILIBRIUM
The trivia equilibrium (& = ¥ = 0) of the nanotube conveying fluid is analyzed. The flexura vibrations, which
are described by the equations (14), can be the origin of the dynamic instability. Note, that the equations of the
longitudinal and the flexura vibrations (14) are uncoupled in the linear approximation. The nonlinear terms are not
accounted to analyze the dynamic stability. The motions of the flexural vibrations are treated. They are approximated
as.

Ny

o= z " @V, (15)
j=1
where V;(n) are flexural eigenmodes of the cantilever beam. The Galerkin method is applied to the partial differential
equation. Then the finite degrees of freedom linear dynamical system is derived with respect to the phase coordinates
z=(qW,v®) = (¢, ... q0. v = ¢, . v =4 as

1
z =Dz, (16)
where the matrix D has the following form:
_[0 EJ. %_ A-1g. &= r-1c.
p=[% _&iR=a7K C=alC
E isidentity matrix.
The characteristic exponents 1 are calculated to analyze stability of the trivial equilibrium. The solution of the
dynamical system (16) has the form: z = z,exp(At). The characteristic exponents are determined from the following

eigenvalue problem:
Dz, = Az,. an

FINITE DEGREES OF FREEDOM NONLINEAR DYNAMICAL SYSTEM
In order to study the self-sustained vibrations of the system (14) the finite degrees of freedom model is derived.
Then the flexural displacements are expanded in the form (15) and the longitudinal displacements take the form:
N3
1= ¢ @Um, (18)
j=1
where U; are the eigenmodes of the longitudinal vibrations.
The system of the nonlinear partial differential equations (14) is transformed to the finite degrees of freedom
nonlinear dynamical system to analyze the self-sustained vibrations of the nanotube conveying fluid. Then the

expansions (15, 18) are substituted into the equations (14) and the Galerkin technique is applied. The nonlinear finite
degrees of freedom dynamical system is obtained in the following form:

N1 Jj25j1 J3<)2

N1 N1 N1

= (V) ) - (v) w S W W)
ZAuqu +2Kuqu +ZCM‘1; + Z Z Z % jis Dy Dip s
j=1 j=1 j=1

J1=1 j2=1 j3=1

Nz N Nz jz25j1 Ni
w W ) w @ W W _ .
+ Z z lequjl 4j, + Z Z Z ﬂhjz]éqh 4, 955 = 0;
J1=1j2=1 J1=1 j2=1 jz=1
U= 1, ""Nl; (19)
Ny Nz Jjz25j1 N1 Jjz25j1
7w W A (W) ~() W (W A () (@)
Aty + Kyqy "’ZCM%‘ - Z Z Yy, Uy Z Z B, 4, ~
Jj=1 J1=1 j2=1 J1=1 j2=1
Ny J25j1 vJzsiz o) W W W _ N2 Ny Jz3<j2 p(w) W ) () _ Q. —
2j 1 X1 L=t $ois @iy U G — Zjima = 252 B9y 4, Gy =0 #=1,00 Ny, (20)
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where the matrixes elements A4,;,K,;,C,; ae treated in the previous sections; the values

(u) W pw ~(u) A o) Fw)
11]2]3 ﬂ]llz '811}213 J1j2’ ‘811]2'6]1]2]3 ﬂh]z]s depends on the SyStem parameters'

Thus, the nonlinear dynamical system (19, 20), which describes the self-sustained vibrations of the nanotube
conveying fluid, is derived. The harmonic balanced method [22] is used to study the self-sustained vibrations. Then the
vibrations take the form:

ql(v) = Al@ + AEV’S)sin(wr) + Bi(v)cos(a)r);i =1,..,Ny;

ql(u) Agu) + Agu’s)sin(a}‘r) + Bl.(u)cos(wr);i =1,..,N, (21)

Note, that one amplitude parameter from (21) for the autonomous system (19, 20) can be taken equal to zero. For
example, B’ = 0. In order to prove this, the motion ¢ is rewritten as: ¢’ = A" + 4, sin(wt + ). The dynamical
system (19, 20) is autonomous. Therefore, the following change of the variable isused 7 - 7 + % Then the equation
BM = 0istrue.

The amplitude parameters (21) ae merged into the wvector A of 3(N; +N,) dimension:
A=A A0, AD, AT, A, AT, .., AL, AGY)]. Following the harmonic balanced method, the solutions (21)
are substituted into the equatlons (19 20) and the amplitudes at the same harmonics are equated. As a result, the system
of 3(N, + N,) nonlinear algebraic equationsis presented in the form:

Gi(4,wT.) =0;j =1,... 3(N; + Ny). (22)

The goal of these calculations is to obtain the bifurcation diagrams, which show the dependence of the limit cycles
amplitudes on the fluid velocity U,. In order to obtain this dependence, the system of the nonlinear algebraic equations
(22) is solved numerically for different values of the parameter U,.

RESULTSOF NUMERICAL SIMULATIONS
Analysis of equilibrium stability
The CNT, which is treated in [2], is considered to verify the method of dynamic instability calculations. The
density of CNT material and the Young modulus are the following: peyr = 2.39 g/cm3 and E =1 TPa. The fluid
density is taken as: p,, = 1.0 9 /Cm3. The thickness of the nanotube and the radius of the middle surface are h =
20 nm and R = 30 nm. The nanotube with these parametersis called casell.
The origin of the nanotube dynamic instability with the aspect ratio i = 66.67 is anadyzed. The nonlocal

elasticity is not accounted in these calculations (eya = 0). The fluid velocity, when the dynamic instability starts, is
called critical. This velocity is denoted by U,,.. The dynamica system (16) with 2, 3, 4, 5 and 6 degrees of freedom is
analyzed to calculate the fluid critical velocity. The fluid critical velocities U, are presented in Table 1.

Table 1.
The fluid critical velocities (case l)

aspect ratio, i Ny | U ™5 | Uer,™s 6 yronh my
66.67 2 | 1492.35 0.011 -
66.67 3 | 1515.32 0.0035 1515.01
66.67 4 | 1512.87 | 1510 0.0019 1512.87
66.67 5 | 1511.95 0.0013 1512.25
66.67 6 | 1512.56 0.0017 1511.95
13.33 2 | 7461.76 0.013 -
13.33 3 | 7576.57 0.0022 7576.58
13.33 4 | 7564.33 | 7560 5.73e-4 7564.33
13.33 5 | 7559.74 3.44e-5 7559.74
13.33 6 | 7561.26 1.67e-4 7561.27

The values of the nanotube aspect ratio % are shown in the first column of the Table and the numbers of the

system (16) degrees of freedom N, are presented in the second column of the Table. The fluid critical velocities U, are
shown on the third column. The values of the critical velocities, which are published in the paper [2], are presented in
Wer—Uerl Thus, the critical

velacities of the nanotubes with the aspect ratio i = 66.67 are close for the dynamical systems (16) with 3 + 6 degrees

the fourth column. The relative differences of the critical velocities are calculated as; § =
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of freedom. Moreover, these critical velocities are very close to the data, which are published in [2]. Thus, the
convergence of the critical flow velocitiesis observed, when the number of degrees of freedom isincreased.

The fluid critical velocities in the nanotube with the aspect ratio i = 13.33 are analyzed. The nonlocal e asticity
is not taken into account (eya = 0). The results of the critical fluid velocity calculations are shown in Table 1. As

follows from the Table, the results, which are obtained from 3 + 6 degrees of freedom dynamical system (16), and the
datafrom [2] are close. Thus, the convergence of the obtained resultsis observed.

Table 2.

The fluid critical velocities (case 1)
aspect ratio,% Nl Ucr' m/S Ucr: m S 6
55.56 2 | 1169.95 0.14
55.56 3 | 1385.91 0.019
55.56 4 | 1377.09 | 1360 0,012
55.56 5 | 1363.88 0.0028
55.56 6 | 1361.91 0.0014
11.11 2 5850.53 0,14
11.11 3 | 6928.77 0,018
11.11 4 | 6885.49 | 6800 0,013
11.11 5 | 6819.43 0,0014
11.11 6 | 6809.55 0,0014

The nanotube with the radius of the middle surface R = 45 mn and h = 10 nm is considered. The density of the
nanotube material, fluid and the Y oung modulus are equal to the corresponding parameters of the case I. The nanotube
with such parameters is called case Il. The dynamic instability of this nanotube is analyzed. The results of the critical

velocities calculations for the nanotubes with the aspect ratio i = 55.56 are presented in Table 2. The designation of

the Tables 1 and 2 columns are the same. The fluid critical velocities, which are obtained from 4 + 6 degrees of
freedom dynamical system (16), and the ones from the paper [2] are close. The results of the critical velocities

calculations for the nanotube with the aspect ratio ﬁ = 11.11 are shown on Table 2 too. As follows from this Table,

4 + 6 degrees of freedom are enough to predict the critical fluid velocities. Thus, the convergence of the critical
velocities values is obtained, when the number of degrees of freedom N; isincreased.
Asfollows from the numerical analysis, if the fluid velocity U, and the critical velocity U, satisfy the inequality:

U, >1U,,
then the dynamic instability of thetrivial equilibrium is observed.

Self-sustained vibrations analysis
The geometrical nonlinear longitudinal-flexural self-sustained vibrations of the nanotube are analyzed. The
following parameters of the nanotube are used:

L
h=20nmm;E = 1TPa; R =30 nm; py, = 1g/cm3; SR 66.67; ega = 0.934 mn; R,y = 40 nm; Ry, = 20 nm,

where R, is external radius of the nanotube; R;,; is internal radius of nanotube. The dynamic instability of this
nanotube is treated at the beginning of this Section. In order to analyze the numerical results, the harmonic
approximation of the self-sustained vibrations (21) takes the form:

q =AY + AY sin(wt + 9,); q™ = &A™ + BY sin(wr + 6)). (23)

The harmonic balanced method is applied to analyze the self-sustained vibrations of the nanotube. The system of
the nonlinear algebraic equations (22) is solved numerically for different values of the fluid motions U,. The
calculations are performed with N; = 5; N, = 4 of the expansions (15, 18). Thus, the nonlinear dynamical system
consists of five equations (19) and four equations (20). Therefore, the system of the nonlinear algebraic equations (22)
has dimension 27.

As follows from the numerical analysis, the self-sustained vibrations are originated at the fluid critical velocity
U, = U,,. If the fluid velocity U, isincreased and passed through the value U.,., the nanotube trivial equilibrium loses
stability. The Hopf bifurcation takes place in the point of the stability loss. The limit cycle originates in this point. The
data of this limit cycle numerical simulations are treated. The self-sustained vibrations are approximated accurately by
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one harmonic (21). The flexural self-sustained vibrations ql.(”) have zero constant part AE”) = 0 and the longitudinal

motions qi(“) describe the static behavior of the nanotube: Bfi) =0; AE”) # 0. The convergence of the solution (15) is

analyzed. The results of the convergence analysis are presented in Table 3, where the amplitudes of the self-sustained

vibrations Aff) are shown for different values of the fluid motions. As follows from this Table, if the numbers of the

generalized coordinates qi(”) are increased, the amplitudes of the self-sustained vibrations are decreased quickly. As
A®

follows from Table 3, the following estimation is satisfied: e ~1073. Thus, the quick convergence of the solutionsis

observed.
Therefore, N; = 5 is enough to obtain the reliable results.
Table 3.
The convergence of the periodic vibrations
U,=6.6 U, =6.2 U,=58 U, =54
AY | 1.86592 1.52838 1.183594 0.8093442
A® | 0.79684 0.67386 0.540521 0.3840375
A® | 002912 0.02359 0.018422 0.0129016
AW | 0.01406 0.01078 0.007778 0.0049201
A® | 0.00248 0.00195 0.001445 0.0009400

The bifurcation diagram of the self-sustained vibrations is shown on Fig. 2.

Fig.2. The bifurcation diagram of the self-sustained vibrations

The stable and unstable motions are shown by solid and dotted curves, respectively. The amplitudes of the

vibrations qf’), which are denoted by Aﬁl), are shown on Fig.2. The Hopf bifurcation H; (Fig. 2) is denoted by small
circle. The trivial equilibriums are shown on Fig.2 by the lines, which coincide with abscissa axes. This equilibrium is
stable at U, < 4.95 and it is unstable at U, > 4.94. The solid lines (H,PD;) (Fig. 2) shows the stable salf-sustained
vibrations, which undergo the periodic doubling bifurcation in the point PD,. The direct numerical integrations of the
equations (19, 20) are performed to verify the results, which are obtained by the harmonic balanced method. These data
are shown on Fig.2 by small triangles. Moreover, the results, which are obtained by the harmonic balanced method and
the direct numerical integrations, are close. If the fluid velocity is increased, the self-sustained vibrations frequency is
decreased. The dependence of the self-sustained vibrations frequency w on the fluid velocity U, is shown on Fig.3.

Fig.3. The dependence of the self-sustained vibrations frequency on the fluid velocity.
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a)

b)

Fig.4. The phase trgjectories of the self-sustained vibrations at the following fluid velocities
a-U, =6.0;b-U, =6.1.

The period-doubling bifurcation is observed in the point PD, (Fig. 2). Thereafter, the infinite sequence of the
period-doubling bifurcations is observed. As aresult of this infinite sequence, the chaotic motions originate. The direct
numerical integrations of the equations (19, 20) are performed for different values of the flow velocities U, to identify
this bifurcation sequence. The results of such calculations are shown on Fig.4, where the phase tragjectories on the plane
(q,3) are shown. As follows from this Figure, the single-cycle is observed at U, = 6.0. If the fluid velocity T, is

increased, the period-doubling bifurcation is observed. Fig.4b shows two-cycle at U, = 6.1. If U, isincreased, one more
period-doubling bifurcation is observed numerically. Four-cycle originates owing to this bifurcation. As a result of the
infinite sequence of these bifurcations, the chaotic motions are observed. The Poincare sections are calculated to
analyze the self-sustained chaotic vibrations. The intersections of the tragjectory with the hypersurface

> =@ a0 a8 0860, 40 € RN G = o)

are determined numerically. The Poincare sections of the chaotic self-sustained vibrations at U, = 6.2 are shown on
Fig.5. The strange attractor on the planes (%", ¢{"’) is shown on this Figure. As an example, Fig.6 shows the chaotic
self-sustained vibrations ¢ (¢) at the fluid velocity T, = 6.2.

0,020 -
0,015 -
0,010 -
0,005 | ¢t

0-000
T T T U, UuVyu

-0,10 -0,05_0[005 0,00

"

-0,30

-0,25
-0,010 -
-0,015 -
-0,020 -

Fig.5. The projections of the Poincare sections at U, = 6.2 on the planes (¢, ).
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Fig.6. Chatic self-sustained vibrationsat U, = 6.2.

CONCLUSION

The model of the longitudinal-flexural self-sustained vibrations of the cantilever nanotube conveying fluid is
derived. This model is the system of the nonlinear ordinary differential equations. The system of two nonlinear partial
differential equations, describing the longitudinal-flexural self-sustained vibrations, is obtained. The geometric
nonlinearity and the nonlocal elasticity are accounted in this system.

The harmonic balanced method is applied to analyze the harmonic self-sustained vibrations in the nonlinear
dynamical system. Asaresult of this method application, the calculations of the self-sustained vibrations are reduced to
the system of the nonlinear al gebraic equations with respect to the vibrations amplitudes.

The self-sustained vibrations of the nanotube conveying fluid are analyzed. The vibrations of the nanotube are
close to monoharmonic. The harmonic balanced method with the monoharmonic approximation of the vibrations is
used. In this case, the self-sustained vibrations are flexural and the nanotube static tension is observed in the
longitudinal direction. If the fluid velocity is increased, these harmonic self-sustained vibrations undergo the infinite
sequence of the period-doubling bifurcations and these self-sustained vibrations are transformed into chaotic ones.
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