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Assessment of the Probability of System Failure
with Maximum Service Accumulation Elements

A single-line queuing systems is considered. Incoming stream of requirements is the Poisson
flow. The requirement service is performed in the order of arrival. The maintenance of the re-
quirements consists of two independent non-negative random variables. In the course of time,
distributed as the first of two quantities, there appears another Poisson flow of requirements with
independent identically distributed lengths. Of these, the maximum length requirement is chosen.
This maximum length is the second term of the service requirement time. The number of require-
ments in the system as a function of time forms a regenerating process. The moments of the ab-
sence of requirements in the system are the moments of regeneration. At the moment of transition
of the random process from the state n to the state n + 1, a failure occurs (n = 1, 2, …). Two-way
estimates for the probability of failure at the regeneration period are found. Moreover, the upper
and lower bounds for ordinary duplication (n = 1) coincide.

K e y w o r d s: the probability of system failure, maximum service accumulation elements.

In the present work, the direction of the studies of A.D. Soloviev and his students is
continued in the field of obtaining estimates for the probability of failure of the re-
stored redundant systems during the regeneration period. One such upper bound for
another method can be improved. This is the subject of this study.

The repair body, which is a single-line queuing system, receives a Poisson
flow with the parameter of requirements for restoring the elements. Require-
ments are serviced in the order in which they are received. The service times of
requirements are independent in the aggregate and are equally distributed with
the distribution function H (x). We denote
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the Laplace transform for the service time of the requirements. During the main-
tenance of a requirement with intensity v a simple flow of service accumulation
arises. Depending on the number of k points of this Poisson flow, during the re-
quirement service, an additional set of independent equally distributed distribu-
tions F x( )of random times X X X k1 2, ,..., from which the conditional maximum
is chosen X X Xk
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and it is added to the maintenance time. Let

R x
vt

k
vt F x dH t h v F

t k

k
k( )

( )

!
exp( ) [ ( )] ( ) { [ (� � � � �

� 	
� 


0 0

1 x)]}

be the distribution function of the unconditional maximum X max there may be
additional time that has arisen by the time when the requirement is serviced,

G x P X x R x t dH t

x
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0

is the distribution function of the total service time of requirement.
After the recovery, the item returns to where it came from. The random ser-

vice process at t is given by the number of elements that are restored in the repair
body. This random process is regenerative. The moments of the regeneration are
the moments of the transition of the random process to the state {0}. In the
moment of the transition of the random process from the state { }n to the state
{ }n �1 there is the failure, n �1 2, ,... . Denote by q the probability of failure dur-
ing the regeneration period of this random service process. Let G x G x( ) ( )� �1
and
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Lemma 1. Suppose that for the numbers aij 	 0, bi �0, x j �0, i n�1 2, ,..., ,

j n�1 2, ,..., , it is known that x b a xi i
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P r o o f. From the condition of the lemma 0 � �x bj j for all j = 1, 2, …, n.

Hence, for all j n�1 2, , ..., it is true x
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. Then from the condition and last equality the chain of relations is
true
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Comparing the left and right parts of these relations, we see that
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and hence the inequalities

� � � �j k

j

n
kj j

k
i n

j

n
ij j

i

a b

b

a b

b
� � �

�
� �

�

 


1
1

1

max .
.

Consequently for all j n�1 2, , ..., are true
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Lemma 2. For any nonnegative integers i and j the inequality
b b C b bi j i j

i
i j� � �0 is true.
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Note that M
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. Hence the inequality for moments [1] M M Mi j i j� � the
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Let us denote q nr ( )�1 the conditional probability of failure of the regenera-
tion period, provided that in its beginning in repair body there are exactly r com-
plete requirements for the restoration of elements, r n� �1 2 1, ,..., .

Theorem. For all natural numbers n the following inequality is true
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P r o o f. Let us denote by j the number of failed elements, during the reco-
very of the first failed item for the employment period in the repair body. By the
formula of total probability record
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Using the formula of total probability, we write down the expression for the
probability of failure q nr ( )�1 , when at the beginning of the period of employ-
ment in the repair body are exactly r 	 2 (no less than two) full requirements
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Note that a b0 01� � è a b bj j j� ��1 , j 	1. These inequalities and the Abel trans-
formation make it possible to write down and estimate from above the second
terms in the right-hand sides of the last two series of expressions, respectively, in
the form
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for 2 � �r n. Denote by � n j j jn q n q n� � �� � � � �1 11 1 1( ) ( ) ( ), 2 1� � �j n . By de-
finition � n n q n( ) ( )� � �1 11 .

Substituting instead of the second summands in the right-hand sides of the
above-mentioned expressions the upper bounds obtained for them, transposing
the last terms (for r 	 2 no less than two) from right to left, we transform our
formulas for the failure probability in the form of equalities in the inequalities
for them and their differences, respectively
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For the above-mentioned system of inequalities we use Lemma 1, taking x i �
� �� �� n i n1 1( ), i n�1 2, ,..., . From this system of inequalities, according to Lemma 1
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Having obtained the upper bound for the quantity �, � � ��b n
0

12 1( ).

In so doing we estimated the probability of failure of the system during the
regeneration period of the random process in backup models with recovery
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For the probability of failure q the bilateral valuation
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, n �1 2, , ... ,

is correct.

Conclusion.

For simple duplication, when n �1, this estimate gives an accurate value for the
probability q b1 02( ) � . In a method similar to the upper bound obtained by our
great teacher in [2, pp. 98-100], there is no deductible unit in brackets in the de-
nominator. It should also be noted that with the number of reserve elements n �2
the value in parentheses in the denominator in the new estimate is half that of the
corresponding multiplier at the upper bound of this probability in a remarkable
work [2]. It is very important in applications.
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Î.Â. Ìàêàðè÷åâ, Î.Î. Êóäü, Î.Á. Ùóê³í

ÎÖ²ÍÊÀ ÉÌÎÂ²ÐÍÎÑÒ² Â²ÄÌÎÂÈ ÑÈÑÒÅÌÈ
Ç ÌÀÊÑÈÌÀËÜÍÈÌ ÍÀÊÎÏÈ×ÅÍÍßÌ ÎÁÑËÓÃÎÂÓÂÀÍÍß ÅËÅÌÅÍÒ²Â

Ðîçãëÿíóòî îäíîë³í³éíó ñèñòåìó ìàñîâîãî îáñëóãîâóâàííÿ. Âõ³äíèé ïîò³ê çàÿâîê º ïîòî-
êîì Ïóàññîíà, îáñëóãîâóâàííÿ çàÿâîê ó ïîðÿäêó íàäõîäæåííÿ. ×àñ îáñëóãîâóâàííÿ ñêëà-
äàºòüñÿ ç äâîõ íåçàëåæíèõ íåâ³ä’ºìíèõ âèïàäêîâèõ âåëè÷èí. Çà ÷àñ, ðîçïîä³ëåíèé ÿê
ïåðøà ç öèõ âåëè÷èí, âèíèêàº ³íøèé ïîò³ê Ïóàññîíà çàÿâîê ç íåçàëåæíèìè îäíàêîâî
ðîçïîä³ëåíèìè äîâæèíàìè. Ç íèõ îáèðàºòüñÿ çàÿâêà ìàêñèìàëüíî¿ äîâæèíè. Öÿ ìàêñè-
ìàëüíà äîâæèíà º äðóãèì ñêëàäîâèì ÷àñó îáñëóãîâóâàííÿ çàÿâêè. ×èñëî çàÿâîê ó ñèñòåì³
â çàëåæíîñò³ â³ä ÷àñó ñòâîðþº ðåãåíåðóþ÷èé ïðîöåñ. Ìîìåíòè â³äñóòíîñò³ çàÿâîê ó
ñèñòåì³ º ìîìåíòàìè ðåãåíåðàö³¿. Â ìîìåíò ïåðåõîäó âèïàäêîâîãî ïðîöåñó ç ñòàíó n â
ñòàí n � 1âèíèêàº â³äìîâà (n �1 2, ,...). Çíàéäåí³ äâîñòîðîíí³ îö³íêè äëÿ éìîâ³ðíîñò³ â³äìî-
âè íà ïåð³îä³ ðåãåíåðàö³¿. Ïðè öüîìó âåðõíÿ òà íèæíÿ îö³íêè çà çâè÷àéíîãî äóáëþâàí-
íÿ (n �1) ñï³âïàäàþòü.

Ê ë þ ÷ î â ³ ñ ë î â à: éìîâ³ðí³ñòü â³äìîâè â³äíîâëþâàíî¿ ñèñòåìè íà ïåð³îä³ ðåãåíåðàö³¿,
ìàêñèìàëüíå íàêîïè÷åííÿ îáñëóãîâóâàííÿ åëåìåíò³â.

À.Â. Ìàêàðè÷åâ, À.À. Êóäü, À.Á. Ùóêèí

ÎÖÅÍÊÀ ÂÅÐÎßÒÍÎÑÒÈ ÎÒÊÀÇÀ ÑÈÑÒÅÌÛ
Ñ ÌÀÊÑÈÌÀËÜÍÛÌ ÍÀÊÎÏËÅÍÈÅÌ ÎÁÑËÓÆÈÂÀÍÈß ÝËÅÌÅÍÒÎÂ

Ðàññìîòðåíà îäíîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ. Âõîäÿùèé ïîòîê òðåáîâà-
íèé — ïóàññîíîâñêèé, îáñëóæèâàíèå òðåáîâàíèé â ïîðÿäêå ïîñòóïëåíèÿ. Âðåìÿ îáñëó-
æèâàíèÿ ñîñòîèò èç äâóõ íåçàâèñèìûõ íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí. Çà âðåìÿ,
ðàñïðåäåëåííîå êàê ïåðâàÿ èç ýòèõ âåëè÷èí, âîçíèêàåò äðóãîé ïóàññîíîâñêèé ïîòîê
òðåáîâàíèé ñ íåçàâèñèìûìè îäèíàêîâî ðàñïðåäåëåííûìè äëèíàìè. Èç íèõ âûáèðàåòñÿ
òðåáîâàíèå ìàêñèìàëüíîé äëèíû. Ýòà ìàêñèìàëüíàÿ äëèíà ÿâëÿåòñÿ âòîðûì ñëàãàåìûì
âðåìåíè îáñëóæèâàíèÿ òðåáîâàíèÿ. ×èñëî òðåáîâàíèé â ñèñòåìå â çàâèñèìîñòè îò âðåìå-
íè îáðàçóåò ðåãåíåðèðóþùèé ïðîöåññ. Ìîìåíòû îòñóòñòâèÿ òðåáîâàíèé â ñèñòåìå ÿâ-
ëÿþòñÿ ìîìåíòàìè ðåãåíåðàöèè. Â ìîìåíò ïåðåõîäà ñëó÷àéíîãî ïðîöåññà èç ñîñòîÿíèÿ n â
ñîñòîÿíèå n � 1íàñòóïàåò îòêàç (n �1 2, ,...). Íàéäåíû äâóñòîðîííèå îöåíêè äëÿ âåðîÿòíîñòè
îòêàçà íà ïåðèîäå ðåãåíåðàöèè. Ïðè ýòîì âåðõíÿÿ è íèæíÿÿ îöåíêè ïðè îáû÷íîì äóá-
ëèðîâàíèè (n �1) ñîâïàäàþò.

Ê ë þ ÷ å â û å ñ ë î â à: âåðîÿòíîñòü îòêàçà âîññòàíàâëèâàåìîé ñèñòåìû íà ïåðèîäå
ðåãåíåðàöèè, ìàêñèìàëüíîå íàêîïëåíèå îáñëóæèâàíèÿ ýëåìåíòîâ.
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