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Constructing the Nonlinear Regression Models

on the Basis of Multivariate Normalizing Transformations

The techniques to build the models, equations, confidence and prediction intervals of nonlinear
regressions on the basis of multivariate normalizing transformations for non-Gaussian data are
considered. The examples of application of the techniques for the four-dimensional non-Gaussi-
an data set for two cases such as: univariate and multivariate normalizing transformations are
given. The values of the multiple coefficient of determination such as: the mean magnitude of rel-
ative error and the percentage of prediction which are given are better for the nonlinear regression
model for the Johnson multivariate transformation compared to the univariate one. The widths of
the prediction interval of non-linear regression on the basis of the Johnson multivariate transfor-
mation are less than following Johnson univariate transformation for 26 of 30 rows of data. Ap-
proximately the same results are obtained for confidence intervals of nonlinear regression. In
general, when constructing the models, equations, confidence and prediction intervals of non-lin-
ear regressions for multivariate non-Gaussian data, one should use multivariate normali- zing
transformations. Normalizing data with univariate transformations instead of multivariate one
may lead to increasing of width of the confidence and prediction intervals of non-linear regression.

K e y w o r d s: non-linear regression model, prediction interval, normalizing transformation,
multivariate non-Gaussian data.

Introduction. A normalizing transformation is often a good way to build mo-
dels, equations, confidence and prediction intervals of nonlinear regressions
[1—7]. However, well-known techniques for building models, equations, confi-
dence and prediction intervals of non-linear regressions are based on the univa-
riate normalizing transformations (such as log and Box-Cox transformations)
which do not take into account the correlation between random variables in the
case of normalization of multivariate non-Gaussian data. This leads to the need
of using the multivariate normalizing transformations, which take into account
the correlation to build models, equations, confidence and prediction intervals of
nonlinear regression.
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In this paper we demonstrate that there may be data sets for which the results
of building the models such as confidence and prediction intervals of non-linear
regressions depend on which normalizing transformation is applied, univariate
or multivariate. We consider the techniques to build the models, confidence and
prediction intervals of non-linear regression for multivariate non-Gaussian data.
As and in [5] the techniques consist of three steps. In the first step a set of
multivariate non-Gaussian data is normalized using a multivariate normalizing
transformation. In the second step, the models, confidence and prediction inter-
vals of linear regression for the normalized data are built. In the third step, the
models, confidence and prediction intervals of non-linear regressions for multi-
variate non-Gaussian data on the basis of the models, confidence and prediction
intervals of linear regression for the normalized data and the normalizing trans-
formation are constructed.

Nonlinear regression model. In reference [2] authors define a nonlinear re-
gression model as «a model for the relationship between a response and predic-
tor(s) in which at least one parameter does not enter linearly into the model». Ac-
cording to [1—3, 6—8] the general nonlinear regression model may be repre-
sented as

Y f� �( , )x � �, (1)

where f is a nonlinear function; x is a vector of regressors (independent vari-
ables); � is a vector of parameters; � is the error term that has the same properties
as in linear regression, i.e. the Gaussian random variable which defines residu-
als, � ��

�~ ( , )N 0 .

We have additive error term in the model (1). According to [7, 8] the nonlin-
ear regression model with multiplicative error term may be represented as

Y f� ( , )x � �, (2)

where � ��
�~ ( , )N 1 .

Duncan [8] considered two models for the error structure: the additive form
(1) and the multiplicative form (2) and simulated three distributions for � — the
normal, the scale-contaminated normal, and the double exponential. In practice
we will generally not know the form of the error term, but an additive error term
undoubtedly is more common than multiplicative one. Bates and Watts [1]
pointed out that the assumption of the additivity of the error is closely tied to the
assumption of constant variance of the disturbances (residuals). It may be the
case that the residuals can be considered as having constant variance, but as en-
tering the model multiplicatively. In either case, one of the corrective actions is
to take a transformation of the response (dependent variable). If the error is
multiplicative, we can treat the nonlinear regression model as intrinsically linear
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and use the normalizing transformation [4]. That is, we define the nonlinear re-
gression model as Y f� ( , , )x � � , where � ��

�~ ( , )N 0 .

The techniques. Consider bijective multivariate normalizing transforma-
tion of non-Gaussian random vector P �{ , , ,..., }Y X X X k

T
1 2 to Gaussian ran-

dom vector T �{ , , ,..., }Z Z Z ZY k
T

1 2 is given by

T P�	 ( ) (3)

and the inverse transformation for (3)

P T� 
	 1( ). (4)

The linear regression model for normalized data according to (3) will have the
form [6]

Z Z ZY Y Y X� � � ��� ( ) �� � �Z b , (5)

where �ZY is prediction linear regression equation result for values of compo-
nents of vector z X kZ Z Z�{ , ,..., }1 2 ; Z X

� is the matrix of centered regressors that
contains the values Z Z

i1 1
 , Z Z
i2 2
 , ..., Z Zk ki


 ; �b is estimator for vector of linear
regression equation parameters, b�{ , ,..., }b b bk

T
1 2 ; � is the Gaussian random

variable which defines residuals, � ~ ( , )N 0 1 .
The nonlinear regression model will have the form

Y ZY Y X� � �
 �	 �1[ ( ) � ]Z b , (6)

where	
Y

is the first component of vector	,	 	 	 	 	�{ , , ,..., }Y k
T

1 2 . The tech-
nique to build a prediction interval of non-linear regression is based on a pre-
diction interval of linear regression for normalized data, transformations (3)
and (4):

	 �Y Y v Z X
T

X
T

X XZ t S
NY


 � � � 
 �� � �
�
�

�1
2

11
1

� ( ) [( ) ] ( )/ , z Z Z z �
�

�

�
��

�

�
��

1 2/

,
(7)
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A confidence interval of nonlinear regression is defined like (7) with the
only difference that in the sum in curly brackets (7) there will not be 1:

	 �Y Y v Z X
T

X
T

X XZ t S
Nr


 � � � 
 �� �
�
�

�
�
�

1
2

11
� ( ) [( ) ] ( )/ , z Z Z z

1 2/�

�
��

�

�
��, (8)

Examples. We consider the examples of building the models, equations,
confidence and prediction intervals of nonlinear regressions for multivariate
non-Gaussian data for two cases: univariate and multivariate normalizing trans-
formations.

Table 1 contains the data on metrics of software for open-source Java-based
system [9, 10]. Recall that the first metric Y involves actual software size in the
thousand lines of code, the second X 1, third X 2 and fourth X 3 metrics determine
respectively the total number of classes, the total number of relationships and the
average number of attributes per class in conceptual data model. Table 1 also
contains the lower bounds (LB) and upper bounds (UB) of the prediction inter-
vals of nonlinear regressions, which calculation is considered below.

For normalizing the multivariate non-Gaussian data from Table 1, we use the
Johnson univariate and multivariate transformations (the Johnson translation sys-
tem) for S B family. In our case the Johnson normalizing translation is given by [11]:

T h P 0� � 

� � � �[ ( )]~ ( , )1 N m m  , (9)

where h [( , ,..., )] { ( ), ( ),..., ( )}y y y h y h y h yY k Y Y k k
T

1 1 1� ; hi ( )! is one of the trans-

lation functions

h

y S

y y S

L

B�



ln ( ), (log )

ln [ / ( )], (

for normal family;

for b1 ounded family;

Arsh for unbounded family;

for

)

( ), ( )

,

y S

y

U

S N ( )normal family.



�
""

�
"
"

(10)

Here y X� 
( ) /� �; Arsh ( ) ln ( )y y y� � �2 1 . In our case X equals Y, X 1, X 2 or

X 3 respectively.
Parameters of Johnson univariate and multivariate transformations for S B

family were estimated by the maximum likelihood method. Estimators for pa-
rameters of the univariate transformation (10) for metric Y are: � ,�Y �0 46387;
� ,�Y � 050326; � ,� Y � 2817; � ,�Y � 89930. Estimators for parameters of the multiva-
riate transformation (9) for metric Y are: � ,�Y �96309; � ,�Y �105243; � ,� Y � 
14568;
� ,�Y �1531026. Estimators for other parameters of the Johnson univariate and
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No Y X 1 X 2 X 3

The bounds of the prediction intervals

Univariate Multivariate

LB UB LB UB

1 11,717 8 6 4,25 5,679 22,412 7,536 19,277

2 47,52 23 19 9,565 32,573 75,467 36,600 68,504

3 84,01 26 40 11,462 77,736 91,114 73,863 96,264

4 26,999 15 14 8,933 17,436 58,472 21,814 48,847

5 41,72 20 15 5,9 20,726 63,360 25,763 54,772

6 13,015 5 6 12,4 5,559 24,105 7,061 19,398

7 30,402 18 7 6,611 11,701 46,283 14,924 36,873

8 29,159 23 10 6,957 18,875 61,455 22,764 51,145

9 53,443 28 25 4,179 40,607 80,655 45,398 77,523

10 18,694 13 9 6,615 10,693 42,556 14,102 34,502

11 26,384 16 6 5,125 9,052 37,791 11,900 30,337

12 38,721 19 16 6,579 21,431 64,236 26,458 55,673

13 75,643 26 30 6,154 49,028 83,854 52,398 82,637

14 46,72 21 24 6,048 32,094 74,958 37,508 69,345

15 6,413 7 5 4,143 4,920 18,108 6,290 15,899

16 79,534 20 37 4,85 51,026 85,596 52,840 84,458

17 36,343 18 17 5,333 20,068 62,454 25,536 54,455

18 59,684 22 31 6,182 43,924 81,998 48,094 79,560

19 50,454 15 20 11,6 25,246 70,052 29,796 61,411

20 3,055 4 1 7 3,009 4,748 2,516 4,443

21 63,257 34 17 3,971 45,506 84,384 44,137 78,697

22 91,28 35 28 13,571 78,586 91,334 74,127 97,180

23 32,707 11 17 7,545 15,088 54,334 19,782 45,949

24 11 5 5 3,6 4,077 13,054 4,988 12,419

25 5,543 6 4 3,833 4,203 13,643 5,062 12,421

26 22,686 12 11 6,667 11,471 44,858 15,245 36,852

27 3,911 3 2 6,667 3,048 5,105 2,834 5,520

28 20,841 14 7 3 6,446 29,640 9,577 26,119

29 9,269 6 5 3,5 4,360 14,963 5,483 13,826

30 7,732 7 2 11,143 4,206 14,773 4,601 11,617

Table 1. Metrics of software and the prediction intervals of software size regressions



multivariate transformations are in Table 2. The sample covariance matrixSN of
the T is used as the approximate moment-matching estimator of
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For detecting the outliers in the data from Table 1 we use the technique
based on multivariate normalizing transformations and the squared Mahalanobis
distance (MD) [12, 13]. There are no outliers in the data from Table 1 for 0,005
significance level and the Johnson multivariate transformation (9) for S B family.
In [9, 10] it was also assumed that the data contains no outliers. The values of
squared MD for normalized data by the Johnson univariate transformation (10)
for S B family from Table 1 indicate the data of system 22 is multivariate outlier,
since for this data row the squared MD equals to 17,73 is greater than the value
of the quantile of the Chi-Square distribution, which equals to 14,86 for 0,005
significance level. Although note that without using normalization the data of
system 11 is multivariate outlier since for this data row the squared MD equals
to 15,44.

After normalizing the non-Gaussian data, the linear regression model (5) is
built

Z Z b b Z b Z b ZY Y� � �� � � � �� � � � � �0 1 1 2 2 3 3 . (11)

Parameters of the linear regression model (11) were estimated by the least
square method. Estimators for parameters of the model (11) for the Johnson
univariate and multivariate transformation are: �b0 0� ; � ,b1 0 46976� ; � ,b2 0 53539� ;
� ,b3 011397� and �b0 0� ; � ,b1 0 56085� ; � ,b2 0 42491� ; � ,b3 0 05846� respectively.

Next, the non-linear regression model (6) is built

Y eY Y
ZY Y Y� � � 
 � 


� � [ ]( � � )/ �� � �
� �1 1, (12)
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j

Univariate transformation Multivariate transformation

�� j
��j

�� j
�� j

�� j
��j

�� j
�� j

1 0,38093 0,62689 2,634 33,711 15,5355 1,58306 
1,8884 243051,0

2 0,60545 0,62215 0,700 41,428 25,4294 2,54714 
6,9746 311229,5

3 0,65592 0,72789 2,839 11,780 0,72801 0,54312 3,2925 13,90

Table 2. Estimators for parameters



where

Z
X

X
j j j

j j

j j j

� �



� 

� �

�

� �
ln , � � �j j j jX# # � , j �1 2 3, , .

The model (12) becomes a nonlinear regression equation when there is no
error term �. A mean magnitude of relative error (MMRE) and percentage of pre-
diction (PRED(0,25)) are accepted as standard evaluations of prediction results
by regression models and equations. The acceptable values of MMRE and
PRED(0,25) are not more than 0,25 and not less than 0,75 respectively. The ac-
ceptable value of multiple coefficient of determination R 2 is approximately the
same as for PRED(0,25). The values of R 2, MMRE and PRED(0,25), which
equal 0,9672, 0,1389 and 0,8667 respectively, are better for the model (12) for
the Johnson multivariate transformation in comparison with univariate one, for
which these values are 0,9574, 0,1579 and 0,8000 respectively.

Table 1 contains the lower LB and upper UB bounds of the prediction inter-
vals of nonlinear regressions, which calculated by (7) on the basis of the Johnson
univariate and multivariate transformations respectively for 0,05 significance
level. Note, the widths of the prediction interval of non-linear regression on the
basis of Johnson multivariate transformation are less than following the Johnson
univariate transformation for 26 rows of data: 1, 2, 4-19, 21, 23-26, 28-30. Ap-
proximately the same results are obtained for confidence intervals, which calcu-
lated by (8).

Following [14] multivariate kurtosis$2 is estimated for the data from Table 1
and the normalized data on the basis of Johnson univariate and multivariate transfor-
mations for S B family. The estimator of multivariate kurtosis given by [14]:

� {( ) ( )}$2
1

1 21
� 
 






�
N i

N

i
T

N iZ Z S Z Z . (13)

In our case, in the formula (13), the vectors Z and Z should be replaced by the
vectors P and P or T and T, respectively, for the initial (non-Gaussian) or nor-
malized data. It is known that$2 2� �m m( ) holds under multivariate normality.
The given equality is a necessary condition for multivariate normality. In our
case $2 24� . The estimators of multivariate kurtosis equal 27,17, 32,05 and
24,02 for the data from Table 1, the normalized data on the basis of the Johnson
univariate and multivariate transformations respectively. The values of these es-
timators indicate that the necessary condition for multivariate normality is prac-
tically performed for the normalized data on the basis of the Johnson multiva-
riate transformation for family S B , it does not hold for other data.
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Conclusions

In general, when constructing the models, equations, confidence and prediction in-
tervals of non-linear regressions for multivariate non-Gaussian data, one should use
multivariate normalizing transformations. Normalizing data with univariate trans-
formations instead of multivariate one may lead to increasing of width of the confi-
dence and prediction intervals of non-linear regression.
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ÏÎÑÒÐÎÅÍÈÅ ÍÅËÈÍÅÉÍÛÕ ÐÅÃÐÅÑÑÈÎÍÍÛÕ ÌÎÄÅËÅÉ
ÍÀ ÎÑÍÎÂÅ ÌÍÎÃÎÌÅÐÍÛÕ ÍÎÐÌÀËÈÇÈÐÓÞÙÈÕ ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ

Ðàññìîòðåíû ìåòîäû ïîñòðîåíèÿ ìîäåëåé, óðàâíåíèé, äîâåðèòåëüíûõ èíòåðâàëîâ è èí-
òåðâàëîâ ïðîãíîçèðîâàíèÿ íåëèíåéíûõ ðåãðåññèé íà îñíîâå ìíîãîìåðíûõ íîðìàëèçè-
ðóþùèõ ïðåîáðàçîâàíèé äëÿ íåãàóññîâûõ äàííûõ. Ïðèâåäåíû ïðèìåðû ïðèìåíåíèÿ ìå-
òîäîâ äëÿ íàáîðà ÷åòûðåõìåðíûõ íåãàóññîâûõ äàííûõ â äâóõ ñëó÷àÿõ: îäíîìåðíîãî è
ìíîãîìåðíîãî íîðìàëèçèðóþùèõ ïðåîáðàçîâàíèé Äæîíñîíà. Çíà÷åíèÿ ìíîæåñòâåííîãî
êîýôôèöèåíòà äåòåðìèíàöèè, ñðåäíåé âåëè÷èíû îòíîñèòåëüíîé îøèáêè è ïðîöåíòà ïðîã-
íîçèðîâàíèÿ äëÿ íåëèíåéíîé ðåãðåññèîííîé ìîäåëè ïðè ìíîãîìåðíîì ïðåîáðàçîâàíèè
Äæîíñîíà ëó÷øå ïî ñðàâíåíèþ ñ îäíîìåðíûì. Øèðèíà èíòåðâàëà ïðåäñêàçàíèÿ íåëèíåé-
íîé ðåãðåññèè íà îñíîâå ìíîãîìåðíîãî ïðåîáðàçîâàíèÿ Äæîíñîíà ìåíüøå, ÷åì ïîñëå
îäíîìåðíîãî ïðåîáðàçîâàíèÿ Äæîíñîíà äëÿ 26 èç 30 ñòðîê äàííûõ. Ïðèáëèçèòåëüíî òàêèå
æå ðåçóëüòàòû ïîëó÷åíû äëÿ äîâåðèòåëüíûõ èíòåðâàëîâ íåëèíåéíîé ðåãðåññèè. Â îáùåì
ñëó÷àå ïðè ïîñòðîåíèè ìîäåëåé, óðàâíåíèé, äîâåðèòåëüíûõ èíòåðâàëîâ è èíòåðâàëîâ
ïðîãíîçèðîâàíèÿ íåëèíåéíûõ ðåãðåññèé äëÿ ìíîãîìåðíûõ íåãàóññîâûõ äàííûõ ñëåäóåò
èñïîëüçîâàòü ìíîãîìåðíûå íîðìàëèçèðóþùèå ïðåîáðàçîâàíèÿ. Ïðèìåíåíèå îäíîìåð-
íûõ ïðåîáðàçîâàíèé âìåñòî ìíîãîìåðíûõ äëÿ íîðìàëèçàöèè òàêèõ äàííûõ ìîæåò ïðè-
âîäèòü ê óâåëè÷åíèþ øèðèíû äîâåðèòåëüíûõ èíòåðâàëîâ è èíòåðâàëîâ ïðåäñêàçàíèÿ
íåëèíåéíîé ðåãðåññèè.

Ê ë þ ÷ å â û å ñ ë î â à: íåëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü, èíòåðâàë ïðîãíîçèðîâàíèÿ, íîð-
ìàëèçóþùåå ïðåîáðàçîâàíèå, ìíîãîìåðíûå íåãàóññîâûå äàííûå.

Í.Â. Ïðèõîäüêî, Ñ.Á. Ïðèõîäüêî

ÏÎÁÓÄÎÂÀ ÍÅË²Í²ÉÍÈÕ ÐÅÃÐÅÑ²ÉÍÈÕ ÌÎÄÅËÅÉ
ÍÀ ÎÑÍÎÂ² ÁÀÃÀÒÎÂÈÌ²ÐÍÈÕ ÍÎÐÌÀË²ÇÓÞ×ÈÕ ÏÅÐÅÒÂÎÐÅÍÜ

Ðîçãëÿíóòî ìåòîäè ïîáóäîâè ìîäåëåé, ð³âíÿíü, äîâ³ð÷èõ ³íòåðâàë³â ³ ³íòåðâàë³â ïðîãíî-
çóâàííÿ íåë³í³éíèõ ðåãðåñ³é íà îñíîâ³ áàãàòîâèì³ðíèõ íîðìàë³çóþ÷èõ ïåðåòâîðåíü äëÿ
íåãàóñîâèõ äàíèõ. Íàâåäåíî ïðèêëàäè çàñòîñóâàííÿ ìåòîä³â äëÿ íàáîðó ÷îòèðèâèì³ðíèõ
íåãàóñîâèõ äàíèõ ó äâîõ âèïàäêàõ: îäíîâèì³ðíîãî ³ áàãàòîâèì³ðíîãî íîðìàë³çóþ÷èõ ïå-
ðåòâîðåíü Äæîíñîíà. Çíà÷åííÿ ìíîæèííîãî êîåô³ö³ºíòà äåòåðì³íàö³¿, ñåðåäíüî¿ âåëè-
÷èíè â³äíîñíî¿ ïîõèáêè ³ â³äñîòêà ïðîãíîçóâàííÿ äëÿ íåë³í³éíî¿ ðåãðåñ³éíî¿ ìîäåë³ ïðè
áàãàòîâèì³ðíîìó ïåðåòâîðåíí³ Äæîíñîíà êðàùå â ïîð³âíÿíí³ ç îäíîì³ðíèìè. Øèðèíà
³íòåðâàëó ïåðåäáà÷åííÿ íåë³í³éíî¿ ðåãðåñ³¿ íà îñíîâ³ áàãàòîâèì³ðíîãî ïåðåòâîðåííÿ
Äæîíñîíà ìåíøå, í³æ ï³ñëÿ îäíîâèì³ðíîãî ïåðåòâîðåííÿ Äæîíñîíà äëÿ 26 ç 30 ðÿäê³â
äàíèõ. Ïðèáëèçíî òàê³ æ ðåçóëüòàòè îòðèìàíî äëÿ äîâ³ð÷èõ ³íòåðâàë³â íåë³í³éíî¿ ðåãðåñ³¿.

Constructing the Nonlinear Regression Models on the Basis
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Ó çàãàëüíîìó âèïàäêó ïðè ïîáóäîâ³ ìîäåëåé, ð³âíÿíü, äîâ³ð÷èõ ³íòåðâàë³â ³ ³íòåðâàë³â
ïðîãíîçóâàííÿ íåë³í³éíèõ ðåãðåñ³é äëÿ áàãàòîâèì³ðíèõ íåãàóñîâèõ äàíèõ ñë³ä âèêî-
ðèñòîâóâàòè áàãàòîâèì³ðí³ íîðìàë³çóþ÷³ ïåðåòâîðåííÿ. Çàñòîñóâàííÿ îäíîâèì³ðíèõ ïå-
ðåòâîðåíü çàì³ñòü áàãàòîâèì³ðíèõ äëÿ íîðìàë³çàö³¿ òàêèõ äàíèõ ìîæå ïðèçâîäèòè äî
çá³ëüøåííÿ øèðèíè äîâ³ð÷èõ ³íòåðâàë³â ³ ³íòåðâàë³â ïåðåäáà÷åííÿ íåë³í³éíî¿ ðåãðåñ³¿.

Ê ë þ ÷ î â ³ ñ ë î â à: íåë³í³éíà ðåãðåñ³éíà ìîäåëü, ³íòåðâàë ïðîãíîçóâàííÿ, íîðìàë³çóþ÷å
ïåðåòâîðåííÿ, áàãàòîâèì³ðí³ íåãàóñîâ³ äàí³.
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