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Abstract—The article deals with the problem of synthesis of robust post-detection algorithms of random
radar signal on the background of uncorrelated noise and chaotic pulse interference. Two cases of
aprioristic uncertainty are considered: 1) random modulated harmonic radar signal with random
amplitude, distributed by Gaussian law with known parameters; 2) random modulated harmonic radar
signal with unknown law of amplitude distribution. The problem is solved with the use of Wald’s
reduction approach. Synthesis of the robust signal detection algorithm on background of chaotic pulse
interference was don using Tukey model of "pollution”. The effectiveness and robustness of the several
synthesized robust detection algorithms is investigated by Monte—Carlo method.

Index Terms—Signal processing; robust algorithms; radar signal detection; haotick puls interference;

aproristick uncertainity.

I. INTRODUCTION

The widespread use of radar, navigation and
communication in various fields (aviation, including
unmanned vehicles, medicine, vehicle control,
weapons control, etc.) puts forward a wider range of
tasks related to improving their effectiveness in
complex applications [1] — [4].

Typically, radar is used in complex interference
situations (terrain and type of background surface,
various meteorological conditions, man-made and
organized interferences, etc.). To work effectively
under these conditions, signal processing channels
are equipped with a plurality of signal detection
means against the background of various
interferences and their informative parameters. In
particular, synthesis of algorithms for estimating the
frequency of a harmonic useful signal was
performed in [5]. The complex problem of detection
and measurement is also characteristic in studies of
real random processes, such as physical, biological,
measurement in education [6], etc.

Signal processing theory allows us to obtain
optimal, in some sense, algorithms for detecting
signals in the parametric description of signal-
jamming situations, when certain statistical models
of probability distributions of the mixture of signals
and noise are laid at the design stage. The most
popular is the Gaussian model, for which a number
of optimal solutions are obtained. However, in most

cases signal and interference distributions are
different from the Gaussian model. This leads to a
significant decrease in the real performance of radar
compared to theoretical.

Recently, more and more developers are paying
attent ion to a robust approach to the synthesis of
signal processing algorithms. Robust methods are
useful when it is necessary to consider the loss of
efficiency of processing algorithms when deviating
the real probability distributions of signals and
interference from the distributions used in the
process of algorithm synthesis. In a robust approach,
the signal-to-noise situation is set not by one, but by
the set of distributions in the neighborhood of a
certain parametric distribution. The theoretical
foundations of a robust approach in statistics were
laid down by the works of Huber [7], Hampel [8],
Hogg [9] in the 60—70 years of the last century. The
introduction of a robust approach to the synthesis of
radar signal processing algorithms should be traced
back to the 1970s. These are the works of E.
Korniliev [10] — [11], H. Rohling [12], I. Prokopenko
[13] — [18], O. Zelensky [19]. Recently, the flow of
work on robust signal and data processing techniques
has increased significantly [20] —[21].

The problem of synthesis of post-detector
algorithms for detecting a harmonic signal with
fluctuating amplitude against the background of
uncorrelated Gaussian noise is considered in this
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paper. They have been synthesized using two
approaches: the Wald reduction [22] — [23], which
allows one to reduce a complex parametric
hypothesis to a simple one by integrating the
parametric probability distribution over the a priori
parameter distribution; approach to the synthesis of

robust algorithms using the "polluted" Tukey
distribution [7]. A comparative analysis of the
efficiency and robustness of the obtained algorithms
under the influence of chaotic impulse interference
is made.

Classification of SFAR methods

SFAR methods

“Classical"
non-
parametric:
sign detectors;
Wilcoxon test;
Srirnov test;
Series test;
Wilcaxon-
Mann-Whitney:

Engineering
methods

:automatic gain
contral (AGC);
logarithmic
amplitude
characteristic;

automatic
ad]ustrment of
the quantization
threshold

Medified non-
parametric
detectors:

Dillard;
3ELEGH
Digital
modifications of
classical
nonparametric

“Quasi-nan-
parametric’
detectors
[QMPD):
Markurm
algorithm;
Rholing CFAR
detector;
Order statistics
detectors

Fig. 1. Classification of Stable Fals Alarm Ratio (SFAR) methods

II. SIGNAL AND INTERFERENCE MODELS

The problem of detecting a harmonic signal
against the background of a Gaussian uncorrelated
noise at the output of the amplitude detector in a
parametric formulation was considered in the works
of Markum [24] and Sverling [25]. The main results
are reduced to cases of linear and quadratic
amplitude detectors.

In the first case, N samples

(1)

of the envelope of the signal and noise are
distributed by Rayleigh law and the detection
algorithm calculates the sum of sample squares

X =X Xy

=% >V,(ao0}.N), )
n=1
and compare it with decision threshold V| (*).
In the second case, the samples of the envelope
mixture of signal and noise are distributed according
to Rice's law and the algorithm calculates their sum

n:Zn:xn >V, (0.0, N), 3)
n=1

Vl(a,cﬁ,N) and Vz(a,cﬁ,N) depend on the given
probability of false alarm o, the variance of
Gaussian noise Gf] , the sample size N.

The cases considered do not exhaust many of all
possible situations. In particular, a typical situation
is when harmonic signal amplitude fluctuations
occur due to fading or radio countermeasure. It is
advisable to apply the Wald reduction principle in
the synthesis of signal detection algorithms.

Formulation of the problem is following.

Let the output of the linear amplitude detector
obtain a sample of the values of the harmonic signal
S and noise M mixture (1).

In what follows, we call the sample (1) a pack.

Relative sample (1), two hypotheses are tested.
Hypothesis H,— no signal: samples of envelope are
distributed by Rayleigh's law f, (xn). N-dimensional
probability distribution density (PDF) of the pack,
which is simultaneously the likelihood function (LF)
l,, (%) for H, hypothesis is
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where . is the scale parameter.
Hypothesis H, — signal present: the envelope

samples of the signal with noise are distributed
according to Rice's law, unconditional PDF of the

envelope:
Nx, X2 +s’ 5X,,
B ol — 2 |° (5)
il 0' 20n G,

where s is the known signal amplitude; 7,(*) is the
Bessel function of zero order.
By s >>0c, an asymptotic approximation of the

o (3

Bessel function can be used

SX o (x, —s)
I|—= |~ L expe——L—¢. (6)
U Jors, { 20 }
Then expression (5) can be represented as a
Gaussian multivariate PDF

fno (%) éHf x,|s)

=

n

X, — S]2 } ’ )

L]
nai N21o, 206’

In the future, the studies are performed under
partial conditions, when the amplitudes of the signal
at different points in time are a sequence of random

numbers {s,,..,s,}, unlike expression (5). Then
expression (7) takes the form

exp {—%} ®)

Is assumed that all signal components have a

o ()£ T] o

. . . . . . 2
Gaussian distribution with a known variance o,

where m is the same mathematical expectation (ME)
for all packet samples:

(s, 1m)2 éc exp{—(s"z;’f) } ©)

s

Two cases will be considered:
1) mis known;
2) mis random with some known PDF f, (m).

III. METHODOLOGY OF DETECTION ALGORITHMS
SYNTHESIS

The synthesis of detection algorithms in the work
is based on the Neumann—Pearson criterion [22]
using the likelihood ratio

Iy, (%)
Ly, (%)

where [, (X) is the LF for hypothesis H,; Ly, (%) is
the LF for hypotheses H,, defined by expression

(4); V is the threshold for deciding whether a signal
is present.
Likelihood function for complex hypothesis

l, (X), can be obtained by applying the Wald

=l

A(F)= >V (o), (10)

=l

reduction principle [23]. According to the statistical
model defined in (8), the principle of reduction is as
follows. First, a statistical averaging over the
distribution of the signal component (9) is made for
each reference. And the statistical averaging over the
distribution of ME is carried out in the second step
with respect to the conditional multivariate PDF,
namely:

Iy (%)
—J{lﬁﬂfw (315,

n=l _op

(s |m) s, fm(mn)dm.
(11)

In the following, we focus on the two a priori
conditions relative signal ME (m): 1) m is distributed
by improper probability distribution dm and 2) m is
known value.

—0

IV. SYNTHESIS OF DETECTION ALGORITHM
WITH A RANDOM ME OF PACK

The synthesis conditions for this variant are
generally defined by expressions (3) — (11). The first
step is to integrate the variable s. The internal

integral (we denote |, (m)) is tabular [28], after its
identical transformation we obtain

x2
b ﬁﬁe"p{ c—m)}
cexpd — m’ L MX,
e 2(cf+cf]) (cf+cf]) '

(12)

According to expression (11), in the second step
of the synthesis, using formula (12), we write the
multivariate conditional LF of the pack as
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LT (m)

Jn (x | m) B (27[(51 o, ) n=1

(13)
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L v © o> n (>
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5 n=1 s n=1
221 ﬂ] M

2

where marked for simplification o2, 207 +o7.

The next step in the synthesis is to obtain an
unconditional LF hypothesis, by statistically
averaging the PDF f (%|m) over the distribution of

the signal ME:

}:x

ex
~ P 2(5
ZH] (x) = 3N N
22m? O'i\:] (14)
N
v “N m; X,
J exp —+ dm.
e 2csn oy,
The integral in (14) is tabular. Thus, the

multivariate unconditional LF of hypothesis H, is
defined as

1
1-N A7 2
c.'N?

[, =—32
H = 3N+l N-1

22 w2

(& Y 1y,
X X — X .
Plane, [Z‘ J 26 Z] "

sm

(15)

In the last step of the synthesis, substituting LF
(4) and (15) for formula (10) we obtain the
likelihood ratio, the logarithm and the identity
transformation of which leads to the decision rule

2 2 2
o N 20‘n iy ~
N(:_z (Z_]xnj _TZlnxn >V1:
(16)
where IZ(cf],cf_,N) is a detection threshold that

depends on the dispersions and the size of the pack.

V. SYNTHESIS OF DETECTION ALGORITHM WITH
THE KNOWN ME OF PACK
In this case, the general LF (11) of the hypothesis
H,, after the substitution of the delta function
f,,(m)=38(M), where M is the known value of ME,

loses the external integral. Then we can use formula
(14), substituting m for known M. Substituting the
following LF into (10), taking into account the LF

(4), we have a likelihood ratio which, after logarithm
and identical transformations, leads to a decision
rule for detecting a signal of the following form:

N Mo XN 20l (o +o?
Dl =51 x, - ( )Zlnx >V,
n=1 GS n=l1
(17)
VI. SYNTHESIS OF A ROBUST DETECTION

ALGORITHM

The a priori uncertainty of the mixture of signal
and interference PDF at the output of the linear
detector is given in the form of a Tukey model [7]:
PDF of the mixture of noise and chaotic pulse
interference (HPI) envelope

1, ()= lﬁ[(—‘1 e exp(—%] . fexp[—%"]],
(13)

where a is the scale parameter of pulse
interference; p is the probability of occurrence of

exponential distribution HPI.
Probability distribution density of envelope
mixture of signal, noise and HPI

(1- p) X +m’ mx
/ Lexp| —— 1 z
h 1,,1{ Gn P 20i ‘ ci
+£exp(—_xnﬂ_
a a

Using the Gaussian Rice  distribution
approximation (6), and synthesis technic [18] we
obtain a locally optimal decision rule as a derivative
of the logarithm of the likelihood ratio at a point
m=0.

(19)

> :
= n 2 .
o )4 2 X X
1+ \J2mo’ ex 1o
(1-p)a " p(%z J

n a

VII. EFFICIENCY ANALYSIS OF DETECTION
ALGORITHMS

The efficiency of the synthesized algorithms
were analyzed using the Monte Carlo method.
Figures 1 and 2 present the operational
characteristics of the four detection algorithms.

Operational characteristics were calculated for
the following algorithms: (1) — classical; (16) — is
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invariant to the mathematical expectation m; (17) —
is an algorithm with a known value of the
mathematical expectation of the signal M; (19) —is a
robust algorithm. Sampling size N = 64, probability
of false alarm o =0.01, scale parameter of HPI
a =10, probability of HPI occurrence p =0.05.

The calculations made for two situations. In the
first, the mathematical expectation of the signal
amplitude was constant for all pack pulses and
different for different packets (together fluctuating
pack). Probability distribution density of ME is
Gaussian. In the second situation, the ME of the
signal amplitude was different at different points in
time (fluctuating pack).

"Detection characteristics p=0.05, lambd=10, PI - exponential,
F=0.01,m - const, sg=1.0

1.2
—*¥—Invtom

—=— Optimal to m
Robust
—&— ClasWeak

a
Probability

=3 =)

(=2 =]

(=}
=

0.2

-10 -5 0 5 10 15 20 25
SNR [dB]

Fig. 2. Operational characteristics of signal detection
algorithms in situation with known mathematical

espectation m. Strong amplitude fluctuation c° = Gi

= Detection characteristics p=0.05, lambd=10, PI - exponential, :
F=0.01, m - const, sgs=0.2sgn
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Fig. 3. Operational characteristics of signal detection
algorithms in situation with known mathematical
espectation m. Weak amplitude fluctuation o = 0.2c;

Figures 1 and 2 show the operational
characteristics of the investigated detectors for the
situation without HPI (p = 0). In this case, the

characteristics are almost identical. But with the
action of HPI (p > 0), the efficiency of detectors
differs.

VIII. CONCLUSION

The problem of finding a harmonic signal with
random amplitude against the background of
Gaussian uncorrelated noise is considered. For three
signal interference situations, three algorithms were
synthesized: 1) an algorithm using the Wald
reduction principle for a signal with known Gaussian
amplitude distribution; 2) algorithm for detecting a
signal with a randomized mathematical expectation
of a Gaussian amplitude distribution; 3) robust
algorithm using heavy-tailed “polluted” Tukey
distribution, describing the effect of chaotic impulse
interference.

The analysis of efficiency of the obtained
algorithms showed their practical equivalence in the
situation of absence of impulse interference and
different resistance to its action. Robust algorithm
(19) is the most robust to HPI. At 5% of the sample
pollution, its efficiency (signal level at which a
detection probability of 0.5 is reached) drops by 1dB
(Fig. 1, case of strong fluctuations) compared to the
unpolluted sample. The efficiency of algorithms (16)
and (17) decreases by 9 dB and 13 dB, respectively.
The efficiency of the classical parametric algorithm
(1) under these conditions decreases by 15 dB. By
weak amplitude fluctuation (Fig. 2) algorithm (17) is
more effective then (16) and vice versa in case of
strong fluctuation (Fig. 1).

APPENDIX

Al.  Synthesis of the detection algorithm in a pack
of a random signal with the same random ME in the
sample

The peculiarity of the probabilistic model in this
formulation of the problem is the following:

— probability distribution density f;,, (x, |s,) of
each individual sample of the pack {x, =s, +n,},
where {s,} , {n,} is the signal and noise
components are Gaussian, respectively (8);

— signal components {s,} each of the sample is
also described by the same conditional PDF
1 (s, 1m) 9);

— the ME of the signal is random and has a
nonproper distribution f, (m,) = dm on the interval

I:_OO’OO] 5
— the likelihood function /,, for the hypothesis
H, is defined by the formula (4).
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The binary detection algorithm is synthesized The likelyhood ratio for a pack by Wald-reduction

according to the Neumann—Pearson criterion (10).

JILLT 150565, 1) S}fn,(mn)dm

j

—o0

according to this statistical model is written as

)2 (S,,—m)2
Hj;exp{ o }exp{ zci}ds,lfm (m)dm @)

MO

Obviously, significant numerical transformations
require the numerator of this expression. After the
elementary transformations, the internal integral
(by s) is reduced to the standard form (the index n is
omitted):

(a2)
2 2 2 2 2
o, to, A XG, +mo A X m
where a =———~, b= —— C=——+——
0,0, 0,0, 20, 2o;

The integral on the right (a2) is a table

b2

;£#{ff}

and after identical transformations it is reduced to
expression (12) (where the indices are restored).

The product in the numerator of formula (dl)
determines the conditional on the m PDF packs

fu(X1m) (13). Obtaining an unconditional PDF
according to expression (14) requires integration

0 2 mzxn
~m*N
[, 2 [ exp| =5 L dm.  (a3)
—J;o 2 K| 20—.911

Like (a2), the integral (a3) is also tabular

JéTe —am® +b d

P

2a }

where

n=1

)
i

(Yo, )| Hexp{

Also we have

{ (gx,,j

2
s

j:
m 2

3, =

_‘S

As a result, we get a multivariate unconditional
LF [, of hipothsis H, (15).

Using LF (4) and (15), decision rule (10) in the
expanded form can be written as
}> V(o2.62.N),

1 (&Y
“Pane?, [Z} j o’ &
Vs
exp{—Zx }Hx

nn]

where decision threshold V(Gi,Gi,N ) depends on

the variance.

After identical transformations and logarithms of
both parts of this inequality, we have a decisive rule
of discovery (16) or otherwise as

N N 2 N _
fo +v, [anJ —v2ZInxn >V,
n=l1 n=l1

n=1

(a4)

where coefficients are marked:

2 2 2 2

v 2 %n Vﬁzcn( ﬂ+0)
1= 2 2 2
No; o,

A2.  Synthesis algorithm of detection in a bundle of
a random signal with the same known MO in the
sample

Given the known ME = M, there is no external
integration in the numerator of the likelihood ratio
(al), that is, we have
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L (%) ﬁTﬁm(xn\sn)JZ(snM)dsn
A(F)= 1 t= —

(as)

Carrying out transformations similar to A1, we
obtain the numerator of formula (a5) as

L (f): AN N

exps — M’

2
20, o
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I. T'. IIpokonenko, I. II. Omenbuyk, K. I. IIpokonenko, A. A. Ocunuyk. Cunre3 Ta aHaji3 edeKTUBHOCTI
PODACTHHX AJITOPUTMIB BUSIBJIEHHSI BUIIA/IKOBHX CUTHAJIIB B HETaYCCOBUX 3aBa/IaxX

Y crarTi po3mISIHYTO MNpoOJieMYy CHHTE3y POOAaCTHHUX TMICHsl JETEKTOPHUX QJITOPUTMIB BHSBIICHHS BUIIAIKOBHX
panioJoKaliiHUX CUTHAJIB Ha T HEKOPEILOBAHOIO LIYMY Ta XaOTWYHHUX IMITYJIbCHHUX Iepelkon. Po3risHyTo nBa
BUIIAJKN anpiopHOi HEBM3HAYEHOCTi: 1) BHUNAJAKOBHH MOAYJILOBAaHMH TapMOHIYHHMH paioNOKalifHUI CHrHAN 3
BUIIAJIKOBOI0 aMIUTITY/IOl0, DO3MOALIEHOI0 3a 3akoHOM [aycca 3 BiIOMUMH TIapaMeTpamu; 2) BHIIAJIKOBHH
MOIY/JIbOBAHUI TapMOHIYHUN pPATIOIOKAIIHHAN CHUTHAT 3 HEBIJOMHUM 3aKOHOM pO3MOALTY amIuniTyau. [IpoGimema
BUPILIYETbCS 3 BHUKOPHCTaHHAM penykiii Banbna. CuHTe3 po0acTHOro anropuTMy BHSIBIEHHS CHTHAJTYy Ha T
Xa0THYHMX IMIYJIBCHUX MEPEIIKOA 3IIHCHIOBABCS 3a JOIMOMOIOK Mojeli «3a0pymaHeHHs» Toioki. EdexruBHicTh Ta
POOACTHICTH JEKIJIHKOX CHHTE30BaHUX POOACTHHX aJTOPUTMIB BHSBJICHHS AOCTIDKYEThCS MeTooM MonTe—Kapio.
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HN. T. Ilpoxonenko, U. I1. Omennuyk, K. U. IIpokonenko, A. A. Ocunuyk. Cunre3 u ananau3 3¢dexkTuBHOCTH
PO0ACTHBIX AJTOPUTMOB 00HAPY:KEHHS CJIYyYaiiHbIX CUTHAJIOB B HErayCCOBCKHX MoOMeXax

B crarbe paccmarpuBaercs mpobiiema cuHTe3a poOACTHBIX MOCIENETEKTOPHBIX aJrOPUTMOB OOHAPYKEHHUS CIydaiHbIX
PalMOIIOKAIMOHHBIX CUTHAJIOB Ha (DOHE HEKOPPEIUPOBAHHBIX IIYMOBBIX U XAOTHYECKHX HMITYJIBCHBIX ITOMEX.
PaccmaTpuBaroTcst iBa citydasi alipuOpHOW HEONpENeNIeHHOCTH: 1) TapMOHHYECKUI pPaMOJIOKAIllMOHHBIA CHI'HAlI CO
clIydyaifHOM aMIUTUTYZIOM, paclpeleneHHbli Mo 3akoHy [aycca ¢ M3BeCTHBIMH mapameTrpamu; 2) —CIydailHbIN
MOJYJAMPOBAHHBIA TapMOHUYECKUN PaJHOIOKAIIMOHHBIN CUTHAJ C HEU3BECTHBIM 3aKOHOM paclpelesieHus] aMIUTUTYI.
[IpoGnema pemaercst ¢ UCHONB30BaHKEM peAyKuuu Banpaa. CuHTe3 pobacTHOro aliropuTMa OOHAPY)KEHUS! CHTHAIa Ha
(OoHE XAOTMUECKMX HWMIIYJbCHBIX IIOMEX BBIIOJIHEH C HCIIOJIb30BAaHHEM MOJENH <«3arps3HeHus’» ThIOKH.
O¢ddexTBHOCTD U POOACTHOCTH HECKOJIBKHX CHHTE3MPOBAHHBIX POOACTHBIX aJIrOPUTMOB OOHAPYKEHUS! UCCIEHYeTCs
meronom MonTte-Kapio.
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