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Îáðàáîòêà ñèãíàëîâ è ìîäåëèðîâàíèå
äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà íà îñíîâå
îïåðàöèîííîãî èñ÷èñëåíèÿ àïïðîêñèìàöèîííîãî òèïà

Ðàññìîòðåíî ïðèìåíåíèå àïïðîêñèìàöèîííî-îïåðàöèîííîãî ìåòîäà, îñíîâàííîãî íà ëî-
êàëüíîé è ãëîáàëüíîé âåðñèÿõ ïîëèíîìîâ Ëåæàíäðà, äëÿ îöåíèâàíèÿ ñðåäíèõ çíà÷åíèé
ñèãíàëîâ, ñðåäíèõ çíà÷åíèé ïðîèçâîäíûõ ïåðâîãî è âòîðîãî ïîðÿäêîâ, à òàêæå äðîáíûõ
ïðîèçâîäíûõ ðàçëè÷íûõ ïîðÿäêîâ ïî Ðèìàíó—Ëèóâèëëþ è Êàïóòî. Ïðèâåäåíû ãðàôè-
÷åñêèå ïðèìåðû ïðèìåíåíèÿ ìåòîäà äëÿ öèôðîâîé îáðàáîòêè ñèãíàëîâ è ìîäåëèðîâàíèÿ
äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà â ïðîãðàììíîé ñðåäå ñèñòåìû «Mathematica®».

Ðîçãëÿíóòî çàñòîñóâàííÿ àïðîêñèìàö³éíî-îïåðàö³éíîãî ìåòîäó, áàçîâàíîãî íà ëîêàëüí³é
òà ãëîáàëüí³é âåðñ³ÿõ ïîë³íîì³â Ëåæàíäðà, äëÿ îö³íþâàííÿ ñåðåäí³õ çíà÷åíü ñèãíàë³â,
ñåðåäí³õ çíà÷åíü ïîõ³äíèõ ïåðøîãî ³ äðóãîãî ïîðÿäê³â, à òàêîæ äð³áíèõ ïîõ³äíèõ ð³çíèõ
ïîðÿäê³â çà Ð³ìàíîì—Ë³óâ³ëëåì ³ Êàïóòî. Íàâåäåíî ãðàô³÷í³ ïðèêëàäè çàñòîñóâàííÿ ìå-
òîäó äëÿ öèôðîâî¿ îáðîáêè ñèãíàë³â ³ ìîäåëþâàííÿ äèíàì³÷íèõ ñèñòåì äðîáîâîãî ïîðÿä-
êó â ïðîãðàììíîìó ñåðåäîâèù³ ñèñòåìè «Mathematica®».

Ê ë þ ÷ å â û å ñ ë î â à: äðîáíîå èñ÷èñëåíèå, àïïðîêñèìàöèÿ è îáðàáîòêà ñèãíàëîâ, îïåðà-
öèîííîå èñ÷èñëåíèå, äèíàìè÷åñêàÿ ñèñòåìà, äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî, äðîáíàÿ ïðîèç-
âîäíàÿ Ðèìàíà—Ëèóâèëëÿ, ñèñòåìà Mathematica® .

Ïðè èññëåäîâàíèè íåñòàöèîíàðíûõ ïðîöåññîâ â äèíàìè÷åñêèõ ñèñòåìàõ

ðàçëè÷íîãî íàçíà÷åíèÿ øèðîêîå ðàñïðîñòðàíåíèå ïîëó÷èëè îïåðàöèîí-

íûå ìåòîäû, ïîçâîëÿþùèå àëãåáðàèçèðîâàòü èíòåãðîäèôôåðåíöèàëüíûå

ìîäåëè ñèñòåì. Ê òàêèì ìåòîäàì îòíîñÿòñÿ ïðåîáðàçîâàíèå Ëàïëàñà,

Ôóðüå, Z-ïðåîáðàçîâàíèå, ðàçëè÷íûå èíòåãðàëüíûå è äèôôåðåíöèàëüíûå

ïðåîáðàçîâàíèÿ [1—4]. Îäíàêî èñïîëüçîâàíèå óêàçàííûõ ìåòîäîâ ïðè

èññëåäîâàíèè íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ñâÿçàíî ñî çíà÷èòåëü-

íûìè òðóäíîñòÿìè.
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Ðàçâèòèå òåîðèè ôðàêòàëüíîé äèíàìèêè è äðîáíîãî ìàòåìàòè÷åñêîãî
àíàëèçà [5—8] ïðèâåëî ê ñîçäàíèþ ÷èñëåííî-àíàëèòè÷åñêèõ è ïðèáëè-
æåííûõ ìåòîäîâ èññëåäîâàíèÿ íåñòàöèîíàðíûõ ïðîöåññîâ, ê êîòîðûì
îòíîñÿòñÿ äèôôåðåíöèàëüíûå ïðåîáðàçîâàíèÿ Ïóõîâà [2, 3] è àïïðîêñè-
ìàöèîííî-îïåðàöèîííîå ïðåîáðàçîâàíèå [6]. Ïîñëåäíåå îñíîâàíî íà èñïîëü-
çîâàíèè ïîëèíîìèàëüíîé àïïðîêñèìàöèè ñèãíàëîâ ñ ðàçëè÷íûìè ñèñòåìàìè
áàçèñíûõ ôóíêöèé, ôîðìèðóþùèõ àïïðîêñèìàöèîííûé ïîëèíîì. Âûðàæå-
íèÿ, ñîñòàâëÿþùèå îñíîâó àïïðîêñèìàöèîííûõ ìåòîäîâ, ìîæíî èíòåðïðå-
òèðîâàòü êàê îïåðàöèîííîå èñ÷èñëåíèå, ïðè÷åì ðàçëè÷íûå áàçèñíûå ñèñ-
òåìû ôóíêöèé ïîðîæäàþò ðàçëè÷íûå âàðèàíòû îïåðàöèîííûõ èñ÷èñëåíèé.
Èñïîëüçîâàíèå îðòîãîíàëüíûõ ïîëèíîìîâ â êà÷åñòâå ñèñòåì áàçèñíûõ ôóíê-
öèé ïîçâîëÿþò íàðÿäó ñ àëãåáðàèçàöèåé ìàòåìàòè÷åñêèõ ìîäåëåé äèíàìè-
÷åñêèõ ñèñòåì ðåøàòü ðÿä çàäà÷ öèôðîâîé îáðàáîòêè ñèãíàëîâ. Ðàññìîòðèì
íåêîòîðûå çàäà÷è öèôðîâîé îáðàáîòêè íåïðåðûâíûõ ñèãíàëîâ è ìàòåìàòè-
÷åñêîãî ìîäåëèðîâàíèÿ äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà.

Àïïðîêñèìàöèîííûå ìåòîäû îáðàáîòêè íåïðåðûâíûõ ñèãíàëîâ ïîç-
âîëÿþò âûïîëíÿòü ýôôåêòèâíîå ñæàòèå èíôîðìàöèè î ñèãíàëå, äèñêðåòè-
çàöèþ ñèãíàëà, îáåñïå÷èâàþò íèçêî÷àñòîòíóþ ôèëüòðàöèþ è âûäåëåíèå ïî-
ëåçíîãî ñèãíàëà íà ôîíå ïîìåõ, èäåíòèôèêàöèþ ïàðàìåòðîâ äèíàìè÷åñêèõ
ñèñòåì, îöåíèâàíèå ñèãíàëà è åãî ïðîèçâîäíûõ ðàçëè÷íûõ öåëûõ è äðîáíûõ
ïîðÿäêîâ. Îãðàíè÷èìñÿ ïðîãðàììàìè è ïðèìåðàìè ðåøåíèÿ çàäà÷ îöå-
íèâàíèÿ óêàçàííûõ ïàðàìåòðîâ ñèãíàëîâ. Áóäåì ðàññìàòðèâàòü ïîëèíî-
ìèàëüíóþ àïïðîêñèìàöèþ êàê îïåðàöèîííûé ìåòîä.

Ïîëó÷åííûå âûðàæåíèÿ äëÿ îïåðàöèîííûõ ìàòðèö äèôôåðåíöèðîâàíèÿ
ðàçëè÷íûõ öåëûõ ïîðÿäêîâ ïîçâîëèëè ïîëó÷èòü âûðàæåíèÿ äëÿ îïåðàöèîí-
íûõ àíàëîãîâ îïåðàòîðîâ äðîáíîãî äèôôåðåíöèðîâàíèÿ ïî Ðèìàíó—Ëèó-
âèëëþ è Êàïóòî [5—7]. Ïðè ðåàëèçàöèè ìåòîäîâ öèôðîâîé îáðàáîòêè ñèã-
íàëîâ è ìîäåëèðîâàíèÿ äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà â îñíîâíîì
èñïîëüçîâàíû ñèñòåìû áàçèñíûõ ôóíêöèé íà îñíîâå ëîêàëüíîé è ãëîáàëüíîé
âåðñèé ïîëèíîìîâ Ëåæàíäðà. Ïðèìåðû ïðîãðàìì îáðàáîòêè ñèãíàëîâ è ìî-
äåëèðîâàíèÿ äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà, ðåàëèçîâàíû â ïðî-
ãðàììíîé ñðåäå ñèñòåìû Mathematica [9].

Ïîëèíîìèàëüíàÿ àïïðîêñèìàöèÿ ñèãíàëîâ êàê îïåðàöèîííîå èñ-

÷èñëåíèå. Ïîä ïîëèíîìèàëüíîé àïïðîêñèìàöèåé ñèãíàëà x t( ) ïîäðàçó-
ìåâàþò âûðàæåíèå

x t X s t ta

i

m

i i( ) ( ) ( )*� � �
�
�

1

X S , (1)

ãäå X �{ , ,..., }*X X X m1 2 — âåêòîð êîýôôèöèåíòîâ àïïðîêñèìèðóþùåãî

ïîëèíîìà; S( ) { ( ), ( ),..., ( )}*t s t s t s tm� 1 2 — âåêòîð ñèñòåìû áàçèñíûõ ôóíê-

öèé; (*) — ñèìâîë òðàíñïîíèðîâàíèÿ âåêòîðîâ è ìàòðèö.
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Ïðåäïîëîæèì, ÷òî ñèãíàë è ñèñòåìà áàçèñíûõ ôóíêöèé îïðåäåëåíû

íà îäíîì è òîì æå èíòåðâàëå èçìåíåíèÿ àðãóìåíòà 0� �t T, à ôóíêöèè,

îáðàçóþùèå áàçèñíóþ ñèñòåìó, ëèíåéíî íåçàâèñèìû. Íàèëó÷øàÿ àïïðîê-

ñèìàöèÿ äîñòèãàåòñÿ, åñëè âåêòîð êîýôôèöèåíòîâ àïïðîêñèìèðóþùåãî

ïîëèíîìà âûáðàí èç óñëîâèÿ ìèíèìóìà èíòåãðàëà êâàäðàòà ôóíêöèè

îøèáêè àïïðîêñèìàöèè � ( ) ( ) ( )t x t x ta� � íà èíòåðâàëå àïïðîêñèìàöèè:

	 �( ) ( ) minX � 
�
0

2
T

t dt . (2)

Óñëîâèå (2) ïðèâîäèò ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

W X Q� � . (3)

Ýëåìåíòû ìàòðèöû W çàâèñÿò òîëüêî îò ñèñòåìû áàçèñíûõ ôóíêöèé,

W S S� ��
0

T

t t dt( ) ( )* , (4)

à âåêòîð Q îïðåäåëÿåòñÿ âûðàæåíèåì

Q S� �
0

T

t x t dt( ) ( ) . (5)

Â ôîðìóëàõ (4), (5) è äàëåå èíòåãðèðîâàíèå âåêòîðíûõ è ìàòðè÷íûõ ôóíê-

öèé âûïîëíÿåòñÿ ïîýëåìåíòíî. Ðåøåíèå ñèñòåìû óðàâíåíèé (3) èìååò âèä

X W Q� ��1 . (6)

Ôîðìóëû ïîëèíîìèàëüíîé àïïðîêñèìàöèè ñèãíàëîâ (1), (4)—(6)

ìîæíî èíòåðïðåòèðîâàòü êàê îïåðàöèîííîå èñ÷èñëåíèå àïïðîêñèìàöèîí-

íîãî òèïà, îñíîâíûå ñîîòíîøåíèÿ êîòîðîãî èìåþò âèä

X S S S� �
�


�
�

�

�
�
� �

�


�
�

�

�
�
�� �

�

0

1

0

T T

t t dt t x t dt( ) ( ) ( ) ( )* , (7)

x t X s t t ta

i

m

i i( ) ( ) ( ) ( )* *� � � � �
�
�

1

X S S X . (8)

Ñ ïîìîùüþ ïðÿìîãî ïðåîáðàçîâàíèÿ (7) ñèãíàëó x t( ) ñîïîñòàâëÿåòñÿ

åãî îïåðàöèîííûé àíàëîã èëè èçîáðàæåíèå â âèäå âåêòîðà X êîýôôè-

Îáðàáîòêà ñèãíàëîâ è ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà
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öèåíòîâ àïïðîêñèìèðóþùåãî ïîëèíîìà, à ñ ïîìîùüþ îáðàòíîãî ïðåîá-

ðàçîâàíèÿ (8) îñóùåñòâëÿåòñÿ ðåêîíñòðóêöèÿ ñèãíàëà â âèäå åãî àïïðîê-

ñèìàöèè:

x t x ta( ) ( )� �X . (9)

Öåïî÷êà ïðåîáðàçîâàíèé (9) ïîëó÷èëà íàçâàíèå S-ïðåîáðàçîâàíèÿ [2].
Äëÿ S-ïðåîáðàçîâàíèÿ êàê îïåðàöèîííîãî ìåòîäà ñóùåñòâóþò ïðàâèëà

âûïîëíåíèÿ ìàòåìàòè÷åñêèõ îïåðàöèé íàä èçîáðàæåíèÿìè ñèãíàëîâ â ïðîñò-
ðàíñòâå èçîáðàæåíèé, ýêâèâàëåíòíûõ çàäàííûì îïåðàöèÿì íàä ñèãíàëàìè â
ïðîñòðàíñòâå îðèãèíàëîâ. Ðàññìîòðèì íåêîòîðûå èç ýòèõ ïðàâèë.

Ëèíåéíàÿ êîìáèíàöèÿ ñèãíàëîâ. Ýòîé îïåðàöèè ñîîòâåòñòâóåò òàêàÿ
æå êîìáèíàöèÿ èõ èçîáðàæåíèé: ax t by t a b( ) ( )� � �X Y.

Èíòåãðèðîâàíèå ñèãíàëà ñ ïåðåìåííûì âåðõíèì ïðåäåëîì. Ýòîé îïå-
ðàöèè ñîîòâåòñòâóåò óìíîæåíèå èçîáðàæåíèÿ ïîäûíòåãðàëüíîé ôóíêöèè
íà îïåðàöèîííóþ ìàòðèöó èíòåãðèðîâàíèÿ:

y t x d

t

S( ) ( )� � � ��
0

1� � Y P X.

Îïåðàöèîííàÿ ìàòðèöà èíòåãðèðîâàíèÿ îïðåäåëÿåòñÿ âûðàæåíèåì

P W S SS

T t

t d dt1 1

0 0

� � �
�


�
�

�

�
�
�

�


�
�

�

�
�
�

�
� �( ) ( )*� � .

Èíòåãðèðîâàíèå ñ äðîáíûì ïîðÿäêîì � ïî Ðèìàíó—Ëèóâèëëþ. Äðîá-
íîìó èíòåãðèðîâàíèþ ñèãíàëà ñîîòâåòñòâóåò òàêæå óìíîæåíèå åãî èçîá-
ðàæåíèÿ íà îïåðàöèîííóþ ìàòðèöó èíòåãðèðîâàíèÿ:

y t t x d

t

S
( )

( )
( ) ( )� � � � ��

�1

0

1

� �
� � �� �

Y P X. (10)

Îïåðàöèîííàÿ ìàòðèöà èíòåãðèðîâàíèÿ äðîáíîãî ïîðÿäêà îïðåäåëÿåòñÿ
âûðàæåíèåì

P W S S
S

T t

t t d dt� �

�
� � �� � �

�


�
�

�

�
�
�

�



� �
� �

1

0 0

11
( )

( )
( ) ( )*

�
�
�

�

�
�
� .

Äèôôåðåíöèðîâàíèå ñèãíàëà ñ öåëûì ïîðÿäêîì n. Âçÿòèþ n-é ïðîèç-
âîäíîé ñèãíàëà ñîîòâåòñòâóåò óìíîæåíèå åãî èçîáðàæåíèÿ íà îïåðàöèîí-
íóþ ìàòðèöó äèôôåðåíöèðîâàíèÿ:

y t
d x t

dt

n

n
( )

( )
� � � �Y Ldn X.
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Îïåðàöèîííàÿ ìàòðèöà äèôôåðåíöèðîâàíèÿ îïðåäåëÿåòñÿ âûðàæåíèåì

Ldn W S
S

� � �
�


�
�

�

�
�
�

�
�

1

0

T n

n
t

d t

dt
dt( )

( )
.

Äëÿ ñóùåñòâîâàíèÿ îïåðàöèîííîé ìàòðèöû äèôôåðåíöèðîâàíèÿ ôóíêöèè

áàçèñíîé ñèñòåìû äîëæíû äîïóñêàòü äèôôåðåíöèðîâàíèå ñ ñîîòâåòñò-

âóþùèì ïîðÿäêîì.

Íàõîæäåíèå ïðîèçâîäíîé äðîáíîãî ïîðÿäêà � ïî Ðèìàíó—Ëèóâèë-

ëþ. Äèôôåðåíöèðîâàíèþ ñèãíàëà ïî Ðèìàíó—Ëèóâèëëþ ñ ïîðÿäêîì

( )n n� � �1 � ñîîòâåòñòâóåò âûðàæåíèå

y t
d

dt n
t x d

n

n

t
n( )

( )
( ) ( )�

�
�

�


�
�

�

�
�
�� ��

� �1

0

1

� �
� � ��

Y Ldn � ��
P X

S

n � .

Îïåðàöèîííàÿ ìàòðèöà äèôôåðåíöèðîâàíèÿ îïðåäåëÿåòñÿ âûðàæåíèåì

RL

S

n=Ld Ldn P
� �� � .

Íàõîæäåíèå ïðîèçâîäíîé äðîáíîãî ïîðÿäêà � ïî Êàïóòî. Äèôôå-

ðåíöèðîâàíèþ ñèãíàëà ïî Êàïóòî ñ ïîðÿäêîì (n n� � �1 � ) ñîîòâåòñòâóåò

âûðàæåíèå

y t
n

t
d x

d
d

t
n

n

n S

n( )
( )

( )
( )

�
�

�
�


�
�

�

�
�
�� ��

� �1

0

1

� �
�

�

�
��

Y P
� � ��

Ldn X. (11)

Îïåðàöèîííàÿ ìàòðèöà äèôôåðåíöèðîâàíèÿ îïðåäåëÿåòñÿ âûðàæåíèåì

C

S

n=Ld P Ldn
� �� � .

Îïåðàöèîííûå ìîäåëè äèíàìè÷åñêèõ ñèñòåì öåëîãî è äðîáíîãî

ïîðÿäêîâ. Ïîðÿäîê ïîñòðîåíèÿ îïåðàöèîííûõ ìîäåëåé äèíàìè÷åñêèõ

ñèñòåì ðàññìîòðèì íà ïðèìåðå çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî

óðàâíåíèÿ, ñîäåðæàùåãî äèôôåðåíöèàëüíûå îïåðàòîðû öåëîãî è äðîá-

íîãî ïîðÿäêîâ:

d y t

dt
a y t by t f tC

t

2

2 0

( )
( ) ( ) ( )� � �D

� , y y( )0 00� , � �y y( )0 10. (12)

Â (12) ñèìâîëîì 0
C

tD
� îáîçíà÷åí îïåðàòîð äðîáíîé ïðîèçâîäíîé ïî

Êàïóòî ïîðÿäêà � (11). Ïðåäïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî èíòåðâàë

Îáðàáîòêà ñèãíàëîâ è ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà
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èçìåíåíèÿ àðãóìåíòà t è ïîðÿäîê ïðîèçâîäíîé � óäîâëåòâîðÿþò íåðà-

âåíñòâàì0� �t T è1 2� �� . Ââåäåì íîâóþ ïåðåìåííóþ, çàìåíÿþùóþ ñòàð-

øóþ ïðîèçâîäíóþ â óðàâíåíèè (12):

d y t

dt
u t

2

2

( )
( )� . (13)

Èíòåãðèðóÿ (13), ïîëó÷àåì

dy t

dt
y u d

t
( )

( )� ��10

0

� �, (14)

y t y y t u d d

t

( ) ( )� � � � �00 10

0 0

�

� �� � � . (15)

Ïîäñòàíîâêà (13)—(15) â (12) ñ ó÷åòîì (11) ïðèâåäåò ê ñëåäóþùåìó

èíòåãðàëüíîìó óðàâíåíèþ:

u t aJ u t b u d d f t b yt

t

( ) ( ) ( ) ( ) (� �
�


�
�

�

�
�
� � ��

� �
2

0 0

�
�

� �� � � 00 10� y t). (16)

Â (16) ñèìâîëîì J t
2�� îáîçíà÷åí îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ

ïîðÿäêà 2�� ïî Ðèìàíó—Ëèóâèëëþ (10). Â îïåðàöèîííîì ïðîñòðàíñòâå

S-ïðåîáðàçîâàíèÿ óðàâíåíèþ (16) ñîîòâåòñòâóåò ñëåäóþùåå âåêòîðíî-ìàò-

ðè÷íîå àëãåáðàè÷åñêîå óðàâíåíèå:

U P U P U F 1 t� � � � � � � � � � ��a b = b y y2 2
00 10

� ( ), (17)

ãäå U — âåêòîð êîýôôèöèåíòîâ ïîëèíîìà, àïïðîêñèìèðóþùåãî ïðîèç-

âîäíóþ (13); F — âåêòîð êîýôôèöèåíòîâ ïîëèíîìà, àïïðîêñèìèðóþùåãî

ïðàâóþ ÷àñòü óðàâíåíèÿ (12); 1 è t — âåêòîðû êîýôôèöèåíòîâ ïîëèíîìîâ,

àïïðîêñèìèðóþùèõ êîíñòàíòó 1 è íåçàâèñèìóþ ïåðåìåííóþ t; P — îïå-

ðàöèîííûå ìàòðèöû èíòåãðèðîâàíèÿ ñ óêàçàíèåì èõ öåëîãî èëè äðîáíîãî

ïîðÿäêîâ.

Ðåøåíèå (17) èìååò âèä

U E P P F 1 t= a b b y y( ) ( ( ))� � � � � � � � � �� �2 2 1
00 10

� ,

ãäå E — åäèíè÷íàÿ ìàòðèöà.

Èçîáðàæåíèå èñêîìîãî ðåøåíèÿ â îïåðàöèîííîì ïðîñòðàíñòâå îïðå-

äåëÿåòñÿ ôîðìóëîé

Y 1 t P U=b y y� � � � � �( )00 10
2 .
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Èñïîëüçóÿ îáðàòíîå S-ïðåîáðàçîâàíèå, ïîëó÷àåì ñëåäóþùåå âûðàæåíèå

äëÿ àïïðîêñèìàöèè ðåøåíèÿ óðàâíåíèÿ (12):

y t ta ( ) ( )*� �Y S . (18)

Ïðè ÷èñëåííîì ðåøåíèè óðàâíåíèÿ (18) äîëæíà áûòü âûáðàíà ñèñòåìà

áàçèñíûõ ôóíêöèéS( )t è îïðåäåëåíû âñå íåîáõîäèìûå êîíñòàíòû, à èìåí-

íî êîýôôèöèåíòû óðàâíåíèÿ, äèàïàçîí èçìåíåíèÿ àðãóìåíòà, íåîáõîäè-

ìûå íà÷àëüíûå óñëîâèÿ è ïîðÿäêè äèôôåðåíöèàëüíîãî îïåðàòîðà.

Ïðîãðàììû è ðåçóëüòàòû ìîäåëèðîâàíèÿ.

Ïðîãðàììà 1. Ôîðìèðîâàíèå ñèñòåì áàçèñíûõ ôóíêöèé íà îñíîâå

ïîëèíîìîâ Ëåæàíäðà.

Çàäàíèå øàãà äèñêðåòèçàöèè, ÷èñëà èíòåðâàëîâ äèñêðåòèçàöèè, ïîðÿä-

êà ïîëèíîìîâ è äèàïàçîíà èçìåíåíèÿ àðãóìåíòà:

h = 1/25; m = 25; x = 10; T = 1;

Ôîðìèðîâàíèå ñìåùåííûõ ïîëèíîìîâ Ëåæàíäðà, îðòîãîíàëüíûõ íà

øàãå äèñêðåòèçàöèè èëè äèàïàçîíå èçìåíåíèÿ àðãóìåíòà ñèãíàëà:

s [ j_, i_, t_, h_] :=

If [ (i –1) � h � t < i � h , LegendreP [ j – 1, 1 – 2i + 2 t/h ], 0]

Ôîðìèðîâàíèå ïîäñèñòåìû áàçèñíûõ ôóíêöèé íà îñíîâå ëîêàëüíûõ

ïîëèíîìîâ Ëåæàíäðà íóëåâîãî ïîðÿäêà:

V1 = Table [ s [ 1, i, t, h] , { i, m } ] .

Ôîðìèðîâàíèå ïîäñèñòåìû áàçèñíûõ ôóíêöèé íà îñíîâå ëîêàëüíûõ

ïîëèíîìîâ Ëåæàíäðà ïåðâîãî ïîðÿäêà:

V2 = Table [ s [ 2 , i, t, h] , {i, m} ] .

Ôîðìèðîâàíèå ïîäñèñòåìû áàçèñíûõ ôóíêöèé íà îñíîâå ëîêàëüíûõ

ïîëèíîìîâ Ëåæàíäðà âòîðîãî ïîðÿäêà:

V3 = Table [s[3, i, t, h] , {i, m} ] .

Ôîðìèðîâàíèå ñèñòåìû áàçèñíûõ ôóíêöèé íà îñíîâå ñìåùåííûõ ïî-

ëèíîìîâ Ëåæàíäðà, îðòîãîíàëüíûõ íà èíòåðâàëå 0� �t T èçìåíåíèÿ àðãó-

ìåíòà t:

V = Table [s [ j, 1, t, T ] , { j, r } ] .

Âèçóàëèçàöèÿ íåêîòîðûõ ôóíêöèé ëîêàëüíûõ áàçèñíûõ ïîäñèñòåì

ïðåäñòàâëåíà íà ðèñ. 1:

po = Plot [ {Vl [ [1] ] , V2 [[ 3 ]], V3 [[ 5 ]], Vl [[ 7 ]], V2 [[ 7 ]], Vl [[ 9 ]],

V2 [[ 9 ]], V3 [[ 9 ]]}, { t, 0, 0.41 } ] .

Îáðàáîòêà ñèãíàëîâ è ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà
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Âèçóàëèçàöèÿ ñèñòåìû ãëîáàëüíîé âåðñèè ïîëèíîìîâ Ëåæàíäðà 10

ïîðÿäêà ïðåäñòàâëåíà íà ðèñ. 2.

Ïðîãðàììà 2. Àïïðîêñèìàöèÿ òåñòîâîãî ñèãíàëà, äèñêðåòèçàöèÿ è

îöåíèâàíèå ñðåäíèõ çíà÷åíèé ñèãíàëà è åãî ïðîèçâîäíûõ ïåðâîãî è âòî-

ðîãî ïîðÿäêîâ. (Ïðåäïîëàãàåòñÿ, ÷òî ðåçóëüòàòû ðàáîòû ïðîãðàììû 1

ñîõðàíåíû è àêòèâíû.)

Îïðåäåëåíèå òåñòîâîãî ñèãíàëà è åãî ïðîèçâîäíûõ ïåðâîãî è âòîðîãî

ïîðÿäêîâ:

x = Sin [ 2� � t
2 ] , x1 = D [ x, t ] ,
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Ðèñ. 2. Ñèñòåìà ïîëèíîìîâ Ëåæàíäðà 10 ïîðÿäêà, îðòîãîíàëüíûõ íà èíòåðâàëå Ò = 1
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Ðèñ. 1. Ôóíêöèè ëîêàëüíûõ áàçèñíûõ ïîäñèñòåì



4� t cos [ 2 � t
2

] , x2 = D [ xl, t ] ,

4� t Cos [ 2 � t
2

] – 16 ��
t
2

sin [ 2 � t
2

].

Îïðåäåëåíèå ýëåìåíòîâ îáðàòíûõ ìàòðèö ëîêàëüíûõ ïîäñèñòåì è

ìàòðèöû W (ñì. (3)):

m1 =

0

h

2

1

s [1, 1, t, h] dt�
�



�
�

�

�

�
�

�

,

m2 =

0

h

2

1

s [2, 1, t, h] dt�
�



�
�

�

�

�
�

�

,

m3 =

0

h

2

1

s [3, 1, t, h] dt�
�



�
�

�

�

�
�

�

,

W = DiagonalMatrix Table (s [ j, 1, t, T]) dt, {j, r}

T

2

0

�
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

.

Îïðåäåëåíèå ôðàãìåíòîâ âåêòîðîâ êîýôôèöèåíòîâ ïîëèíîìîâ, àïï-

ðîêñèìèðóþùèõ ñèãíàë, äëÿ ëîêàëüíûõ áàçèñíûõ ïîäñèñòåì:

X1 = m1 � N Table x V1 [[i]] dt, {i, m}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0.00335101, 0.0234542, 0.0636198, 0.123645, 0.202923, 0.300086,

0.412556, 0.536025, 0.663952, 0.787156, 0.893676, 0.969071, 0.9973,

0.962855, 0.852771, 0.660828, 0.391118, 0.0616387, –0.293737,

–0.626264, – 0.877618, –0.990168, –0.921564, –0.661076, –0.242975}

X2 = m2 � N Table x V2 [[i]] dt, {i, m}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0.00502649, 0.0150749, 0.0250791, 0.0349085, 0.0442818,

0.0527138, 0.0594728, 0.0635637, 0.0637523, 0.0586524,

0.0468982, 0.0274181, –0.00018914, –0.0352038, –0.0753315,

–0.116368, –0.15216, –0.175056, –0.17703, –0.151526,

–0.0958666, –0.0137245, 0.0831577, 0.175088, 0.237362}

Îáðàáîòêà ñèãíàëîâ è ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà
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X3 = m3 � N Table x V3 [[i]] dt, {i, m}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0.00167547, 0.00167317, 0.00165842, 0.00161103, 0.00150121,

0.00129092, 0.000936745, 0.000395314, –0.000368123, –0.00136729,

–0.00257904, –0.00392578, –0.00525965, –0.00635464, –0.00691467,

–0.00660674, –0.00512643, –0.00229657, 0.00181183, 0.00676444,

0.0117007, 0.0153819, 0.0164041, 0.0135946, 0.00654038}
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Ðèñ. 4. Ïåðâàÿ ïðîèçâîäíàÿ òåñòîâîãî ñèãíàëà è ðåçóëüòàòû åå äèñêðåòèçàöèè (îöåíèâàíèÿ)
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Ðèñ. 3. Òåñòîâûé ñèãíàë è ðåçóëüòàòû åãî äèñêðåòèçàöèè (îöåíèâàíèÿ)



Îïðåäåëåíèå âåêòîðà êîýôôèöèåíòîâ ïîëèíîìà, àïïðîêñèìèðóþùåãî

ñèãíàë äëÿ ãëîáàëüíîé áàçèñíîé ñèñòåìû:

X = Inverse [ W ] � N Table x s [j, 1, t T] dt, {j, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

,

{0.171708, –0.515124, –0.945975, 0.288801, 0.902188,

0.350798, –0.095126, –0.130934, –0.0400863, 0.00441312}

Âèçóàëèçàöèÿ ñèãíàëà è åãî ñðåäíèõ çíà÷åíèé íà ñåòêå ñ øàãîì h

(ðèñ. 3):

p12 = ListPlot [ Table [ { (i – 0.5 ) / m, X1 [[ i ]] } , { i, m } ],

Filling 
 Axis, FillingStyle 
 Red],

p13 = Plot [ x, { t, 0, 1 }] ,

p14 = Show [ p12, p13 ] .

Âèçóàëèçàöèÿ ïåðâîé ïðîèçâîäíîé ñèãíàëà è åå ñðåäíèõ çíà÷åíèé

(îöåíèâàíèÿ) íà ñåòêå ñ øàãîì h (ðèñ. 4):

p15 = Plot [x1, {t, 0, 1}] ,

p17 = ListPlot Table {(i 0.5) / m,
2

h
X2[[i]]}, {i, m}��

� 
��

� 
!
"#

,

Filling 
 Axis, FillingStyle 
 Red
!

"
#,

p19 = Show [p15 , p17].
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Ðèñ. 5. Âòîðàÿ ïðîèçâîäíàÿ òåñòîâîãî ñèãíàëà è ðåçóëüòàòû åå äèñêðåòèçàöèè (îöåíèâàíèÿ)



Âèçóàëèçàöèÿ âòîðîé ïðîèçâîäíîé ñèãíàëà è åå ñðåäíèõ çíà÷åíèé
(îöåíèâàíèÿ) íà ñåòêå ñ øàãîì h (ðèñ. 5):

p16 = Plot [x2, {t, 0, T }],

p18 = ListPlot Table {(i 0.5) / m,
12

h
X3[[i]]}, {i, m}

2
��

� 
��

� 
!
"#

,

Filling 
 Axis, FillingStyle 
 Red
!

"
# ,

p20 = Show [p16, p18].

Ïðîãðàììà 3. Îïðåäåëåíèå îïåðàöèîííûõ ìàòðèö äèôôåðåíöèðîâàíèÿ
ðàçëè÷íûõ öåëûõ è äðîáíûõ ïîðÿäêîâ â áàçèñå ïîëèíîìîâ Ëåæàíäðà.

Çàäàíèå ïîðÿäêà áàçèñíîé ñèñòåìû è äèàïàçîíà èçìåíåíèÿ àðãóìåíòà:

r = 10; T = 1.

Îïðåäåëåíèå áàçèñíîé ñèñòåìû ôóíêöèé íà îñíîâå ãëîáàëüíîé âåð-
ñèè ïîëèíîìîâ Ëåæàíäðà:

so [ t_, T_, i_] : = LegendreP [ i –1, –1+ 2 t / T] ,

So = Table [ so [ t, T, i ] , { i, r } ] .

Îïðåäåëåíèå îïåðàöèîííîé ìàòðèöû W:

W = DiagonalMatrix Table so [t , T, j]) dt, {j, r}

T

2

0

�
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

( .

Çàäàíèå ÷èñëîâîãî çíà÷åíèÿ äðîáíîãî ïîðÿäêà èíòåãðàëüíîãî (äèôôå-
ðåíöèàëüíîãî) îïåðàòîða:

� = 1/2 .

Îïðåäåëåíèå îïåðàöèîííîé ìàòðèöû èíòåãðèðîâàíèÿ äðîáíîãî ïîðÿäêà:

P� := N Inverse [W]. Table so [t, T, i]

T

0

� �
�

�
 
 

�

�
 
 

�
1

Gamma [ ]
(t ) so[ , T, j] d dt,

0

1

�
� � �

�
�� � �

�



�
�

�

�

�
�� � {i, r}, {j, r}

!

"
#
#

!

"
#
#

.

Îïðåäåëåíèå âåêòîðîâ ïðîèçâîäíûõ ïåðâîãî è âòîðîãî ïîðÿäêîâ îò
áàçèñíîé ñèñòåìû ôóíêöèé:

S1 = D [ So, t ] ; S2 = D [So, { t, 2 } ] .

Îïðåäåëåíèå âåêòîðà ïðîèçâîäíûõ ïîðÿäêà n îò áàçèñíîé ñèñòåìû

ôóíêöèé So ïîðÿäêà r (n < r):

sn : = D [So, { t, n } ] .
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Îïðåäåëåíèå îïåðàöèîííîé ìàòðèöû äèôôåðåíöèðîâàíèÿ ïîðÿäêà n â
áàçèñå ñèñòåìû ïîëèíîìîâ Ëåæàíäðà ïîðÿäêà r:

Ldn := Inverse [ W ] . Table

0

T

so [t, 1, i 1] sn[[ j ]] dt, {i, r}, {j,� � � r}
�

�
 
 

!

"
#
#

.

Îïðåäåëåíèå îïåðàöèîííûõ ìàòðèö äèôôåðåíöèðîâàíèÿ ïåðâîãî è
âòîðîãî ïîðÿäêîâ:

Ld1 := Inverse [ W ] . Table

0

T

so [t, 1, i] S1[[ j ]] dt, {i, r}, {j, r}� �
�

�
 
 

!

"
#
#

,

Ld1 // MatrixForm.

Îïåðàöèîííàÿ ìàòðèöà äèôôåðåíöèðîâàíèÿ 1-ãî ïîðÿäêà:

0 2 0 2 0 2 0 2 0 2

0 0 6 0 6 0 6 0 6 0

0 0 0 10 0 10 0 10 0 10

0 0 0 0 14 0 14 0 14 0

0 0 0 0 0 18 0 18 0 18

0 0 0 0 0 0 22 0 22 0

0 0 0 0 0 0 0 26 0 26

0 0 0 0 0 0 0 0 30 0

0 0 0 0 0 0 0 0 0 34

0 0 0 0 0 0 0 0 0 0

�



�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�

,

Ld2 := Inverse [ W ] . Table

0

T

so [t, 1, i] S2[[ j ]] dt, {i, r}, {j, r}� �
�

�
 
 

!

"
#
#

,

Ld2 // MatrixForm.

Îïåðàöèîííàÿ ìàòðèöà äèôôåðåíöèðîâàíèÿ 2-ãî ïîðÿäêà:

0 0 12 0 40 0 84 0 144 0

0 0 0 60 0 168 0 324 0 528

0 0 0 0 140 0 360 0 660 0

0 0 0 0 0 252 0 616 0 1092

0 0 0 0 0 0 396 0 936 0

0 0 0 0 0 0 0 572 0 1320

0 0 0 0 0 0 0 0 780 0

0 0 0 0 0 0 0 0 0 1020

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

�



�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�

.
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Îïðåäåëåíèå îïåðàöèîííûõ ìàòðèö äèôôåðåíöèðîâàíèÿ ïî Ðèìàíó—

Ëèóâèëëþ è Êàïóòî äðîáíîãî ïîðÿäêà � (n n� � �1 � ) (â äàííîì ñëó÷àå

âûáðàíî n = 2):

DRL = Ld2 . P� ,

DC = P� . Ld2 .

Ïðèìåð 1. Îïðåäåëèòü èçîáðàæåíèÿ ïåðâîé è âòîðîé ïðîèçâîäíîé

òåñòîâîãî ñèãíàëà y t�sin ( )� â áàçèñå ïîëèíîìîâ Ëåæàíäðà 10 ïîðÿäêà,

èñïîëüçîâàâ âûðàæåíèÿ îïåðàöèîííûõ ìàòðèö äèôôåðåíöèðîâàíèÿ, è

ñðàâíèòü èõ ñ èçîáðàæåíèÿìè, ïîëó÷åííûìè ïóòåì àïïðîêñèìàöèè ñîîò-

âåòñòâóþùèõ ïðîèçâîäíûõ òåñòîâîãî ñèãíàëà.

Çàäàíèå òåñòîâîãî ñèãíàëà è åãî äâóõ ïðîèçâîäíûõ:

y = Sin [ � � t ]

y1 = D [ y, t ]

y2 = D [ y, {t, 2} ]

Îïðåäåëåíèå èçîáðàæåíèé òåñòîâîãî ñèãíàëà è åãî ïðîèçâîäíûõ:

Y = Inverse [ W ] . N Table so[t, 1, i] y dt, {i, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0.63662, 0., –0.687085, 0., 0.051779, 0., –0.00133046, 0., 0.0000171322, 0.}

Y1 = Inverse [ W ] . N Table so[t, 1, i] y1dt, {i, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0. , –3.81972, 0., 0.706517, 0., –0.028896, 0., 0.000510015, 0., –5.00604$10
–6

}

Y2 = Inverse [ W ] . N Table so[t, 1, i] y2dt, {i, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{– 6.28319, 0., 6.78126, 0., – 0.511038, 0., 0.0131311, 0., – 0.000169088, 0.}

Îïðåäåëåíèå èçîáðàæåíèé ïåðâîé è âòîðîé ïðîèçâîäíûõ òåñòîâîãî

ñèãíàëà â îïåðàöèîííîé îáëàñòè ñ èñïîëüçîâàíèåì îïåðàöèîííûõ ìàòðèö

äèôôåðåíöèðîâàíèÿ:

Yla = Ld1 . Y

{0., –3.81972, 0., 0.706519, 0., –0.0288931, 0., 0.000513967, 0., 0.}

Y2a = Ld2 . Y

{– 6.28316, 0., 6.7814, 0., – 0.510825, 0., 0.0133631, 0., 0., 0.}
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Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ ñâèäåòåëüñòâóåò îá óäîâëåòâîðè-

òåëüíîé òî÷íîñòè îöåíèâàíèÿ èçîáðàæåíèé ïåðâîé è âòîðîé ïðîèçâîä-

íûõ: Y1 % Y1a, Y2 % Y2a.

Ïðèìåð 2. Îïðåäåëèòü èçîáðàæåíèÿ äðîáíûõ ïðîèçâîäíûõ òåñòîâîãî

ñèãíàëà z t e tt( ) � � 5 ïîðÿäêà 1.5 ïî Ðèìàíó—Ëèóâèëëþ è Êàïóòî â áàçèñå

ïîëèíîìîâ Ëåæàíäðà 10 ïîðÿäêà, èñïîëüçîâàâ âûðàæåíèÿ îïåðàöèîííûõ

ìàòðèö äèôôåðåíöèðîâàíèÿ, è ñðàâíèòü èõ ñ èçîáðàæåíèÿìè, ïîëó÷åí-

íûìè ïóòåì àïïðîêñèìàöèè ñîîòâåòñòâóþùèõ ïðîèçâîäíûõ òåñòîâîãî

ñèãíàëà. Äèàïàçîí èçìåíåíèÿ àðãóìåíòà T = 1.

Çàäàíèå òåñòîâîãî ñèãíàëà è åãî ïðîèçâîäíîé âòîðîãî ïîðÿäêà:

z [ t_ ] := t
5 � e

-t
; z2 [ t_ ] := D [ z [ t ], { t, 2 } ].

Îïðåäåëåíèå èçîáðàæåíèé òåñòîâîãî ñèãíàëà è åãî ïðîèçâîäíîé âòî-

ðîãî ïîðÿäêà:

Z = Inverse [ W ] . N Table so[t, 1, i] z [ t ] dt, {i, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0.0713022, 0.145695, 0.108181, 0.0391033,

0.00456341, – 0.000892997, – 0.0000991821, 0., 0., 0.}

Z2 = Inverse [ W ] . N Table so[t, 1, i] z2 [ t ] dt, {i, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{1.47152, 2.20728, 0.599336, –0.203916,

–0.0443434, 0.019659, –0.00314903, 0., 0., 0.}

Íàõîæäåíèå èçîáðàæåíèÿ ïðîèçâîäíîé ïî Êàïóòî ïîðÿäêà 1.5 òåñ-

òîâîãî ñèãíàëà ïóòåì àïïðîêñèìàöèè:

zc =
1

Gamma [1/ 2]
(t z d

0

� � �� �
t

� � �) [ ]/1 2 2

ConditionalExpression
1

16 �
�
� 

(� t (45 + 4t (15 + 2t (9 + 2 (–7 + t) t ))) +

(45 + 2t (45 + 4t (15 + 2t (15 + t (–15 + 2t ))))) DawsonF [ t ] ), t > 0
!

"
#

z1c =
1

16 �

( � t (45 + 4t (15 + 2t (9 + 2 (–7 + t) t ))) +

+ (45 + 2t (45 + 4t (15 + 2t (15 + t (–15 + 2t ))))) DawsonF [ t ] )
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ZC = Inverse [ W ] . N Table so[t, 1, i] z1c dt, {i, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0.76356, 1.292, 0.570328, –0.000786606,

–0.0403096, 0.00383376, 0.00094223, 0., 0., –9.5}

Íàõîæäåíèå èçîáðàæåíèÿ ïðîèçâîäíîé ïî Êàïóòî ïîðÿäêà 1.5 òåñ-

òîâîãî ñèãíàëà ñ èñïîëüçîâàíèåì îïåðàöèîííîé ìàòðèöû äèôôåðåíöè-

ðîâàíèÿ:

ZC1 = DC. Z

{0.765956, 1.28889, 0.571318, –0.00369742, –0.041201,

0.00229511, –0.00192962, 0.00119086, –0.000803159, 0.000581764}

Íàõîæäåíèå èçîáðàæåíèÿ ïðîèçâîäíîé ïî Ðèìàíó—Ëèóâèëëþ ïî-

ðÿäêà 1.5 òåñòîâîãî ñèãíàëà íà îñíîâå àïïðîêñèìàöèè ñèãíàëà ïðîèç-

âîäíîé:

zr1 = D
1

Gamma [0.5]
(t z d , {t, 2}

0

� � �
�

�
 
 

!

"
#
#

� �
t

� � �) [ ].0 5

10.3166 t
3.5

Hypergeometric1F1 [6, 6.5, – t ] –

4.23246 t
4.5

Hypergeometric1F1 [7, 7.5, – t ] +

0.359117 t
5.5

Hypergeometric1F1 [8, 8.5, – t ]

ZRL1: = Inverse [ W ] . N Table so[t, 1, i] zr1dt, {i, r}

T

0

� �
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

{0.76356, 1.292, 0.570328, –0.000786606, –0.0403096,

0.00383359, 0.000918912, –0.000389609, 0.000106094, –0.0000317606}

Íàõîæäåíèå ïðîèçâîäíîé ïî Ðèìàíó—Ëèóâèëëþ ïîðÿäêà 1.5 òåñòî-

âîãî ñèãíàëà ñ èñïîëüçîâàíèåì îïåðàöèîííîé ìàòðèöû äèôôåðåíöèðî-

âàíèÿ:

ZRL = Ld2 . ( P�. Z)

{0.76356, 1.292, 0.570328, –0.000786606, –0.0403096,

0.00383359, 0.000918912, –0.000389609, 0.000106094, –0.0000317606}

Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ ñâèäåòåëüñòâóåò îá óäîâëåòâîðè-

òåëüíîé òî÷íîñòè îöåíèâàíèÿ èçîáðàæåíèé ïðîèçâîäíûõ äðîáíîãî ïîðÿä-

êà ïî Ðèìàíó—Ëèóâèëëþ è Êàïóòî: ZC % ZC1, ZRL % ZRL1.
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Ïðèìåð 3. Íàéòè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî

ïîðÿäêà ñ ïðîèçâîäíîé Êàïóòî ïðè ðàçëè÷ûõ ïðàâûõ ÷àñòÿõ óðàâíåíèÿ è

íóëåâûõ íà÷àëüíûõ óñëîâèÿõ:

D y t y t f tt i
3 2/ ( ( )) ( ) ( )� � , 0 10� �t , y y( ) ( )0 0 0� � � ;

f t1 1( ) � ; f t te t
2( ) � � ; f t

t
e t

3
11

( ) /� � ; f t e tt
4 02( ) sin ( , )� � ;

Âûïîëíèâ çàìåíó ïåðåìåííûõ, êàê ýòî ñäåëàíî, âûøå,

�� �y t u t( ) ( ); � � � ��y t y u d

t

( ) ( )0

0

� �; y t y y t u d d

t

( ) ( )� � � �� �0 0

0 0

�

& & �,

ïîëó÷èì ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå:

D u t u d d f t y y tt

t

i
� � � � � �� �

1 2

0 0

0 0
/ ( ( )) ( ) ( )

�

& & � .

Ðåøåíèå óðàâíåíèÿ â îáëàñòè S-ïðåîáðàçîâàíèÿ èìååò âèä:

U P P F 1 ti i y y� � � � � ��( ) ( )/1 2 2 1
0 0 , Y P U 1 ti i= y y2

0 0� � � � .

Ïðîãðàììà è ðåçóëüòàòû ðåøåíèÿ. Ôîðìèðîâàíèå áàçèñíîé ñèñòå-

ìû ôóíêöèé è S-ïðåîáðàçîâàíèÿ:

r = 10; T = 10;

so [ t_, T_, i_ ] : = LegendreP[ i – 1, – 1 + 2 t / T ] ;

So = Table [ so [ t, T, i ], { i, r } ] ;

W = DiagonalMatrix Table (so[t, T, j]) dt, {j, r}

T

2

0

�
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

;

� = 1/2 ;

P1/2 := N Inverse[W]. Table so[t, T, i]

T

0

� �
�

�
 
 

�

�
 
 

�
1

Gamma
(t so[ T, j] d dt, {i

[ ]
) ,

�
� � ��� � �

�



�
�

�

�

�
�� �

0

1

t

, r}, {j, r}
!

"
#
#

!

"
#
#
;

P2 := Inverse [ W ] . Table

0

T

so[t, T, i]� �
�

�
 
 

�
1

Gamma 2
(t so[ T, j] d dt, {i, r

[ ]
) ,� � �

�



�
�

�

�

�
��

0

t

� � � }, {j, r}
!

"
#
#

;
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Em = IdentityMatrix[ r ];

One = Inverse [ W ] . Table

0

T

so[t, T, i] 1dt, {i, r}� �
�

�
 
 

!

"
#
#

;

Tim = Inverse [ W ] . Table

0

T

so[t, T, i] t dt, {i, r}� �
�

�
 
 

!

"
#
#
.

Íàõîæäåíèå èçîáðàæåíèÿ ïðàâûõ ÷àñòåé óðàâíåíèÿ:

F1 = Chop Inverse [W].N Table so[t, T, i] f1 [t] dt, {i,

T

0

� � r}
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

F2 = Chop Inverse [W].N Table so[t, T, i] f2 [t] dt, {i,

T

0

� � r}
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

F3 = Chop Inverse [W].N Table so[t, T, i] f3 [t] dt, {i,

0

T

� � r}
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

F4 = Chop Inverse [W].N Table so[t, T, i] f4 [t] dt, {i,

T

0

� � r}
�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

�

�
 
 

!

"
#
#

Ðåçóëüòàòû âû÷èñëåíèÿ:

{1., 0, 0, 0, 0, 0, 0, 0, 0, 0}

{0.0999501, –0.180183, 0.0795514, 0.0548915, –0.11097,

0.0950427, –0.0567712, 0.0266838, –0.0104317, 0.00350451}

{0.182292, –0.11335, –0.00729871, 0.0795161, –0.102313,

0.0927816, –0.067649, 0.0388361, –0.0133216, –0.00573164}

{0.0192272, –0.0355156, 0.016756, 0.0100798, –0.0220875,

0.0193228, –0.0116028, 0.00541199, –0.00207266, 0.000672874}

Íàõîæäåíèå èçîáðàæåíèé âòîðîé ïðîèçâîäíîé ðåøåíèé óðàâíåíèÿ:

U1 = Inverse [P1/2 + P2 ] . F1

U2 = Inverse [P1/2 + P2 ] . F2

U3 = Inverse [P1/2 + P2 ] . F3

U4 = Inverse [P1/2 + P2 ] . F4

Ðåçóëüòàòû âû÷èñëåíèÿ:

{–0.00359237, –0.0717939, 0.265745, –0.658183, 0.688209,

–0.562009, 0.281819, –0.392301, 0.221457, –0.581021}

{0.000526988, 0.00134678, 0.0617316, –0.232947, 0.237781,

–0.0140704, –0.123512, 0.122238, –0.0570961, 0.0493043}

{–0.000161724, –0.00609428, 0.0806893, –0.19226, 0.154759,

0.0496775, –0.160368, 0.177463, –0.109552, 0.104649}

{0.000101173, 0.000251924, 0.011831, –0.0461981, 0.0482296,

–0.00354331, –0.0247242, 0.0247711, –0.0116095, 0.00987791}

Â.Â. Âàñèëüåâ, Ë.À. Ñèìàê, À.Â. Âàñèëüåâ

30 ISSN 0204–3572. Electronic Modeling. 2016. V. 38. ¹ 4



Íàõîæäåíèå èçîáðàæåíèé ðåøåíèé óðàâíåíèÿ:

Y1 = P2 . U1

Y2 = P2 . U2

Y3 = P2 . U3

Y4 = P2 . U4

Ðåçóëüòàòû âû÷èñëåíèÿ:

{0.981318, 0.157999, –0.389563, 0.469736, –0.207802,

–0.071304, 0.110102, –0.0544681, –0.00272142, 0.0429146}

{0.100446, –0.166683, –0.0482308, 0.257521, –0.131902,

–0.0707546, 0.0918761, –0.0262993, –0.00581806, 0.00507873}

{0.182572, –0.0804292, –0.132053, 0.21601, –0.0708939,

–0.0747719, 0.0769364, –0.0233653, –0.00134038, 0.00274155}

{0.0193052, –0.0329886, –0.00818725, 0.0508563, –0.0271896,

–0.0136426, 0.0185332, –0.00545923, –0.00113301, 0.00104507}

Àïïðîêñèìàöèÿ è âèçóàëèçàöèÿ ðåøåíèé:

y1a = Y1.So;

y2a = Y2.So;

y3a = Y3.So;

y4a = Y4.So;

p1 = Plot [ y1a, { t, 0, T }, PlotRange 
 A11]

p2 = Plot [ y2a, { t, 0, T }]

p3 = Plot [ y3a, { t, 0, T }]

p4 = Plot [ y4a, { t, 0, T }]

Show [p1, p2, p3, p4]

Àïïðîêñèìàöèÿ ðåøåíèé ïðåäñòàâëåíà íà ðèñ. 6.

Îáðàáîòêà ñèãíàëîâ è ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì äðîáíîãî ïîðÿäêà

ISSN 0204–3572. Ýëåêòðîí. ìîäåëèðîâàíèå. 2016. Ò. 38. ¹ 4 31

1,2

1,0

0,8

0,6

0,4

0,2

0
2 4 6 8 10

1

2

34

Ðèñ. 6. Àïïðîêñèìàöèÿ ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ïðè
ðàçëè÷íûõ çíà÷åíèÿõ f (t): 1 — f t1 1( )� ; 2 — f t te t

2 ( )� � ; 3 — f t t e t
3

11( ) / /� � ; 4 —
f t e tt
4 0 2( ) sin ( , )� �



Âûâîäû

Èñïîëüçîâàíèå áàçèñíûõ ñèñòåì íà îñíîâå ëîêàëüíîé è ãëîáàëüíîé âåðñèé

ïîëèíîìîâ Ëåæàíäðà ïîçâîëèëî ñôîðìèðîâàòü âûðàæåíèÿ äëÿ îïåðàöèîí-

íûõ ìàòðèö äèôôåðåíöèðîâàíèÿ öåëûõ ïîðÿäêîâ. Ïðîãðàììû, íàïèñàííûå

íà ÿçûêå Mathematica®, äîïóñêàþò èçìåíåíèå âèäà áàçèñíûõ ñèñòåì, îñíîâ-

íûõ ïàðàìåòðîâ è âèäà ñèãíàëîâ è ìîãóò áûòü ïðèìåíåíû ïðè èñïîëüçîâàíèè

ìåòîäîâ S-ïðåîáðàçîâàíèÿ äëÿ öèôðîâîé îáðàáîòêè íåïðåðûâíûõ ñèãíàëîâ è

ìîäåëèðîâàíèÿ çàäà÷ äðîáíîé äèíàìèêè ñèñòåì.
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The application of approximation-operational method based on the local and global versions of
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ÂÀÑÈËÜÅÂ Âñåâîëîä Âèêòîðîâè÷, ÷ë.-êîð. ÍÀÍ Óêðàèíû, ðóêîâîäèòåëü Îòäåëåíèÿ ãèáðèä-

íûõ ìîäåëèðóþùèõ è óïðàâëÿþùèõ ñèñòåì â ýíåðãåòèêå Èí-òà ïðîáëåì ìîäåëèðîâàíèÿ â

ýíåðãåòèêå èì. Ã.Å. Ïóõîâà ÍÀÍ Óêðàèíû. Â 1958 ã. îêîí÷èë Òàãàíðîãñêèé ðàäèîòåõíè÷åñêèé

èí-ò. Îáëàñòü íàó÷íûõ èññëåäîâàíèé — ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå

äèíàìè÷åñêèõ ñèñòåì, ýëåêòðîíèêà è ìîäåëèðîâàíèå â ýíåðãåòèêå.

ÑÈÌÀÊ Ëèëèÿ Àëåêñååâíà, ä-ð òåõí. íàóê, âåä. íàó÷. ñîòð. Îòäåëåíèÿ ãèáðèäíûõ ìîäåëèðóþùèõ è

óïðàâëÿþùèõ ñèñòåì â ýíåðãåòèêå Èí-òà ïðîáëåì ìîäåëèðîâàíèÿ â ýíåðãåòèêå èì. Ã.Å. Ïóõîâà

ÍÀÍ Óêðàèíû. Â 1959 ã. îêîí÷èëà Òàãàíðîãñêèé ðàäèîòåõíè÷åñêèé èí-ò. Îáëàñòü íàó÷íûõ

èññëåäîâàíèé — îïåðàöèîííûå ìåòîäû àíàëèçà äèíàìè÷åñêèõ ñèñòåì, ìàòåìàòè÷åñêèé àíà-

ëèç íåöåëûõ ïîðÿäêîâ.

ÂÀÑÈËÜÅÂ Àëåêñåé Âñåâîëîäîâè÷, êàíä. òåõí. íàóê, ñò. íàó÷. ñîòð. Îòäåëåíèÿ ãèáðèäíûõ

ìîäåëèðóþùèõ è óïðàâëÿþùèõ ñèñòåì â ýíåðãåòèêå Èí-òà ïðîáëåì ìîäåëèðîâàíèÿ â ýíåðãå-

òèêå èì. Ã.Å. Ïóõîâà ÍÀÍ Óêðàèíû. Â 1982 ã. îêîí÷èë Êèåâñêèé ïîëèòåõíè÷åñêèé èí-ò. Îá-

ëàñòü íàó÷íûõ èññëåäîâàíèé — ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå äèíàìè-

÷åñêèõ ñèñòåì, èíôîðìàöèîííûå ñèñòåìû.
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