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Assessment of the Probability of System Failure
with Maximum Service Accumulation Elements

A single-line queuing systems is considered. Incoming stream of requirements is the Poisson
flow. The requirement service is performed in the order of arrival. The maintenance of the re-
quirements consists of two independent non-negative random variables. In the course of time,
distributed as the first of two quantities, there appears another Poisson flow of requirements with
independent identically distributed lengths. Of these, the maximum length requirement is chosen.
This maximum length is the second term of the service requirement time. The number of require-
ments in the system as a function of time forms a regenerating process. The moments of the ab-
sence of requirements in the system are the moments of regeneration. At the moment of transition
of the random process from the state n to the state n + 1, a failure occurs (n=1, 2, ...). Two-way
estimates for the probability of failure at the regeneration period are found. Moreover, the upper
and lower bounds for ordinary duplication (n = 1) coincide.

Keywords: the probability of system failure, maximum service accumulation elements.

In the present work, the direction of the studies of A.D. Soloviev and his students is
continued in the field of obtaining estimates for the probability of failure of the re-
stored redundant systems during the regeneration period. One such upper bound for
another method can be improved. This is the subject of this study.

The repair body, which is a single-line queuing system, receives a Poisson
flow with the parameter of requirements for restoring the elements. Require-
ments are serviced in the order in which they are received. The service times of
requirements are independent in the aggregate and are equally distributed with
the distribution function H (x). We denote

h(s)= Iexp(—sx) dH (x)
x>0
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the Laplace transform for the service time of the requirements. During the main-
tenance of a requirement with intensity v a simple flow of service accumulation
arises. Depending on the number of & points of this Poisson flow, during the re-
quirement service, an additional set of independent equally distributed distribu-
tions /' (x)of random times X, X, ,..., X, from which the conditional maximum

is chosen X'¥) —max{X,,.., X, } with distribution function

max —

F®@)y=P{x® <x}=ﬁP{Xj <x}=F"(x)
j=1

and it 1s added to the maintenance time. Let

k
R()= [ Y exp(-v)[F ()] dH (1) =h v [1- F(x)]}

30 k20 k!

be the distribution function of the unconditional maximum X, there may be
additional time that has arisen by the time when the requirement is serviced,
X
G(x)=P{n+X,, <x} =IR (x—1)dH (1)
0
is the distribution function of the total service time of requirement.

After the recovery, the item returns to where it came from. The random ser-
vice process at  is given by the number of elements that are restored in the repair
body. This random process is regenerative. The moments of the regeneration are
the moments of the transition of the random process to the state {0}. In the
moment of the transition of the random process from the state {n} to the state
{n+1} there is the failure, n =1,2,.... Denote by ¢ the probability of failure dur-

ing the regeneration period of this random service process. Let G (x) =1-G (x)
and

()"
(n-1)!

Lemma 1. Suppose that for the numbers a; >0, b, >0, X >0,i=1,2,..,n,

exp(—Ax) G(x) dx.

b, =Tx
0

j=L2,..,n, it is known that x; < b, +Za--x - for all i=1,2,...,n. Then for all

g

=
i=1,2,..,n the inequality x; < lbi holds, where
—a
n a.b.
oL =max Z Ay
1<i<n A bl
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Pro o f. From the condition of the lemma0 < x; < bj forall j=1,2,...,n.
o b.
/—, where a; =1-—L. Let

Hence, for all j=1,2,..,n it is true x; =
l—ocj X

J

o, =maxa ;. Then from the condition and last equality the chain of relations is
1<j<n

true

n
Zaijj

a b - =1
bl l+—Fk |=—"% —x <b, +Ya,x =b|l+I 70— |=
k( 1 J l-o, ¢ ¢ /Z:;' S by

n b.
J
a,:

=b,| 1+ <b, |1+

by by(1-ay) .

Comparing the left and right parts of these relations, we see that

2 b,
[0 S CRT S Py [ P
I-o by(1-o)

and hence the inequalities

" a,.b. " a.b
a; <a, < algjgoczmaxza”’
/ k b 1<i<n b
j=t Dk SR by
Consequently for all j =1, 2, ..., n are true
b, b
Tolea ;o 1=

Lemma 2. For any nonnegative integers i and j the inequality
bib; <C|, ;byb,,; is true.
Proof. Letus

it+j

fx)=

hexp(A)G(X) 4 :]oxif(x) dx.

j Lexp(—Ax) G (x) dx 0
0
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.
Note that M, = I;Z’ . Hence the inequality for moments [1] M; M ; <M, ; the
0
chain of ratios follows
2 ; 2 2
b, b0 Bb TO)giei i B0 vy <o Bo gy
Tt Ay M b, ilj! ’ e

l']' }\‘H] bo J*J J
thatis b,b, <C|, ;byb
Let us denote g, (n+1) the conditional probability of failure of the regenera-
tion period, provided that in its beginning in repair body there are exactly » com-
plete requirements for the restoration of elements, » =1,2,..., n—1.
Theorem. For all natural numbers n the following inequality is true

bn—l
1-by(2" = 1)

i+je

g=q(n+)<

Proof. Letusdenote by, the number of failed elements, during the reco-
very of the first failed item for the employment period in the repair body. By the
formula of total probability record

n—1

g \(n+)=b, | +> a,q,;(n+l).
J=1

Using the formula of total probability, we write down the expression for the
probability of failure ¢, (n+1), when at the beginning of the period of employ-
ment in the repair body are exactly » > 2 (no less than two) full requirements

q,(n+)=b,_, +Zajq,,_l+j(n +1), 2<r<n.
j=l

Note thatay =1-byua; =b, | =b;, j 21. These inequalities and the Abel trans-
formation make it possible to write down and estimate from above the second
terms in the right-hand sides of the last two series of expressions, respectively, in
the form

n-l n—1
Zajqj(n +1)= Z (b, =b;1q,;(n+))=
J=1 Jj=1

n-1

- ijA [ qf(n +1)_ qul(n +1)]_bn—l qn-1 (I’l +l) <
Jj=1
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n—1

<Y balg,(n+)=g,,(n+D],

j=1

here by definition we assume g,(n+1) =0,

Zajqerj(n +1)= Z (6,5 =b;19,., ;(n+D)+[1-by]q,(n+1)=
j=0 j=1

n—r

= ij—1 [9,-14;(n+D) =g, 5, ;(n+D]=b,_, g, (n+D)+q,(n+]) <

Jj=1

<> byl g (D) =g, 5, (n+D)]+q, (n+1)
Jj=1

for 2<r<n.Denoteby vy, ; (n+))=q,;(n+l)—q, ;(n+1),2<j<n-1 By de-
finition vy, (n+1)=¢q,(n+1).

Substituting instead of the second summands in the right-hand sides of the
above-mentioned expressions the upper bounds obtained for them, transposing
the last terms (for » >2 no less than two) from right to left, we transform our
formulas for the failure probability in the form of equalities in the inequalities
for them and their differences, respectively

n—1

Va(n+D)<b, zbj—lyn—(j—l)(n +1)
j=l1

for r=1and
Vis—r(n+)<b,_, Z bi Y sy (n+D)
j=l

for 2 <r < n. For this system of inequalities, under the conditions of Lemma 1
the matrix 4 ={a;; } has the form

bn—l bn—2bn—3 bl bO
bn—2bn—3bn—4 bOO

bybybg.......... 00
biby0.......... 00
by00.......... 00
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For the above-mentioned system of inequalities we use Lemma 1, taking x; =
=Y. (n+1),i=1,2,..., n. From this system of inequalities, according to Lemma 1

v (n D) =gy (n+1) < 2t
1—-a

where
n—i b lbn—j

o=max y "/

1<i<n =1 bnfl

According to Lemma 2 for all integers 1<;<n the inequality
bi b, ; <CJbyb, , is true and

n-i b lb . n—i -
o =max » " < max=hymax » C/7| =
I<i<n b I<i<n I<isn 4
j=l1 n—1 j=
n—i | n—i |
= J= J-1 _ n=1_
=b,max ZC h bOZC L =bo(2 1)
1<i<n >
J=1 J=1

Having obtained the upper bound for the quantity o, o < b, "1,

In so doing we estimated the probability of failure of the system during the
regeneration period of the random process in backup models with recovery

b
g=q,(n+l)<——n-L
: 1-by (2" —1)
For the probability of failure ¢ the bilateral valuation
b
b, <qg=q;(n+l)s —1___ n=1,2, ..,
: : 1-by (2" -1)
is correct.
Conclusion.

For simple duplication, when n =1, this estimate gives an accurate value for the
probability g,(2) =b,. In a method similar to the upper bound obtained by our
great teacher in [2, pp. 98-100], there is no deductible unit in brackets in the de-
nominator. It should also be noted that with the number of reserve elements n =2
the value in parentheses in the denominator in the new estimate is half that of the
corresponding multiplier at the upper bound of this probability in a remarkable
work [2]. It is very important in applications.
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OLIIHKA IMOBIPHOCTI BIIMOBH CUCTEMU
3 MAKCUMAJIbHUM HAKOITMYEHHAM OBCJIIYI'OBYBAHHA EJIEMEHTIB

Po3risiHyTO OJTHOJIIHIHHY CHCTEMY MacOBOTO OOCIYrOBYBaHHS. BXiHHIA MOTIK 3asBOK € MOTO-
koM Ilyaccona, 00cIyroByBaHHs 3asBOK y HOPAIKY HaAXOomKeHHs. HYac 00ciIyroByBaHHs CKIla-
JA€ThCA 3 JABOX HE3AICKHUX HEBIT €MHHX BHIIQJKOBHX BEIMYMH. 32 4ac, POMOALICHHUIT SIK
mepIra 3 OUX BEIHYMH, BUHHWKAae iHIIHK moTik [lyaccoHa 3asBOK 3 HE3alIeKHHMH OIHAKOBO
PO3IOIJICHUMH JIOB)KUHAMHU. 3 HUX OOHMPA€ThCsl 3asiBKa MaKCUMAaIbHOT JOBXKUHM. L[ Makcu-
MaJlbHa JIOBXKHHA € IPYTUM CKJIJ0BUM Yacy 0OCIyroByBaHHS 3asBKH. UHCIIO 3asIBOK Y CHCTEMI
B 3aIeKHOCTI BiJ Wacy CTBOPIOE PereHepyroumi mporiec. MOMEHTH BiJCYTHOCTI 3asBOK Yy
CHCTEMi € MOMEHTAMH pereHeparlii. B MOMEHT mepexofy BHIIaAKOBOTO MPOLECY 3 CTaHY 7 B
cTaH n + | BUHUKae BiqmoBa (n =1,2,...). 3HaliieHi 1BOCTOPOHHI OL[IHKHU JyIsl KMOBIPHOCTI BiMO-
BHU Ha mepioni pereHepamii. [Ipu mboMy BepXHS Ta HIDKHS OIIHKH 3a 3BHYAifHOTO TyOITIOBaH-
Hs (n=1) criBNasaOTh.

Kniouogi cnoea: umogipuicms 8i0M0O6U 8I0HOBNIO8AHOI cucmeMu Ha nepiodi pecenepayii,
Makcumanvbhe HaKOnU4eHHs 00CTY208Y8AHH eleMeHMis.

A.B. Makapuues, A.A. Kyows, A.B. [L[yxun

OLEHKA BEPOATHOCTU OTKA3A CUCTEMBI
C MAKCHUMAIJIbHBIM HAKOIIVIEHUEM OBCIIYXXUBAHWA 3JIEMEHTOB

PaccmoTpeHa ofiHONIMHEHHAS CHCTEMa MacCOBOTO 00CITyKMBaHUs. BXoasiuii moTok TpedoBa-
HUIl — ITyacCOHOBCKMH, 00CiTy’)knBaHKe TpeOOBaHUI B MOPsIKE MOCTYIUICHU. Bpems obciy-
JKHBAHUS COCTOHMT U3 JIByX HE3aBHCHUMBIX HEOTPULATEIbHBIX CIyYalHBIX BEJIMYHH. 32 BpeMs,
pacmpesiesieHHOe Kak IepBas M3 dTUX BEJIWYUH, BO3HHKACT JIPYroil IyacCOHOBCKHH ITOTOK
TpeOOBaHUM C HE3aBUCUMBIMU OJMHAKOBO PacIipeAEICHHBIMHU [UIMHAMH. V3 HUX BbIOMpaeTcs
TpeOoBaHHE MAaKCUMAJIbHOM UIMHBI. JTa MAaKCUMaJIbHAsl JUTMHA SBISIETCS BTOPHIM ClIaraéMbIM
BpeMeHHU 00CITy)KHBaHHs TpeOoBaHus. Uucao TpeOoBaHMid B CHCTEME B 3aBUCUMOCTH OT BpeMe-
HU 00pasyeT pereHepUpyruHii npoiecc. MOMEHTBI OTCYTCTBHs TPeOOBaHUiIl B CHUCTEME SIB-
JISIIOTCSI MOMEHTAMHU pereHepanuy. B MOMEHT nepexoia ciy4aifHoro mpouecca U3 COCTOSHUSA 71 B
cocTostHue 1 + 1HacTymaet otkas (n =1,2,...). HaliieHsl IByCTOPOHHME OLIEHKH ISl BEPOSITHOCTH
OTKa3a Ha Mepuoje pereHepauun. [Ipu 3TOM BepXHsSI U HIKHSS OLEHKH IIPU OOBIYHOM ay0-
JupoBaHuu (1 =1) cCOBNaaaoT.

Knwuesvie crnosa: BEPOANTHOCb OmMKa3a B80CCMAHABIUBACMOLL CUCTEMbL HA nepuode
pezernepayuu, MaKkCumailbHoe HaKOoNnjieHue 06czzyoicu6aHu}z 2JIEMEHMO86.
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