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Abstract—This paper discusses the notion of the wideband radar ambiguity function, which was
introduced earlier, and particularly its nonparametric variant. Consideration is focused on application to
radar and navigation systems. The new nonparametric variant of the ambiguity function, which is based on
the notion of copula, is suggested. This version of the ambiguity function can be effectively used for the
signal synthesis and detection in different electronic systems in case of signals with an unknown spectrum
and probability density function that is normally typical for radar and sometimes for navigation systems.
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I. INTRODUCTION

The first wireless communications experiments
were based on using sparks as a source of high
frequency oscillations, which are actually random
signals and have wide spectral band. However that
was just because of absence of alternative generators.
Later majority of radio engineers tried to use
narrowband signals with harmonic carrier; classical
theory of information transmission and optimal
signal detection was established in details especially
for this case. Nevertheless, advantages of random
signals are well known nowadays, and random
signals are also used in radio engineering already
many years. Moreover, during last years the use of
wideband signals, including noise-type and random
signals is becoming very popular, they are used in
communications, radio navigation, radar and sonar
systems.

The use of wideband signals in navigation and
radar allows us to increase accuracy of spatial
coordinate measurements together with a space
resolution [3]. For a wideband signal generation
many principles and methods are used, among them
the random signal generation, when the signal can be
represented as a random stochastic process [4]. In
order to estimate potential of a signal, or sounding
waveform, designed for measurement of range (time
delay) and velocity (Doppler shift) as well as for
resolving signals in time and frequency domains, the
ambiguity function is used.

The notion of the radar ambiguity function was
suggested by Woodward [1] for narrow band signals
and then was extended for wideband and random
signals [2].

In this paper we are using the traditional definition
of the radar wideband ambiguity function, in which

we are defining the ambiguity function as a
mathematical expectation of the product of two
random processes, the first-in the natural time scale
and the second— with a time scale coefficient.

The cross-ambiguity function for two random
processes X(¢) and Y(¢) can be defined as an

average

(o) =l [E{X ()Y (a(t =)},

c—v . . . .
where o = is a scale coefficient, ¢ is a velocity
c+v

of the wave, v is a velocity of the target.

For the stationary ergodical process we can
consider, that the cross-ambiguity function can be
calculated as an average in a time space

el ¢
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With the help of the ambiguity function we can
simultaneously measure not only the space coordinate
but also the moving target velocity. For this purpose
the signals with a drawing pinform ambiguity function
are preferable. The best variant is the form of the delta
function. But such signal — a white noise is physically
not realizable. But a fair good approximation can be
found among different random and pseudorandom
signals as is shown in Fig. 1.

This approach can be used for determining the
coordinates in the hyperbolic navigation systems with
pseudo random signals for moving aircrafts. For
these purposes the ambiguity function should be
projected to the area where lines with the same signal
difference of arrival are mapped (Fig. 2).

The intention of our work is to design using
nonparametric principle of invariance the
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mathematical instrument which gives us a possibility
for synthesis of proper radio signals and their signal
processing in order to obtain smaller ambiguity of the
measured coordinates.For this purpose we are
suggesting to use a new statistical notion — a copula,
which gives us the possibility to design a measure of
the signal space and velocity ambiguity free from
distribution function.

Fig. 1. The ambiguity function for noise signal.
Result of simulation

Fig. 2. The map of the region with equal difference
of arival distances

II. NONPARAMETRIC TRANSFORM
A. Copula transform

We can transform the vector of random variables
(x,y) to a new a random variable (x;,y;), using two
marginal ~ cumulative  distribution  functions
xp = F.(x), yr =F,(y) as functional transforms. It is
easy to prove that vector (x;,y,) has uniform
distribution if random variables x and y are

independent. The bivariate cumulative distribution
function of the transformed variables (x;,y;) is

called a copula of these variables and according to the
Sklar’s theorem is equal

F(x,y)=C(F.(x),F,(y)).

where F(x,y) is a bivariate cumulative distribution
function of (x,y).The density function, correspond-
ing to the copula C(x;,y;) 18

ac(xrsyr)~

c(xr’yr): OO
rOAr

If a useful signal is absent the copula density
function has a uniform distribution on [0, 1]%.If a
useful signal is present a copula density function has
some other distribution on [0, 1]*.

A copula density function can be estimated using
kernel estimates.

The cumulative distribution functions F,(x) and

F,(y)can be replaced by their estimates F,(x)and

F(y). It is assumed, that if the size of a sample is

increased, the estimate converges to a cumulative
distribution function. Transformations of the sound-
ing and reflected signals

Xri :ﬁ;(xi) s Vi :ﬁy(yi)’
will be used later.

B. Copula Estimates

The kernel
distribution  functions
nonparametric transform.

Thus the estimate of a bivariate copula density
function c(x;,y;) will look like the sum of the

estimates of the cumulative
will be wused as the

kernels K,(x;,y;)

N
é(xrayr) = ZKi(xTLyT)-
i=1

where N is the sample size, which is the basis for
finding an estimate. We suppose, that the kernels can
be calculated, using the formula

1
K, (x;,yr) =ﬁw(xr —=Xps Yr = Vi

where w(x,,y,) is a function, which equal to some
probability density, for example, normal, (xz;, y;;) 18
the sample unit /i, which is the basis for a kernel
estimate.

For the estimate F (x) of one-dimensional

cumulative distribution function the kernels look as
follows
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The estimate is calculated using the following
expression

Flip3r) = 20,0531,

III. COPULA AMBIGUITY FUNCTION

Using the copula density function we can define
its copula ambiguity function [5] as a second mixed
central moment of the copula density

1(r.e) = [ [E{(F,(X ()~ m)(F,(Y" (a(t =)~ m,)}

or for the ergodic process

x(w0) = lim @T(F (x(6)) = m,)(F, (Mot =) = m, )dt.

Using the kernel estimates of the cumulative
density function [6] we can obtain the copula ambi-
guity function kernel estimate in some finite time
interval

(5. ) = Tt [ (x(0) = m, ) (vt =) = m, ),

The authors also are suggesting in another variant
of the copula ambiguity function. In this formula we
are using an estimate of the moment of the second
order for the uniform distribution. For obtaining the
statistics, which depends from two parameters, we
will use an additional functional transform,
transforming the copula statistic to a mnormal
distribution [8]

(5 0) = o [ 3 (B @) Fy (B (et =),

where F,' is an inverse cumulative function of a
normal distribution.

IV. EXPERIMENT

With the help of the noise acoustic radar, designed
and constructed by authors (Fig. 3), the copula
ambiguity function was measured for real signals.

The experimental radar consists ofa computer,
which is used for the signal generation and
processing, two acoustic aerials with a sounder and a
microphone and a power amplifier. The sounding
signal is obtained from the random numbers
generating program (Figs 4 and 7) and has the normal
distribution function (Fig. 6). The spectrum of the
sounding signal is presented in Figs 5 and 8.

Fig. 3. The noise acoustic radar
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Fig. 4. The sounding signal, generated by the computer.
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Fig. 6. The noise acoustic radar sounding signal histogram.
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The acoustic radar sounding signal is a wideband
random signal with a normal distribution [9]. The
signal reflected from the solid object at the distance
equal to 70 m from the radar. For this signals the
copula ambiguity functions were calculated. The
results are presented in Figs 9 and 10.

0.4

Signal T

Fig. 10. Estimate of the copula cross-ambiguity function
(with an aditional functional transform) for the acoustic
radar

The cross section of the ambiguity function in
a0 o 1sp  time area (or in distance area) for zero velocity of the
target propagation is the correlation function. The
result of the calculations is presented in Fig. 11. The
Fig. 7. The noiuse acoustic radar sounding and reflected ~ same calculations were done for the cross section of

signals the copula ambiguity function. The result is presented
in Fig. 12.
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Fig. 8. Spectrum of the sounding signal, recorded section (cross-correlation function) for the acoustic
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Fig. 12. Estimate of the copula cross-ambiguity function
cross section (cross-correlation function) for the acoustic

Fig. 9. Estimate of the copula cross-ambiguity function for noise radar
the acoustic radar. Range in distance samples and velocity The shape of the suggested variant of the ambiguity
in ADC digits. One digit for velocity is 1 m/s, 11 function does not depend on the probability density
corresponds to zero velocity, one digit for distance is equal  fnctions of the sounding and reflected signals. That
to 0.0038820862 m is why, signal detection algorithms, which are based
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on this notion, are distribution free and have a
constant level of the false alarm probability. The
detection can be done with the help of the simple
thresholding of the copula ambiguity function.

We have done the computer and physical
simulation of coordinate measurements for the
random signal source with the help of the copula
ambiguity function. The random signal with a normal
probability density function is received with the help
of two antennas and we measure the difference of the
signal arrival. For this purpose the results of
ambiguity function calculation are projected to the
map of hyperbolic lines (Fig. 13). The crossing of the
curves, which are formed by the maximums of
calculated ambiguity functions, gives us the point,
where the source of the wave is situated and allows us
to measure its coordinates. As we can see from the
results of simulation, the usage of the wideband
random signal gives us wonderful results.

Fig. 13. The measurements of the coordinates of the source
of the signal with the help of two antennas. The computer
simulation

The physical experiment was made with the help
of the acoustic source of the pseudo random signal
(the computer with a loudspeaker) the coordinates of
which were measured with the help of two acoustical
antennas (microphones), which were connected to
another computer. The results of experimental
measurements are shown in Figs 14 and 15.

Fig. 14. The measurements of the coordinates of the source
of the signal with the help of two antennas. The physical
simulation using acoustic waves

[
X

Fig. 15. The measurements of the coordinates of the source
of the signal with the help of two antennas. The physical
simulation using acoustic waves. View from the top

CONCLUSION

In this paper, different aspects of the signal
processing algorithms for wideband random signal
radars and radio navigation systems have been
discussed.

We believe that the random signal radar is one of
the most interesting types of radar. It combines
properties of UWB radar with some additional
features, based on random nature of the sounding
waveform. These new properties allow us to simplify
signal detection algorithms and measure a distance, an
azimuth and a target velocity simultaneously with
high resolution and accuracy, implementing the noise
sounding waveform and adequate signal processing.
For the signal processing and analysis we suggest to
use the wideband ambiguity function, which in the
case of the random signal radar allows obtaining a
high resolution results for distance and velocity
measurements.

The nonparametric generalization of the radar
ambiguity function has been suggested. In contrast to
classically defined ambiguity function, new one does
not dependent on the signal PDF. It can be used as a
pure measure of the relation between sounding and
reflected signals as well as for the analysis [9], [10].

The signal detection algorithms, which are based
on using the copula transform, have a stable false
alarm error probability. We suppose that suggested
approach of coordinate measurements can be used in
navigation systems, which are based on using the
signals of different sources of wideband
electromagnetic waves, the coordinate of which are
known.

The signal detection algorithms which are used in
Global Navigation Satellite System (GNSS) very
often use the likelihood ratio which can be rather
simply transformed to calculation of the ambiguity
function and further comparison it with a threshold.
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We consider that a copula variant of the ambiguity
function will be very useful for GNSS signal detection
in a condition of a signal prior uncertainty, high level
of noise and a small signal level. The suggested
method can provide the stable level of errors and a
constant dynamic range of the processed signals,
improving the speed of signal processing.

Also we think that the ambiguity function is useful
for the syntheses of new forms of signals, which can
be used in navigation systems.
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P. B. Ciniuun, ®. f. SInoscekwuii. lupoxocvMyrosa komy/isipHa ¢GyHKIis HeBU3HAYEHOCTi B pafioJoKamitHuX Ta
HaBiramiiHux cumcreMax

OOroBopro€eThest MOHATTS (QYHKIIT HEBU3HAYEHOCTI, sIKy 0YyJI0 BBEJIEHO paHille y IIUPOKOCMYrOBill pajiosoKarii, 30K-
pema i HermapaMeTpUYHUA BapiaHT. Po3risi opieHTOBAaHO HA 3aCTOCYBAaHHS B PaIioJIOKAIlii Ta HaBiraiii. 3anpornoHoBaHa
HOBa HenapaMeTpU4Ha Bepcis (GyHKIIT HeBU3HAYSHOCTI 3aCHOBaHA Ha MOHSTTI Komyau. Taka QyHKIis HEBU3HAYEHOCTI
MoOKe OyTH e(h)eKTHBHO BUKOPUCTAHA [T CHHTE3Y CUTHAIIB Ta iX BUSBICHHS B PI3HUX CICKTPOHHUX CHCTEMAaX, 0COOIHNBO
y pasi CHTHaJiB 3 HEBIIOMHMH CIIEKTPOM 1 IIIIBHICTIO PO3MOILTY WMOBIPHOCTI, IO € TUIIOBHAM JIJIs PaliOIOKAIIHHIX
CHCTEM, a y 0araThOX BHIA/IKAaX aKTyaJbHO 1 BaJKJIIMBO JIJIsI CHCTEM HaBirariii.

KurouoBi cioBa: (yHKIliS HEBU3HAYSHOCTI; KOMyJa; HEMApaMeTPHIHUIN aNTOpPUTM; ITUPOKOCMYTOBHI CHTHAIT; pajio-
JIOKAIlisl; HaBiraiis.
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P. b. Cunnnsin, ®. . AAnosckuii. lllnpokononocHas konyasapHas (pyHKIMS HeONpeAeJeHHOCTH B Pa/iM0JI0OKA-
LHHOHHBIX U HABUTAIIMOHHBIX CHCTEMax

OO6cyxaaetcs NoHATHE QYHKIIMHA HEONIPEISTICHHOCTH, KOTOpas ObljIa BBeJIeHa paHee B ITUPOKOIOIOCHOH paInoJIOKaIINH,
B YAaCTHOCTH €€ HelapaMeTpHIeCKUil BapuaHT. PaccMOTpeHre OpHEeHTHPOBAHO Ha IPUMEHEHNE B PAJAHOJIOKAIINY U Ha-
uranuu. [IpennokeHHas HOBas HemapaMmeTpudecKas Bepcus (GyHKINH HEOIPEIeICHHOCTH OCHOBaHA Ha TOHSTHH KO-
nysbl. Takas QYHKIMS HEONPeIeCHHOCTH MOXET ObITh 3()()eKTHMBHO MCIIONB30BaHA ISl CHHTE3a CUTHAJIOB U MX 00-
Hapy>XCHUs B Pa3IMYHBIX AJICKTPOHHBIX CHCTEMax, OCOOCHHO B CIy4ae CHUTHAJOB C HEM3BECTHBIMHU CHEKTPOM U ILIOT-
HOCTBIO Pacrpe/ieNICHUs] BEPOSTHOCTH, UTO SIBJISICTCS THIMYHBIM ISl PAJIHOJIOKALMOHHBIX CUCTEM, @ BO MHOTHX CIIy4asix
AKTYaJIbHO M Ba)KHO JUIS CHCTEM HaBUTAIHH.

KaioueBble ciioBa: (hyHKIMS HEONPEIEIEHHOCTH; KOITyJIa; HelapaMeTpUUSCKUH aJlrOPUTM; ITUPOKOTIOJIOCHBIH CUTHAIT;
panvooKanus; HaBUramus.
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