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Ìîäåëèðîâàíèå ïðîöåññîâ òåïëîïåðåäà÷è
ñ çîíàìè çíà÷èòåëüíûõ ãðàäèåíòîâ ðåøåíèÿ
ñ ïîìîùüþ âëîæåííûõ àäàïòèâíûõ ñåòîê

Ðàññìîòðåí ñïîñîá àäàïòèâíîãî ïîñòðîåíèÿ âëîæåííûõ ðàçíîñòíûõ ñåòîê, ñãóùàþùèõñÿ
â çîíàõ áûñòðîãî èçìåíåíèÿ èñêîìîé ôóíêöèè äëÿ ðåøåíèÿ äâóìåðíîãî íåñòàöèîíàðíîãî
óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ïðåäëîæåí àëãîðèòì ïîèñêà çîí ñî çíà÷èòåëüíûìè ãðà-
äèåíòàìè èñêîìîé ôóíêöèè.

Ðîçãëÿíóòî ñïîñ³á àäàïòèâíî¿ ïîáóäîâè âêëàäåíèõ ð³çíèöåâèõ ñ³òîê, ÿê³ çãóùàþòüñÿ â
çîíàõ øâèäêî¿ çì³íè øóêàíî¿ ôóíêö³¿ äëÿ ðîçâ’ÿçàííÿ äâîâèì³ðíîãî íåñòàö³îíàðíîãî ð³â-
íÿííÿ òåïëîïðîâ³äíîñò³. Çàïðîïîíîâàíî àëãîðèòì ïîøóêó çîí ç³ çíà÷íèìè ãðàä³ºíòàìè
øóêàíî¿ ôóíêö³¿.

Ê ë þ ÷ å â û å ñ ë î â à: äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ìåòîä
êîíå÷íûõ ðàçíîñòåé, ðàçíîñòíàÿ ñåòêà, âëîæåííàÿ ñåòêà.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ (ÄÓ×Ï) øèðîêî

ïðèìåíÿþòñÿ ïðè ìîäåëèðîâàíèè ðàçëè÷íûõ ïðèðîäíûõ ÿâëåíèé. Â îñ-

íîâå ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ òàêèõ óðàâíåíèé ëåæèò ïðèíöèï çàìå-

íû íåïðåðûâíîé îáëàñòè îïðåäåëåíèÿ íåèçâåñòíîé ôóíêöèè äèñêðåòíûì

ìíîæåñòâîì òî÷åê (ñåòêîé). Äëÿ ìèíèìèçàöèè ïîãðåøíîñòè ÷èñëåííîãî

ìåòîäà â ìåñòàõ çíà÷èòåëüíûõ èçìåíåíèé ôóíêöèè ñåòêó ñãóùàþò. Èñ-

ïîëüçîâàíèå â ðàñ÷åòàõ àäàïòèâíûõ ñåòîê îáúÿñíÿåòñÿ æåëàíèåì îáåñïå-

÷èòü íåîáõîäèìóþ òî÷íîñòü, ìèíèìèçèðîâàâ ÷èñëî óçëîâ ðàñ÷åòíîé ñåò-

êè, è òåì ñàìûì ïîâûñèòü ðåñóðñîåìêîñòü âû÷èñëåíèé.

Êàê ïðàâèëî, òî÷íîñòü ÷èñëåííîãî ðåøåíèÿ â çîíàõ, ãäå ãðàäèåíò èñ-

êîìîé ôóíêöèè äîñòèãàåò áîëüøèõ âåëè÷èí, â çíà÷èòåëüíîé ìåðå âëèÿåò

íà òî÷íîñòü ðåøåíèÿ ïî âñåé îáëàñòè. Ïîýòîìó, ñãóùàÿ ñåòêó â òàêèõ çî-

íàõ, ìîæíî ïîâûñèòü òî÷íîñòü ÷èñëåííîãî ðåøåíèÿ. Â òî æå âðåìÿ, ñ

öåëüþ ýêîíîìèè ìàøèííûõ ðåñóðñîâ æåëàòåëüíî èìåòü ðàçðåæåííóþ ñåò-
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êó â îáëàñòÿõ ïëàâíîãî èçìåíåíèÿ ðåøåíèÿ. Ýòèì îáúÿñíÿåòñÿ íåîáõîäè-

ìîñòü èñïîëüçîâàíèÿ íåðàâíîìåðíûõ ñåòîê.
Àêòóàëüíîñòü ïðîáëåìû. Ñóùåñòâóåò òðè îñíîâíûõ êëàññà ñåòîê,

êîòîðûå øèðîêî èñïîëüçóþòñÿ ïðè ðåøåíèè çàäà÷ â ìíîãîìåðíûõ îáëàñ-
òÿõ: ñòðóêòóðíûå, íåñòðóêòóðíûå, ãèáðèäíûå [1]. Äëÿ ðåøåíèÿ äâóìåð-
íîãî íåñòàöèîíàðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ïîìîùüþ ìåòîäîâ
êîíå÷íûõ ðàçíîñòåé îñîáûé èíòåðåñ ïðåäñòàâëÿþò ñòðóêòóðíûå ñåòêè è
ãèáðèäíûå, ñîñòîÿùèå èç ãðóáîé (ãëîáàëüíîé) ñòðóêòóðíîé ñåòêè è âëî-
æåííûõ (ðåãèîíàëüíûõ) áëîêîâ — ñòðóêòóðíûõ ñåòîê.

Ñóùåñòâóþùèå ìåòîäû ïîñòðîåíèÿ íåðàâíîìåðíûõ ñåòîê äî íà÷àëà
âû÷èñëåíèé, îñíîâàííûå íà îïðåäåëåíèè âîçìîæíûõ çîí âûñîêèõ ãðà-
äèåíòîâ, íå ýôôåêòèâíû ïðè ðåøåíèè íåñòàöèîíàðíûõ çàäà÷ â ñëó÷àÿõ,
êîãäà ýòè çîíû ìîãóò ñî âðåìåíåì ìåíÿòü ñâîå ïîëîæåíèå. Áîëåå ýôôåê-
òèâíûì ÿâëÿåòñÿ èñïîëüçîâàíèå àäàïòèâíîãî àëãîðèòìà [2], ñ ïîìîùüþ
êîòîðîãî â ïðîöåññå ðåøåíèÿ çàäà÷è àíàëèçèðóåòñÿ ïîâåäåíèå ôóíêöèè,
êîíòðîëèðóåòñÿ ïîãðåøíîñòü, ñòðîèòñÿ ïåðåìåííàÿ ïî âðåìåíè è íåðàâ-
íîìåðíàÿ ðàçíîñòíàÿ ñåòêà.

Óêàçàííûé àëãîðèòì îáåñïå÷èâàåò ñãóùåíèå óçëîâ ñåòêè â çîíàõ ðåç-
êîãî èçìåíåíèÿ èñêîìîé ôóíêöèè è óâåëè÷åíèå øàãà ñåòêè òàì, ãäå ôóíê-
öèÿ èçìåíÿåòñÿ ïëàâíî. Ïîñòðîåíèå ðàçíîñòíîé ñåòêè îñóùåñòâëÿåòñÿ íà
îñíîâàíèè îöåíêè ëîêàëüíîé ïîãðåøíîñòè ïðè ñðàâíåíèè ðåøåíèé, ïîëó-
÷åííûõ äëÿ ðàçíûõ çíà÷åíèé âðåìåííîãî è ïðîñòðàíñòâåííûõ øàãîâ ñåò-
êè. Ïðè ýòîì ñãóùåíèÿ óçëîâ àâòîìàòè÷åñêè ïåðåìåùàþòñÿ îäíîâðåìåííî
ñî ñìåíîé ïîëîæåíèÿ â ïðîñòðàíñòâå çîíû áîëüøèõ ãðàäèåíòîâ.

Íåäîñòàòêîì ýòîãî àëãîðèòìà ÿâëÿåòñÿ ëèøíåå ñãóùåíèå óçëîâ â çî-
íàõ, êîòîðûå ýòîãî íå òðåáóþò, íî èìåþò òàêóþ æå êîîðäèíàòó x èëè y, êàê
è çîíà ñî çíà÷èòåëüíûì ãðàäèåíòîì (ðèñ. 1, à). Äàííûé íåäîñòàòîê óñòðàíåí â
ìåòîäàõ, îñíîâàííûõ íà âëîæåííûõ ñåòêàõ. Ïðè ýòîì ïîÿâëÿåòñÿ çàäà÷à
ñîãëàñîâàíèÿ ðåøåíèÿ íà ãðàíèöàõ âëîæåííûõ ðàñ÷åòíûõ îáëàñòåé.

Â çàâèñèìîñòè îò ñïîñîáà âçàèìîäåéñòâèÿ ðåãèîíàëüíîé è ãëîáàëüíîé
îáëàñòåé ìîäåëè âëîæåííûõ ñåòîê ìîæíî óñëîâíî ðàçäåëèòü íà äâà òèïà:

1) ñ îáðàòíîé ñâÿçüþ (äàííûå ïåðåäàþòñÿ êàê èç ãëîáàëüíîé îáëàñòè â
ðåãèîíàëüíûå â âèäå ãðàíè÷íûõ óñëîâèé, òàê è èç ðåãèîíàëüíûõ îáëàñòåé
â ãëîáàëüíóþ äëÿ óòî÷íåíèÿ ðåøåíèÿ) [3];

2) áåç îáðàòíîé ñâÿçè (äàííûå ïåðåäàþòñÿ òîëüêî èç ãëîáàëüíîé îáëàñòè
â ðåãèîíàëüíûå) [4, 5].

Â ðàáîòå [6] îïèñàí ìåòîä ïðèìåíåíèÿ âëîæåííûõ ñåòîê ïðè ìîäåëè-

ðîâàíèè ïðîöåññà ôèëüòðàöèè. Â çîíå ñ áîëüøèìè ãðàäèåíòàìè èñïîëü-

çóþòñÿ áîëåå ïîäðîáíûå, âëîæåííûå îäíà â äðóãóþ, ñåòêè. Ãëàâíîé ïðîá-

ëåìîé ðàñ÷åòà ïðè èñïîëüçîâàíèè ñèñòåìû âëîæåííûõ ñåòîê ÿâëÿåòñÿ

ïåðåäà÷à çíà÷åíèé ôèçè÷åñêèõ âåëè÷èí èç îäíîé îáëàñòè â äðóãóþ. Îñ-
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íîâíîé íåäîñòàòîê óêàçàííûõ ìåòîäîâ — îòñóòñòâèå êîíòðîëÿ ïîãðåø-

íîñòè â ïðîöåññå ðàñ÷åòà.

Ðàññìîòðèì àëãîðèòì, ïðåäëîæåííûé â ðàáîòå [2], äëÿ îöåíêè ëîêàëü-

íîé ïîãðåøíîñòè ðåøåíèÿ â ñëó÷àå äâóìåðíîãî íåñòàöèîíàðíîãî óðàâíåíèÿ

òåïëîïðîâîäíîñòè. Ïóñòü èçâåñòíî çíà÷åíèå ôóíêöèè U x y t( , , ) íà íåêîòî-

ðîì âðåìåííîì øàãå k íà íåðàâíîìåðíîé ñåòêå ñ øàãàìè h x xx i i i, � � �1 ïî

ïåðåìåííîé x è h y yy j j j, � � �1 ïî ïåðåìåííîé y, à òàêæå øàãîì � ïî

ïåðåìåííîé t. Äëÿ ïåðåõîäà íà ñëåäóþùèé âðåìåííîé ñëîé íåîáõîäèìî

íàéòè ïðèáëèæåííûå ðåøåíèÿ ïðè ðàçëè÷íûõ çíà÷åíèÿõ âðåìåííîãî è

ïðîñòðàíñòâåííûõ øàãîâ: uh hx y, , � , u
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Êîýôôèöèåíòû B1, B2, B3 ñîäåðæàò èíôîðìàöèþ î ñòàðøèõ ïðîèçâîä-

íûõ íåèçâåñòíîé ôóíêöèè è ïîçâîëÿþò îöåíèòü èõ âêëàä â çíà÷åíèå ëîêàëü-

íîé ïîãðåøíîñòè, ÷òî, â ñâîþ î÷åðåäü, ïîçâîëÿåò ðàññ÷èòàòü êîýôôèöèåíòû

èçìåíåíèÿ øàãîâ ïî íàïðàâëåíèÿì è ïîñòðîèòü íîâóþ ñåòêó. Ñëåäîâà-

òåëüíî, ïðåäñòàâëÿåòñÿ ðàöèîíàëüíûì ñãðóïïèðîâàòü óçëû ñ äîñòàòî÷íî

áîëüøèìè çíà÷åíèÿìè ëîêàëüíîé ïîãðåøíîñòè â ïðÿìîóãîëüíûå îáëàñòè è

ïîñòðîèòü áîëåå ïëîòíûå îòäåëüíûå ñåòêè â ýòèõ îáëàñòÿõ (ðèñ. 1, á).

Ìîäåëèðîâàíèå ïðîöåññîâ òåïëîïåðåäà÷è ñ çîíàìè çíà÷èòåëüíûõ ãðàäèåíòîâ
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Ïîñòàíîâêà çàäà÷è. Ïóñòü äàíî äâóìåðíîå óðàâíåíèå òåïëîïðî-
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Íà÷àëüíîå óñëîâèå U x y( , , )0 = 0 ñîîòâåòñòâóåò íà÷àëüíîé òåìïåðà-

òóðå ïî âñåé îáëàñòè íà íà÷àëüíîì ýòàïå.
Ðàññìîòðèì îáëàñòü îïðåäåëåíèÿ G â âèäå ïðÿìîóãîëüíèêà ñ ãðàíèöåé

� : { , }G a x b c y d� � � � � , ãäå a �0, b �1, c �0, d �1. Îòðåçêè[ , ]a b è[ , ]c d ðàç-
áèâàþòñÿ òî÷êàìè ñîîòâåòñòâåííî x a x x x bNx0 1 2� �, , , ..., è y c y y0 1 2� , , , ...
..., y dNy � . ×åðåç òî÷êè ïðîâîäèì ïðÿìûå, ïàðàëëåëüíûå ñîîòâåòñòâóþ-
ùèì îñÿì. Â ðåçóëüòàòå ïåðåñå÷åíèÿ ýòèõ ïðÿìûõ ïîëó÷àåì óçëû ( , )i j ñ
êîîðäèíàòàìè ( , )x yi j , êîòîðûå îáðàçóþò ñåòêó � � �{( , ) }x y Gi j . Ïóñòü íà
íåé çàäàíî çíà÷åíèå íåêîòîðîé ñåòî÷íîé ôóíêöèè u U x yij

k
i j k� ( , , )� , ÿâ-

ëÿþùååñÿ ðåçóëüòàòîì ðåøåíèÿ ÄÓ×Ï íà âðåìåííîì øàãå k. Íåîáõîäèìî íà
k �1 øàãå ïîñòðîèòü âëîæåííûå ñåòêè, ýôôåêòèâíî îõâàòûâàþùèå óçëû
ôóíêöèè uij

k , â êîòîðûõ ïîãðåøíîñòü âû÷èñëåíèÿ íåóäîâëåòâîðèòåëüíà.
Ìåòîä ðåøåíèÿ. Çàäà÷ó ìîäåëèðîâàíèÿ ïðîöåññîâ òåïëîïåðåäà÷è ñ

ïîìîùüþ âëîæåííûõ àäàïòèâíûõ ñåòîê ìîæíî ðàçäåëèòü íà ñëåäóþùèå
ïîäçàäà÷è: îöåíêà òî÷íîñòè âû÷èñëåíèé, ïîèñê è âûäåëåíèå çîí âûñîêîãî
ãðàäèåíòà, ïîñòðîåíèå âëîæåííûõ ñåòîê è ðåøåíèå ÄÓ×Ï.

Äëÿ îöåíêè òî÷íîñòè ïðèìåíèì ìåòîä, ïðåäëîæåííûé â [2], ê çíà÷å-
íèÿì ôóíêöèè uij

k . Â ðåçóëüòàòå ïîëó÷èì êîýôôèöèåíòû èçìåíåíèÿ âðå-
ìåííîãî øàãà �ij è çíà÷åíèÿ ëîêàëüíûõ ïîãðåøíîñòåé eij. Ñëåäóþùèé øàã
çàêëþ÷àåòñÿ â îïðåäåëåíèè êîîðäèíàò ïðÿìîóãîëüíûõ îáëàñòåé, â êîòî-
ðûõ ñëåäóåò ïîñòðîèòü âëîæåííûå ñåòêè íà îñíîâàíèè ìàòðèöû êîýôôè-
öèåíòîâ �ij . Äëÿ ýòîãî ïðåäëàãàåòñÿ àëãîðèòì, ïðåäñòàâëåííûé íà ðèñ. 2.
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Íà÷àëî ïîèñêà

Èçâëå÷ü óçåë èç ñòåêà
Êîîðäèíàòû îáëàñòè �

max (êîîðäèíàòû îáëàñòè,
êîîðäèíàòû óçëà)

Ñ-ôàêòîð ñâÿçíîñòè

Äëÿ êàæäîãî óçëà íà
ðàññòîÿíèè Ñ îò òåêóùåãî

Ñ = Ñ �1

Äîáàâèòü îáëàñòü â ìàññèâ
íàéäåííûõ îáëàñòåé

Ïîìåòèòü âñå íå ïîìå÷åííûå
óçëû íàéäåííîé îáëàñòè

Îáúåäèíèòü
ïåðåñåêàþùèåñÿ îáëàñòè

Êîíåö ïîèñêà

Íåò Óçåë [ k ]

íå ïîìå÷åí,

� [ ] >k �ï

Íåò

Íåò
Ñòåê íå

ïóñò

Íåò

ÍåòÓçåë k
íå ïîìå÷åí,

� [ ] >k �ï

Íåò

Äà

k < ÷èñëî
óçëîâ

Äà

Äîáàâèòü óçåë â ñòåê
Ïîìåòèòü óçåë

Êîîðäèíàòû îáëàñòè êîîðäèíàòû� óçëà

Äà

Äà

Ñ > 0

Äà

Äîáàâèòü óçåë â ñòåê
Ïîìåòèòü íàïðàâëåíèå

Äà

Êîîðäèíàòû
îáëàñòè

óäîâëåòâîðÿþò
óñëîâèÿì

Ðèñ. 2. Àëãîðèòì ïîèñêà âûñîêîãðàäèåíòíûõ çîí



Â ñîîòâåòñòâèè ñ äàííûì àëãîðèòìîì âûïîëíÿåòñÿ öèêëè÷åñêèé îá-

õîä óçëîâ ñåòêè. Åñëè óçåë íå áûë îòìå÷åí êàê ïðîéäåííûé è çíà÷åíèå �ij

äëÿ âûáðàííîãî óçëà ìåíüøå ïðåäâàðèòåëüíî âûáðàííîãî ïîðîãîâîãî çíà-

÷åíèÿ �n, äîáàâëÿåì êîîðäèíàòû óçëà â ñòåê. Ïîêà ñòåê íå ïóñò, èçâëåêàåì

èç íåãî óçëû. Êîîðäèíàòû íàéäåííîé îáëàñòè ðàñøèðÿþòñÿ äî êîîðäèíàò

âûáðàííîãî óçëà, êîòîðûé îòìå÷àåòñÿ êàê ïðîéäåííûé.
Ïðîâåðÿåì êàæäûé óçåë, óäîâëåòâîðÿþùèé êðèòåðèþ ñâÿçíîñòè ñ

òåêóùèì. Åñëè óçåë íå áûë îòìå÷åí êàê ïðîéäåííûé è çíà÷åíèå �ij äëÿ
íåãî ìåíüøå âåëè÷èíû �n, äîáàâëÿåì êîîðäèíàòû óçëà â ñòåê. Åñëè ñòåê
ïóñò, äîáàâëÿåì êîîðäèíàòû íàéäåííîé îáëàñòè â ñïèñîê íàéäåííûõ îá-
ëàñòåé. Ïî îêîí÷àíèè ïðîõîäà âñåõ óçëîâ ñåòêè îáúåäèíèì ïåðåñåêàþ-
ùèåñÿ îáëàñòè èç ñïèñêà íàéäåííûõ. Â ðåçóëüòàòå ïîëó÷èì ñïèñîê èç m
îáëàñòåé, îãðàíè÷åííûõ èíäåêñàìè óçëîâ im,min, jm,min, im,max, jm,max, â êîòî-
ðûõ íåîáõîäèìî ïîñòðîèòü âëîæåííûå ñåòêè.

Íà ðèñ. 3 ïðåäñòàâëåí ãðàôèê çíà÷åíèé 1/�ij è èçîáðàæåíû íàéäåííûå
îáëàñòè âûñîêîãðàäèåíòíûõ çîí, ãäå òî÷êàìè îáîçíà÷åíû óçëû, â êîòîðûõ
�ij > �n. Èñïîëüçóÿ êîýôôèöèåíòû �ij, ðàñ÷èòàííûå äëÿ ãëàâíîé ñåòêè ïðè
îöåíêå òî÷íîñòè, âû÷èñëÿåì êîýôôèöèåíòû �m, �m, �m, äëÿ m-é îáëàñòè ïî
ôîðìóëàì �m = minij �ij, �m = minij �ij, �m = minij �ij, ãäå i i im m�[ , ], min , max ,
j j im m�[ , ], min , max . Êîýôôèöèåíòû èçìåíåíèÿ ïðîñòðàíñòâåííûõ øàãîâ
ñåòêè �ij è �ij äëÿ m-é îáëàñòè âû÷èñëÿåì ïî ôîðìóëàì, ïðèâåäåííûì â [2],
èñïîëüçóÿ ðàíåå ïîëó÷åííîå çíà÷åíèå �m.

Êîýôôèöèåíòû èçìåíåíèÿ øàãîâ äëÿ ãëàâíîé ñåòêè íàõîäèì òàêèì
æå ñïîñîáîì, èãíîðèðóÿ çíà÷åíèÿ â óçëàõ, ïðèíàäëåæàùèõ íàéäåííûì
îáëàñòÿì, ò.å. � �� min ij ij , � �� min ,ij ij � �� min ,ij ij ãäå i i im m�[ , ], min , max ,
j j im m�[ , ], min , max .
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Ðèñ. 3. Ãðàôèê çíà÷åíèé 1/�ij (à) è îáëàñòè, íàéäåííûå ñ ïîìîùüþ àëãîðèòìà (á)



Íîâóþ ñåòêó ïåðåñòðàèâàåì ñ øàãàìè h hx x, íîâ � � , h hy y, íîâ � � , âðåìåí-
íîé øàã âûáèðàåì � ��íîâ � . Íà êàæäîé èç m îáëàñòåé ñòðîèì âëîæåííóþ
ñåòêó ñ ïðîñòðàíñòâåííûìè øàãàìè h hm x m x, , íîâ �� , h hm y m y, , íîâ � � . Âî èç-
áåæàíèå èíòåðïîëèðîâàíèÿ çíà÷åíèé ïðè ñèíõðîíèçàöèè ðåøåíèé âëîæåí-
íûõ è ãëàâíîé ñåòîê øàã ïî âðåìåíè � m âûáèðàåì áëèæàéøèì ê âåëè÷èíå
� �m è êðàòíûì øàãó ãëàâíîé ñåòêè. Çíà÷åíèÿ â óçëàõ âëîæåííûõ è íîâîé
ãëàâíîé ñåòîê ðàññ÷èòûâàþò íà îñíîâàíèè èñõîäíîé ãëàâíîé ñåòêè ìåòîäîì
àäàïòèâíîé èíòåðïîëÿöèè ñ èñïîëüçîâàíèåì êðèâûõ Ôåðãþññîíà [7].

Ïîñëå âû÷èñëåíèÿ îäíîãî ñëîÿ ãëàâíîé ñåòêè è ïàðàëëåëüíîãî âû÷èñ-
ëåíèÿ � ��íîâ m ñëîåâ m-é âëîæåííîé ñåòêè íåîáõîäèìî ñèíõðîíèçèðîâàòü
âëîæåííûå ñåòêè ñ ãëàâíîé. Çíà÷åíèÿ íà ãðàíèöàõ âëîæåííûõ ñåòîê çàïîë-
íÿþòñÿ çíà÷åíèÿìè, ïîëó÷åííûìè â ðåçóëüòàòå èíòåðïîëÿöèè ðåøåíèÿ,
íàéäåííîãî íà ãëàâíîé ñåòêå, à çíà÷åíèÿ â óçëàõ ãëàâíîé ñåòêè â ïðåäåëàõ
ãðàíèö âëîæåííûõ, èíòåðïîëèðóþòñÿ íà îñíîâàíèè çíà÷åíèé ñîîòâåòñò-
âóþùåé âëîæåííîé ñåòî÷íîé ôóíêöèè.

Ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà. Ýôôåêòèâíîñòü àäàïòèâíîãî
ìåòîäà èññëåäîâàíà ïîñðåäñòâîì ñðàâíåíèÿ ðåçóëüòàòîâ ðàñ÷åòîâ, ïðîâå-
äåííûõ ñ ôèêñèðîâàííîé è âëîæåííîé ñåòêàìè. Òî÷íûì áûëî ïðèíÿòî

ðåøåíèå, ïîëó÷åííîå íà øàãàõ hx = 0,0033, hy = 0,0033, � = 0,00001. Âû÷èñ-
ëåíèÿ ñ ïîìîùüþ àäàïòèâíîãî àëãîðèòìà ïðîâåäåíû äëÿ ìèíèìàëüíûõ
øàãîâ ôèêñèðîâàííîé ñåòêè, âûáðàííûõ èç ñîîòâåòñòâóþùèõ øàãîâ âëî-
æåííûõ ñåòîê òåêóùåãî ýêñïåðèìåíòà ñ öåëüþ îáåñïå÷èòü èäåíòè÷íóþ
ëîêàëüíóþ ïîãðåøíîñòü ðåøåíèÿ.

Â òàáëèöå ïðèâåäåíû ðåçóëüòàòû âû÷èñëåíèé íà àäàïòèâíîé âëîæåí-
íîé ñåòêå è ñåòêå ñ ôèêñèðîâàííûì øàãîì. Êàê âèäíî èç òàáëèöû, ïðè
èñïîëüçîâàíèè àäàïòèâíîãî ìåòîäà ñêîðîñòü ðàáîòû âîçðàñòàåò ñ óìåíü-
øåíèåì äîïóñòèìîé ïîãðåøíîñòè eäîï .

Âûâîäû

Ïðåäëîæåííûé ñïîñîá ïîñòðîåíèÿ âëîæåííîé àäàïòèâíîé ñåòêè ïîçâî-
ëÿåò çíà÷èòåëüíî ñîêðàòèòü ìàøèííîå âðåìÿ, íåîáõîäèìîå äëÿ ðåøåíèÿ
çàäà÷, èìåþùèõ çíà÷èòåëüíûå ãðàäèåíòû â íåêîòîðûõ çîíàõ âû÷èñëè-
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eäîï hx hy T
Âðåìÿ âû÷èñëåíèÿ, c

Íà ôèêñèðîâàííîé ñåòêå Íà âëîæåííûõ ñåòêàõ

0,001 0,0042 0,0059 0,00069 1,3 0,5

0,0001 0,0019 0,0028 0,000042 25,6 3,8

0,00001 0,0008 0,0011 0,000009 407 40

Ýôôåêòèâíîñòü àäàïòèâíîãî ìåòîäà



òåëüíîé îáëàñòè, ïðè êîíòðîëå ëîêàëüíîé ïîãðåøíîñòè. Ðåøåíèå çàäà÷è
äëÿ ãëàâíîé è âëîæåííûõ ñåòîê ìîæíî âûïîëíÿòü ïàðàëëåëüíî, ÷òî ïîç-
âîëèò åùå áîëåå ñîêðàòèòü âðåìÿ ðåøåíèÿ ïðè èñïîëüçîâàíèè ìíîãî-
ÿäåðíûõ ñèñòåì.
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V.V. Dombrovskyi, D.S. Smakovskyi, A.N. Smakovska

MODELING OF HEAT TRANSFER PROCESSES WITH

THE AREAS OF SIGNIFICANT GRADIENTS OF SOLUTION WITH

THE HELP OF NESTED ADAPTIVE GRIDS

This paper is devoted to the method of constructing the adaptive nested grid in the areas of rapid
change of the unknown function for solving two-dimensional unsteady heat equation. Partial dif-
ferential equations are widely used in modeling of various natural phenomena. The effectiveness
of solving a particular problem largely depends on the number of grid points and their location.
The purpose of the paper is to develop the method of constructing the grid which dynamically
adapts to the zones of significant gradients. The construction of nested grids is based on the local
error estimate obtained from the difference of solutions with various spatial and temporal grid
steps. A search algorithm of zones with significant gradients of the unknown function is pro-
posed. The applied software tool can be used for computer modeling of problems described by
the heat equation. The proposed method of constructing the adaptive nested grid permits reducing
the use of machine resources required for solving the problem.

K e y w o r d s: partial differential equations, finite difference method, finite difference grid,
nested grid.
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